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NEW FORMS OF THE PERTURBED MOTION EQUATION

Abstract. Real celestial bodies are neither spherical nor solid. Celestial bodies are unsteady, in the process of
evolution their masses, sizes, shapes and structures are changes. The paper considers a model problem proposed as
an initial approximation for the problems of celestial mechanics of bodies with variable mass. Based on this model
problem, perturbation theory methods are developed and new forms of the perturbed motion equation are obtained.
The model problem as the problem of two bodies with variable mass in the presence of additional forces proportional
to speed and mutual distance is a class of intermediate motions. This class of intermediate motions describes an
aperiodic motion along a quasiconical section. In this paper, on the basis of this class of aperiodic motion over a
quasiconical section, various new forms of the perturbed motion equation in the form of Newton's equations are
obtained. Based on the known equations of perturbed motion for the osculating geometric elements p, ¢, » ,i, Q, 0
in the form of the Newton equation, we obtained the equations of perturbed motion for the following system of

osculating elements p, ¢, i, 7, Q, q)(z') and a, ¢, i, 7, Q, A. Oscillating variables involving a dynamic element
q)(z') are suitable in the general case. A system of variables, where instead of the dynamic element (D(z') is

introduced A - the average longitude in orbit is used in the quasielliptic case e(t) < 1. The obtained new forms of the

equation of perturbed motion, in the form of Newton's equations, in various systems of osculating variables can be
effectively used in the study of the dynamics of non-stationary gravitating systems.

Key words: aperiodic motion along a quasiconical section, variable mass, unperturbed motion, equations of
perturbed motion in the form of the Newton equation, perturbation theory, unsteady gravitational systems.

1. Introduction. Observational astronomy suggests that real celestial bodies are neither spherical nor
solid. Celestial bodies are unsteady, in the process of evolution their masses, sizes, shapes and structures
are changes [1-6]. On the basis of the model problem proposed as an initial approximation for the
problems of celestial mechanics of bodies of variable mass [5], new forms of the equation of perturbed
motion are obtained. The model problem as the problem of two bodies with variable mass in the presence
of additional forces proportional to speed and mutual distance is a class of intermediate motions. This
class of intermediate motions describes an aperiodic motion along a quasiconical section. In this paper, on
the basis of this class of aperiodic motion over a quasiconical section, various new forms of the perturbed
motion equation in the form of Newton's equations are obtained.

2. Aperiodic motion along a quasiconical section.
Some astronomical problems of non-stationary binary systems are described by equations of the form

3 r 5 -
F=—fm——ar—-br, (2.1)
r

where m=m(t)=m,(t)+m,(t), m () is the mass of the central body, m, (¢)is the mass of the satellite,

fis the gravitational constant, a and b are some quantities, constants or functions of time, determined by

— § —



Reports of the National Academy of sciences of the Republic of Kazakhstan

the nature of the corresponding forces, 7 =7 (x, y,z) is the relative radius of the vector in the coordinate

system Oxyz. In connection with the actual non-stationarity of gravitating systems, the issue of solving an
equation of the form (2.1) becomes relevant. In the general case, the dynamics of non-stationary systems
is difficult; solutions of equations such as (2.1) are unknown. Therefore, we study the dynamics of
difficult non-stationary systems by the methods of perturbation theory based on aperiodic motion over a
quasiconic section.

We turn to the equation

}7':—fm%+[ﬂ+l]?+[l—l[ﬂ+zjl}7, 22)
r m y y 2\m y)y

where y = y(t) is the dimensionless low differentiable time function, independent of zero, which is due

to simplified differential equations or the condition of simplified differential equations of perturbed
motion in osculating elements [5]. Equation (2.2) implies the integration of areas (the orbit is a flat curve)

Fx?:(?,/mj/, ¢ = const . (2.3)
In polar coordinates, equation (2.2) - (2.3) can be written in the form [7]
2 3
d_z r _192=_fm_/7/2+ 1 3.i ﬂ} i r , (2.4)
dt\y) v (r/]/) 2m/y’ dt\ y? )dt\ y
2
[iJ ii=—Jmy . 2.5)
e v
From equations (2.4)-(2.5) we obtain
d> (y) r 1
A 2.6
do’ (r j i roc’ (2-6)

