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CONSTRUCTION OF SOLITONS FOR INTEGRABLE 
NONLINEAR KAWAHARA EQUATION

Abstract. At present time the theory of solitons is widely investigated, 
because, concept of soliton is used in real science as nonlinear 
differential equations’ systematic constant solution. This paper illustrates 
the application of the Hirota’s bilinear method for construction of solitons 
for an integrable nonlinear equation. In particular, the evolution of 
solitons of Kawahara equation was considered. It is a dispersive partial 
differential equation and describes various wave phenomenos. Based on 
Hirota’s bilinear method a substitution was applied and the Kawahara 
equation was transformed into a bilinear form. Then, by considering the 
formal series, one-soliton and two-soliton solutions were presented and 
graphs of the obtained soliton solutions were constructed. Furthermore, 
we have achieved new results, such as vector field, optimal system, 
solutions to reduce symmetry, convergence analysis and the laws of 
conservation of equations. In order to create a point symmetry of 
Kawahara equation, the Lie group with one parametric group of Lie 
transformations were introduced. Using Lee’s symmetry analysis 
method, we created optimal systems and system symmetry. Later, with 
a new method of conservation introduced by N.H. Ibragimov, we obtained 
the law of conservation associated with the symmetry of Kawahara 
equation. Using approach that we apply one can obtain conservation law 
and the laws of symmetry of both higher order differential and soliton 
equations.

Key words: Hirota method, bilinear form, soliton solution, Kawahara 
equation, partial differential equation, Lie point symmetries, conservation laws.
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ИНТЕГРАЛДЫҚ СЫЗЫҚТЫ ЕМЕС КАВАХАРА ТЕҢДЕУІ 
ҮШІН СОЛИТОНДЫҚ ШЕШІМДЕРДІ ҚҰРУ

Аннотация. Қазіргі уақытта солитондар теориясы кеңінен 
зерттелуде, өйткені солитон ұғымы нақты ғылымда сызықты емес 
дифференциалдық теңдеулердің жүйелі тұрақты шешімі ретінде 
қолданылады. Бұл жұмыс интегралданатын сызықты емес теңдеу үшін 
солитондарды құру үшін Хиротаның екі сызықты әдісін қолдануды 
суреттейді. Атап айтқанда, Кавахара теңдеуінің солитондарының 
эволюциясы қарастырылды. Бұл әртүрлі толқындық құбылыстарды 
сипаттайтын дисперсиялық дербес туындылы дифференциалдық 
теңдеу. Хиротаның бисызықты әдісі негізінде алмастыру қолданылып, 
Кавахара теңдеуі бисызықты түрге ауыстырылды. Содан кейін 
формалды қатарларды қарастыра отырып, бір солитонды және екі 
солитонды шешімдер ұсынылып, алынған солитондық шешімдердің 
графиктері салынды. Сонымен қатар, біз векторлық өріс, оңтайлы 
жүйе, конвергенциялық талдау және теңдеулердің сақталу заңдары 
сияқты жаңа нәтижелерге қол жеткіздік. Кавахара теңдеуінің нүктелік 
симметриясын құру үшін Ли түрлендірулерінің бір параметрлік тобы 
бар Ли тобы енгізілді. Ли симметриясын талдау әдісін қолдана отырып, 
біз оңтайлы жүйелер мен жүйелік симметрияны құрдық. Кейінірек 
Н.Х. Ибрагимов енгізген жаңа сақталу әдісін қолдана отырып, біз 
Кавахара теңдеуінің симметриясына байланысты сақталу заңын алдық. 
Қолданып отырған тәсілді пайдалана отырып, солитондық және жоғары 
ретті дифференциалдық теңдеулер үшін сақталу заңы мен симметрия 
заңдарын алуға болады.

Түйін сөздер: Хирота әдісі, бисызықтық форма, солитондық шешім, 
Кавахара теңдеуі, дербес туындылы дифференциалдық теңдеу, Ли 
нүктесінің симметриялары, сақталу заңдары.
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ПОСТРОЕНИЕ СОЛИТОНОВ ДЛЯ ИНТЕГРИРУЕМОГО 
НЕЛИНЕЙНОГО УРАВНЕНИЯ КАВАХАРЫ

Аннотация. В настоящее время теория солитонов широко исследуется, 
поскольку понятие солитона используется в реальной науке как 
систематическое постоянное решение нелинейных дифференциальных 
уравнений. Настоящая работа иллюстрирует применение билинейного 
метода Хироты для построения солитонов для интегрируемого 
нелинейного уравнения. В частности, была рассмотрена эволюция 
солитонов уравнения Кавахары. Это дисперсионное дифференциальное 
уравнение частных производных, описывающее различные волновые 
явления. На основе билинейного метода Хироты была применена 
подстановка, и уравнение Кавахары было преобразовано в билинейную 
форму. Затем, рассматривая формальные ряды, были представлены 
односолитонные и двухсолитонные решения и построены графики 
полученных солитонных решений. Кроме того, мы достигли новых 
результатов, таких как векторное поле, оптимальная система, анализ 
сходимости и законы сохранения уравнений. Чтобы создать точечную 
симметрию уравнения Кавахары, была введена группа Ли с одной 
параметрической группой преобразований Ли. Используя метод 
анализа симметрии Ли, мы создали оптимальные системы и симметрию 
системы. Позже, используя новый метод сохранения, введенный Н.Х. 
Ибрагимовым, мы получили закон сохранения, связанный с симметрией 
уравнения Кавахары. Используя подход, который мы применяем, можно 
получить закон сохранения и законы симметрии как солитонных, так и 
дифференциальных уравнений более высокого порядка.

Ключевые слова: метод Хироты, билинейная форма, солитонное 
решение, уравнение Кавахары, дифференциальное уравнение частных 
производных, точечные симметрии Ли, законы сохранения.
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Introduction. Nonlinear wave equations continue to attract considerable 
attention of researchers as they characterize common and important 
phenomena arising in various physical contexts, including optics, plasma and 
waves on water, Bose-Einstein condensates, acoustics. Often nonlinear partial 
differential equations (PDEs) describe nonlinear waves mathematically. PDEs 
admit many classes of exact solutions, including solitons. And also, these 
equations are interesting not only from a mathematical, but also important 
from a practical point of view, since they are the defining equations for many 
specific physical parameters. On the other hand, many important questions 
still remain open, and these equations are still the subject of considerable 
research. In this scientific paper we mainly focused on Kawahara equation.

The discovery of solitons by Martin Kruskal and Norman Zabuski, 
which led to the inverse scattering method (Ablovitz, et all, 1981), revived 
the modern theory of integrable systems. It became clear that in physics 
there are fully integrable systems having an infinite number of degrees of 
freedom, Korteweg-de Vries equation and some integrable lattice models, 
such as the Toda lattice. Nonlinear differential equations that describe 
various nonstationary processes can have both soliton-type solutions and 
nonsoliton-type solutions. Solitons are any localized nonlinear waves that 
interact with arbitrary local perturbations and always restore asymptotically 
their exact original shape with a possible phase shift (Ablovitz, et all, 1981). 
A soliton-type solution means a solitary wave localized in a small region, 
which rapidly tends to zero with distance from the localization region. It’s 
profile does not change over time ( Myrzakul, et all, 2021; Serikbayev et all, 
2020). 

Kawahara equation is important models in the theory of waves. In the 
normal sense, solitary waves are non-linear waves of regular shape that 
decompose rapidly in their lower regions. This rate of decomposition 
is usually exponential. However, under critical conditions in dispersion 
systems (eg, plasma magnetoacoustic waves, surface tension waves, etc.), 
weak non-local single waves appear unexpectedly. These waves consist of 
a central core similar to the classic single waves, but they are accompanied 
by oscillating tails that propagate indefinitely from the core with a constant 
amplitude of non-zero. To describe and clarify the properties of these waves, 
Kawahara introduced generalized nonlinear variance equations with the 
form KdV equation with an additional fifth-order derivative. This equation 
has been studied extensively from a variety of perspectives (Faminskii, 
et all, 2010). Kawahara equation describes long waves’ propagation in a 
shallow liquid under ice, gravitational waves on the surface of heavy liquid, 
magnetoacoustic waves in a cold plasma ( Iguchi, 2007). Some sources refer 
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to this equation as singularly perturbed KdV equation (Kawahara, 1972). 
Analytical solution of special forms of the Kawahara equation in the case of 
solitary waves were studied by Sirendaoreji (2004), Yamamoto and Takizawa 
(1981). Kawahara Equation’s numerical solution was also investigated. 
For finding an approximate solution to the Kawahara equation some other 
methods based on homotopy analysis have been proposed by Abbasbandy 
(2010), Wang (2011), Kashkari (2014). 

In addition to the above aspects, the Kawahara equation has been 
extensively studied in terms of various other aspects of mathematics, 
including the validity, existence and stability of single waves, integration, 
long-term behavior, stabilization and control. etc. As for the boundary value 
problem, the Kawahara equation with homogeneous boundary conditions 
was studied by Doronin and Larkin (Doronin, et all 2008), and also by 
Faminsky and Opritova (Faminskii, et all, 2015). Also in connection with 
results on well-posedness in a weighted Sobolev space, one can mention in 
(Khanal, et all, 2008).

In this article, we investigated the evolution of solitons in the Kawahara 
equation. Using Hirota’s method, one-soliton, two-soliton solution of the 
Kawahara equation in the following form was constructed:

liquid under ice, gravitational waves on the surface of heavy liquid, magnetoacoustic waves in a cold 
plasma(Iguchi, 2007). Some sources refer to this equation as singularly perturbed KdV equation (Kawahara, 
1972). Analytical solution of special forms of the Kawahara equation in the case of solitary waves were 
studied by Sirendaoreji (2004), Yamamoto and Takizawa (1981). Kawahara Equation’s numerical solution 
was also investigated. For finding an approximate solution to the Kawahara equation some other methods 
based on homotopy analysis have been proposed by Abbasbandy (2010), Wang (2011), Kashkari (2014).  

