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Abstract. In this review article, an internal boundary value problem is solved for
perturbations in a cylindrical coordinate system considering the inertial terms. The
equation in displacements presented in the Tedone form are solved for the case of
compressible material of cylindrical bodies. Solutions of homogeneous differential
equations are obtained in Bessel functions with preliminary separation of variables
of inhomogeneous equations, which are found by the method of undetermined
coefficients. Presented in the form of Tedone, the equation in displacements is
solved under the conditions of compressibility of cylindrical material bodies. In this
case, the volume expansion obeys the types of the Helmholtz equation. Solutions
of homogeneous differential equations in Bessel functions with preliminary
separation of variables of inhomogeneous equations are constructed in the work.
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These homogeneous differential equations are found by the method of indefinite
coefficients. Also in this review article, the internal boundary value problem of
perturbation is solved. The displacement equation, expressed in the Tedone form,
is solved for the compressed material of some cylindrical bodies. The solution of
homogeneous differential equations in Bessel functions with preliminary separation
of variables is obtained. It should be noted that the solution of inhomogeneous
differential equations is obtained by the method of indefinite coefficients.

Key words: cylindrical coordinate system, differential equations, solutions of
heterogeneous equations, Tedone forms, Bessel functions
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Karmaiaa KeneMJIiK KeHEl [enbMroibll TeHAeysepiHe OarbiHamsl. JKymbicTa
OipTeKTi eMec TeHACYNIEPiH aifHbIMAIBUIAPEI AJBIH-aJIa AXKbIPaThLUIaThIH beccenn
(GyHKUMAIApBIHAAFEl  OipTEeKTI AuQQepeHuanIplK TeHACYIepIiH IIenrimMaepi
Kypbutagel. bynm  OiprexTi muddepeHIManmblK TEHAEyJep aHBIKTalIMaraH
ko3 dunmentrep omicimen Tabbutansl. CoHmal-ak, OCH MIONY MaKajachIHNa
KO3YIBIH IIIKi IIeKapaiblK ecebi 1merminemi. TemoHe TypiHAETi KO3FaJbICTBHIH
TeHZeyl KelOip IMIMHAPIIK JACHENEePAiH ChIFUIFAH MaTepHaNbl YIIiH IISNIiIei.
Becceny  dyHkmmsimapeiagarsl - OiprekTi MU GEpeHIUANIBIK — TeHACYICSPIiH
HIeNTiMi  aHBIMANBUIAPBIH AJIBIH-aJIa aXBIPAaTyMEH ajbIHAbL. bBipTekTi emec
T hepeHITHaNIBIK TeHISYIep/Ii ey aHbIKTaIMaraH ko3 punuenTrep omiciMeH
QJTBIHATBIH/IBIFBIH aliTa KETY KepeK.
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[Tomy4eHs! penieHus: OAHOPOAHBIX AU PEpeHINANTBHBIX YPaBHEHUH B (QYHKIUIX
Beccens ¢ mnpenBapuTeNnbHBIM  pa3lielicHHEM TEPEMEHHBIX HEOJIHOPOIHBIX
ypaBHEHHUH, KOTOpbIE HAXOIATCS METOAOM HEONpeleseHHbIX K03((UIHEeHTOB.
IIpeacraBnennoe B Buzae TenoHe ypaBHEHHE B MEPEMELICHUSAX peLIAeTCs B
YCIOBHUAX CKUMACMOCTH HUIMHAPHUYCCKUX MATCPUAIBHBIX TECJI. B sTom cjydac
00bEMHOE pacIIMpeHHe NOoXYMHSAETCS ypaBHeHusM lenpmroibua. B paGore
CTpOSITCSL PEICHUs] OXHOPOAHBIX Ju(pPEepeHINaTbHBIX YPaBHEHUN B (QYHKIHIX
Beccens ¢ mnpenBapuTenpHBIM paszlelieHHEM TEPEMEHHBIX HEOAHOPOIHBIX
ypaBHEHUH. OTH omHOpOmHBIE audQepeHInanTbHbIe YpaBHEHUS HAXOMIATCS
METOJIOM HeomnpeaeneHHbIX kod(dunuentoB. Takxe B TaHHON 0030pHOH cTarbe
pemaeTcss BHYTPEHHsISI KpaeBasl 3aJada BO3MYIUICHHUs. YpaBHEHHE IepeMELICHUl,
BEIpakeHHOE B (Qopme TemoHe, pemraeTcst Ui CXKAaTOro MaTeprala HEKOTOPBIX
mwmHapuyecknx Te. [lomydeHo pemieHne OAHOPOAHBIX AMDdepeHIHaIbHBIX
ypaBHeHUH B QyHKIMAX beccenst ¢ mpenBapuTenbHbIM pa3aeieHueM IEPEMEHHBIX.
Crenyer OTMETHTD, UTO pellieHre HEOAHOPOAHBIX AuddepeHIaIbHBIX ypaBHEHUH
MOTY4aeTCsl METOIOM HEONpeeIeHHbIX KOO QHUIINEHTOB.

