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Abstract. The Lagrange—Jacobi Equation plays a very important role in astronomy
and astrophysics in study of the long-term behavior of astrophysical objects. This
work presents an application of the Lagrange-Jacobi Equation for celestial mechanics
and dynamics of large-scale structures of Universe. In this paper we consider a non-

stationary N -body Problem, as a model which is describing the dynamics of large-
scale gravitational systems. The classical solution of this problem assumes that the
gravitational constant is a constant. However, several cosmological models allowed
for the possibility of changing over time of the gravitational constant, which leads
to a significant complication of the problem. The main aim of the present work is to
demonstrate that the Lagrange — Jacobi equation can be used for the qualitative analysis

of the NV - body problem that helps to understand the variety of the astrophysical
populations. Using the Lagrange—Jacobi Equation, with the help of the method of
integration of the differential equation, we obtained an energy quasi-integral that is
conserved during the slow evolution of the gravitational constant. In result, we
demonstrated a possible analytical approach for the ability to understand some new

dynamical aspects of the N._ body Problem with a variable gravitational constant on the
basis of the Lagrange-Jacobi Equation, what is important for understanding the global
evolution of the astrophysical environment.

Keywords: Lagrange-Jacobi Equation, N-body Problem, Gravitational constant,
Quasi - Integral
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Annoramust. Jlarpamk-SlkoOu TeHIEyl acTpoHOMHS MEH acTpodu3HuKajga
acTpo(M3UKANBIK HBICAHAAPIABIH Y3aK MEp3iMai MiHE3-KYIKBIH 3epTTeyAe MICHIyIi
pen arkapansl. byn makanama Jlarpamxk-SkoOM TeHAEyiHIH acmaH MeXaHHKachlHA
XKOHE ©OJemJeri ipi MacmTa0Thl KypbUIBIMAAPIBIH JWHAMUKACHIHA KOJAAHBLIYBI

yceHBUTFaH. byn wmakamama 0i3 N._ JIEHEJIep YaKhITKA TOYeAl MoCceNeciH ipi
MacIITa0Thl TPABUTAIUSIIBIK KYHETIepaiH JMHAMUKACHIH CUTIATTANTHIH MOJIEITh PETIHIE
KapacThIpaMbI3. byJl MoceneHIH KIACCHKAJBIK MISHTiMI TPaBUTAIUSIIBIK TYPAKTHIHBIH
TYpaKTBl eKeHiH Oomxkaiapl. Jlereamen, Oipkarap KOCMOJIOTHSUIBIK MOJCIBICD
TPaBUTAIUSIIBIK TYPAKTHIHBIH yaKbIT ©TE KeJie 3repyl MyMKIHIITIH KapacThIpabl, Oy
MOCEJIeHI alTapibIKTall KUBIHAATaabl. byJl MakajgaHBIH HETi3Ti MakcaTel — Jlarpamk-

SxoOu TeHIeyiH N JICHeIIep MOCEIIECiH caraibl TaJjay YIIliH Maijananyra 0oIaThIHbIH
KepceTy, OYJT aCTpOPU3IUKAIBIK ITOMYIISAIUSIIAPABIH OPTYPIILIITIH TYCIHYTE KOMEKTECEI.
Jlarpamk-Sko6u TeHneyiH jxoHe audQepeHHanabK TeHACYII HHTETpalrsiay 9IiCiH
KOJIZIaHA OTBIPBIT, 013 TPABUTAIMSIBIK TYPAKTHIHBIH 0asy DBOJIOLUSICH KE3iH/C
CaKTallaThIH DHEPTUSHBIH KBa3HU-MHTETPANbIH anjiblK. HoTmxkecinae, 0i3 MoceneHiH
KelOip kaHa MUHAMHKAIBIK ACHEKTUIEpiH — acTpO(U3UKANBIK OpPTaHBIH >kahaHIIbIK
OBONIOLUACHIH TYCIHY YIIiH MaHb3Abl Jlarpamk-SlkoOu TeHIeyiHe Heri3aenreH
afHBIMAJIbI TPABUTAIMSIIBIK TYPAKTBICHI 0ap JICHeIep Il TYCIHYTe aHATUTUKAIBIK TOCIII
KOPCETTIK.