In addition to the above aspects, the Kawahara equation has been extensively studied in terms of 
various other aspects of mathematics, including the validity, existence and stability of single waves, 
integration, long-term behavior, stabilization and control. etc. As for the boundary value problem, the 
Kawahara equation with homogeneous boundary conditions was studied by Doronin and Larkin (Doronin, et 
all 2008), and also by Faminsky and Opritova (Faminskii, et all, 2015). Also in connection with results on 
well-posedness in a weighted Sobolev space, one can mention in (Khanal, et all, 2008). 

In this article, we investigated the evolution of solitons in the Kawahara equation. Using Hirota's 
method, one-soliton, two-soliton solution of the Kawahara equation in the following form was constructed: 

 
ut + uux + u3x − u5x = 0 (1) 

 
where u = u(t, x) is a real-valued function of two real variables t and x.  

Kawahara (Kawahara, 1972) introduced the dispersion partial differential equation describing the one-
dimensional propagation of long waves of small amplitude in various problems of fluid dynamics and plasma 
physics, called the Kawahara equation. Divergent form of the equation (1) is written as: 

 
ut +

∂
∂x (

1
2 u

2 + uxx − u4x) = 0 (2) 
 

Research materials and methods. It is known that the construction of explicit solutions of continuous 
or discrete integral systems plays an important role in the description and interpretation of nonlinear 
phenomena such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the study of integrable systems and 
their associated properties has always been important and has become the focus of recent research. In 
particular, the creation of explicit solutions for differential equations is one of the most important topics. 
Methods, which find exact solutions are important for solving partial differential equations. So, in the theory 
of solitons, the following approaches are applicable: the use of the inverse scattering problem, the Hirota 
method, the method of Backlund transformations, etc. Most of them allow finding either a general or 
frequent solution. In recent decades, several approximate methods have been proposed or developed and then 
modified to find solutions to nonlinear evolutionary equations using motion waves. Solutions of various 
evolutionary equations were found by one or another of these methods. Thus, the Hirota method ( Hirota, 
1979) allows one to find soliton or soliton-like solutions of nonlinear partial differential equations. Its 
formalism almost always works for equations that have a Lax pair. That method is based on the following 
ideas (Hirota, 1976): 

1. To change the dependent variable so that the new equation has a bilinear form, quadratic in the 
dependent variables. 
2. To consider the formal series of perturbation theory for this equation. In the case of soliton solutions, these 
series are cut off. 

3. To prove the assumed n-soliton form of the solution using this method. 
In the article, Hirota method (Hirota, 1979) was developed in relation to the Kawahara equation. 

Hirota’s bilinear method is especially useful when constructing multisoliton solutions. The idea behind 
Hirota's method is to bring the equation to the so-called bilinear form using some successful replacement for 
an unknown function. In order to make the bilinear form of the equation (2), it is necessary to introduce the 
following replacement: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥. (3) 
 
Substituting (3) into (2) we get: 
 

2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥 [((𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥)

2 + 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))4𝑥𝑥 − 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))6𝑥𝑥] = 0. (4) 
 
We express the values in the Kawahara equation by the function 𝑓𝑓 (𝑥𝑥, 𝑡𝑡): 

                                        (1)

where 
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well-posedness in a weighted Sobolev space, one can mention in (Khanal, et all, 2008). 

In this article, we investigated the evolution of solitons in the Kawahara equation. Using Hirota's 
method, one-soliton, two-soliton solution of the Kawahara equation in the following form was constructed: 

 
ut + uux + u3x − u5x = 0 (1) 

 
where u = u(t, x) is a real-valued function of two real variables t and x.  

Kawahara (Kawahara, 1972) introduced the dispersion partial differential equation describing the one-
dimensional propagation of long waves of small amplitude in various problems of fluid dynamics and plasma 
physics, called the Kawahara equation. Divergent form of the equation (1) is written as: 

 
ut +

∂
∂x (

1
2 u

2 + uxx − u4x) = 0 (2) 
 

Research materials and methods. It is known that the construction of explicit solutions of continuous 
or discrete integral systems plays an important role in the description and interpretation of nonlinear 
phenomena such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the study of integrable systems and 
their associated properties has always been important and has become the focus of recent research. In 
particular, the creation of explicit solutions for differential equations is one of the most important topics. 
Methods, which find exact solutions are important for solving partial differential equations. So, in the theory 
of solitons, the following approaches are applicable: the use of the inverse scattering problem, the Hirota 
method, the method of Backlund transformations, etc. Most of them allow finding either a general or 
frequent solution. In recent decades, several approximate methods have been proposed or developed and then 
modified to find solutions to nonlinear evolutionary equations using motion waves. Solutions of various 
evolutionary equations were found by one or another of these methods. Thus, the Hirota method ( Hirota, 
1979) allows one to find soliton or soliton-like solutions of nonlinear partial differential equations. Its 
formalism almost always works for equations that have a Lax pair. That method is based on the following 
ideas (Hirota, 1976): 

1. To change the dependent variable so that the new equation has a bilinear form, quadratic in the 
dependent variables. 
2. To consider the formal series of perturbation theory for this equation. In the case of soliton solutions, these 
series are cut off. 

3. To prove the assumed n-soliton form of the solution using this method. 
In the article, Hirota method (Hirota, 1979) was developed in relation to the Kawahara equation. 

Hirota’s bilinear method is especially useful when constructing multisoliton solutions. The idea behind 
Hirota's method is to bring the equation to the so-called bilinear form using some successful replacement for 
an unknown function. In order to make the bilinear form of the equation (2), it is necessary to introduce the 
following replacement: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥. (3) 
 
Substituting (3) into (2) we get: 
 

2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥 [((𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥)

2 + 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))4𝑥𝑥 − 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))6𝑥𝑥] = 0. (4) 
 
We express the values in the Kawahara equation by the function 𝑓𝑓 (𝑥𝑥, 𝑡𝑡): 

                                           (2)

Research materials and methods. It is known that the construction 
of explicit solutions of continuous or discrete integral systems plays an 
important role in the description and interpretation of nonlinear phenomena 
such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the 
study of integrable systems and their associated properties has always been 
important and has become the focus of recent research. In particular, the 
creation of explicit solutions for differential equations is one of the most 
important topics. Methods, which find exact solutions are important for solving 
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partial differential equations. So, in the theory of solitons, the following 
approaches are applicable: the use of the inverse scattering problem, the 
Hirota method, the method of Backlund transformations, etc. Most of them 
allow finding either a general or frequent solution. In recent decades, several 
approximate methods have been proposed or developed and then modified 
to find solutions to nonlinear evolutionary equations using motion waves. 
Solutions of various evolutionary equations were found by one or another 
of these methods. Thus, the Hirota method ( Hirota, 1979) allows one to find 
soliton or soliton-like solutions of nonlinear partial differential equations. 
Its formalism almost always works for equations that have a Lax pair. That 
method is based on the following ideas (Hirota, 1976):

1. To change the dependent variable so that the new equation has a bilinear 
form, quadratic in the dependent variables.

2. To consider the formal series of perturbation theory for this equation. 
In the case of soliton solutions, these series are cut off.

3. To prove the assumed n-soliton form of the solution using this method.
In the article, Hirota method (Hirota, 1979) was developed in relation to 

the Kawahara equation. Hirota’s bilinear method is especially useful when 
constructing multisoliton solutions. The idea behind Hirota’s method is 
to bring the equation to the so-called bilinear form using some successful 
replacement for an unknown function. In order to make the bilinear form of 
the equation (2), it is necessary to introduce the following replacement:

liquid under ice, gravitational waves on the surface of heavy liquid, magnetoacoustic waves in a cold 
plasma(Iguchi, 2007). Some sources refer to this equation as singularly perturbed KdV equation (Kawahara, 
1972). Analytical solution of special forms of the Kawahara equation in the case of solitary waves were 
studied by Sirendaoreji (2004), Yamamoto and Takizawa (1981). Kawahara Equation’s numerical solution 
was also investigated. For finding an approximate solution to the Kawahara equation some other methods 
based on homotopy analysis have been proposed by Abbasbandy (2010), Wang (2011), Kashkari (2014).  

In addition to the above aspects, the Kawahara equation has been extensively studied in terms of 
various other aspects of mathematics, including the validity, existence and stability of single waves, 
integration, long-term behavior, stabilization and control. etc. As for the boundary value problem, the 
Kawahara equation with homogeneous boundary conditions was studied by Doronin and Larkin (Doronin, et 
all 2008), and also by Faminsky and Opritova (Faminskii, et all, 2015). Also in connection with results on 
well-posedness in a weighted Sobolev space, one can mention in (Khanal, et all, 2008). 

In this article, we investigated the evolution of solitons in the Kawahara equation. Using Hirota's 
method, one-soliton, two-soliton solution of the Kawahara equation in the following form was constructed: 

 
ut + uux + u3x − u5x = 0 (1) 

 
where u = u(t, x) is a real-valued function of two real variables t and x.  

Kawahara (Kawahara, 1972) introduced the dispersion partial differential equation describing the one-
dimensional propagation of long waves of small amplitude in various problems of fluid dynamics and plasma 
physics, called the Kawahara equation. Divergent form of the equation (1) is written as: 

 
ut +

∂
∂x (

1
2 u

2 + uxx − u4x) = 0 (2) 
 

Research materials and methods. It is known that the construction of explicit solutions of continuous 
or discrete integral systems plays an important role in the description and interpretation of nonlinear 
phenomena such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the study of integrable systems and 
their associated properties has always been important and has become the focus of recent research. In 
particular, the creation of explicit solutions for differential equations is one of the most important topics. 
Methods, which find exact solutions are important for solving partial differential equations. So, in the theory 
of solitons, the following approaches are applicable: the use of the inverse scattering problem, the Hirota 
method, the method of Backlund transformations, etc. Most of them allow finding either a general or 
frequent solution. In recent decades, several approximate methods have been proposed or developed and then 
modified to find solutions to nonlinear evolutionary equations using motion waves. Solutions of various 
evolutionary equations were found by one or another of these methods. Thus, the Hirota method ( Hirota, 
1979) allows one to find soliton or soliton-like solutions of nonlinear partial differential equations. Its 
formalism almost always works for equations that have a Lax pair. That method is based on the following 
ideas (Hirota, 1976): 

1. To change the dependent variable so that the new equation has a bilinear form, quadratic in the 
dependent variables. 
2. To consider the formal series of perturbation theory for this equation. In the case of soliton solutions, these 
series are cut off. 