Equation (2.6) for any initial conditions determines the aperiodic motion along the quasiconical
section [8]. Therefore, solutions of equations (2.6) have the form

I__ P f9=u-o, (2.7)

7/=1+ecos6’

where p, e, o are constants determined by the initial conditions; u is the polar angle. The analogs of the
integral of areas, energy and the Laplace vector are as follows:

p=c,
3 d = 2 f
e _sz =h=const, (2.8)
fm|\ dt\ y yr
3 - - - -
r i r x in r —L:q:const,|q|:q, (2.9)
fim| dt\ y y dt\y r
e=q, & —l=hp. (2.10)
We write down the radial and transverse components of the velocity
, b
Vr=1r+[f—mj esin(u—o), (2.11)
e Py
b
v =(f—mj [1+ecos(u—a))]. (2.12)
Py

— f —
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Equation (2.7) describes aperiodic motion along a quasiconical section, which in coordinate form can
be written in the form

x = yp[cosu - cos L2 —sinu -sin £2- cosi],
y =yp[cosu-sin2+sinu - cos 2-cosi, (2.13)
z=yp[sinu-sini], r=pp, u=0+o,

where @ is the true anomaly

p
=t 2.14
p 1+ecos@ ( )

The quantities p, e, i, @ , 2 are analogues of the known Keplerian elements. In the case of
quasielliptical motion (e(t) < 1) , according to the standard transformation

o l+e F
to—= |—to—,e<l1, 2.15
g3 ‘/1—eg2 (2.15)

we get the equation that matches the Kepler equation
E—-esnE=M . (2.16)

However, in aperiodic motion along a quasiconic section, the time dependence of the eccentric
E=FE (t) and average anomalies M =M (t) is determined taking into account the laws of change in the

masses of the bodies under consideration.

3/2

M =n[@({t)-@(7)], n= :{'u_o = const , M, =f[m1(to)+m2 (1 ):l =const , (2.17)

where ¢, is the initial moment of time. Accordingly, @(¢) the primitive function of

( m(t) jm:( m, (1) +m, () ,ij (2.18)

M(to)]/ my (&) +m,(t,) 73

d)(z') a dynamic element of aperiodic motion along a quasiconical section, an analog of the

Keplerian dynamic element of the 7 — moment of passage through the pericenter [1, 5, 9]. In undisturbed
motion, respectively, we have

12 12
M[ﬂ] (MLJ | 219
m(t,)y my(t,) +m,(t,) ¥

In other words, in an unperturbed aperiodic motion along a quasiconical section, the average motion
(the rate of change of the average anomaly) is not constant, but depends on the laws of changing the mass

of the bodies and on the chosen specific function y = }/(t) . In particular, when (in the unperturbed motion
(2.2) there is no force proportional to the radius of the vector)

}/zy(t):constzl, (2.20)

we have a well-known aperiodic motion along a conical section [1, 10]. Another special case is when (in
unperturbed motion (2.2) there is no force of proportional speed)

Cu(e) om(t)’

we have widely used as an unperturbed motion in studying the dynamics of unsteady gravitating systems
[11,12,13].

(f)—m—M 2.21)
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3. Equations of perturbed motion for osculating geometric elements in the form of Newton's
equation. Let’s consider the aperiodic motion along the quasiconical section (2.2), in the presence of a

perturbing force
;'7'=—fm%+[ﬂ+1j?+{1—l[ﬂ+ljl}7+ﬁ, (3.1)
r m oy y 2\m y)y
F=F(t,7,F)=F(F,.F,,F,)=F,-& +F,-T+F,-ii. (3.2)

The perturbing force F and, accordingly, its components (E, F, Fn) , in the general case, depend on
time, coordinates and velocities. In this case [ the radial (directed along the radius of the vector),
F. transversal (perpendicular to the radius of the vector, lying on the plane of the instantaneous orbit) and

F normal (perpendicular to the plane of the instantaneous orbit) components of the disturbing force, the

é., 7, n corresponding unit vectors [1, 14, 15, 16, 17].

