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Abstract. The Lagrange–Jacobi Equation plays a very important role in astronomy 
and astrophysics in study of the long-term behavior of astrophysical objects. This 
work presents an application of the Lagrange-Jacobi Equation for celestial mechanics 
and dynamics of large-scale structures of Universe. In this paper we consider a non-
stationary N -body Problem, as a model which is describing the dynamics of large-
scale gravitational systems. The classical solution of this problem assumes that the 
gravitational constant is a constant. However, several cosmological models allowed 
for the possibility of changing over time of the gravitational constant, which leads 
to a significant complication of the problem. The main aim of the present work is to 
demonstrate that the Lagrange – Jacobi equation can be used for the qualitative analysis 
of the N - body problem that helps to understand the variety of the astrophysical 
populations. Using the Lagrange–Jacobi Equation, with the help of the method of 
integration of the differential equation, we obtained an energy quasi-integral that is 
conserved during the slow evolution of the gravitational constant.  In result, we 
demonstrated a possible analytical approach for the ability to understand some new 
dynamical aspects of the N - body Problem with a variable gravitational constant on the 
basis of the Lagrange-Jacobi Equation, what is important for understanding the global 
evolution of the astrophysical environment.

Кeywords: Lagrange-Jacobi Equation, N-body Problem, Gravitational constant, 
Quasi - Integral 
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Аннотация. Лагранж-Якоби теңдеуі астрономия мен астрофизикада 
астрофизикалық нысандардың ұзақ мерзімді мінез-құлқын зерттеуде шешуші 
рөл атқарады. Бұл мақалада Лагранж-Якоби теңдеуінің аспан механикасына 
және Әлемдегі ірі масштабты құрылымдардың динамикасына қолданылуы 
ұсынылған. Бұл мақалада біз N - денелер уақытқа тәуелді мәселесін ірі 
масштабты гравитациялық жүйелердің динамикасын сипаттайтын модель ретінде 
қарастырамыз. Бұл мәселенің классикалық шешімі гравитациялық тұрақтының 
тұрақты екенін болжайды. Дегенмен, бірқатар космологиялық модельдер 
гравитациялық тұрақтының уақыт өте келе өзгеруі мүмкіндігін қарастырады, бұл 
мәселені айтарлықтай қиындатады. Бұл мақаланың негізгі мақсаты – Лагранж-
Якоби теңдеуін N - денелер мәселесін сапалы талдау үшін пайдалануға болатынын 
көрсету, бұл астрофизикалық популяциялардың әртүрлілігін түсінуге көмектеседі. 
Лагранж-Якоби теңдеуін және дифференциалдық теңдеуді интеграциялау әдісін 
қолдана отырып, біз гравитациялық тұрақтының баяу эволюциясы кезінде 
сақталатын энергияның квази-интегралын алдық. Нәтижесінде, біз мәселенің 
кейбір жаңа динамикалық аспектілерін – астрофизикалық ортаның жаһандық 
эволюциясын түсіну үшін маңызды Лагранж-Якоби теңдеуіне негізделген 
айнымалы гравитациялық тұрақтысы бар денелерді түсінуге аналитикалық тәсілді 
көрсеттік.

Түйін сөздер: Лагранж-Якоби теңдеуі, N - денелер мәселесі, гравитациялық 
тұрақты, квази-интеграл
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Аннотация. Уравнение Лагранжа–Якоби играет важную роль в астрономии 
и астрофизике, поскольку используется для анализа долгопериодического 
поведения гравитационных систем. В данной работе рассматривается применение 
уравнения Лагранжа–Якоби к небесной механике и динамике крупномасштабных 
структур Вселенной. Особое внимание уделено нестационарной задаче N-тел с 
переменной гравитационной постоянной. Классическая формулировка задачи 
N-тел предполагает неизменность гравитационной постоянной, однако ряд 
космологических моделей допускают её медленную эволюцию во времени, 
что приводит к усложнению динамических уравнений. Целью работы является 
демонстрация возможностей применения уравнения Лагранжа–Якоби для 
качественного анализа таких систем. Используя уравнение Лагранжа–Якоби и 
методы интегрирования дифференциальных уравнений, получен квазиинтеграл 
энергии, сохраняющийся при медленном изменении гравитационной постоянной. 
Показано, что данный подход позволяет выявить новые динамические особенности 
задачи N-тел с переменной гравитационной постоянной, что важно для понимания 
глобальной эволюции астрофизических систем.
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Introduction. The N - body problem, a cornerstone of classical celestial mechanics 
and astrophysics, in its most straightforward form, assumes that the gravitational force 
between bodies is governed by a constant gravitational constant G , as it is prescribed 
by Newton’s law of gravitation (Duboshin, 1963). However, a fundamental constant of 
gravity, may not be constant over time and this assumption is quite reasonable in the 
context of modern astrophysics and cosmology.