3. To prove the assumed n-soliton form of the solution using this method. 
In the article, Hirota method (Hirota, 1979) was developed in relation to the Kawahara equation. 

Hirota’s bilinear method is especially useful when constructing multisoliton solutions. The idea behind 
Hirota's method is to bring the equation to the so-called bilinear form using some successful replacement for 
an unknown function. In order to make the bilinear form of the equation (2), it is necessary to introduce the 
following replacement: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥. (3) 
 
Substituting (3) into (2) we get: 
 

2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥 [((𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥)

2 + 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))4𝑥𝑥 − 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))6𝑥𝑥] = 0. (4) 
 
We express the values in the Kawahara equation by the function 𝑓𝑓 (𝑥𝑥, 𝑡𝑡): 

.                                                  (3)

Substituting (3) into (2) we get:

liquid under ice, gravitational waves on the surface of heavy liquid, magnetoacoustic waves in a cold 
plasma(Iguchi, 2007). Some sources refer to this equation as singularly perturbed KdV equation (Kawahara, 
1972). Analytical solution of special forms of the Kawahara equation in the case of solitary waves were 
studied by Sirendaoreji (2004), Yamamoto and Takizawa (1981). Kawahara Equation’s numerical solution 
was also investigated. For finding an approximate solution to the Kawahara equation some other methods 
based on homotopy analysis have been proposed by Abbasbandy (2010), Wang (2011), Kashkari (2014).  

In addition to the above aspects, the Kawahara equation has been extensively studied in terms of 
various other aspects of mathematics, including the validity, existence and stability of single waves, 
integration, long-term behavior, stabilization and control. etc. As for the boundary value problem, the 
Kawahara equation with homogeneous boundary conditions was studied by Doronin and Larkin (Doronin, et 
all 2008), and also by Faminsky and Opritova (Faminskii, et all, 2015). Also in connection with results on 
well-posedness in a weighted Sobolev space, one can mention in (Khanal, et all, 2008). 

In this article, we investigated the evolution of solitons in the Kawahara equation. Using Hirota's 
method, one-soliton, two-soliton solution of the Kawahara equation in the following form was constructed: 

 
ut + uux + u3x − u5x = 0 (1) 

 
where u = u(t, x) is a real-valued function of two real variables t and x.  

Kawahara (Kawahara, 1972) introduced the dispersion partial differential equation describing the one-
dimensional propagation of long waves of small amplitude in various problems of fluid dynamics and plasma 
physics, called the Kawahara equation. Divergent form of the equation (1) is written as: 

 
ut +

∂
∂x (

1
2 u

2 + uxx − u4x) = 0 (2) 
 

Research materials and methods. It is known that the construction of explicit solutions of continuous 
or discrete integral systems plays an important role in the description and interpretation of nonlinear 
phenomena such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the study of integrable systems and 
their associated properties has always been important and has become the focus of recent research. In 
particular, the creation of explicit solutions for differential equations is one of the most important topics. 
Methods, which find exact solutions are important for solving partial differential equations. So, in the theory 
of solitons, the following approaches are applicable: the use of the inverse scattering problem, the Hirota 
method, the method of Backlund transformations, etc. Most of them allow finding either a general or 
frequent solution. In recent decades, several approximate methods have been proposed or developed and then 
modified to find solutions to nonlinear evolutionary equations using motion waves. Solutions of various 
evolutionary equations were found by one or another of these methods. Thus, the Hirota method ( Hirota, 
1979) allows one to find soliton or soliton-like solutions of nonlinear partial differential equations. Its 
formalism almost always works for equations that have a Lax pair. That method is based on the following 
ideas (Hirota, 1976): 

1. To change the dependent variable so that the new equation has a bilinear form, quadratic in the 
dependent variables. 
2. To consider the formal series of perturbation theory for this equation. In the case of soliton solutions, these 
series are cut off. 

3. To prove the assumed n-soliton form of the solution using this method. 
In the article, Hirota method (Hirota, 1979) was developed in relation to the Kawahara equation. 

Hirota’s bilinear method is especially useful when constructing multisoliton solutions. The idea behind 
Hirota's method is to bring the equation to the so-called bilinear form using some successful replacement for 
an unknown function. In order to make the bilinear form of the equation (2), it is necessary to introduce the 
following replacement: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥. (3) 
 
Substituting (3) into (2) we get: 
 

2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥 [((𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥)

2 + 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))4𝑥𝑥 − 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))6𝑥𝑥] = 0. (4) 
 
We express the values in the Kawahara equation by the function 𝑓𝑓 (𝑥𝑥, 𝑡𝑡): 

.

liquid under ice, gravitational waves on the surface of heavy liquid, magnetoacoustic waves in a cold 
plasma(Iguchi, 2007). Some sources refer to this equation as singularly perturbed KdV equation (Kawahara, 
1972). Analytical solution of special forms of the Kawahara equation in the case of solitary waves were 
studied by Sirendaoreji (2004), Yamamoto and Takizawa (1981). Kawahara Equation’s numerical solution 
was also investigated. For finding an approximate solution to the Kawahara equation some other methods 
based on homotopy analysis have been proposed by Abbasbandy (2010), Wang (2011), Kashkari (2014).  

In addition to the above aspects, the Kawahara equation has been extensively studied in terms of 
various other aspects of mathematics, including the validity, existence and stability of single waves, 
integration, long-term behavior, stabilization and control. etc. As for the boundary value problem, the 
Kawahara equation with homogeneous boundary conditions was studied by Doronin and Larkin (Doronin, et 
all 2008), and also by Faminsky and Opritova (Faminskii, et all, 2015). Also in connection with results on 
well-posedness in a weighted Sobolev space, one can mention in (Khanal, et all, 2008). 

In this article, we investigated the evolution of solitons in the Kawahara equation. Using Hirota's 
method, one-soliton, two-soliton solution of the Kawahara equation in the following form was constructed: 

 
ut + uux + u3x − u5x = 0 (1) 

 
where u = u(t, x) is a real-valued function of two real variables t and x.  

Kawahara (Kawahara, 1972) introduced the dispersion partial differential equation describing the one-
dimensional propagation of long waves of small amplitude in various problems of fluid dynamics and plasma 
physics, called the Kawahara equation. Divergent form of the equation (1) is written as: 

 
ut +

∂
∂x (

1
2 u

2 + uxx − u4x) = 0 (2) 
 

Research materials and methods. It is known that the construction of explicit solutions of continuous 
or discrete integral systems plays an important role in the description and interpretation of nonlinear 
phenomena such as the effect of nonlinear optics, synthesis reactions in plasma physics, 
magnetohydrodynamic phenomena and superconductivity. In addition, the study of integrable systems and 
their associated properties has always been important and has become the focus of recent research. In 
particular, the creation of explicit solutions for differential equations is one of the most important topics. 
Methods, which find exact solutions are important for solving partial differential equations. So, in the theory 
of solitons, the following approaches are applicable: the use of the inverse scattering problem, the Hirota 
method, the method of Backlund transformations, etc. Most of them allow finding either a general or 
frequent solution. In recent decades, several approximate methods have been proposed or developed and then 
modified to find solutions to nonlinear evolutionary equations using motion waves. Solutions of various 
evolutionary equations were found by one or another of these methods. Thus, the Hirota method ( Hirota, 
1979) allows one to find soliton or soliton-like solutions of nonlinear partial differential equations. Its 
formalism almost always works for equations that have a Lax pair. That method is based on the following 
ideas (Hirota, 1976): 

1. To change the dependent variable so that the new equation has a bilinear form, quadratic in the 
dependent variables. 
2. To consider the formal series of perturbation theory for this equation. In the case of soliton solutions, these 
series are cut off. 

3. To prove the assumed n-soliton form of the solution using this method. 
In the article, Hirota method (Hirota, 1979) was developed in relation to the Kawahara equation. 

Hirota’s bilinear method is especially useful when constructing multisoliton solutions. The idea behind 
Hirota's method is to bring the equation to the so-called bilinear form using some successful replacement for 
an unknown function. In order to make the bilinear form of the equation (2), it is necessary to introduce the 
following replacement: 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥. (3) 
 
Substituting (3) into (2) we get: 
 

2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥 [((𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))𝑥𝑥𝑥𝑥)

2 + 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))4𝑥𝑥 − 2(𝑙𝑙𝑙𝑙 𝑓𝑓(𝑥𝑥, 𝑡𝑡))6𝑥𝑥] = 0. (4) 
 
We express the values in the Kawahara equation by the function 𝑓𝑓 (𝑥𝑥, 𝑡𝑡): 

.                                                                   (4)

We express the values in the Kawahara equation by the function 𝑓 (𝑥, 𝑡):
 

𝑢𝑢𝑡𝑡 = 2 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥

𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓2 ), (5) 

 
1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                                                                        (5)
 

𝑢𝑢𝑡𝑡 = 2 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥

𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓2 ), (5) 

 
1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                                                       (6)

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

,                                  (7)



109

Reports  of the Academy of Sciences of the Republic of Kazakhstan

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                           (8)

Expressing the values in the Kawahara equation by the function 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

, putting these values in equation (1) and assuming that 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

, following 
equation is obtained:

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                            (9)

This is a bilinear form of equation (1). 
Results. Using the results obtained in the previous section, we can 

construct soliton solutions to equation (1). For this, according to Hirota’s 
method, we expand the function f into a formal series in the small parameter 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

.