KioueBble ciioBa: ITHMHIpUYECKas CCTEMa KOOPAWHAT, TU(depeHInaNbHbIC
YpaBHEHHMs, PELICHUS HEOAHOPOAHBIX ypaBHEeHuH, ¢opma Temone, QyHKuMs
beccens

Introduction

Explosions or earthquakes are impulsive external influences. If the duration of
the action of an external force of the pulse type is small compared to the period of
its own oscillations, then after the expiration of the oscillation force of the system
that has left the equilibrium position with an initial velocity equal to the magnitude
of the external force pulse.

It is assumed that the impulse effect on the system occurs in some sufficiently
large neighborhood of the location of the mine in order not to produce a direct
destructive effect on the environment that includes this mine. As it is known /1/, as
waves move away from the initial disturbance area, their amplitude, if the effects
of dispersion are neglected, changes inversely proportional to the square root of
the distance (surface waves) or inversely proportional to the distance (volume
waves) from the source of the initial disturbance (pulse). It seems possible to apply
the linear theory of elastic dynamic oscillations for the formulated problem, as is
customary in theoretical seismology.

The relevance of studying the laws of propagation of electromagnetic and elastic
(mechanical) waves is associated with the presence of mutual transformation. Wave
processes in coupled fields reflect the mutual influence of elastic, electromagnetic
and thermal fields. In (Loran et al., 2020), the process of scattering of electromagnetic
plane waves by an ideal half-plane of an electric conductor in an anisotropic medium
is studied. The method used to solve the problem is the transition boundary method.

Research in the field of elastic waves is considered in the works (Silva et al.,
2021) as one of the most important conditions for solving boundary value problems
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(Lietal., 2021). Various methods of solutions and wave propagation are presented,
for example, symmetric and antisymmetric waves under two thermal conditions
Nowacki, wave propagation in three-dimensional space Sharma, wave propagation
in elastic media by the matricant method and et.al. (Dossumbekov et al., 2021: 8;
Kurmanov et al., 2020: 085505; Ispulov et al., 2017: 5236898; Mussa et al., 2022:
12; Nowacki et al., 1986; Sharma et al., 2004: 15; Ispulov et al., 2022: 4; Ispulov et
al., 2022: 11; Tleukenov, 2004; Tleukenov, 2019).

The boundary problems of disturbances in the cylindrical coordinate system
with regard to inertial components were solved. This information is necessary
to study the free elastic vibrations of the system. The equation in movements,
presented in the form of the Tedone, are decided for the case of the compressible
material of cylindrical bodies. The volume expansion is subject to the Helmholtz
equation. Solutions of homogeneous differential equations are obtained in non-
cells functions with preliminary division of variables. Solutions of heterogeneous
differential equations are found by the method of undefined coefficients. The
boundary conditions of free oscillations at the border for internal and external
boundary problems are written down.

Research Material and methods

A type of problem in the theory of elasticity associated with the propagation of
oscillations or stationary states of vibration in an elastic medium. In the simplest
case, but also the most important in practical applications — the linear theory of
homogeneous isotropic elastic bodies — such problems can be reduced to finding
a solution to the Lamé equation. These velocities are the displacement velocities
of two types of deformations in a linearly elastic isotropic body. It can also be
shown that, under certain conditions, surface waves can propagate along interfaces
and that they have characteristic propagation velocities (Rayleigh waves on a free
surface, Stoneley waves on an elastic medium boundary).