7o

For osculating geometric elements of aperiodic motion along a quasiconical section
pe w,i,Q,0, (3.3)

equations of perturbed motion in the Newton equation form were obtained earlier in [7, 8]. Here p, e, w, i,
Q), O are analogs of Keplerian dynamic elements, p is an analog of the orbit parameter, e is an analog of
eccentricity, @ is an analog of the pericenter angular distance of the from the node, i is an analog of the
orbit inclination of the on the plane, € is an analog of the ascending node longitude, & is an analog true
anomaly. The corresponding Newton equations have the form

2p ~
=—F, 34
P fecoso 34
é=sinf-F +(cos0+wj~ﬁ, 3.9
1+ ecos®
a.):_cose N +l£sin6’+ sind )'FT _sinu-ctgi P (3.6)
e e l+e-cosf l+e-cos@
di _ cosu = 3.7
dt l+e-cos® "’ '
sinu ~
= -F, 3.8
(1+e-cosf)sini " (3-8)
12 .
. - 1( . -
0:*/5_;’ s (1+e'cost9)2+COS9~Fr——£sm6’+ﬂj-Fr, (3.9)
p \myy e e 1+e-cosd

m m m

T T \/;0 \/;0

y=r(t), m=m(t), my =my (t,)+m, (t,)=const, Uy = fm(t,)=const , (3.11)

1/2 12 12
F‘ F\/;(ymOJ , ﬁ' F\/;(ymOJ , ﬁ;:Fn,\/;(ymoj , (310)

where £, is the initial moment of time. However, for practical applications, when studying the dynamics
of non-stationary gravitating systems, other systems of osculating elements are more convenient.

4. The equations of perturbed motion for a system of osculating elements p, ¢, i, 7, Q,
CD(T).In some applications of the equations of perturbed motion based on aperiodic motion along a

— 8§ —
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quasiconic section in the Newton's equations form, the following system of osculating elements is
preferably

p’ e’ i’ ﬂ’ Q’ ®(z-)’ (4'1)
where 7 is the analog of the pericenter longitude. The corresponding equations of perturbed motion in

the form of Newton's equations are derived from equations (3.4) — (3.9) taking into account formulas (2.5),
(2.7), (2.17), as a result, we have

2p ~
=—+ .F, 4.2
P l+ecosd ° (42)
é:sinﬁ-ﬁr+(cos«9+ﬂj-ﬁ > (4.3)
1+e-cos@
di __ cosu_ 2 (4.4)
dt 1+e-cost
frz_m@.ﬁ,+sm9(1+LJ.ﬁ;+Lsinu.tgi.ﬁn, @)
e e rp rp 2
A= L (4.6)
(1+e-cos®)sini
2
d9(r) _ rp {[eNsinH—cosH]~ﬁ_+QN~Fz} Z = (4.7)
dt NN r rp
2.2
N=2Tp, (4.8)
r
0 r3 0 1 3
I, :2J‘ﬁcost9d9:2j‘£—j cosdde . 4.9)
V7P o\1+e-cosd

The derived equations of perturbed motion (4.2)-(4.7) we use in the study of the restricted three-body
problem with variable masses that changes non-isotropically in the presence of reactive forces [18].

5. The system of osculating elements in quasi-elliptical motion. In the dynamics of gravitationally
coupled systems, during evolution, the eccentricity perturbed analog of the of the aperiodic motion along

the quasiconic section for a long time remains less than unity e(t)<1 [19-21]. In this case, it is
convenient to use the following system of osculating elements

a,e,i,n,Q, 4 (5.1)

where a is the analog of the semimajor axis, A=M + 7 is the analog of the average longitude in the orbit,
M is the analog of the average anomaly, 7 is the analog of the pericenter longitude. In this case, the
equations of perturbed motion in the Newton's equations form have the form

2a’esi . 247
P aesmé’.F+ a

’ F, (5.2)
p r
L = e+cosf | =
é=sinf-F +| cos@+————|-F,, (5.3)
1+e-cosd
di  cosu 7, (5.4)