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                                              (10)

At the same levels of  

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

 we obtain the following equations for the formula 
(9) using the appropriate coefficients:

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

…

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

.                              (11)

According to the structure of the right parts of the system, you can break 
the line (10) in any number of N(10) assuming that 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

, we can equate 
the numerical equations 

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

  to zero , therefore

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

                                                                   (12)

According to Hirota’s method for constructing N-soliton solutions of a 
nonlinear equation, the solution is sought in the following form: 
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𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  

,                                                         (13)
where:

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
 
According to Hirota's method for constructing 𝑁𝑁 -soliton solutions of a nonlinear equation, the solution 

is sought in the following form:  
 
𝑓𝑓(1) = ∑ 𝑒𝑒𝜃𝜃𝑖𝑖𝑁𝑁

𝑖𝑖=1 , (13) 
 

where: 
 

𝜃𝜃𝑖𝑖 = 𝑎𝑎𝑖𝑖(𝑥𝑥 − 𝑎𝑎𝑖𝑖
2𝑡𝑡) + 𝛿𝛿𝑖𝑖; 

𝑎𝑎𝑖𝑖, 𝛿𝛿𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡.  
;

 
𝑢𝑢𝑡𝑡 = 2 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 − 𝑓𝑓𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 ), (5) 
 

1
2 𝑢𝑢2 = 2 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 − 4 𝑓𝑓𝑥𝑥𝑥𝑥(𝑓𝑓𝑥𝑥)2

𝑓𝑓3 + 2 (𝑓𝑓𝑥𝑥)4

𝑓𝑓4  (6) 
 

𝑢𝑢𝜕𝜕𝜕𝜕 = 2 𝑓𝑓4𝑥𝑥
𝑓𝑓 − 8 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 24 𝑓𝑓2𝑥𝑥𝑓𝑓𝑥𝑥
2

𝑓𝑓3 − 6 (𝑓𝑓𝑥𝑥𝑥𝑥)2

𝑓𝑓2 −12(𝑓𝑓𝑥𝑥)4

𝑓𝑓4 , (7) 
 

𝑢𝑢4𝜕𝜕 = 2 𝑓𝑓6𝑥𝑥
𝑓𝑓 − 12 𝑓𝑓5𝑥𝑥𝑓𝑓𝑥𝑥

𝑓𝑓2 + 60 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥2

𝑓𝑓3 − 30 𝑓𝑓4𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓2 − 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥3

𝑓𝑓4 + 240 𝑓𝑓3𝑥𝑥𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥
𝑓𝑓3 −

−20 (𝑓𝑓3𝑥𝑥
𝑓𝑓 )

2
+ 720 𝑓𝑓𝑥𝑥𝑥𝑥𝑓𝑓𝑥𝑥4

𝑓𝑓5 − 540 𝑓𝑓𝑥𝑥𝑥𝑥2 𝑓𝑓𝑥𝑥2

𝑓𝑓4 + 60 (𝑓𝑓𝑥𝑥𝑥𝑥
𝑓𝑓 )

3
− 240 (𝑓𝑓𝑥𝑥

𝑓𝑓 ) .6
 (8) 

 
Expressing the values in the Kawahara equation by the function 𝑓𝑓(𝑥𝑥, 𝑡𝑡), putting these values in equation 

(1) and assuming that 𝑓𝑓 ≠ 0, following equation is obtained: 
 
12𝑓𝑓4𝑓𝑓5𝜕𝜕𝑓𝑓𝜕𝜕 + (2𝑓𝑓5 + 30𝑓𝑓4𝑓𝑓2𝜕𝜕 − 60𝑓𝑓3𝑓𝑓𝜕𝜕

2)𝑓𝑓4𝜕𝜕 + 20𝑓𝑓4𝑓𝑓3𝜕𝜕
2 −

−8𝑓𝑓2𝑓𝑓𝜕𝜕(𝑓𝑓2 + 30𝑓𝑓𝑓𝑓2𝜕𝜕 − 30𝑓𝑓𝜕𝜕
2)𝑓𝑓3𝜕𝜕 − 𝑓𝑓6𝜕𝜕 + 60𝑓𝑓3𝑓𝑓2𝜕𝜕

3 2𝑓𝑓5 +
(−4𝑓𝑓4 + 540𝑓𝑓𝜕𝜕

2𝑓𝑓2)𝑓𝑓2𝜕𝜕
2 + (20𝑓𝑓3𝑓𝑓𝜕𝜕

2 − 720𝑓𝑓𝑓𝑓𝜕𝜕
4)𝑓𝑓2𝜕𝜕 + 2𝑓𝑓5𝑓𝑓𝜕𝜕𝑡𝑡 −

−2𝑓𝑓4𝑓𝑓𝜕𝜕𝑓𝑓𝑡𝑡 − 10𝑓𝑓2𝑓𝑓𝜕𝜕
4 + 240𝑓𝑓𝜕𝜕

6 = 0.

 (9) 

 
This is a bilinear form of equation (1).  
Results. Using the results obtained in the previous section, we can construct soliton solutions to 

equation (1). For this, according to Hirota's method, we expand the function 𝑓𝑓 into a formal series in the 
small parameter 𝜀𝜀. 

 
𝑓𝑓 = 1 + ∑ 𝜀𝜀𝑖𝑖𝑓𝑓(𝑖𝑖) = 1 +∝

𝑖𝑖=1 𝜀𝜀𝑓𝑓(1) + 𝜀𝜀𝑓𝑓(2) + ⋯ (10) 
 
At the same levels of 𝜀𝜀 we obtain the following equations for the formula (9) using the appropriate 

coefficients: 
 
𝜀𝜀1: 𝑓𝑓𝜕𝜕𝑡𝑡

(1) + 𝑓𝑓4𝜕𝜕
(1) − 𝑓𝑓6𝜕𝜕

(1) = 0,  
 

 
𝜀𝜀2: 𝑓𝑓𝜕𝜕𝑡𝑡

(2) + 𝑓𝑓4𝜕𝜕
(2) − 𝑓𝑓6𝜕𝜕

(2) = 5𝑓𝑓(1)𝑓𝑓6𝜕𝜕
(1) − 5𝑓𝑓(1)𝑓𝑓𝜕𝜕𝑡𝑡

(1) − 5𝑓𝑓(1)𝑓𝑓4𝜕𝜕
(1) − 6𝑓𝑓5𝜕𝜕

(1)𝑓𝑓𝜕𝜕
(1)

+𝑓𝑓𝜕𝜕
(1)𝑓𝑓𝑡𝑡

(1) + +4𝑓𝑓𝜕𝜕
(1)𝑓𝑓3𝜕𝜕

(1) − 15𝑓𝑓2𝜕𝜕
(1)𝑓𝑓4𝜕𝜕

(1) + 2 (𝑓𝑓2𝜕𝜕
(1))

2
− 10 (𝑓𝑓2𝜕𝜕

(1))
2

,
 

 … 
𝜀𝜀𝑁𝑁+1: 𝑓𝑓𝜕𝜕𝑡𝑡

(𝑁𝑁+1) + 𝑓𝑓4𝜕𝜕
(𝑁𝑁+1) − 𝑓𝑓6𝜕𝜕

(𝑁𝑁+1) = ⋯ (𝑓𝑓(1), … 𝑓𝑓(𝑁𝑁)) = 0. (11) 
 
According to the structure of the right parts of the system, you can break the line (10) in any number of 

𝑁𝑁 (10) assuming that 𝑓𝑓(𝑁𝑁+1) = 0, we can equate the numerical equations 𝑁𝑁 + 2, 𝑁𝑁 + 3, …  to zero , 
therefore 

 
 𝑓𝑓(𝑁𝑁+2) = 𝑓𝑓(𝑁𝑁+3) = ⋯ ≡ 0. (12) 
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𝑓𝑓(1) = 𝑒𝑒𝜃𝜃1 + 𝑒𝑒𝜃𝜃2,   𝑓𝑓(2) = 𝐴𝐴𝑒𝑒𝜃𝜃1+𝜃𝜃2. 
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Two-soliton solution. In order to find the two-soliton solution of equation (1), it is necessary to consider 

the case where 𝑁𝑁 = 2 from the formula (11):  
 
𝑓𝑓 = 1 + 𝑓𝑓(1) + 𝑓𝑓(2),  (16) 
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Two-soliton solution. In order to find the two-soliton solution of equation (1), it is necessary to consider 
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Figure 2a. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 9. 

 
Figure 2b. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 =
10. 

 
Figure 2c. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 12. 

 
Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 
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Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 9. 

 
Figure 2b. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 =
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Figure 2c. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 12. 

 
Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 
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Figure 2c. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 12. 

 
Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 
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Figure 2c. Two-soliton solution of the 
Kawahara equation with values 𝑎𝑎1 =

1,65; 𝑎𝑎2 = 1,25 and 𝛿𝛿1 = 1,25; 𝛿𝛿2 = 12. 

 
Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 
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Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
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a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
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equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
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Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 
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Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 
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𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
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𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
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+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 
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Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 
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where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 
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𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
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𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 
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Lie point symmetries. In the last decade, there has been a revival of interest in the analysis of 

differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 

 
𝑥𝑥 → 𝑥𝑥 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
𝑡𝑡 → 𝑡𝑡 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), (18) 

 
𝑢𝑢 → 𝑢𝑢 + 𝜀𝜀𝜀𝜀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡, 𝑢𝑢, 𝜐𝜐) + 𝑂𝑂(𝜀𝜀2), 

 
where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
corresponding to the above transformation group is represented as follows: 

 
𝑉𝑉 = 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀(𝑥𝑥, 𝑡𝑡, 𝑢𝑢) 𝜕𝜕

𝜕𝜕𝜕𝜕, (19) 
 

Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 

 
Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕
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+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 
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differential equations and their solutions from the point of view of their invariance properties with respect to 
a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
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First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 
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as follows: 
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Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 
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equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
will be analyzed. 

First, to create a point symmetry of equation (1), we introduce a Lie group with one parametric group of 
Lie transformations, 
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where 𝜀𝜀 means the group parameter 𝜀𝜀, 𝜀𝜀 and 𝜀𝜀 and are infinitesimal generators. The vector field 
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Thus for the system (1) there is an operator 𝑝𝑝𝑝𝑝2, then the condition for the invariance of this operator is 
as follows: 

 
𝑝𝑝𝑝𝑝2𝑉𝑉(𝛥𝛥)|𝛥𝛥=0 = 0. (20) 
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a type of surface transformation called the Bäcklund transformation (Hirota, et all, 1976). S. Lie and A. V. 
Bäcklund considered these and general transformations of surfaces as indirect transformations for differential 
equations of higher orders. In this section, the Lie point symmetry for the nonlinear Kawahara equation (1) 
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Based on Lie's theory, the operator 𝑝𝑝𝑝𝑝2of the equation can be written in the following form for the real 

and imaginary parts of the equation 
 

𝑝𝑝𝑝𝑝2𝑉𝑉 = 𝜀𝜀 𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
+ 𝜀𝜀𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
+ 𝜀𝜀3𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕3𝑥𝑥
+ 𝜀𝜀5𝜕𝜕 𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
, (21) 

 
Thus, using condition (21), we obtain the following equivalent condition 
 
𝜀𝜀𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕 + 𝜀𝜀𝜕𝜕𝑢𝑢 + 𝜀𝜀3𝜕𝜕 − 𝜀𝜀5𝜕𝜕 = 0. (22) 

 
where the functions of the coefficients are as follows 

 
𝜀𝜀𝜕𝜕 = 𝐷𝐷𝜕𝜕(𝜀𝜀 − 𝜀𝜀𝑢𝑢𝜕𝜕 − 𝜀𝜀𝑢𝑢𝜕𝜕) + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕 + 𝜀𝜀𝑢𝑢𝜕𝜕𝜕𝜕, 

 
,

𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

,𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

,                                             (23)
𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥
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Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

.