For example, for the Near-field cosmology that explores the structure, dynamics, and 
evolution of the Universe on relatively small scales within the redshifts z < 0.1, for which 
some advanced  tools  are performed in this domain providing detailed examinations of 
the density field, the local matter power spectrum, and proofs of cosmological models 
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and alternative theories of gravity (Binney J. et al,  2008;  Kilinch, 2004; Courtois H. et 
al, 2025; Piedipalumbo E. et al. 2012).

The gravitational constant G  being fundamentally constant parameter, in several 
cosmological models, can vary with time. In particular, we should remind Jordan’s work 
on N - body Problem (Jordan, 1967), in Universe with weakening gravity and Dirac’s 
concept of a time - dependent gravitational constant (Dirac, 1972).

In this paper we show, that one of the crucial analytical tools for the analysis of such 
many bodies systems is the Lagrange-Jacobi Equation. This equation relating dynamical 
variables with energy of the system, opens perspective to describe its evolution. In 
context of the N - body with variable gravitational constant, the Lagrange-Jacobi 
Equation provides qualitative approach for study of its dynamical properties (Omarov, 
1975).

 The Lagrange—Jacobi equation thus forms the basis for the theoretical analysis of 
the global evolution of many bodies in the astrophysical environment.

Research materials and method. We consider the N - body problem 
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It is interesting to note here, that according to Brans-Dicke theory (Brans C. et al, 1965;  
Paliathanasis, 2023; Peebles  2017; Pinki,  2023;  Pinki K. et al, 2022), the behavior
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where   is the constant coefficient.  
In case of 1= we have Dirac’s law (Dirac, 1972) under which the following relation 
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Results. Thus, the synthesis of equations for energy evolution (5) and the Lagrange — Jacobi E 
(7) results in the following quasi-integral for the  N - body problem (1) with variable gravitational 
constant:

,                                       	 (5)

where h  is  the total energy of the system, namely
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For the problem (1) the Lagrange - Jacobi equation can be written in the form
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where  J is the momentum of inertia of the system:
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From Eq. (5) and (7) we obtain
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Results. Thus, the synthesis of equations for energy evolution (5) and the Lagrange — Jacobi E 
(7) results in the following quasi-integral for the  N - body problem (1) with variable gravitational 
constant:
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It is important to note as well, that under 
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The main  result of the present work is to demonstrate LJE  another one application and in some 
way this  stands for a straightforward extension of our earlier paper  where The Lagrange - Jacobi 
equation used for the qualitative analysis of the N -body problem (Omarov Ch. et al, 2023) that helps to 
understand the variety of the astrophysical populations (Ferraiuolo S. et al. 2025).

Conclusions and discussions. Thus, we received the quasi- integral (15) for the N - body
problem (1) with gravitational constant varying in time.

Taking into account that 
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is the energy integral of some autonomous system of the Eq.
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to which the system of equations (1) is transformed under space-time transformation of the form

( ) ii tr 

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From (6) and (18) it follows that 
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We obtained the energy integral (20) for the autonomous Eq. (19) after making space-time transformation 
of the quasi-integral (17), as an analytical result of the application of the Lagrange-Jacobi Equation to 
the N - body problem (1) with variable gravitational constant.

In conclusion, this work has achieved significant advancement through use of the Lagrange -
Jacobi Equation as an effective and fruitful analytical tool and method to understand some dynamical 
aspects of the N - body problem with a time-variable gravitational constant. The main result of this 
paper is the quasi-integral for the N - body problem with variable gravitational constant that helps to get 
more comprehensive understanding of the Universe’s structure and evolution.
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We obtained the energy integral (20) for the autonomous Eq. (19) after making 
space-time transformation of the quasi-integral (17), as an analytical result of the 
application of the Lagrange-Jacobi Equation to the N  - body problem (1) with 
variable gravitational constant.

In conclusion, this work has achieved significant advancement through use 
of the Lagrange - Jacobi Equation as an effective and fruitful analytical tool 
and method to understand some dynamical aspects of the N - body problem 
with a time-variable gravitational constant. The main result of this paper is the 
quasi-integral for the N - body problem with variable gravitational constant that 
helps to get more comprehensive understanding of the Universe’s structure and 
evolution. 
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