E_1+e-cos6"

— Q —
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,-rz_mé’ﬁ,+sm9(1+LJ.ﬁ;+Lsinu.tgi.ﬁn, 5.5)
e e yp yp 2
- S¥ 2 (5.6)
(1+e-cos0)smi
()+m() 1) —
. —+ ~ [ ~
A=n M_S _QL l—e2-E,+Lsinu-tgi-El+
m, (t,)+m,(t,) 7 7p 7p 2 57)

+;{—Fj -cos&+(l+Ljﬁ, -sin@}

1++1-¢’ rp

where n=/y, / a’” is the average orbital movement. We will use the obtained new forms of the equation

of perturbed motion, based on aperiodic motion along a quasiconic section, in the study of the dynamics of
non-stationary gravitating systems [22].

6. Conclusion

In the present work, new forms of the Newton equation of perturbed motion based on aperiodic
motion along a quasiconic section are obtained. Based on the known equations of perturbed motion for
osculating geometric elements p, e, w, i, €, @ in the form of the Newton equation, we obtained the
equations of perturbed motion for the following system of osculating elements:

poe,i,nQ, o), (6.1)
a, e, i,n,Q, 1, (6.2)

Osculating variables (6.1), including a dynamic element db(r), are suitable in the general case. The
system of variables (6.2), where instead of a dynamic element CD(r) is introduced A - the average

longitude in orbit is used in the quasielliptic case e(7)<1.

The obtained new forms of the equation of perturbed motion, in the form of Newton's equations, in
various systems of osculating variables can be effectively used in studying the dynamics of non-stationary
gravitating systems.

The work was carried out within the framework of Project No. BR05236322, financed by the Ministry
of Education and Science of the Republic of Kazakhstan.
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YHUBITKBIFAH KO3FAJIBIC TEHJEYJIEPIHIH )KAHA TYPJIEPI