The cases of the appearance of discontinuities in the first derivatives of the
displacement with respect to the characteristics (strong discontinuity) are also
investigated. If the characteristic jumps affect only the component of the gradient
normal vector, and the tangential components of this vector and the displacements
themselves remain continuous, then the discontinuity is called a constant force
discontinuity. In this case, the conditions of kinematic and dynamic compatibility
are satisfied on the characteristic surface, which play an important role in solving
dynamic problems by the method of characteristics.

The action of dynamic deformations of an elastic body becomes more
complicated if this body has a finite boundary. Each point of such a boundary, in
contact with any one of the perturbations propagating from fronts that are complex
in themselves, causes at least two new types of deformation.

The main ones are the following types of boundary value problems: the first
shows displacements; secondly, voltages are shown; the third one shows linear
combinations of displacements and stresses; fourthly, the normal component of the
shear and the tangential components of the tension are shown; fifth, the tangential
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components of the displacement and the normal component of the stress are shown;
Sixth, the displacements are shown in one part of S, and the tensions are shown in
the appendix.

In contrast to the Cauchy problem, which is completely solvable in the general
case, solutions to mixed problems are obtained only in special cases. The most
important of them are: closed solutions of the first and second main mixed problems
for a half-plane or half-space, obtained by the method of complex waves and a
generalization of the method of characteristics; solutions of the wave equation for
the sphere obtained by the method of functionally invariant integrals; solution of
some problems of the theory of elasticity by generalizing this method; and solving
a number of diffraction problems. As a rule, decisions cannot be made in private;
however, very general results can be obtained using the methods of potential theory
and the theory of singular integral equations.

The methods of geometric optics are also used in the case of surface waves. The
boundary condition of zero surface tension can be satisfied by the superposition of
longitudinal and transverse waves with complex eikonals. Such constructions give
rise to a wide class of surface waves, a striking example of which are Rayleigh
waves.

The geometric-optical theory can also be developed for other types of surface
waves: for waves similar to Love waves and for the so-called surface trapped
waves. An analogue of the considered Love waves are stationary high-frequency
waves, the phase velocity of which is close to the velocity of transverse waves, and
the direction of the displacement vector, according to the first approximation, is
the frequency normal to the surface and the direction of wave propagation. Waves
captured by the surface also have a surface velocity close to that of transverse
waves, but their polarization is different — the displacement vector lies in the plane
formed by the normal to the surface and the direction of wave propagation.

The equation of dynamic oscillations of the elastic body of the vector form has

| - "
L gktivi, + ¥ = 2 (1)

Where the Laplace operator in the cylindrical coordinate system
. 4 1 & i i &
W I | b - (2)

i, is the displacement vector, u is the shear module, v is Poisson ratio, p —
Density of area’s material; differentiation twice in time are marked by two points
above the vector, .z, r; @; z — cylindrical coordinates, and r — radius, ¢ — azimuth
angle, z - coordinate in the direction of the axis of the solid cylindrical body. The
vector of displacements is represented as:

i {l@, z) = expliff i, (ro@, ), 3)
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where i — imaginary unit, f— complex frequency.
With regard to (3) equation (1) acquires the following form:

. Fire 4 E b
_— graddivi, + Vi, = = e 4

Let the volumetric extension obey the Helmholtz equation. (Lurie, 2005) to the
next of the equation (4):

. o =2 .
VEEL +—— fom, =1k 5
2u l=-v ( )
where
fic T A | LA T
[ = e St b i
o r e (6)

Uy, V.. W,, — are the components of the vector _,.
From equation (1) follows the equation in the movements in the form of Thetone:

where ¥ — is the radius-vector of the arbitrary point of the body
F= s, +F, ®)
¢, are basic vectors.

