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Abstract. The extended fifth-order Korteweg-de Vries (KdV) equation
u, + 6uu, +u,. +=(auiu, + ViU, +Youu, + fiug, ) =0 models
long internal waves in a two- layer stratified fluid with next- ora)ér dispersive and
nonlinear corrections. Whether these four correction terms preserve integrability under
a purely local change of the dependent variable, without a non-local term, had not been
settled as an exact statement.

We apply the local near-identity transformation 1 = 1v + E(ﬂ,v: + bv,.) and
compute its effect on the four correction coefficients to O(g). We evaluate the time
derivative of the third KdV conserved density under the same transformation, examine
the compatibility of the 2 X 2 AKNS Lax scheme with the quadratic term 6wt ,,, and
carry out a linear dispersion analysis of the corrected equation.

The local transformation removes the coefficients @4 and ¥= completely, for any
values, but cannot remove ¥1 or 81 for any choice of the transformation parameters. The
equation reduces exactly to KdV if and only if ¥; = f8; = 0. The third KdV invariant
is conserved along solutions under the same condition. The symmetric AKNS reduction
q =u, = —u is structurally incompatible with the 6ul, term, the reduction
g = u,r = —1 is the correct one. The correction to the group-phase velocity gap from
fifth-order dispersion is obtained in closed form, AV (k, ) — AV(k, 0) = 4=f,k*,
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The results give an exact, checkable criterion for which correction terms in the fifth-
order internal-wave equation are removable by local means and which reflect genuine
higher-order physics, relevant to estimating wave-packet asymmetry in stratified
oceanic flows.
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Annoramus. becinmi perri kereiitinren Kopreser-ne ®puz (Kad) rtenzaeyi
u, + 6un, +u,_ .+ e(auu, +yun, +yu ., +pu,)=0 ¢ K i
Ka0aTThl cTpaTH(UKANMSIIaHFAH CYHBIKTBIKTAFbl Y3bIH I1MIKI TOJKBIHIAPABI Kejleci
PeTTi THUCIIEPCHSUIBIK JKOHE OCHCHI3BIKTBHI Ty3eTylepMeH cHmartaiasl. OCBl TepT
TY3€Ty MYIIECIHIH TOyeN i allHIMaJIBIHBI TEK JIOKAb/II TYPIACHAIPY apKbIIbI, TOKAIbITI
eMec MYLIeIepci3 e3repTke/ie HHTerpalJaHyblH CAaKTaHTBIHABIFBI OCHI YaKbITKa JCHiH
HAKTHI TYKBIPBIM TYPiH/E MIEIIiIMEereH.

Ochbl KyMbICTa 14 = 17 + E(au: +bv,_.) TYPIHIET1 JIOKANbJi JKYBIKTAI Oipiik
TYpIEHIpY] KapacTHIPBUIBIN, OHBIH TOPT TyseTy Kod(duuuentine ocepin O(£)
nonpirimed ecentenred. COHbIMEH KaTtap, ochl TypieHaipy asceinaa Knd tenaeynin
YUIHII CaKTady THIFBI3IBIFBIHBIH YaKbIT OOMBIHIIA TYBIHIBICH TaObUIbIN, 2 X 2
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omuemai AKHC Jlakc cxemachiHbIH Ol KBajApaTTHIK MyLIeciMeH YitmeciMmimiri
3epTTENTeH JKOHE TY3€TINTEeH TEHACYAIH CBhI3BIKTHIK JHCIIEPCHSUIBIK —Talaybl
YKacaJbIHFaH.

Jlokanpmi TypieHIipy @y JkoHE Fa Kod(POHUIMEHTTEpiH ONapAbIH Ke3 KeJITeH
MOHJIEpiH/Ie TOJBIFFIMEH JKOSIBI. AJaiiia TYpIeHAIpy mapaMeTpiepid Kanai Tagaaica
na, Y1Hemece f5; kodhdHIMEHTTEpiH KOHBITYsl MYMKiH emec. Termey mon Knd
Tenneyine tek ¥; = f8; =0 Gonramma rama xentipineni. Kn® temmeyi ymrimmi
WHBAapHAHTHI Ja 19 OCHI IApT OpPBIHAIFaHIa FaHa memiMaep 00ibIMeH caKTanaibl.
Cummerpusuibl § = i, ¥ = —UAKHC penykuusics buu, MYIIIECIMEH KYPBUIBIM/IBIK
TYPFBIIAH YWJIecmelai, aypbic peaykuus g = u, ¥ = —1 Oonbin TaOBLIAIbI.
Becinmn perri aucniepcusiiaH TyBIHIANUTBIH TONTHIK XKoHE (ha3ajblK JKbUIIAMIBIKTAP
allbIpbIMbIHA TY3€TY TYUBIK TYPAE albIHFaH: &V(k, £ ] - .Mf(k, ﬂ] = 4Eﬁik4.