Tyiiin ce3nep: Jlarpamxk-Skoou Tenaeyi, N . JICHEJIep MAceleci, IPaBUTALUSIIBIK
TYPAaKThl, KBa3U-HHTETPajl
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AHHoTanms. YpaBHeHue Jlarpanxka—SIko6u urpaetr BaXHYIO pOJib B aCTPOHOMHUHU
U acTpopu3UKe, IOCKONBbKY WCIONB3YeTCsl Ui aHaiu3a JOJTOTEePHOANYECKOTO
MTOBEIEHUS TPAaBUTAIIOHHBIX CHcTeM. B nanHo# paboTe paccMarpuBaeTcs MpUMEHEHNE
ypaBHeHus Jlarpamka—SkoOu k HeOeCHON MeXaHUKe U AMHAMHKE KPyTTHOMAaCIITaOHBIX
cTpyktyp Bceenennoit. Ocoboe BHUMaHUE yaeleHO HecTauoHapHOW 3amadye N-Ten ¢
TIepEMEHHON TpaBUTAMOHHOW TocTosHHOW. Kiaccwmdeckas (opmymupoBka 3amadu
N-Tenn mnpenrnonaraeT HEU3MEHHOCTb TPABUTAIMOHHON ITOCTOSSHHOM, OJHAKO psll
KOCMOJIOTHYECKHUX MOJEJed JOIMyCKaloT €€ MEIJIEHHYIO 3BOJIOIMIO BO BPEMEHH,
YTO MPHUBOAUT K YCIOKHEHHIO TUHAMUYECKUX ypaBHEHHHU. Llenbio paboThl sBIsieTCS
JEMOHCTpALnsi BO3MO)KHOCTEH mpuMeHeHus ypaBHeHus Jlarpamxa—SxoOu mms
Ka4eCTBEHHOTO aHaJlM3a TaKWX CUCTeM. Mcmomp3ys ypaBHeHue Jlarpamka—SIkoOou u
METOZIbl MHTETpUpOBaHus JudpepeHInanbHbIX ypaBHEHHUH, TTOIYYeH KBAa3UUHTETPall
SHEPTHUH, COXPAHIIOMINNCS TPU MEAJIEHHOM N3MEHEHUH I'PaBUTAIIMIOHHON MTOCTOSHHOM.
IToka3zaHo, YTO JaHHBIHM OXO0/] [IO3BOJISIET BLIIBUTH HOBBIC TMHAMUYECKHIE 0COOCHHOCTH
3a7a4u N-Tell ¢ MePeMEHHOHN IPaBUTAIIMOHHOM OCTOSHHOM, UTO BayKHO JIJ1sl TOHUMAaHUS
[7100JIEHOM ABOIOIUHU acTPO(PU3NUECKUX CHCTEM.

KuroueBsle ciioBa: ypaBHenue Jlarpamka-Skoou, 3anaqa N - Teln, rpaBUTAI[HOHHAS
IOCTOSAHHAsA, KBa3U-UHTCTpall

Introduction. The V - body problem, a cornerstone of classical celestial mechanics
and astrophysics, in its most straightforward form, assumes that the gravitational force
between bodies is governed by a constant gravitational constant (5, as it is prescribed
by Newton’s law of gravitation (Duboshin, 1963). However, a fundamental constant of
gravity, may not be constant over time and this assumption is quite reasonable in the
context of modern astrophysics and cosmology.

For example, for the Near-field cosmology that explores the structure, dynamics, and
evolution of the Universe on relatively small scales within the redshifts z < 0.1, for which
some advanced tools are performed in this domain providing detailed examinations of
the density field, the local matter power spectrum, and proofs of cosmological models
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and alternative theories of gravity (Binney J. et al, 2008; Kilinch, 2004; Courtois H. et
al, 2025; Piedipalumbo E. et al. 2012).

The gravitational constant (; being fundamentally constant parameter, in several
cosmological models, can vary with time. In particular, we should remind Jordan’s work
on N - body Problem (Jordan, 1967), in Universe with weakening gravity and Dirac’s
concept of a time - dependent gravitational constant (Dirac, 1972).