AnHoTanms. Kraccukanblk acraH MEXaHUKACBIHIA KeIUIep KOFaJbIChl HETi3iHAe YHBITKY TEOPHSCHI JKAaKChI
JlaMbIFaH. YWBITKbIFAH KO3FaJbIC TEHJICYJIEPIHIH Typiepi KOHOHIBIK TeHieylepMmeH, Jlarpawx >xone HploToH
TeHJeynepiMe cunartaiarad. COHbIMEH Karap Maccanapbl TYPaKThl ISHeJep HYKTe peTiHjie HeMmece cepablK eHe
periHze KapacTelpbuiaabl. KenrereH acTpOHOMHSIIBIK MOceNeNnepi 3epTTey/e KIACCHUKAIBIK YHBITKY TEOPHSCHI
GacTeI Kypai OOJBII caHANAbl. 3aMaHayH OaKbUIAy aCTPOHOMISICHI HAKTHI FAPBIMITHIK JCHETEPIiH Maccaaaphl yaKbIT
oTe e3repeTiHiH pactaiiapl. LIIpHANBI FAPBIITHIK JeHENep — chepablK eMec )KOHE KaTThl eMec. AcCIiaH JeHenepi —
OeciicTarioHap, SBOJIFOLKSA KE3CHIHAE OJapiAblH Maccalapbl, OJIIIeMIepi, MIIHAEPI OHE KYPbUIBIMBI ©3repeil.
Kazipri TaHzma aiiHbpIManbl Maccallbl acllaH MEXaHUKachl OoibIHINIA OipKarap ayKbIMABI —3€pTTeyliep,
OoubmorpadusuIbIK KyMbIcTap Oap. Anaiiia OeficTallMoOHap FapbILITHIK XKYHeNep YIIIH YHBITKY TEOPHSCHI )KETKUTIKTI
Jlopexesie AaMbIMaraH. ATanfaH XYMBICTA acllaH MEXaHHKAChIHAAFbl aliHbIMaJibl Maccallbl JEHENlep MaCeNeCiHiH
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aJIFAIKBI JKYBIKTaybl PETiHAE YCHIHBUIFAH MOJCIBIIK €cell KapacThIpbULAbl. OChI MOJCHBIIK €CENTiH HETi3iH/e
YHBITKY TEOpHSIapbIHBIH 9JiCTepi AaMH TYCTi jKoHE YHBITKbIFAH KO3FAJbIC TEHJCYJIEPiHIH jKaHa TYPJepi aJIbIHAbL.
Mogenpaik ecen KOChIMIIA KYIITEPi eCKepe OTHIPHII, aifHbIMAaIbl MAcCalbl €Ki AeHe ecedi peTiHne, KBUIIaMIIBIKKa
JKOHE ©3apa apaKalbIKTHIKKA IPOIIOPLIMOHAN apalibIK KO3FAIIBIC KIachl OOJIBI TaObUIabl. ATAJIFaH apalibIK KO3FAIIBIC
KJIachl KBA3WKOHYCTBHIK KHMa OOMBIHINIA alepHOATHIK KO3FAIBICTBI CHUNATTAiAbl. bBynm Jkymblcta ataynrad
KBa3MKOHYCTBIK KUMa OOMBIHIIIA arnepuoThIK KO3FalbIC Ki1achkl Herizinae HboTOH Tenaeysepi TYpiHAe YHBITKbIFaH
KO3FaJIbIC TeHAECYJIEPiHIH jKaHa TypJiepi ajbiHIbl. HBI0TOH TeHeynepi TYpiHAeri OCKYJISIHSIAYIIbl T€OMETPHSLIBIK
BIIEMEHTTED — p, e, @, i, {2, @ y1iH Oenriii YHbITKbIFaH KO3FaJIbIC TEHACYJIep] HeTi31He Keleciiell OCKyIAusIayibl
AIIEMEHTTEp KYHeci YIIiH YHBITKBIFaH KO3FAJBIC TEHACYNEpl anbHIBL p, e, i, 1, €, D(7) xkoHe a, e, i, m, Q, A