Let's rewrite the equation (7) in the form of:

T -;_-'a__ ::4 .:.-n'-:-l__- o _l_.l'-.'|-r"-:-c__| (9)

Producing the specified differential operations in the equation (9) and recording
it in the coordinate form, we get the following system of differential equations in
the private productively unknown components, displacements:

oL .: 2 e ."'+- I - 1 o 0y :I = (10)

The right parts of the equations (10) are the known functions found in this
paragraph from the general Helmoltz equation (5).
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Considering (5), representing displacement, and volumetric expansion in the
form of:

el r .z} = mir)gin Az cosndr, v.ire, z)= virksiniz cosno, (11)
W (Fr, 21 = WFICOS AZC0S B{P, O, (rg,2)=6{#)sinlz cosng

where . = [L1.2..... (12)
From (10) we get:

||| 14 t " I.'\-‘lll I At I.., sl

1 o F [ r 1-2 o

|':. +I -4 - I..I- .'.-'l-'-:ll i EXrl

i r ol - 1 . =2
1 1 -'I"'I-u.l i BN 13
& F o = out | |- 2 (13)

Let's introduce the designation:

g E I....I..d.__.:.:_"" :H."“. e (14)

ar” rar r u
Then the equations (13) will be over written as:

1

I i | s
Wanlr) == virh i
o r | =2v 4
"F:'nu'J—ﬂ.l:{.l'l: f llf:h;."l- (15)
r 1-2vr
| L I1 -|1|.1:r| - A S,
1 o | —2%

The right parts of equations (15) contain functions or its derivative. Expression
for a function, we find below from the Helmholtz equation (5) after the division
of variables in it, according to the last formula (11). Thus, the right parts of
equations (15) are known functions. Due to this circumstance these equations can
be considered as heterogeneous equations concerning unknown functions such as
u(r), v(r), w(r).

The general solution of the system of equations (15) in this case consists of
the sum of the general decision of homogeneous system and any private solution
heterogeneous. So, we find the general solution of the corresponding homogeneous
system of equations:

Viu(r)- -2—”: wri=10;
r
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Viv(r)— 2—:’ uir) = 0; (16)
]

.
{"v‘l: +T 1-1-‘{."_]:&.
e

We fold and subtract the left and right parts of the first two equations (16), then
we get

".-".E[n'{.l'J = 1'{r}]+2—?[u{r] = v[r'}] =1,
P

Viu(r)+v(r)]- E—f [se(r) + v(r)] = 0. (17)
-

Let's introduce the designation:

w(ry=viry=0U(r), wuir)+viri=Vir), (18)
So that

v irs ;
wir’ = E[f-'[.l']-+ i {r"l]. virl= _II [Ii"i_r] — I:.r'l]. (19)

Then the equations (17) will be overwritten as:
ViUir+ E'J‘t.'(;-nn, ViFir) - ‘frlr] =) (20)
- »

We will solve these equations in the form of:
Vir) =0 21

U(r)- Is the solution of the first of the equations (20), i.e.

| s ::'l .}'.'l'.-'l = {}, (22)
Or considering (14)
|48 2 By =0, (23)

Enter the designation:

[

-5 Fiox. (24)

i
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Then the equation (23) will look like:

[i.-*,'.i'-*'-‘”,.:” v =0, (25)

or

[!:“—.hrihlair"—lir—ﬁir Lirh = (26)
dar* dr |

The equation (26) has a private solution in the form of (Loran et al., 2020:165302)
Uirk=Z,, ., {ra). 27

Where Z o lra) is the cylindrical function
Considering (19), (27), we have:

ni--1=%:.'1r:u=—l.::,,,,uu;-. (28)

b alr

Lo 1
ry=—<Uiri=—< 2, (r)

Let’s find the solution of the 3rd equation from (16):

i Y

L'l:": + L"J“{r} =), (29)
P

or

|d—-_+l—i+u:—i wir) =10, (30)

5 Lq'f' - " 1.]’-" re )
* . 5 N 'II

The solution for:

w(r)=Zn(ra). 32)

Now let’s solve the equation (15), which considering the last of the formulas
(11), will look like:

\3 ¥ 1 . |
I’u NLIC AN -E "]@u.r}=u. (33)

Ldr®  rdr re 2p l=v
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or
[r':ihli-lb‘r -t Elir}=ﬂ. (34)

Where

b= liﬂ r_as

B ETEE e
) = &, (rh). (36)
Consider the case = 1. Then you can write:

wiry=-vir)= %E’“hw} Cre wir) =2 (ra) C,, (37)
B(r) =2 {rb) (38)