ATBIHFaH HOTIKeNep OECIHII PeTTi IMIKi TONKBIHAAP TEeHACYIHAeTi KaHaal Ty3eTy
MYTIENEePiHiH JOKAIBII TOCIIAEPMEH >KOIOFa OOJIATHIHBIH JKOHE KaWCBIIaphl JKOFaphI
PETTi HaKThI (PU3UKAJBIK dCepiepAi CUIATTAWThIHBIH aHBIKTayFa MYMKIHIIK OepeTiH
JI9J1 9pi TeKCepiieTiH kpuTepuil Oepeni. byt kputepuit crparudukanusiianFal MYXUT
arbIHIapAaFbl TOJKBIHJIBIK AKETTEPIH aCUMMETPUSICBhIH Oarajay YIIiH MaHbI3/IbI.

Tyiiin ce3nep: keneiitiiren Kopreper-ge ®pus rtenzeyi, Kogam typrenaipyi,
cakramy 3aHbl, Jlakc wepapxusmaper, Jlakc JkyObl, TONTHIK JkaHe (hazaibIK
KBIITAMIBIKTap
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Annortanusi. Pacmmpennoe ypaBuHenue Kopresera-ne @pusa (Kad) mnsrtoro
nopsankau, + 6uu, + u,.. + e(au'u, +yuu, +yuu,, + piu,) =0
MOJIENIUPYET AJMHHbIC BHYTPEHHHE BOJHBI B JIBYXCIOWHOW CTparu(uUIUpOBAHHON
JKUJAKOCTH € YYCTOM NUCTICPCUOHHBIX U HEJIMHCHHBIX IIOIIPAaBOK CJICAYIOIICTO IMOPAAKA.
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Bompoc o ToM, cOXpaHSIIOT JM 3TH YeThIPEe MOMPABOYHBIX UIEHA MHTETPUPYEMOCTh
[IPH YUCTO JIOKAJIILHOW 3aMeHe 3aBUCUMOM MEpEeMEHHO, 0e3 BBeJeHHSsI HEIOKAIbHOTO
YJIeHa, 10 CUX MOp HE MOITYyYHJI TOYHOTO OTBETA.

Mpl mpuMeHseM JIOKaJbHOE TNpeoOpa3oBaHHEe, ONM3KOE K TOXKICCTBEHHOMY
u=vi g(,:wf + by, ) U BBIMHCISEM €rO BIMSHHME HAa YCThIPE KOd(dHULUHCHTA
nonpaBok ¢ TouHocThio 10 O(£). Mbl BbIuMCIsEM NMPOM3BOIHYIO 1O BPEMEHH OT
TpeThel coxpansrornieiics mroTHocTr Knd mpu Tom xe mpeoOpa3oBaHUH, UCCICTyEM
coBMecTHOCTh MarpuuHoil cxembl Jlakca AKHC pasmepa 2 X 2 ¢ KBaJpaTHYHBIM
4jeHoM 61Ul ¥ IPOBOAUM aHAIN3 IMHEHHON ypaBHEHHUS C MOMPABKOIA.

JlokanbHOE TipeoOpa3oBaHKe MOJHOCTBIO YCTpaHseT KOdGGUIHEeHTH X1 1 ¥; mpH
MIOGBIX MX 3HAYEHHSAX, HO HE MOKET HCKIIOUHTH ¥y Wiu By HE NMPH KakoM BBIOOpeE
apaMeTpoB NpeoOpa3oBaHus. YpaBHeHHe cBoauTcs TouHO K Knd torma m Tosbko
torma, koraa ¥; = fB; = 0. Ilpu 3TOM ’Xe YCIOBHHM BIOJb PCLICHUH COXPAHSICTCS
tpetnii mHBapuanT Ka®d. [lompaBka K pasHOCTH MEXAy TpyMIoBoi U (a3oBoit
CKOPOCTSIMH, OOYCJIOBJIEHHAs! AUCHEPCUEH ISATOrO MOpsaKa, MOJyYeHa B 3aMKHYTOM
sune: AV(k, £) — AV(k,0) = 46, k*.

ITonyueHHble pe3ynbTaThl NAKOT TOYHBIM, JIETKO MHPOBEPSEMBI KPUTEPUH TOTO,
KaKie MMEHHO MOTPAaBOYHBIE WICHHI B YPaBHEHNN BHYTPEHHUX BOJH TSTOTO MOPSIKA
MOTYT OBITh YCTpPaHEHBI JIOKAJIbHBIMH CPEICTBAMH, a KaKHe OTPAXaroT MOUTMHHYIO
(bM3HKY BBICIITNX TOPSAKOB, YTO BAYKHO JIJISI OIIEHKH aCHMMETPHH BOJIHOBBIX ITAKETOB B
CTPaTU(UIINPOBAHHBIX OKEAHMYECKUX TCUCHUSX.