Now, by setting the coefficient functions (23) to (22), we obtain the 
following equivalent condition
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𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

So we get the values of the sub-operators as follows

𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

Lie’s algebra of infinitely small symmetry of equation (1) is covered by 
the following four linear independent operators:

𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

             (24)

Based on the commutator operator 

𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

, we obtain the 
commutator function of system (1) (see Table 1)

Table 1. The commutator function of system (1)
Lie V1 V2 V3 V4

V1 0 0 V1– V3 V1–V4

V2 0 0 – V2 – V2

V3 V3–V1 V2 0 V3–V4

V4 V4–V1 V2 V4–V3 0

Conservation laws. The general theorem on conservation laws for higher 
order differential equations is proved. The theorem is also valid for any 
system of differential equations, where the number of equations is equal 
to the number of dependent variables. The new theorem does not require 
the existence of Lagrangian and is based on the concept of conjugative 
equations for nonlinear equations recently proposed by the author. It is 
proved that the conjugative equation includes all the symmetries of the 
original equation. Accordingly, the law of conservation can be associated 
with Lie, Lie- Bäcklund or any group of non-local symmetries and find the 
laws of conservation for differential equations without classical Lagrangeans 
(Barut, et all, 1977).

In this section, if we want to derive the law of conservation of equation 
(1), we must first find the law of conservation of the system (22). Therefore, 
in order to construct conservation law of the system (22) we use Lie’s point 
symmetry (28).
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𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 

,
here, 

𝜂𝜂𝑡𝑡 = 𝐷𝐷𝑡𝑡(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢𝑥𝑥𝑡𝑡 + 𝜏𝜏𝑢𝑢𝑡𝑡𝑡𝑡, 
 
𝜂𝜂3𝑥𝑥 = 𝐷𝐷3𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢4𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡, (23) 
 
𝜂𝜂5𝑥𝑥 = 𝐷𝐷5𝑥𝑥(𝜂𝜂 − 𝜉𝜉𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑢𝑢𝑡𝑡) + 𝜉𝜉𝑢𝑢6𝑥𝑥 + 𝜏𝜏𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡. 
 
Now, by setting the coefficient functions (23) to (22), we obtain the following equivalent condition 

 
𝜂𝜂𝑡𝑡 + 𝜂𝜂𝑢𝑢𝑥𝑥 + 𝜂𝜂𝑥𝑥𝑢𝑢 + 𝜂𝜂3𝑥𝑥 − 𝜂𝜂5𝑥𝑥 − 𝜉𝜉𝑡𝑡𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑡𝑡𝑢𝑢𝑡𝑡 − 𝜉𝜉𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 − 𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑡𝑡 − 𝜉𝜉3𝑥𝑥𝑢𝑢𝑥𝑥 −
−2𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 − 3𝜉𝜉𝑥𝑥𝑢𝑢3𝑥𝑥 + 𝜉𝜉5𝑥𝑥𝑢𝑢𝑥𝑥 + 3𝜉𝜉4𝑥𝑥𝑢𝑢𝑥𝑥𝑥𝑥 + 8𝜉𝜉3𝑥𝑥𝑢𝑢3𝑥𝑥 + 9𝜉𝜉𝑥𝑥𝑥𝑥𝑢𝑢4𝑥𝑥 + 5𝜉𝜉𝑥𝑥𝑢𝑢5𝑥𝑥 = 0 

 
So we get the values of the sub-operators as follows 

 

𝜉𝜉5𝑥𝑥 = 0, 𝜉𝜉4𝑥𝑥 = 0, 𝜉𝜉3𝑥𝑥 =
3
8 𝜉𝜉𝑥𝑥, 𝜏𝜏𝑥𝑥 = −𝜏𝜏𝑡𝑡

𝑢𝑢 ,

𝜉𝜉𝑡𝑡 = 0, 𝜂𝜂𝑡𝑡 = −8
3 𝜏𝜏, 𝜂𝜂𝑥𝑥 = 𝑢𝑢𝜉𝜉, 𝜂𝜂 = 3𝜏𝜏𝑥𝑥𝑢𝑢𝑢𝑢𝑥𝑥 + (8𝑢𝑢 − 3)𝜏𝜏𝑥𝑥𝑢𝑢𝑡𝑡 − (8𝑢𝑢 − 3)𝜂𝜂𝑥𝑥

8 .
 

 
Lie's algebra of infinitely small symmetry of equation (1) is covered by the following four linear 

independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 
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Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 
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independent operators: 
 
𝑉𝑉1 =

𝜕𝜕
𝜕𝜕𝑡𝑡 , 𝑉𝑉2 =

𝜕𝜕
𝜕𝜕𝑥𝑥 ,

𝑉𝑉3 =
3
8 𝑢𝑢𝑢𝑢

𝜕𝜕
𝜕𝜕𝑥𝑥 − 𝑡𝑡 𝜕𝜕

𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕
𝜕𝜕𝜕𝜕 , 𝑉𝑉4 = (38 𝑢𝑢𝑢𝑢 + 1) 𝜕𝜕

𝜕𝜕𝑥𝑥 + (1 − 𝑡𝑡) 𝜕𝜕
𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕 .
 (24) 

 
Based on the commutator operator [𝑉𝑉𝑘𝑘, 𝑉𝑉𝑗𝑗] = 𝑉𝑉𝑘𝑘𝑉𝑉𝑗𝑗 − 𝑉𝑉𝑗𝑗𝑉𝑉𝑘𝑘, we obtain the commutator function of system 

(1) (see Table 1) 
 

Table 1. The commutator function of system (1) 
Lie 𝑉𝑉1 𝑉𝑉2 𝑉𝑉3 𝑉𝑉4 
𝑉𝑉1 0 0 𝑉𝑉1 − 𝑉𝑉3 𝑉𝑉1 − 𝑉𝑉4 
𝑉𝑉2 0 0 −𝑉𝑉2 −𝑉𝑉2 
𝑉𝑉3 𝑉𝑉3 − 𝑉𝑉1 𝑉𝑉2 0 𝑉𝑉3 − 𝑉𝑉4 
𝑉𝑉4 𝑉𝑉4 − 𝑉𝑉1 𝑉𝑉2 𝑉𝑉4 − 𝑉𝑉3 0 

 
Conservation laws. The general theorem on conservation laws for higher order differential equations is 

proved. The theorem is also valid for any system of differential equations, where the number of equations is 
equal to the number of dependent variables. The new theorem does not require the existence of Lagrangian 
and is based on the concept of conjugative equations for nonlinear equations recently proposed by the author. 
It is proved that the conjugative equation includes all the symmetries of the original equation. Accordingly, 
the law of conservation can be associated with Lie, Lie- Bäcklund or any group of non-local symmetries and 
find the laws of conservation for differential equations without classical Lagrangeans (Barut, et all, 1977). 

In this section, if we want to derive the law of conservation of equation (1), we must first find the law of 
conservation of the system (22). Therefore, in order to construct conservation law of the system (22) we use 
Lie's point symmetry (28). 

 
𝐷𝐷𝑡𝑡(𝐶𝐶𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶𝑥𝑥) = 𝑇𝑇, 

 
here, 𝐶𝐶 = (𝐶𝐶𝑥𝑥, 𝐶𝐶𝑡𝑡) conservation vectors. 

N.H. Ibragimov (Ibragimov, 2007) proposes to create a new conservation theorem, ie the law of 
conservation of magnitude without Lagrange in the differential equation. To write the laws of conservation, 
we first write Lagrangean. Now, to write the Lagrangian of this equation, we multiply the equation by some 
function 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)  

 
𝐿𝐿 = 𝜙𝜙(𝑢𝑢, 𝑦𝑦, 𝑡𝑡)(𝑢𝑢𝑡𝑡 + 𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢3𝑥𝑥 − 𝑢𝑢5𝑥𝑥). (25) 

 
.                                                 (25)

In the above system (25), we replace  In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

  with  u so we write the conservation 
vector formula In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =

(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 
 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

 as follows [28]:In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

                     (26)

where 

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

  - Lie characteristic function. Using the 
above formula, we can write an additional conservation vector

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.

Now we can use generators of symmetry V1, V2, V3 and V4 as an example 
to obtain the vector of conservation of the system (1).

Case 1. Thus, the following characteristics can be obtained for the 
generator 

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

. Lie characteristic functions are

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.                                                                   (27)
Now, by introducing (27) into (26), we obtain the following conservation 

vectors

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

,

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.

After the calculation we can find the following equation

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.
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Case 2. Thus, the following characteristics can be obtained for the 
generator 

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

. Lie characteristic functions are

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.                                                                            (28)

Now, by introducing (28) into (26), we obtain the following conservation 
vectors

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

,

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.

After the calculation we can find the following equation

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

.