C,, C,, C,—is arbitrary permanent integration. Here (Silva et al., 2021:116023):
= {=1)' -‘.l';r]h I ru]" I [m" I '.I'u]'L
;':r Fi = - = I -
i ;H‘]' L2 il ]'[ 2) Ty EJ (1 L 7))’
i "n;r"' i (n;:'lm | (n:_r'll:. | n:.l'l'H | [m]m
¥ - - - - i - 39
@yil2) “@rl2) 1[ﬁ.*]- 2 ) ['-'?1-[ 3 BT 39

PO ) . N I N T O )
5 ,ﬁuur’-‘z,- m- o2 mml 2

-32(%) +as(3) (%) - (o)

In (40) (ra) should be replaced by Z (rb).

Now we will find private solutions of heterogeneous equations (15) with the
well-known right part.

Subtract and fold the left and right parts of the first two equations (15); Then
we get:

y 2 I N

H PR R B ; [i1,(F) = vy ()] = — - 21_[:’_ air)+- . ] (1)
: 2 .

N O e A e “2)

Enter the designations:

118



Reports of the Academy of Sciences of the Republic of Kazakhstan

ML (F 1= v e = UG 0e), w4 v [rh = Fyl#] (43)
Here
u,lF) = l}[[;,l:."l'r.l"'.‘l.l'l]. vylrh= %[r".l.l':l—t-:.‘i-' il (44)

Equations (41) and (42) with consideration (43) will be written in the form of:

g 2R f _ 1 r.iEI{.r_l
['E-‘. i .-_’]L'“ s " r'EH r } (45)
F , ?"'“l i i i :ﬂ:_h:l':l
l?- 'I__-_-J":.l.-' = ﬁ[:ﬂf-"]— s ] (46)
Or, considering (14) in the form of:

R I RPT IR L Ar F ) =T
[l.ﬁ" I r v 4 F I_Il'j :|L:_|:.r:|- I—Jl-lirﬂrﬂ. ar ] (47)
P N e e p ; AN )
Lk__ 14y A oy ]vm x ] (48)

Equations (47) and (48), considering the designation (24), take the form:

(. d* d 'Yy 3 BN r)

g e e “
f : 3 |

I..-' %+J%+u’! = ]"u‘l-"']— [FE{JF re % (50)

Let’s write the equation (49) considering B4r| = £ (s, in the form of:

Suppose

U iry=kr® bt s ke + (52)
Then

% = 2k + e B (53)
%— T+ 1280 + M+, (54)

From the equation (51), considering (52)-(54) we get:
E.J.'_l.?'l + 12.[-;,"' + _'-I-I.'F.é‘].r; ik ﬂ,r‘- ; A bk
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1 4 ] & 1 - ':.-1 3 ﬂ"lll..ll r‘&b"
+a' ke +ak,y" +a i'_,r‘3+...-—] -Iv[h' - + = | (55)
Equating coefficients at the same degrees zero get:
b Oy
-1 1 4 , i
rr Ak + =0k k== .
' =2v : 4(1=2v)

b'C, _ Cybia’ + ')
0k ———
4(1-2v) 64(1 - 2v)

P 16k, +a’k, -

5 5. 1,3 . 4
re: A0k, +a’k, + Gt =0 k= s Lk e h}l_ (56)
Gl =2w) -] = 29

Let’s write the equation (50), considering in the form:

[r" % +r£-— a'r —JJF}.{J‘] =1 _13,,-["“9‘ Fy=r Jj_ﬂ] (57)
Where
Lo ey 1 ey
Y o — =| == =] *+..
N 1[:: [:] "2 }
Suppose
!«’u{r}=mlr"—-'h_.l" + o (58)
d:'r::r} = -1-p.rr:.l'_‘ o} |,‘|.,||1|:r1 ...,
Then
d*V,(r) ) .
——— = 12mr" +30m,r" +... (59)
adr”
a4V, (r) s
d:"' =12myr® +30m,r® +... (60)

Substituting (58)-(60) in (57), we get:

120, 0" + 30m,r® + .+ doe e + 6 + .