KoawoueBble ciaoBa: pacmmpeHHoe  ypaBHeHue  Kopreseru-ne  ®dpusa,
npeo6paszoBanne Kogama, 3akoH coxpanenwus, nepapxus Jlakca, mapa Jlakca, rpynmosas
u (azoBasi CKOPOCTH

Introduction. Long internal waves in the ocean rarely behave like the textbook
KdV soliton once you look closely. Real stratified fluids add dispersive and nonlinear
corrections at the next order in wave amplitude, and the equation that captures this, the
extended fifth-order KdV equation

u, +6uu, +u,_ +elavu, +yun, +yu ., +pu, . )=0 (L1

has been used for decades to model exactly this situation in a two-layer stratified
ocean (Holloway et al., 1999; Marchant et al., 1990; Horikis et al., 2022). Strip away
the € terms and you get back the plain KdV equation, u, + 6uu, + u,, .. = 0, which
is integrable by the inverse scattering transform. This has been known since Gardner,
Greene, Kruskal, and Miura, and was put on a Lax pair footing shortly after (Gardner
et al., 1967; Lax, 1968). The natural question, and the one this paper is really about,
is easy to state but not so easy to answer: do the four correction terms destroy this
integrability, or can it survive in some form?

Kodama already gave a general answer in 1985. If the transformation back to KdV
is allowed to include a non-local piece, then (1.1) is asymptotically integrable to O( =)
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regardless of the values of the four coefficients (Kodama, 1985). Marchant and Smyth
later checked this numerically. Soliton collisions under (1.1) turn out to be elastic to
O( &), with any inelastic radiation appearing only at higher order (Marchant, Smyth,
1996). So in the broad sense, the integrability question was settled long ago.

What has not been settled, and what we address here, is a narrower and more
concrete version of the question. What happens if the non-local term is not allowed? If
the only permitted transformation is a local, purely polynomial change of variable, how
much of the equation's structure can actually be simplified away? The answer turns out

to be exact and clean. Of the four coefficients @1+ ¥1+ ¥2» 1‘91, exactly two, ¥; and 5
, cannot be removed by any local transformation, no matter how the transformation

parameters are chosen. The other two, @1 and ¥z can always be removed completely.
This clean split of the parameter space into a removable part and a stubborn part is the
main result of the paper.

There is also a more physical question worth asking. What does fifth-order dispersion
actually do to the shape of a localized pulse, the kind of thing associated with a rogue
wave? Section 4.5 gives a short, elementary linear estimate of this effect, just enough
to quantify the group phase velocity mismatch it produces.

The rest of the paper follows a simple structure. Section 2 reviews the relevant
prior literature. Section 3 describes the methods used. Section 4 contains the actual
analysis: the local transformation, the third conservation law, the connection to the
Lax hierarchy, the AKNS Lax pair structure, and the dispersion analysis. Section 5
discusses what these results do and do not tell us, and Section 6 concludes.

Literature Review. The inverse scattering transform was introduced for the KdV
equation by Gardner, Greene, Kruskal, and Miura, and it showed that KdV carries
an infinite hierarchy of conserved densities (Gardner et al., 1967). Around the same

time Lax gave the equation a Lax pair formulation, L = [A L], withLa Schrédinger
operator (Lax, 1968). Run the same Lax construction with higher-order operators A
and you get the whole polynomial KdV hierarchy: each member is its own separate,
independently integrable equation, all sharing the KdV soliton profile but evolving in
time differently. The fifth-order member that comes directly out of this construction
(Lax, 1968) is the equation we work with in Section 4. There are two other classical
fifth-order integrable equations worth mentioning, the Sawada-Kotera equation and the
Kaup-Kuperschmidt equation, but their nonlinear structure and coefficient ratios are
different from the Lax equation, so we leave them aside here.

The AKNS scheme (Ablowitz et al., 1974) gives a more general 2 X 2 matrix
Lax pair formalism, and depending on how you reduce the off-diagonal potentials,
it produces either the KdV hierarchy or the modified KdV (mKdV) hierarchy. The
symmetric mKdV-type reduction, tied to Wadati's exact solution (Wadati, 1972), is not
the same as the KdV reduction, and this distinction turns out to matter a lot in Section 4.
For a standard treatment of inverse scattering and soliton theory more broadly, Drazin
and Johnson's book is a good reference (Drazin & Johnson, 1989).

Kodama put the integrability question for perturbed KdV-type equations on solid
footing through near-identity normal-form transformations (Kodama, 1985). His

87




ISSN 2224-5227 3.2026

approach shows that coefficients of a fairly broad class of correction terms can be
removed to a given order in the perturbation parameter, as long as the transformation
is allowed to be non-local. This is exactly what explains the elastic soliton collisions
found numerically for the extended KdV equation (Marchant & Smyth, 1990, 1996),
and it underlies a lot of oceanographic work on internal tide transformation and internal
solitary waves (Holloway et al., 1999).