Case 3. The following characteristics can be obtained for the generator 

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) 

. Lie characteristic functions,

In the above system (25), we replace 𝜙𝜙 with 𝑢𝑢 so we write the conservation vector formula 𝐶𝐶 =
(𝐶𝐶1, 𝐶𝐶2, 𝐶𝐶3 … ) as follows [28]: 

 

𝐶𝐶𝑛𝑛 = 𝜉𝜉𝑛𝑛𝐿𝐿 + 𝑊𝑊𝛼𝛼 [( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛

) − 𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) − ⋯ ] + 

+𝐷𝐷𝑗𝑗(𝑊𝑊𝛼𝛼) [𝐷𝐷𝑗𝑗 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗

) − −𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘 ( 𝜕𝜕𝐿𝐿
𝜕𝜕𝑢𝑢𝛼𝛼𝑛𝑛𝑗𝑗𝑘𝑘

) + ⋯ ] + 𝐷𝐷𝑗𝑗𝐷𝐷𝑘𝑘(𝑊𝑊𝛼𝛼)  

[ 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝛼𝛼𝑛𝑛𝑛𝑛𝑛𝑛

− ⋯ ], (26) 

 
where 𝑊𝑊𝛼𝛼 = 𝜂𝜂𝛼𝛼 − 𝜉𝜉𝑗𝑗𝑢𝑢𝑗𝑗

𝛼𝛼 (𝛼𝛼 =  1, 2, . . . , 𝑚𝑚)  - Lie characteristic function. Using the above formula, we can 
write an additional conservation vector 

 
𝐶𝐶𝑡𝑡 = 𝜉𝜉𝑡𝑡𝐿𝐿 + 𝑊𝑊𝜕𝜕 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑡𝑡
, 

 
𝐶𝐶𝑥𝑥 = 𝜉𝜉𝑥𝑥𝐿𝐿 + 𝑊𝑊𝜕𝜕 ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
− 𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
) + 𝐷𝐷𝑥𝑥(𝑊𝑊𝜕𝜕) ( 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑥𝑥
𝐷𝐷𝑥𝑥

2 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕3𝑥𝑥

− 𝐷𝐷𝑥𝑥
4 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕5𝑥𝑥
). 

 
Now we can use generators of symmetry 𝑉𝑉1,  𝑉𝑉2, 𝑉𝑉3 and 𝑉𝑉4 as an example to obtain the vector of 

conservation of the system (1). 
Case 1. Thus, the following characteristics can be obtained for the generator 𝑉𝑉1 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑡𝑡. (27) 
 

Now, by introducing (27) into (26), we obtain the following conservation vectors 
 

𝐶𝐶1
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑡𝑡, 

 
𝐶𝐶1

𝑥𝑥 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥. 
 
After the calculation we can find the following equation 
 
𝐷𝐷𝑡𝑡(𝐶𝐶1

𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶1
𝑥𝑥) = 𝑢𝑢𝑡𝑡𝑥𝑥(𝑢𝑢 − 𝑢𝑢𝑥𝑥 − 1) − 𝑢𝑢𝑡𝑡𝑢𝑢𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥𝑥𝑥. 

 
Case 2. Thus, the following characteristics can be obtained for the generator 𝑉𝑉2 = 𝜕𝜕/𝜕𝜕𝜕𝜕. Lie 

characteristic functions are 
 

𝑊𝑊 = −𝑢𝑢𝑥𝑥. (28) 
 

Now, by introducing (28) into (26), we obtain the following conservation vectors 
 

𝐶𝐶2
𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 𝑢𝑢𝑥𝑥, 

 
𝐶𝐶2

𝑥𝑥 = 1 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

After the calculation we can find the following equation 
 

𝐷𝐷𝑡𝑡(𝐶𝐶2
𝑡𝑡) + 𝐷𝐷𝑥𝑥(𝐶𝐶2

𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑡𝑡𝑥𝑥 + 𝑢𝑢𝑥𝑥𝑢𝑢𝑡𝑡 − 𝑢𝑢𝑥𝑥𝑡𝑡 − 𝑢𝑢𝑢𝑢3𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥. 
 

Case 3. The following characteristics can be obtained for the generator 𝑉𝑉3 = 3
8 𝑢𝑢𝜕𝜕 𝜕𝜕

𝜕𝜕𝑥𝑥 − −𝜕𝜕 𝜕𝜕
𝜕𝜕𝑡𝑡 − 𝑢𝑢 𝜕𝜕

𝜕𝜕𝜕𝜕. Lie 
characteristic functions, 

 
𝑊𝑊 = 𝑢𝑢 + 𝜕𝜕 − 3

8 𝑢𝑢𝜕𝜕. (29) .                                                                        (29)

Now, by introducing (29) into (26), we obtain the following conservation 
vectors, 

Now, by introducing (29) into (26), we obtain the following conservation vectors, 
 
𝐶𝐶3

𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 3
8 𝑢𝑢𝑢𝑢 + 𝑡𝑡 + 𝑢𝑢, 

 
𝐶𝐶3

𝑥𝑥 = 3𝑢𝑢𝑢𝑢𝑥𝑥 + 1 + 𝑢𝑢2 (1 − 3
8 𝑢𝑢) − 3

8 𝑢𝑢(𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢). 
 
After the calculation we can find the following equation, 
 
Dt(C3

t ) + Dx(C3
x) = utux + uuxt + (ut + ux

2) (1 − 3
8 x) + 3uuxx + (13

8 − 3
4x) uux − 3

8 u2. 
 

Case 4. Thus, the following characteristics can be obtained for the generator V4 = (3
8 xu + 1) ∂

∂x +
(1 − t) ∂

∂t + u ∂
∂u. Lie characteristic functions 

 
W = t − 2 − u (1 + 3

8 x). (30) 
 

Now, by introducing (29) into (26), we obtain the following conservation vectors 
 
C4

t = u (ux − 3
8 x − 1) + t − 1, 

 
C4

x = uux + u (1 + 3
8 x) (ux − u − t − 13

8 ). 
 
After the calculation we can find the following equation, 
 
Dt(C4

t ) + Dx(C4
x) = ux

2(ut + 2) + uuxt + ( uuxx − uxut) (3
8 x + 1) + 3

8 u (t − 13
8 ) . 

 
Discussion. We constructed solutions of the Kawahara equation. For completeness, graphical 

representation of them is shown in Figures 1a, 1b, 1c and 2a, 2b, 2c, which clearly indicates that solutions 
are bright solitons because their waves are under the flat non-vanishing plane. Such wave processes play an 
extremely important role in modern physics and are the subject of study in hydrodynamics, nonlinear optics, 
plasma physics, field theory, elementary particle physics, biophysics, etc. This equation, called the Kawahara 
equation, occurs in plasma dynamics when a wave propagates at a certain angle to a magnetic field, in 
nonlinear electrical circuits, and for internal waves in a two-layer fluid, taking into account the surface 
tension between layers in a stratified fluid. Within the framework of this equation, solitons have oscillating 
tails and can be attracted to each other. This situation is realized for internal waves in a two-layer ocean, 
when one layer is thin and the other is thick (compared to the wavelength). 

N.H. Ibragimov developed a theorem on the laws of their conservation, based on the symmetry of Lie-
Becklund, ie the symmetry of higher order differential equations. N.H. Using Ibragimov's theorem on new 
conservation laws, we obtain the conservation laws, ie the conservation laws of the particle, for Equation (1) 
without the Lagrange system. This method we use is effective for finding the laws of symmetry and 
conservation of both soliton and higher order differential equations without Lagrange's character. 

Conclusion. In this article the application of Hirota's bilinear method for constructing solitons for an 
integrable lattice model was illustrated. In particular, the evolution of solitons of the Kawahara equation, an 
equation of the Korteweg-de Vries type of the fifth order, is considered. The Hirota method is developed in 
relation to the Kawahara equation. Based on Hirota's bilinear method, a substitution was applied and the 
Kawahara equation was converted to a bilinear form. Then, one-soliton and two-soliton solutions were 
presented, by considering the formal series. Furthermore, graphs of the obtained soliton solutions were 
constructed. 

As mentioned above, we have achieved new results, such as vector field, optimal system, solutions to 
reduce symmetry, convergence analysis and the laws of conservation of equations. Using Lee's symmetry 
analysis method, we created optimal systems and reduced system symmetry. Later, using a new method of 
conservation introduced by N.H. Ibragimov, we obtained the law of conservation associated with the 

,

 
Now, by introducing (29) into (26), we obtain the following conservation vectors, 
 
𝐶𝐶3
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𝐶𝐶3
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8 𝑢𝑢) − 3

8 𝑢𝑢(𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢). 
 
After the calculation we can find the following equation, 
 
Dt(C3

t ) + Dx(C3
x) = utux + uuxt + (ut + ux

2) (1 − 3
8 x) + 3uuxx + (13

8 − 3
4x) uux − 3

8 u2. 
 

Case 4. Thus, the following characteristics can be obtained for the generator V4 = (3
8 xu + 1) ∂

∂x +
(1 − t) ∂

∂t + u ∂
∂u. Lie characteristic functions 

 
W = t − 2 − u (1 + 3

8 x). (30) 
 

Now, by introducing (29) into (26), we obtain the following conservation vectors 
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C4
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8 x) (ux − u − t − 13
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Dt(C4
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x) = ux

2(ut + 2) + uuxt + ( uuxx − uxut) (3
8 x + 1) + 3

8 u (t − 13
8 ) . 

 
Discussion. We constructed solutions of the Kawahara equation. For completeness, graphical 

representation of them is shown in Figures 1a, 1b, 1c and 2a, 2b, 2c, which clearly indicates that solutions 
are bright solitons because their waves are under the flat non-vanishing plane. Such wave processes play an 
extremely important role in modern physics and are the subject of study in hydrodynamics, nonlinear optics, 
plasma physics, field theory, elementary particle physics, biophysics, etc. This equation, called the Kawahara 
equation, occurs in plasma dynamics when a wave propagates at a certain angle to a magnetic field, in 
nonlinear electrical circuits, and for internal waves in a two-layer fluid, taking into account the surface 
tension between layers in a stratified fluid. Within the framework of this equation, solitons have oscillating 
tails and can be attracted to each other. This situation is realized for internal waves in a two-layer ocean, 
when one layer is thin and the other is thick (compared to the wavelength). 

N.H. Ibragimov developed a theorem on the laws of their conservation, based on the symmetry of Lie-
Becklund, ie the symmetry of higher order differential equations. N.H. Using Ibragimov's theorem on new 
conservation laws, we obtain the conservation laws, ie the conservation laws of the particle, for Equation (1) 
without the Lagrange system. This method we use is effective for finding the laws of symmetry and 
conservation of both soliton and higher order differential equations without Lagrange's character. 