C, | afBY 1Y |
._.h.[' (&) -1(2) ] 0 o1

Find
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b CbMa* +b°)
My e My = ... (62)
96(1 - 2v) 12.06(1 - 2v)
Let’s write the last of the equations (15):
- A
V.4 = w(r)=-- CN ) (63)
r =2
Or, considering (14), (24) — In the form of:
[r:' dy +ri +a'rt-n’ ]uir}l = —ii:l{r]
dar’ =2 (64)
with n=1 we get:
] I':l,- !'-F 5 J AJ"!
Fpr——4tr—+gr =] Wry==——=_ENrl. (65)
[ dr’ dr |-2v

Considering (38), supposing a private solution to the equation ((65) in the form
of:

wlrd= e+’ £ 0,0+ (66)
dwir )
) _ Ingr’ 4 5mrt + Tagr® +., (67)
e
d wir . ;
E - by r + 2, r +4dmyr” 4., (68)
Get out of the equation (65):
fir e+ 20n et A2’ + At St T el o
a0 . s s T Y S TR LR T
rat ey e 3 E T )
Here we find:
AT Oy Ak + 6] A B +a'BF +5')
R e By =y = - i S (70)
-1 16-20{1 —2v) 1624 48(1— v}

Result and discussion
So, let’s write the solution of dynamic equations of free oscillations of the

system. The sought displacements, considering (37), (38), (52)-(56), (58)-(62),
(66)-(70), shall be of the following type:

wlr)= 1;i:'.'.;.lfr'ullf-'. + %{'1[“.:.“ b+ ¥yl
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| A .
W) = =3 Zy(ra)C, + E-:_.[i A =U ik 71)

wiir) = O (ra)+ Cymir).

Let’s write down the boundary conditions of free oscillations of the considered
system for a continuous cylindrical body at » = r,, consisting in equal zero of
stresses on lateral surface of it:

alirl#)

Sl

! - -
'f"',-l =20 B eisin dAecosng + S0 ASCOSRGE =1

=2

Fody

or

¥ el #) |

Er)4 = i, (72)

Ll=2w ¢

or

ahir) . i Wl
rrl =0 %10 A SA0 s — — 1) S0 AS Sin ag —

SUTH S SIA R =1
ar F F

or

M) _# i) **']] -0, (73)

':II:' I I

=

or
, ehi(ry
a_=pH Adn| ] C0% i — ; 0% S E0% R =10
i

L. e

or

-

. iy |
. Anlr) i = (74)

doamy

where r = r,, is is the outer radius of the solid cylindrical body.

Substituting (71) in (72)—(74), we shall receive the system of three homogeneous
algebraic equations concerning three unknown arbitrary constant, non-trivial
(nonzero) decision of which takes place at equality of zero of its characteristic
determinant. Periods of free oscillations of the system can be found from the
characteristic equation.

Considering the inertial terms, an internal boundary value problem is solved
for excitations in a cylindrical coordinate system. The Tedone equations of
motion are solved for the compressible material of cylindrical bodies. Solutions of
homogeneous differential equations in Bessel functions are obtained by preliminary
separation of variables of inhomogeneous equations determined by the method of
indefinite coefficients.
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The Tedone equation of motion is solved in the case of compression of cylindrical
material bodies. In this case, the volume expansion obeys the Helmholtz equations.
Solutions of homogeneous differential equations in Bessel functions are created
in the work, in which the variables of non-homogeneous equations are separated
in advance. These homogeneous differential equations are found by the method of
indefinite coefficients.

In addition, the internal boundary value problem of excitation is solved. The
Tedone equation of motion is solved for the compressed material of some cylindrical
bodies. The solution of homogeneous differential equations in Bessel functions is
obtained by preliminary separation of variables. It is noted that the solution of
inhomogeneous differential equations is obtained by the method of indefinite
coefficients.

Conclusion

Thus, in this paper, the internal boundary value problem for perturbations
in a cylindrical coordinate system is solved, considering the inertial terms. The
equation in displacements, presented in the Tedone form, is solved for the case of
compressible material of cylindrical bodies. The volumetric expansion obeys the
Helmholtz equation. Solutions of homogeneous differential equations are obtained
in Bessel functions with preliminary separation of variables of inhomogeneous
equations, which are found by the method of indefinite coefficients.
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