The extended KdV framework has kept growing since then. Horikis, Frantzeskakis,
and Smyth derived a broader family of extended shallow-water models, including
the extended KdV equation itself, directly from the Euler equations by pushing
the asymptotic expansion one order beyond the usual weakly nonlinear long-wave
approximation (Horikis et al., 2022). Karczewska and Rozmej derived a related family
of (2+1)-dimensional extended KdV and Gardner equations from the same ideal-
fluid setup (Karczewska & Rozmej, 2023, 2024). Khusnutdinova, Stepanyants, and
Tranter looked at solitary-wave solutions of fifth-order KdV equations and showed
how the higher-order nonlinear-dispersive terms change the existence, polarity, profile,
and stability of embedded and regular solitons (Khusnutdinova et al., 2018). Kumar
and Mohan found multiple soliton solutions for a generalized nonlinear fifth-order
KdV-type equation using Painleve analysis and the Hirota bilinear method (Kumar &
Mohan, 2022). Bager, Horikis, and Frantzeskakis reviewed the resulting non-convex
dispersive hydrodynamics of the extended KdV equation, including its near-identity
reduction to Hamiltonian form and the resonant radiation this non-convexity produces
ahead of dispersive shock waves, which connects directly to the fifth-order dispersion
we treat in Section 4.5 (Bager et al., 2025). This same non-convexity of the linear
dispersion relation was worked out at the fully nonlinear level by Hoefer, Smyth,
and Sprenger, who found a modulation-theory solution for the resulting nonclassical
traveling dispersive shock waves of the fifth-order KdV equation (Hoefer, Smyth &
Sprenger, 2019). The linear estimate in Section 4.5 gives the leading-order picture
behind that nonlinear structure. Kwak established global well-posedness and energy
estimates for the fifth-order modified KdV equation, a related integral member of the
same hierarchy (Kwak, 2024). Most relevant to what we do here, Sidorovas, Tseluiko,
Choi, and Khusnutdinova applied a Kodama-Fokas-Liu near-identity transformation
to map the extended KdV equation for a two-layer fluid onto an improved Gardner
equation, which is a practical application of exactly the class of local transformations
we examine structurally in Section 4.1 (Sidorovas et al., 2025). Rozmej and Karczewska
separately worked out soliton, periodic, and superposition solutions for the nonlocal
(2+1)-dimensional extended KdV equation within the same ideal-fluid framework
(Rozmej & Karczewska, 2023).

Wave-packet asymmetry in strongly localized events, the kind tied to oceanic rogue
waves, has been studied for the nonlinear Schrodinger equation through exact rational
solutions. The linear-dispersion mechanism we look at in Section 4 gives an analogous,
KdV-specific estimate. Explicit breather construction for KdV-type equations, which
would be a natural next step from the structural results here, has recently been done
on a non-zero periodic background by Hoefer, Mucalica, and Pelinovsky (Hoefer,
Mucalica & Pelinovsky, 2023).
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What none of this work provides is an exact statement, for the four-coefficient
extended equation (1.1), of which corrections survive a local transformation and which
do not. Kodama's theorem answers the question for the more permissive class of non-
local transformations. Marchant and Smyth's results are numerical rather than exact
algebraic statements about individual coefficients. And the recent Kodama-Fokas-Liu
mapping by Sidorovas et al. is applied to a specific physical parameter regime rather
than derived as a general coefficient-space criterion (Sidorovas et al., 2025). That gap
is what Section 4 closes.

Materials and Methods. The analysis relies on plain algebraic computation,
backed up at every step by independent symbolic and numerical checks.

Local near-identity transformation. We plug the candidate local transformation
u=v+ glav® + bv,,) into (1.1) and expand it out to O(£). The coefficients that
come out in front of = Uy, UV, ViV, and Vi are collected term by term from
each of the three pieces of the original equation, (tt,, 6ut,, U,,..), both by hand and
with symbolic computation, just to be sure nothing gets dropped.

Conservation-law test. We calculate the time derivative of the third KdV conserved
density separately from the transformation result, using repeated integration by parts
on the perturbed equation. For the unperturbed KdV case we also ran a direct numerical
check, integrating the equation with a pseudo-spectral, integrating-factor Runge-Kutta
solver on a non-soliton initial profile made of two Gaussians. A single soliton profile
would not have been a good test here, since it is a degenerate case for any translation-
invariant functional.

AKNS reduction analysis. We look at whether the 2 X 2 AKNS matrix scheme
is compatible with the quadratic nonlinearity 6uit, by comparing the symmetry
properties of two candidate potential reductions against the symmetry actually present
in the target equation.

Linear dispersion analysis. The equation is linearized around u = 0, and the
resulting dispersion relation, phase velocity, and group velocity are obtained in closed
form. The correction to the gap between them coming from fifth-order dispersion is then
checked against the independently derived nonlinear soliton speed, using analytical
continuation of the wavenumber.

Results. Local Kodama-type transformation.