Conclusion. In this article the application of Hirota's bilinear method for constructing solitons for an 
integrable lattice model was illustrated. In particular, the evolution of solitons of the Kawahara equation, an 
equation of the Korteweg-de Vries type of the fifth order, is considered. The Hirota method is developed in 
relation to the Kawahara equation. Based on Hirota's bilinear method, a substitution was applied and the 
Kawahara equation was converted to a bilinear form. Then, one-soliton and two-soliton solutions were 
presented, by considering the formal series. Furthermore, graphs of the obtained soliton solutions were 
constructed. 

As mentioned above, we have achieved new results, such as vector field, optimal system, solutions to 
reduce symmetry, convergence analysis and the laws of conservation of equations. Using Lee's symmetry 
analysis method, we created optimal systems and reduced system symmetry. Later, using a new method of 
conservation introduced by N.H. Ibragimov, we obtained the law of conservation associated with the 

.

After the calculation we can find the following equation,

 
Now, by introducing (29) into (26), we obtain the following conservation vectors, 
 
𝐶𝐶3

𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 3
8 𝑢𝑢𝑢𝑢 + 𝑡𝑡 + 𝑢𝑢, 

 
𝐶𝐶3

𝑥𝑥 = 3𝑢𝑢𝑢𝑢𝑥𝑥 + 1 + 𝑢𝑢2 (1 − 3
8 𝑢𝑢) − 3

8 𝑢𝑢(𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢). 
 
After the calculation we can find the following equation, 
 
Dt(C3

t ) + Dx(C3
x) = utux + uuxt + (ut + ux

2) (1 − 3
8 x) + 3uuxx + (13

8 − 3
4x) uux − 3

8 u2. 
 

Case 4. Thus, the following characteristics can be obtained for the generator V4 = (3
8 xu + 1) ∂

∂x +
(1 − t) ∂

∂t + u ∂
∂u. Lie characteristic functions 

 
W = t − 2 − u (1 + 3

8 x). (30) 
 

Now, by introducing (29) into (26), we obtain the following conservation vectors 
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x) = ux
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8 x + 1) + 3

8 u (t − 13
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Discussion. We constructed solutions of the Kawahara equation. For completeness, graphical 

representation of them is shown in Figures 1a, 1b, 1c and 2a, 2b, 2c, which clearly indicates that solutions 
are bright solitons because their waves are under the flat non-vanishing plane. Such wave processes play an 
extremely important role in modern physics and are the subject of study in hydrodynamics, nonlinear optics, 
plasma physics, field theory, elementary particle physics, biophysics, etc. This equation, called the Kawahara 
equation, occurs in plasma dynamics when a wave propagates at a certain angle to a magnetic field, in 
nonlinear electrical circuits, and for internal waves in a two-layer fluid, taking into account the surface 
tension between layers in a stratified fluid. Within the framework of this equation, solitons have oscillating 
tails and can be attracted to each other. This situation is realized for internal waves in a two-layer ocean, 
when one layer is thin and the other is thick (compared to the wavelength). 

N.H. Ibragimov developed a theorem on the laws of their conservation, based on the symmetry of Lie-
Becklund, ie the symmetry of higher order differential equations. N.H. Using Ibragimov's theorem on new 
conservation laws, we obtain the conservation laws, ie the conservation laws of the particle, for Equation (1) 
without the Lagrange system. This method we use is effective for finding the laws of symmetry and 
conservation of both soliton and higher order differential equations without Lagrange's character. 

Conclusion. In this article the application of Hirota's bilinear method for constructing solitons for an 
integrable lattice model was illustrated. In particular, the evolution of solitons of the Kawahara equation, an 
equation of the Korteweg-de Vries type of the fifth order, is considered. The Hirota method is developed in 
relation to the Kawahara equation. Based on Hirota's bilinear method, a substitution was applied and the 
Kawahara equation was converted to a bilinear form. Then, one-soliton and two-soliton solutions were 
presented, by considering the formal series. Furthermore, graphs of the obtained soliton solutions were 
constructed. 

As mentioned above, we have achieved new results, such as vector field, optimal system, solutions to 
reduce symmetry, convergence analysis and the laws of conservation of equations. Using Lee's symmetry 
analysis method, we created optimal systems and reduced system symmetry. Later, using a new method of 
conservation introduced by N.H. Ibragimov, we obtained the law of conservation associated with the 

.

Case 4. Thus, the following characteristics can be obtained for the 
generator  

 
Now, by introducing (29) into (26), we obtain the following conservation vectors, 
 
𝐶𝐶3

𝑡𝑡 = 𝑢𝑢𝑢𝑢𝑥𝑥 + 1 − 3
8 𝑢𝑢𝑢𝑢 + 𝑡𝑡 + 𝑢𝑢, 

 
𝐶𝐶3

𝑥𝑥 = 3𝑢𝑢𝑢𝑢𝑥𝑥 + 1 + 𝑢𝑢2 (1 − 3
8 𝑢𝑢) − 3

8 𝑢𝑢(𝑢𝑢𝑢𝑢𝑥𝑥 + 𝑢𝑢). 
 
After the calculation we can find the following equation, 
 
Dt(C3
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x) = utux + uuxt + (ut + ux

2) (1 − 3
8 x) + 3uuxx + (13

8 − 3
4x) uux − 3

8 u2. 
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∂u. Lie characteristic functions 
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8 u (t − 13
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N.H. Ibragimov developed a theorem on the laws of their conservation, based on the symmetry of Lie-
Becklund, ie the symmetry of higher order differential equations. N.H. Using Ibragimov's theorem on new 
conservation laws, we obtain the conservation laws, ie the conservation laws of the particle, for Equation (1) 
without the Lagrange system. This method we use is effective for finding the laws of symmetry and 
conservation of both soliton and higher order differential equations without Lagrange's character. 
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relation to the Kawahara equation. Based on Hirota's bilinear method, a substitution was applied and the 
Kawahara equation was converted to a bilinear form. Then, one-soliton and two-soliton solutions were 
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As mentioned above, we have achieved new results, such as vector field, optimal system, solutions to 
reduce symmetry, convergence analysis and the laws of conservation of equations. Using Lee's symmetry 
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Discussion. We constructed solutions of the Kawahara equation. For 
completeness, graphical representation of them is shown in Figures 1a, 1b, 
1c and 2a, 2b, 2c, which clearly indicates that solutions are bright solitons 
because their waves are under the flat non-vanishing plane. Such wave 
processes play an extremely important role in modern physics and are the 
subject of study in hydrodynamics, nonlinear optics, plasma physics, field 
theory, elementary particle physics, biophysics, etc. This equation, called 
the Kawahara equation, occurs in plasma dynamics when a wave propagates 
at a certain angle to a magnetic field, in nonlinear electrical circuits, and for 
internal waves in a two-layer fluid, taking into account the surface tension 
between layers in a stratified fluid. Within the framework of this equation, 
solitons have oscillating tails and can be attracted to each other. This situation 
is realized for internal waves in a two-layer ocean, when one layer is thin 
and the other is thick (compared to the wavelength).

N.H. Ibragimov developed a theorem on the laws of their conservation, 
based on the symmetry of Lie-Becklund, ie the symmetry of higher order 
differential equations. N.H. Using Ibragimov’s theorem on new conservation 
laws, we obtain the conservation laws, ie the conservation laws of the 
particle, for Equation (1) without the Lagrange system. This method we 
use is effective for finding the laws of symmetry and conservation of both 
soliton and higher order differential equations without Lagrange’s character.

Conclusion. In this article the application of Hirota’s bilinear method 
for constructing solitons for an integrable lattice model was illustrated. In 
particular, the evolution of solitons of the Kawahara equation, an equation 
of the Korteweg-de Vries type of the fifth order, is considered. The Hirota 
method is developed in relation to the Kawahara equation. Based on Hirota’s 
bilinear method, a substitution was applied and the Kawahara equation was 
converted to a bilinear form. Then, one-soliton and two-soliton solutions 
were presented, by considering the formal series. Furthermore, graphs of the 
obtained soliton solutions were constructed.

As mentioned above, we have achieved new results, such as vector field, 
optimal system, solutions to reduce symmetry, convergence analysis and the 
laws of conservation of equations. Using Lee’s symmetry analysis method, 
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we created optimal systems and reduced system symmetry. Later, using a 
new method of conservation introduced by N.H. Ibragimov, we obtained 
the law of conservation associated with the symmetry of equation (1). The 
new results presented in this paper can be used to describe the dynamics 
of solitons in nuclear physics and other optical experiments. Therefore, all 
the results of this study can be used to improve the dynamic operation of 
Kawahara equations in engineering and mathematical physics.
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К 110-летию ученого
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У.М. Ахмедсафин – крупнейший ученый-энциклопедист, 
гидрогеолог, географ, эколог, Герой Социалистического Труда, пионер 
гидрогеологии в Казахстане, один из самых ярких представителей 
блестящей когорты ученых, с его именем связан расцвет казахстанской 
науки. Он является автором уникальной методики поиска подземных 
вод в зоне засушливых пустынь.

Его труды, научные открытия намного пережили ученого, и 
актуальность их в условиях дефицита пресной воды на планете 
чрезвычайно возрастает. Работая в сложных климатических условиях, 
он обследовал огромные пространства знойных песчаных пустынь 
Казахстана и Средней Азии, считавшиеся совершенно безводными, 
исходя из научных предпосылок, открыл многочисленные подземные 
моря, озера, реки, расшифровал и объяснил их происхождение, 
определил ресурсы и наметил широкие перспективы их использования 
на благо человечества.

После успешной защиты кандидатской диссертации в Московском 
геологоразведочном институте им. С. Орджоникидзе в 1940 году, 
по согласованию с вице-президентом АН СССР, академиком О.Ю. 
Шмидтом, был направлен в казахстанский филиал Академии наук 
СССР в г. Алма-Ате, где им впервые был создан Сектор гидрогеологии 
и инженерной геологии.

В года Великой Отечественной войны (1941-1945 гг.) У.М. Ахмедсафин 
организовал и возглавил комплексную экспедицию в пустынные районы 
республики для выявления возможностей нахождения и содержания 
эвакуированных на восток заводов, предприятий и скота: предстояло 
выяснить, имеется ли в пустынях достаточное количество подземных 
вод. Оказалось, что в обследованных районах Южного Казахстана 
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песчаные пустыни не безводны и в них широко распространены 
доброкачественные подземные воды, пригодные для использования.