Kypamerana @(7) AMHAMHUKAIBIK 3JIEMEHTI 0ap OCKYyIAIMIAYITH aifHRIMATIBLIAD JKANIIEI JKaFJaiFa maiaaaaHbpUIapl.
HepOec sxarmaiiia aTanraH apaiblk KO3Fajblc KiIachl TaHbIMan OMapoB-XapKHIEMETpHy KOHYCTHIK KHMAachl
OolibIHIIA IEPUOATHI KO3FaIbICThl KaMTUAbl. COHBIMEH KaTap 0apiblK OCKYJISIMSIAYIIBI TE€OMETPHSIBIK dJIEMEHTTED
ApwmennHHu-/KUHC TYpiHAETT KeIiep 3JIeMEHTTepIMEH colKec Kesei. Dutuic OOWBIHINIA arnepruoAThl KO3FAIbIC TIEH
ApmenuHHU-/KMHC HeTi3iH/Aer! KeIulep 3JIEeMEHTTEpiHiH Oip-OipiHeH aWbIpMaIlbUIBIFbl JUHAMHUKAJIBIK 3JIEMEHT 7
NEPHLECHTP apKbUIbl 6Ty MOMEHTiHIe. KOo3Faibic >KbUITaMIbIFEl, COHBIMEH KaTap MaccajapblH YaKbIT OOMBIHIIA
e3repy KapKbIHABUIBIFB CHSKTBI IPOIIOPLMOHAT «YHKENIC» YHBITKBITYIIBI KymTep Oap Ke3le, KOHYCTBIK KHMa
OOMBIHIIIA aePUOITHIK KO3FalbIc ece0i periHmeri ['tonpaeH-Meniepckuii Macesneci TyCiHaipiieni. ARpbpIKia KoHIT
OeJeTiH KOUT — JKaJIIbI JKarAaiiia, KOHYCTBIK KMMa OOWBIHINA arnepuoThIK KO3FaIbICThIH OapJIbIK 3JEMEHTTEP] JKoHe
KBa3MKOHYCTBIK KMMa OOMBIHIIIA allepHOATHIK KO3FaJIBICTBIH OapiibIK 2JIEMEHTTEP] Maccajlap/blH 03repy 3aH/IbUIBIFbI
apKbUIBl yaKbIT OOWBIHIIA OalnaHbICa[bl. ¥ CHIHBUIFAH apaliblK KO3FaJIbIC KIACBIHBIH ApMenuHH-/KUHC TypiHzeri
KeIJiep dJIeMeHTTepiHeH TyOereiiyi ailblpMalibuIbIFbl OCBIHA. AJaiila KBa3HAJUIMITHKAJIBIK Ko3FaibicTarsl Kerep
TEHJICYJIEPiHiH aHAJIOTHl Maccajaphl TYPaKThl KIACCHKANBIK €Ki JIeHe eceOiH KaTapra JKIKTeyllI MaTeMaTHKAaJIBIK
TYPFbIIAH KoJaHyFa MyMKiHIIK Oepeni. COHbIMEH KaTap Oyl ailHBIMAaNbLIApAbIH (U3UKAIBIK (IMHAMUKAIBIK)
MarblHachl KeIulep 3JeMEeHTTEepiHeH epekuieneHeni. ['paBuranumsuibl OaillaHbICKaH J>KyHenep ITUHAMHKACBIHJA,
SBOJIIOLMS  TPOIIeCi Ke3eHiH/Ae, KBAa3MKOHYCTHIK KHMa OOMBIHINA aNepHOATHl KO3FAJBICTBIH  YHBITKBIFAH
SKCIIEHTPUCUTET aHAJIOThl Y3aK YakKbIT OOIbI OipeH keM 0oJajbl: e(t)< 1. Oprypai xyieneri ocKyJsUsIAYy bl
aitHpIManeIapaa HeI0TOH TeHIeynepi TYpiHIe anblHFaH YHBITKBIFAH KO3FAJbIC TEHICYJEpiHiH jkaHa (opMarapbiH
OeiicTarmoHap TPaBUTAIMIIAHATHIH KYHEIepIiH TMHAMUKACHIH 3epTTeye THIM/I Maiinananyra OoJaIbl.