Letgp = av:+ b Vs SO that u = v + &@. Direct differentiation gives

u,=v, +eo,., 0, = 2avv, +bv_, 4.1)
Ti’.t’.?(’.t’ = u.t’.t’.t’ + E‘PIII"PIII = Eﬂul’ u.t'.t’ + Eﬂvu.rx.r + bu.t’.l’.t’l’l’ " (42)
For the nonlinear term tit,, keeping only terms up to & (E:), one finds

(4.3)

uu, = vv, + £(3av v, + bvv, . + bv, v, ).

For the time derivative U, the leading-order relation V¢ R —(bvy, + v, ), is
enough inside terms that are already of order &. This gives
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Zavv, — —12av? v, —2avv,.., (4.4)
'I'”?.x.xr = baﬁ ”r - _labvxvxx - ﬁbpp.x.xx - bv.x.xxxx' (45)

Now collect the O(£) in u,+ 6uu, + u,,, =0 The key point is that the
coefficients of ¥Viyxx and Vixxaxa cancel identically for any choice of @ and b. So a
local transformation of the form used here can never generate or remove those two
terms. By contrast, the coefficients of v’ v, and V.V.. do change, so they can be
adjusted.

The coefficients of ¥~ Vy, YW | VaVxx and Yawx are collected term by term from
each of the three pieces of the original equation, ¢, 6uit, and Uz both by hand
and with symbolic computation, just to be sure nothing gets dropped. Table 1 shows
the contribution of individual terms of the original equation to the 0(e) correction
coefficients.

Table 1. Contribution of individual terms of the original equation to the &' £} correction coefficients.

Source v, VVpx ViV R
From u; —12a —2a — 6b —18k —b
From Guit, 18a Gh 6h 0
From s 0 2a Ba b
Total 6a 0 6a — 12b 0

The transformed equation becomes

v, + 6vv, + v, + g[(a, + 6a)viv, +pvv, +

+ {'}'rf +6a — lzbj VoV + ﬁlpxx.r.x.x] = 0. (46)
Choosing

o= Yo
a=——*b="- (4.7)

removes the v*v, and v,v,, terms completely, for arbitrary values of @3 and ¥;.

The equation then reduces to
Ve + ﬁlﬂlﬂx + Vs + E{Trl L. + ﬁl ux.x.x.xx] =0. (4-8)

This is the main structural point of the transformation calculation. The parameters
fy.and ¥» are removable by a local near-identity change of variable, while ¥1 and
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B, are not. In particular, the extended equation is locally equivalent to the pure KdV
equation if and only if y; = 8, = 0, regardless of the values of @,.and y;.
The geometry of this non-removable coefficient space is shown in Figure 1.

Parameler plane (), B;)

10

0.8

¥y B =101
0.6 (Lax equation)

y1=g1=0 04
(local = KdW)

Figure 1. Coefficient plane {¥;. f,], the two non-removable parameters of Eq. (1.1).

The figure illustrates the plane of non-removable coefficients after the local
transformation (4.6). The origin y; = [f; = 0 is the unique point of exact local
equivalence to KdV. The shallow line 5, =y, /10 (ratio 10: 1) marks where the
transformed coefficients coincide with those of the classical fifth-order Lax equation
(4.19); this is a coefficient-matching condition, not itself evidence of integrability away
from this line.

Third conservation law. The next step is to check whether the same condition also
appears from the conservation-law side. For the KdV equationthe third invariant can
be written as

I :%_]’fm[va—%uf}dx, (4.9)

which is proportional to the standard density 2v3 — vx: in the KdV hierarchy
(Gardner et al., 1967; Lax, 1968; Drazin and Johnson, 1989). Taking the time derivative
and integrating by parts, with v — 0 as |x| — 00 gives

- 7 (£ +iva) vdx. (4.10)

Now substitute v, = —(60V, + Vo) T E(V) VW F By Vi JTTOM  (4.8).
The O(1) part becomes
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= fv? 1
J-_m (?-I_E ux.r) [_(Evvx + vxxxj]dx -

-3 uauxdx—%_lr viv_dx — [ vv v, dx——f v dx. (4.11)

s .t'.t'.t’

The first and the last terms are exact derivatives, so they vanish. After integrating
by parts, the two middle terms cancel exactly:

1 A
_E.r v_vxxxdx_.r vvxvx.rdxzﬂ' (4.12)

This cancellation depends on the coefficient %2 in front of uj_,: in (4.9). If that
coefficient were replaced by 1, the same calculation would leave a nonzero residual
term proportional to f vf dx. So the density has to be normalized in the standard KdV
way. Leaving only the O( &) part, we get

dly o
E =F f_ ( + - : ux.r) [}'rj_ Ul e + 1[?1 Vsneae jfb{ (413)

Now integrate by parts repeatedly. Using the identities

f vauﬂxdx = E_r uvfdx, (4.14)
J VUV dx = = [ vvldx, (4.15)
[ viv . dx=-5[ v v:dx, (4.16)
and

J VeV = 0, (4.17)

the derivative of the invariant reduces to

% = [E}r [ vvidx — (r‘ + 5? )_Ir uxu;xdx]. 4.18)
The two functions that appear here are independent. They do not have the same
derivative structure and they do not have the same degree in w7, so one cannot cancel
the other for a general localized profile. Because of that, the right-hand side vanishes
identically for arbitrary ¥ only if both coefficients are zero. This gives ¥; = £, = 0.
So the conservation-law test gives exactly the same condition as the local
transformation in Section 4.1. The equation is locally equivalent to pure KdV only
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when the two non-removable coefficients vanish. The values of @4 and ¥> do not affect
this criterion.