В 1947 г. У.М. Ахмедсафин защитил докторскую диссертацию в 
Москве. В 1951 году выпустил большую монографию «Подземные 
воды песчаных массивов южной части Казахстана». В этой работе и 
в ряде статей впервые в отечественной и зарубежной гидрогеологии 
всесторонне освещается инфильтрационное происхождение, 
накопление, распространение региональных ресурсов подземных 
вод, методов их определения. Выявленные при этом ресурсы 
доброкачественных подземных вод дали мощный импульс к развитию 
аридной гидрогеологии.

В годы освоения ценных земель У. Ахмедсафин возглавил 
гидрогеологические исследования в Северном Казахстане. Здесь 
были определены перспективные водоносные горизонты, содержащие 
значительные запасы подземных вод, за счет которых решена проблема 
водообеспечения 400 целинных совхозов, колхозов, многих районных 
центров, железнодорожных станций и т.д.

Более четверти века У. Ахмедсафин изучал глубинную гидрогеологию 
аридных районов. При этом им были установлены научные положения, 
имеющие первостепенное значение не только для Казахстана, но 
и для многих засушливых развивающихся стран. Они позволили 
ему впервые в истории гидрогеологических исследований у нас и за 
рубежом создать и опубликовать фундаментальные прогнозные карты 
артезианских бассейнов (с монографиями), выявить 70 артезианских 
бассейнов, оценить содержащиеся в них огромные вековые запасы 
доброкачественных подземных вод, равные 7,5 триллионам 
кубометров (соизмеримые с объемом 70-и озер Балхаш), ежегодно 
возобновляющиеся в размере 48 млрд.куб. метров.

В 1951 году У. Ахмедсафин избирается членом-корреспондентом, а 
в 1954 – академиком Академии наук Казахской ССР. В 1965 г. впервые 
организовал единственный в системе Академий наук СССР Институт 
гидрогеологии и гидрофизики.

Его крупные научные достижения позволили обеспечить подземной 
водой около 69 городов Казахстана, 4 тысячи населенных пунктов, 
обводнить 115 млн.га пастбищ, оросить до 60 тысяч га земель.

Обладая даром научного предвидения и большим практическим 
опытом, У. Ахмедсафин выступал против создания некоторых 
гидротехнических сооружений, могущих вызвать экологические 
катастрофы. Во многом его прогнозы подтвердились. Он единственный 
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не подписал заключение правительственной комиссии о строительстве 
Кызылкумского канала, т.к. это привело бы к уменьшению притока реки 
Сырдарьи в Аральское море и тем самым способствовало бы усыханию 
Аральского моря.

Важным вопросом проблемы охраны окружающей среды была охрана 
озера Балхаш в связи со строительством Капчагайского водохранилища 
на реке Или. Строительство и забор значительного количества воды 
из реки Или на его заполнение могли привести озеро Балхаш к 
участи Аральского моря, т.е. к усыханию его крупной дельты. Ему 
потребовались большие усилия, научные доказательства, в том числе 
и на правительственном уровне, чтобы показать нецелесообразность 
строительства водохранилища и, уж во всяком случае не до проектной 
отметки. В результате удалось отстоять минимальную отметку 
заполнения водохранилища и нерасширения рисовых плантаций в 
низовьях реки Или. Таким образом удалось спасти озеро Балхаш хотя 
бы на период заполнения водохранилища.

Он также обосновал положение, что строительство гидротехнических 
сооружений на реках, протекающих в пустынных районах, может 
повлечь за собой усыхание водных бассейнов (озер), в которые они 
впадают. В зонах с повышенной сейсмической активностью – усиливать 
балльность землетрясений. В то же время правильное использование 
подземных вод в этих районах снижает балльность землетрясений.

У.М. Ахмедсафин являлся рьяным противником переброски 
Сибирских рек в Казахстан и Среднюю Азию. Совместными усилиями 
с учеными других Республик СССР принятие этого решения было 
приостановлено.

У.М. Ахмедсафин является основателем гидрогеологической 
науки и создателем школы аридной геологии в Казахстане. Им было 
подготовлено более 60 кандидатов и докторов наук. Кроме научной 
работы, занимался преподавательской деятельностью, заведовал 
кафедрой гидрогеологии и инженерной геологии в Казахском горно-
металлургическом институте. В 1949 году ему было присвоено звание 
профессора.

У.М. Ахмедсафин был государственным деятелем. В 1955-59 
годах избирался депутатом и членом Президиума Верховного Совета 
Казахской ССР IV созыва.

В 1955-60 гг. У.М. Ахмедсафин был членом Гидрогеологической 
секции Национального комитета геологов ЮНЕСКО. Он неоднократно 
оказывал помощь через ЮНЕСКО в гидрогеологических исследованиях 
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во многих странах мира, в августе 1960 г. он сделал доклад на 
гидрогеологической секции Международного геологического конгресса 
в Копенгагене. В 1979 г. проводил международные курсы по линии 
ЮНЕП в Москве, Алма-Ате и Чимкенте по экологии пастбищ мира, на 
которых присутствовали представители африканских, арабских стран 
и Аргентины, неоднократно консультировал по вопросам орошения 
засушливых земель представителей Австралии, Израиля, Венгрии, 
Франции и Кувейта.

У.М. Ахмедсафин награжден многими правительственными 
наградами СССР. В 1969 году он был награжден высшей наградой 
СССР, ему было присвоено звание Героя Социалистического Труда.

У.М. Ахмедсафин опубликовал около 500 печатных работ: из них 18 
монографий и 18 гидрогеологических карт.

Учитывая заслуги ученого, после его смерти его имя было присвоено 
созданному им Институту гидрогеологии и гидрофизики, одной из улиц 
Алма-Аты, учебному заведению на его родине в Северо-Казахстанской 
области.

100-летие ученого проводилось под эгидой ЮНЕСКО.
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Светлой памяти 

САДЫКОВОЙ АЛЛЫ 
БАЙСЫМАКОВНЫ  

1 июля 2022 года на 76-м году жизни после непродолжительной болезни 
скончалась Садыкова Алла Байсымаковна – доктор физико-математических 
наук, академик Международной Евразийской академии наук (IEAS), 
заведующая лабораторией региональной сейсмичности ТОО Института 
сейсмологии  МЧС Республики Казахстан. 

Алла Байсымаковна – известный ученый, научный руководитель 
Программы «Оценка сейсмической опасности территорий областей и 
городов Казахстана на современной научно-методической основе», один 
из авторов карт сейсмического районирования территории Казахстана 
разной детальности и сейсмического микрорайонирования территории г. 
Алматы, входящих в перечень нормативных документов, регламентирующих 
проектирование и строительство в сейсмоактивных регионах Казахстана.

Алла Байсымаковна родилась в семье служащего в городе Шымкенте 
Южно-Казахстанской области 14 мая 1946 года, сразу после окончания 
Ленинградского вуза начала работать в секторе сейсмологии при Институте 
геологии Академии наук КазССР, на базе которого в 1976 г. был сформирован 
Институт сейсмологии. Здесь она защитила кандидатскую диссертацию в 
1992 г., а затем в 2010 г. – докторскую на тему «Сейсмологические и геолого-
геофизические основы вероятностной оценки сейсмической опасности 
Казахстана». 

Алла Байсымаковна – автор более 160 научных и научно-методических 
работ, в т.ч. 7 монографий (в соавторстве) в области изучения особенностей 
проявления землетрясений, разработки методики долго- и среднесрочного 
прогноза землетрясений и оценки сейсмической опасности. Ее монография 
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«Сейсмическая опасность территории Казахстана» (Алматы, 2012, 267 с.) 
является фундаментальным трудом, где изложены результаты многолетних 
исследований особенностей сейсмичности и сейсмического режима 
территории Казахстана. Книга «Землетрясения Казахстана: причины, 
последствия и сейсмическая безопасность» (в соавторстве, Астана, 2019, 
290 с.) является научно-популярным изданием о современном состоянии 
проблемы изучения землетрясений в Казахстане, где отмечены все трудности 
прогноза землетрясений и отведено место научным и общественным мерам 
противостояния стихии – сейсмозащите.

На протяжении многих лет Алла Байсымаковна была ученым секретарем 
межведомственной комиссии по прогнозу землетрясений и представляла нашу 
страну в международных организациях. Она активно сотрудничала со всеми 
сейсмологическими учреждениями, была членом различных республиканских 
комиссий, читала курс лекций по специальности «сейсмология» на кафедре 
геофизики КазНТУ им. Сатпаева. Ее неоднократные выступления по радио и 
телевидению, многочисленные интервью в средствах массовой информации 
были направлены на изложение знаний о землетрясениях – причинах их 
возникновения, связанных с ними опасностями, методах их изучения и 
возможностями прогноза.

Любовь к сейсмологии Алла Байсымаковна сохранила до конца жизни. До 
последнего дня она оставалась на работе, вкладывая в нее все физические 
и душевные силы, являя собой пример преданного и самоотверженного 
служения науке, высочайшей работоспособности и ответственности, 
целеустремленности, чуткости и бескорыстия, неравнодушного отношения к 
любой жизненной ситуации. Заслуги Садыковой А.Б. отмечены медалью за 
вклад в науку в честь 30-летия Независимости РК, грамотами, дипломами.

Благодаря высоким профессиональным и личным качествам Алла 
Байсымаковна пользовалась безусловным авторитетом среди казахстанских 
и зарубежных специалистов. Она прожила достойную жизнь уважаемого 
человека, глубокого мыслителя и преданного своему делу ученого. Более 45 
лет она была вместе с мужем Е.Т. Садыковым, имея сына и четверых внуков.

1 июля 2022 перестало биться сердце этой удивительной женщины, но в 
наших сердцах всегда будет жить светлая память о ней. Мы будем помнить Аллу 
Байсымаковну как глубоко интеллигентного, отзывчивого, жизнерадостного, 
необычайно деятельного человека и талантливого ученого. Ее уход – большая 
потеря для науки Казахстана. Аллы Байсымаковны Садыковой больше нет с 
нами. Но осталось ее богатейшее научное наследие, ученики, которые будут 
продолжать дело своего наставника. Осталась добрая память об этом светлом, 
душевно щедром человеке.

От имени соратников и коллег по работе
профессор А. Нурмагамбетов
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