In this paper we show, that one of the crucial analytical tools for the analysis of such
many bodies systems is the Lagrange-Jacobi Equation. This equation relating dynamical
variables with energy of the system, opens perspective to describe its evolution. In
context of the NV - body with variable gravitational constant, the Lagrange-Jacobi
Equation provides qualitative approach for study of its dynamical properties (Omarov,
1975).

The Lagrange—1Jacobi equation thus forms the basis for the theoretical analysis of
the global evolution of many bodies in the astrophysical environment.

Research materials and method. We consider the /N - body problem

2—

m c;r,. =—grad, W, (i=1,2,...,n), (1)

12
W =Gy @)
i#j j

where W is a potential energy of the system, G(t) — is the gravitational constant as
a varying function of time ¢.
Multiplying Eq. (1) by g7 / dt scalarly and making summation over i, we obtain

dr. d°F, dw oW 3)
o BLL_ [
= dt dt? dt ot
which can be written as

N .

D (D) o |= G @)
dt| 245 dt G
or
dn _ G (%)
a G
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It is interesting to note here, that according to Brans-Dicke theory (Brans C. et al,
1965; Paliathanasis, 2023; Peebles 2017; Pinki, 2023; Pinki K. et al, 2022), the
behavior

G__a )

G t
where  is the constant coefficient.
In case of ¢z =1 we have Dirac’s law (Dirac, 1972) under which the following
relation
G
——2-10"200""
G

0

is valid for the dynamical condition for gravitational systems of present-day.
For the problem (1) the Lagrange - Jacobi equation can be written in the form

2
lfﬁj W42k (7.1)

where J is the momentum of inertia of the system:

J =2 mr’ (8)
From Eq. (5) and (7) we obtain
dh G 1d*J
—=—|2h—— 9
dt G [ 2 dr? ) ®

Results. Thus, the synthesis of equations for energy evolution (5) and the Lagrange
— Jacobi E (7) results in the following quasi-integral for the } - body problem (1)
with variable gravitational constant:

G? 1 ¢, -d*J
h_G_gh"_ngJG'G a (10)
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or

4, G
a "G

h, (11)

2G2

where G, and ho are the values of G and } in some initial epoch Z.

If in Universe with variable gravitational constant the N - body system is
evolving so slowly that the virial theorem is applicable to its each instant state
and therefore

dt’ (12)

Then the magnitude of /4 is evolving in accordance with the law:

h="—h, (13)

It is important to note as well, that under
G-G = const (14)

the above quasi- integral (11) becomes the following first integral of the
gravitating system (1):

h—G- GZ G hy 4G G[Z ”ZJ. (15)

1

The main result of the present work is to demonstrate LJE another one
application and in some way this stands for a straightforward extension of our
earlier paper where The Lagrange - Jacobi equation used for the qualitative
analysis ofthe N -body problem (Omarov Ch. etal, 2023) that helps to understand
the variety of the astrophysical populations (Ferraiuolo S. et al. 2025).

Conclusions and discussions. Thus, we received the quasi- integral (15) for
the V - body problem (1) with gravitational constant varying in time.

Taking into account that
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G-G=G,- G, (16)

we have

: i, G’ G, dr.
h—-G-G i -0 .G L
Z‘r’ dt Gj( oGP O(Z‘r’ dt )0]

(17)

Let the term

GZ - Z (%j +Q(p,.7) (18)

i

is the energy integral of some autonomous system of the Eq.

d’p.
———=—grad  Q .
m, dr> grad, (121,2,...,11) (19)
to which the system of equations (1) is transformed under space-time
transformation of the form

From (6) and (18) it follows that

h=h Gy —12G, Z( )P+ (r )ﬁioﬁio), (20)

We obtained the energy integral (20) for the autonomous Eq. (19) after making
space-time transformation of the quasi-integral (17), as an analytical result of the
application of the Lagrange-Jacobi Equation to the N - body problem (1) with
variable gravitational constant.

In conclusion, this work has achieved significant advancement through use
of the Lagrange - Jacobi Equation as an effective and fruitful analytical tool
and method to understand some dynamical aspects of the N - body problem
with a time-variable gravitational constant. The main result of this paper is the
quasi-integral for the N - body problem with variable gravitational constant that
helps to get more comprehensive understanding of the Universe’s structure and
evolution.
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