Proposition 1. Equation (1.1) is locally Kodama-equivalent to KdV, and the third
invariant (4.9) is conserved identically, if and only if y, = £, = (, independent of &y
and ¥2.

Connection to the Lax hierarchy and its limits. The classical fifth-order Lax equation
is an independently integrable member of the polynomial KdV hierarchy (Lax, 1968):

u, = EGTL:ILI + 20u u,, + 10uu,, . + U, - (4.19)

The ratio of coefficients at 11t . and U gy in (4.19) is 102 1. Two other classical
fifth-order integrable equations are the Sawada-Kotera equation and the Kaup-
Kupershmidt equation; their nonlinear structures and coefficient ratios differ from the
Lax equation and are not treated here.

Section 4.1 showed that @, and ¥2 are gauge and that the non-removable part of
the equation is determined only by the ratio ¥,: f8,. This is a direct consequence of
that section: since @ b are two free parameters, they can map any pair (&4,¥2) to
any other prescribed pair without changing ¥y, £;. Fixing ¥;: 1 = 10: 1 therefore
automatically makes (1.1), for any ¢, ¥,, locally Kodama-equivalent to the equation
with &, = 30k, y, = 10k, ¥, = 20k, f; = K, that is, to the fifth-order Lax flow
in (4.19), integrable for an independent reason: the existence of its own Lax pair, not
through the behavior of I3 (Lax, 1968).

Proposition 2. At the ratio y,: B; = 10: 1, the local transformation carries the non-
removable coefficients of (1.1) into coincidence with those of the classical fifth-order
Lax equation. This is a statement about coefficient matching under the transformation,
not a proof that the deformed equation (1.1) is integrable in general; integrability at
this ratio is a separate, already established fact, resting on the Lax pair of (4.19) itself.

Some care is needed in stating this precisely. Section 4.2 showed that at
¥1: 8y = 10: 1 (with y,, ; # 0), the third invariant I3 is not conserved: (4.18) is
nonzero for a general profile at this ratio as at any other nonzero ¥y, 8. This is not a
contradiction: the Lax equation (4.19), as a separate flow of the hierarchy, carries its
own infinite series of conserved densities, in general distinct from the undeformed
I;[v]. The general theory of commuting flows states that all members of a hierarchy
share the same conserved integrals only when those integrals are consistently deformed
together with the transformation (4.6), in the spirit of Kodama’s full, Hamiltonian-
consistent construction, which includes a non-local term. The naive substitution
¥ = U into the unchanged functional I;[v], used in Section 4.2, performs no such
deformation and therefore cannot serve as an integrability criterion for equation (4.19)
itself; it is informative only as a criterion for local equivalence to pure KdV, exactly
the claim made in Section 4.2.

Integrability of (1.1) at ¥y: f1 = 10: 1 is therefore established not by computing
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dlIy/dt but by the independent fact that (4.19) has its own Lax pair (Lax, 1968). At
ratios ¥y : 81 other than 10: 1, the residual equation does not coincide with the fifth-
order Lax flow; whether a more general, possibly non-local normal-form transformation
can still relate it to an integrable hierarchy is outside the scope of this work.

Structural constraint on the AKNS Lax pair. Constructing a matrix Lax pair for
(4.19) within the AKNS scheme(Ablowitz et al., 1974) depends materially on the
choice of reduction of the 2 X 2 system. The symmetric reduction

U= (_;i’ E’l), glu) =u, r(u) =—u, (4.20)

is invariant under the simultaneous change 1= — —1, so the zero-curvature condition
with a polynomial matrix ¥ in A reproduces only equations sharing this symmetry, the
mKdV family (1* u, nonlinearity; (Wadati, 1972)), not equations containing 6titt,,,
which does not possess this symmetry. Reduction (4.20) is structurally unsuitable as a
Lax pair for (4.19) or (1.1).

The correct AKNS reduction, generating the KdV hierarchy (Drazin & Johnson,
1989), is

U= {_Ilj' ;‘:’1), glu) =u, r=-—1. (4.21)

On the zero background © = 0, matrix (4.21) is not diagonal (the lower-left entry
equals —1), and the linear system @, = U is solved not by elementary exponentials
eiih, as for the symmetric reduction, but by a triangular system with a resonant
solution, a known property of the Schrodinger spectral problem (Y., = (1 — A)ir
in first-order form), to which (4.21) reduces. This is why smooth, localized oscillating
(breather) solutions for KdV-type equations are typically constructed not on the zero
background but on a non-zero periodic (cnoidal) background, as demonstrated directly
by Hoefer, Mucalica, and Pelinovsky for pure KdV (Hoefer, Mucalica & Pelinovsky,
2023).