Tyilin ce3nep: KBa3sukoHyCTHIK KnMa OOMBIHIIA amepUOATHI KO3FAJBIC, alHBIMAJbl Macca, YHBITKbIMaraH
Ko3Fanbic, HpIOTOH TeHueynepi TypiHleri YHBITKbIFAaH KO3FajbIC TEHAEYJepl, YHBITKY Teopuschl, OeiicTanmoHap
rpaBHTAlMsIIAHYIBI XKYHenep.

M.J[:x. Munriu6aes'?, U.T. Omapos?, A.T. U6panmona'-?

'KasHY nm. anp-®apadu, AnmMarsl, Kazaxcran
2Actpodusnueckuii maCTUTYT MM. B.I'. ®ecenkoBa, Anmatsl, Kazaxcran

HOBBIE ®OPMbI YPABHEHHWS BO3MYIIEHHOI'O JIBUKEHUA

AnHotanusi. B xnaccuyeckoili HeOECHON MeXaHHMKE XOpOILO pa3BUTa TEOpHs BO3MYLIGHHMs Ha 0ase
KEIUIEPOBCKOI'O JIBIDKCHHUS. Pa3nmuuHbple BHIBI YpaBHEHHS BO3MYIIEHHOTO MABWIKEHHS OIMCAHbl KaHOHWYECKHMH
yYpaBHEHUsIMH, ypaBHeHUsIMH Jlarpamka U ypaBHeHHsMH HproToHa. [Ipr 35TOM Macchl TeJ CUUTACTCS IOCTOSHHBIM,
Tela TOYeYHBIMU WK chepudeckumu. Kiraccuueckas Teopusi BOSMYLIECHHS SIBISIFOTCS OCHOBHBIMH MHCTPYMEHTaMU B
M3Y4EeHHH MHOTHX aCTPOHOMHUYecKux npodnem. CoBpeMeHHas HaOJrolaTeNbHas aCTPOHOMHS CBHAETENLCTBYET O
TOM, YTO MAacChl peajbHbIX KOCMUYECKUX TEJI CO BpeMeHeM MeHsoTcs. PeanbHble HeOecHble Tena HechepuyuHble U
HeTBepable. HebOecHble Tena HecTalMOHAapHBIE: B MPOLIECCE DBOJIIOIMU MEHSIOTCS UX MAacChl, pasMepsl, GOpMBI U
CTPYKTYpBI. B HacTosiIiee BpeMsi cymiecTBYeT psiJi HCClIeIoBaHui ¢ oOmuHOl Onbnuorpadueii padoT mo HeGecHOU
MEXaHHKe Tell IepeMeHHOW Macchl. OITHAKO TEOpHs BO3MYIICHHUS Ul HECTALMOHAPHBIX KOCMHYECKHX CHUCTEM He
JOCTaTOYHa pa3BUTa. B paboTe paccMoTpeHa MOJeNbHAs 3ajnada, NPEIUIOKEHHAs B KayecTBE HCXOAHOIO
MpUOJIMKEHUS 11 Tpo0iieM HeOSCHONH MEXaHWKH Tell MePEMEHHOM Macchl. Ha OCHOBe 3TOM MOICIBHOU 3amadu
Pa3BUTBI METOJIbI TEOPUU BO3MYIICHUH U MOJTy4eHBI HOBbIE ()OPMBI ypaBHEHHSI BO3MYILEHHOTO JBIDKEHUS. Moemb-
Hasl 3a7lada Kak 3ajada JIByX TeJl TIEPEeMEHHOW MAacChl NMPH HAJMYUU JOMOJHHUTENBHBIX CHJI, TPOHNOPLUOHAIBHBIX
CKOPOCTH W B3aUMHOMY PACCTOSHHIO IIPEJCTaBIsIeT cOoOOW Kilacc MPOMEXYTOYHBIX [BIXKEHHH. DTOT Kiacc
NPOMEYTOYHBIX JIBHKCHUI OIMUCHIBACT allepPHOJMYECKOE IBIKECHHE 110 KBA3HKOHMYECKOMY CeUeHHMI0. B HacTosmei
paboTe Ha OCHOBE 3TOr0 Kilacca allepUOANYECKOro JIBIDKEHHS 110 KBa3UKOHUYECKOMY CEYCHHIO IOJYYeHbI pa3ind-
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Hble HOBBIE (POpMBI ypaBHEHHS] BO3MYLIEHHOI'O JIBI)KEHMsI B BHJE ypaBHeHui HpioTona. Mcxonas U3 M3BECTHBIX
YpaBHEHUI BO3MYILEHHOTO JBIKEHHUS JJIsl OCKYJIMPYIOIIMX T'€OMETPHUYECKUX JJIEMEHTOB p, e, @, i, {1, 6 B dopme
ypaBHeHUH HbIOTOHA, HaMW TMOJY4YEeHBl YPaBHEHUS BO3MYIIEHHOTO JBI)KEHHS MUl CIEAYIOIIUX CHCTEMBI