Constructing the fifth-order matrix ¥ for reduction (4.21) and the resulting breather
solutions of (4.19) on a non-zero background is a separate task requiring independent
symbolic verification; explicit formulas are not given here.

The oneresultavailable without the matrix ¥ is the speed of the single-soliton solution
of (4.19): since all flows of one polynomial KdV hierarchy share a common T-function
and differ only in their time-evolution law, the profile u = 2a*sech®[a(x — ct)]
remains an exact solution of (1.1) at ¥, : f; = 10: 1, with speed

c(a) = 4a* + 16£f,a°, (4.22)

verified by direct substitution. It also follows from the general hierarchy result that
the n-th flow of the KdV hierarchy propagates its common soliton at speed (2a)~": the
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n = 1 (KdV) term gives 4a” and the 1 = 2 (Lax) term, entering with coefficient £,
gives 16a*, and, equivalently, from the linear phase velocity of Section 4.5 by analytic
continuation k — 2ia (not K —* ia): substituting k = 2ia into (4.25), k% = —4a?,
k* = 16a*, gives Vo(2ia) = 4a® + 162f3,a* = c(a) (Figures 2-5). The factor of
2 in k = 2ia reflects a known property of sech®_ solitons of KdV: the soliton pole in
the spectral plane sits at k = 2ia, not at kK = ia.

spaad of The Lax squabion, i

=0 (KdV)
= ra0.05
=015

Figure 2. Analytic soliton speed £{f]) as a function of the amplitude parameter g.

The figure showsthe analynical soliton speedplotted against the amplitude
parameter a fixed #, = 1. The curves represent the closed-form expression rather
than a numerical fit, contrasting the unperturbed KdV limit for pure KdV (¢ = 0)
with the fifth-order Lax equation regimes at £ = 0.05 and £ = 0.15. An increase in
the perturbation parameter £, eads to a systematic, non-linear increase in the soliton
propagation speed at a given amplitude.

a) b)

Saliton of the extended KdWS equaticn (a=0.8, =012, §i=1) Sice #8156 ek -postion sh

Figure 3. Evolution of the fifth-order Lax-equation soliton: the closed-form speed correction (4.22)
accumulates linearly in £ as a shift of the peak position. @) Space-time evolution of u(x,t) at g = 0.8,

£=0.12 8 =1, an illustrative parameter choice, not a fitted regime; b) Slice at £ = &: peak position
of the Lax-equation soliton relative to a pure-KdV soliton of the same amplitude iz, both started from the
same initial peak location.
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Linear dispersion analysis. Linearizing (1.1) about # = @ (terms of degree higher
than one in  vanish at linear order):

Uy, T Uy T EL U e = 0. (4.23)
For u = Aexp[i(kx — wt)], the dispersion relation (Figure 6) is

w(k) =—k* + &8, k°. (4.24)
Phase and group velocities (Figure 7) are

V, (k)= 2= —k?+ B, k*,

(4.25)
_dw _ g2 4

v, (k) == 3k=+ 5¢8,k". (4.26)

The difference

AV(k,e) =V, —V, = —2k* + 4=, k* (4.27)

is nonzero already at € = 0: a general property of any cubic-in-k dispersion relation,
including pure KdV, unrelated to the fifth order. This non-convex dispersion structure
is also what allows resonant radiation ahead of dispersive shock waves in the extended
KdV equation (Bager et al., 2025), and underlies the nonclassical traveling dispersive
shock waves obtained at the fully nonlinear level by Hoefer, Smyth, and Sprenger
(Hoefer, Smyth & Sprenger, 2019). What is meaningful for the present analysis is not
AV itself but its change due to fifth-order dispersion (Figure 9):

AV(k,g) — AV(k,0) = 428, k*. (4.28)

This correction grows as k*: high-frequency (narrow) components of the wave
packet acquire a disproportionately larger shift of the group path relative to the phase
path. For a localized pulse represented as a superposition of components spread over

'k, this gives a quantitative, elementary estimate of the growth of envelope—carrier
mismatch with increasing £, without recourse to the still-unfinished nonlinear
construction of Section 4.4.
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a) i il o .b) 1

Figure 4. Linear dispersion of equation (1.1).a) Linear dispersion relation gy = —k2 + Eﬁj_r'cs'
(4.24) for pure KdV versus the 3{])-corrected equation; b) Phase velocity ¥, (%} and group velocity
Vi (Klate = 0.1, §;, = 1; the gap AV = - is nonzero already at ¢ = 0 (a generic feature of cubic-
in-k dispersion) and is not itself the fifth-order effect.