OCKYJIHPYIOIINX DJIEMEHTOB p, e, i, 7, Q, ®(7) u a, e, i, m, Q, A. Ockynupyroume mepeMeHHbIe, BKIFOYAIONIHE
IUHaMu4YecKnil aneMeHT P(7), mpurogHel B o0IIeM ciydae. B wacTHOM cirydae, 3TOT KJIacC HMPOMEXYTOUHBIX
IBIDKCHUH COJEP)KUT IIHPOKO W3BECTHOE IEPHOAMYECKOE [BIDKCHUS IO KOHHYECKOMY cedeHuro OmapoBa-
Xamxugemerpuy. [Ipm 3TOM BcCe OCKYNHPYIOIIHE TI'€OMETPHUECKHE HJIEMEHTHl COBIAJAIOT C KEIUIEPOBCKUMU
3JIeMEHTaMHu B cMblcie ApMmenuHHE — J[xuHca. Pa3sHuna anepuoandeckoe IBUKEHUE MO 3JUIUICY U KEIIEPOBCKUX
3JIEMEHTOB B CMBICIe ApMENMHHN — JPKMHCA 3aKIII0YaeTcsl B JUHAMHYECKOM 3JIEMEHTE — 7 MOMEHTa MPOXO0XKICHUS
yepe3 nepunieHTp. Ha 6asze meprnoamueckoro ABMKEHHE M0 KOHUYECKOMY ceueHnto OMapoB-XaKuaeMeTpuy Aann
TPakTOBKy mpobieme [ronmpreHa-Memmepckoro kak 3azady o0 anepHoAWdecKOM JABMKEHHHM II0 KOHHYECKOMY
CCUCHHUIO MPU HAJTMYMU BO3MYILAIOLIEH CHIIBI «TPEHUS», IPOMOPIHOHATIBHON KaK CKOPOCTH JBIKEHUS, TaK U TEMILY
W3MEHEHHsT Macchl CO BpeMeHeM. Mbl HOA4YEepKUBaeM, 4TO B OOILIEM Cllyyae BCE DJIEMEHTHI alepHoAnYecKOro
JIBIDKEHUSI 110 KOHMYECKOMY CEUYEHHIO M BCE DJIEMEHTHI alepHOJUYECKOr0 IBIKCHHUS 10 KBAa3MKOHUYECKOMY
CEUCHHIO CBSI3aHBI CO BpEMEHEM Yepe3 3aKOHBI M3MEHEHHUS! Macc. DTO MPUHINIHAIBHOE PA3IMYKe MPEACTaBICHHOTO
KJlacca MPOMEXXYTOUYHBIX JIBIDKCHHH OT KETJIEPOBCKUX 3JIEMEHTOB B cMbIciie ApMmenuHHBI-/[knHca. OgHako aHanor
ypaBHeHuii Kermiepa B KBasHRIIMIITHYECKOM [BIDKCHHH Ja€T BO3MOXKHOCTH (DOPMAIBHO MaTeMaTHYECKH
UCIIONIb30BaTh IIMPOKO M3BECTHBIC PA3JIOKEHMS B Psii KIACCHUECKOHM 3a/1aud IBYX TeJl C MOCTOSHHBIMH MacCaMH.
[Tpu sTOoM u3uyeckuil (IMHAMHUYECKHH) CMBIC 3THUX NEPEMEHHBIX OTJIMYAIOTCS OT KEIUIEPOBCKHX AJIEMEHTOB. B
JMHAMHKE TPaBUTAIMOHHO CBS3aHHBIX CHCTEM, B XOJE€ OBOJIOLWH, BO3MYIIEHHBIH aHAJOr 3KCUEHTPUCHTETa
aTNepHOIMYECKOTO JBIDKEHHUS 110 KBa3UKOHMUECKOMY CEUYEHHIO B T€UEHHMH JUINTEIHHOTO BPEMEHHU OCTAaeTCsl MEHBIIIE
€INHHLIBI e(t) < 1. Ilomy4ennsie HOBbIE (POPMBI YpaBHEHNSI BOSMYIIIEHHOTO JIBI)KCHHMS B BU/IEe ypaBHeHNH HploTOHa,
B Pa3MYHBIX CHUCTEMax OCKYJIHMPYIOIIMX IEPEMEHHBIX MOXHO 3(P(EKTHBHO HCIIOIB30BaTh NPHU HCCIECIOBAHUU
JUHAMHKH HECTALMOHAPHBIX TPABUTHPYIOIIUX CHCTEM.

KiroueBble cjI0Ba: amnepHOIMUYECKOe IBIDKEHHE 10 KBAa3MKOHMUYECKOMY CEUYEHMIO, MEepeMEeHHas Macca,
HEBO3MYIIIEHHOE [BIDKCHUE, YpPaBHEHMs BO3MYLICHHOTrO [BIDKeHUST B (opme ypaBHeHus HbroToHa, Teopus
BO3MYILICHHUSI, HECTAIIMOHAPHBIE TPABUTUPYIOLINE CHCTEMBI.
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