Correction to V-V, from fifth-order dispersion, ;=1
AV, E1-ANTR.0
10

05

Figure 5. Pure fifth-order correction to the group-phase velocity gap. AV (k,z) — AV(k,0) = 4z8,k*
plotted against k for severalvalues of £f; = 1. The K growth shows that short-wavelength (high-k)
components of a wave packet are disproportionately affected. This is the physical mechanism underlying

the envelope—carrier mismatch and wave-packet asymmetry discussed in detail in Section 5.

Discussion. Splitting the four correction coefficients into a removable pair (et,, )5 )
and a non-removable pair (., 8, ) shows that, to the order considered, the only physics
beyond KdV that survives locally comes through the mixed nonlinear-dispersive term

¥1UUrx and the pure fifth-order dispersion f#; U, pes. The cubic-nonlinear term
2

o, u-u, and the mixed term ¥z .My, can always be absorbed into a redefinition
of the dependent variable, so they carry no independent signature at this order. For
modelers working with equations of the form (1.1), this points to which coefficients
actually need independent measurement or fitting and which are simply equivalent
choices of variable, matching the practical use of local near-identity transformations
already applied to the extended KdV equation in (Sidorovas et al., 2025).
Non-conservation of I3 at the Lax ratio y,: 8, = 10: 1 (Section 4.3) does not
undermine the third-invariant test; it simply marks where the test stops applying. A
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fixed, undeformed functional such as I3[ "] can only detect equivalence to plain KdV,
not to other members of the hierarchy, since testing those would require deforming the
functional together with the transformation, as in Kodama'’s full construction (Kodama,
1985).

The AKNS argument in Section 4.4 clarifies, independently of the fifth-order
construction itself, why the symmetric reduction used for mKdV-type equations
cannot simply be reused for equations containing 61iit,, and why the correct reduction
places KdV-type breathers on a non-zero periodic background rather than on the zero
background. This matches the explicit construction of KdV breathers on a cnoidal
background by Hoefer, Mucalica, and Pelinovsky (Hoefer, Mucalica & Pelinovsky,
2023), and suggests that building a fifth-order breather for (4.19) is simply an
unfinished extension of the present structural argument, not a question of choosing the
right reduction.

The closed-form correction AV(k,£) — AV(k,0) = 428 1k4 to the group—phase
velocity gap gives a way to estimate wave-packet asymmetry without waiting on
the still-unfinished nonlinear breather construction. Since the correction scales as
k*, narrow, high-wavenumber components of a localized pulse shift far more than
broad ones, consistent with the non-convex-dispersion mechanism shown to drive
resonant radiation ahead of dispersive shocks in the same equation (Bager et al.,
2025). Comparing this linear estimate against a fully nonlinear multiple-scale envelope
calculation remains future work, and would show how far the estimate holds once
nonlinear effects are included.

This k* growth suggests that shorter-wavelength components of a localized packet
are shifted more strongly, which can enhance envelope asymmetry and contribute to
a steeper leading edge in rogue-wave-like events, although in real ocean waves this
effect acts together with nonlinear bound-wave and focusing mechanisms.

One limitation is that the analysis solves exactly only the ratio yy:f8; = 10:1,
the case that coincides with the Lax flow; at any other ratio, whether even a non-local
Kodama-type transformation restores integrability remains an open question we do
not attempt here. Much of the cited literature dates from the 1960s through the 1990s
simply because that is when inverse scattering, the AKNS scheme, and the polynomial
KdV hierarchy were worked out; more recent papers are cited specifically where they
bear on the physical model, its dispersive-shock and breather behavior, or point to
unresolved questions.

Conclusion. The local Kodama-type transformation (4.6) removes a, and ¥,
from the extended fifth-order KdV equation (1.1) completely, for any values of these
coefficients; ¥y and f8; cannot be removed by such a transformation, no matter how its
parameters are chosen. The third KdV invariant is conserved along solutions of (1.1)
exactly when y; = f8; = 0 is the same criterion that comes out of the transformation
itself. At the ratio y, : §;, = 10: 1, the transformation maps the equation’s coefficients
onto those of the classical fifth-order Lax equation; this is a coincidence in coefficient
space, and the integrability it reflects rests on the Lax equation’s own Lax pair, not on
any property of I3, which in fact fails to be conserved at this ratio. The symmetric AKNS
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reduction § = U, = —U cannot serve as a Lax pair for equations containing 61t ;
the reduction § = 1,7 = —1 does. Finally, the correction to the group-phase velocity
gap from fifth-order dispersion comes out exactly as AV (k, &) — AV (k, 0) = 42, k*.

Several questions remain open: constructing an explicit fifth-order breather on
a non-zero periodic background using reduction (4.21); checking whether a non-
local Kodama transformation can remove the residual y, v, + BV, 0y EVEN
approximately, away from the 10: 1 ratio; and confirming the wave-packet asymmetry
result at the fully nonlinear level, for instance through a multiple-scale envelope
expansion built on (4.24), or by comparing directly with the resonant-radiation regimes
recently classified for this equation (Bager et al., 2025).
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