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SHIFTED NONLOCAL NONLINEAR SCHRODINGER
AND MAXWELL-BLOCH EQUATION: DARBOUX
TRANSFORMATION AND SOLUTION

Abstract. Integrable equations are used extensively as sample for
explaining physical phenomena in many aspects of science such as plasma
physics, fluid mechanics, solid state physics, optical fibers, chemical
physics. At present, many theoretical works concentrate more on the
practical feasibility of integrable equations. One such significant practically
implementable system is the coupled system of the nonlinear Schrodinger
(NLS) and Maxwell-Bloch (MB) equations.

In this work, motivated by the ideas of Musslimani and Ablowitz, shifted
nonlocal nonlinear Schrodinger and Maxwell-Bloch equations (NLS-
MB) were defined. Lax pair formulation for complex reverse time shifted
nonlocal NLS-MB equation was presented. Detailed proof of the Darboux
transformation was given. Solution for nonlocal nonlinear Schrodinger and
Maxwell-Bloch equation was derived.

The idea of the method of nonlocal symmetry is establishing the
relationship between local equations and the corresponding nonlocal
equations, choosing the corresponding symmetry in order to study their
properties and solutions. From the forms of symmetry, there are various
differences in the coupling of the time and space between these nonlocal
and local equations. Consequently, new physical phenomena may appear,
and new physical applications can be created. In addition, having a Lax
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representation, one can get similar types of N-order solutions with a spectral
parameter.

Key words: shifted nonlocality, nonlinear Schrodinger and Maxwell-
Bloch equation, Darboux transformation, solution.
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bIFBICKAH JIOKAJI/IBI EMEC CbI3bIKCbI3 INIPEIUHI'EP
/KIOHE MAKCBEJLJI-BJIOX TEHAEYI: JAPBY TYPIEHAIPYI
ZKOHE HIELIIMI

AHHoTaumsa. VuTterpangaHatelH TeHzaeylep (usuka KyObUIBICTApbIH
1a3Ma GU3HKACHl, CYHBIK MEXaHHUKA, KATThI PU3HKA, ONTHKAJIBIK TAJIIIBIKTAP,
XUMUSUTBIK (PH3UKa CUSKTHI FEUIBIMHBIH KOTITETSH aCTIEKTUIEPIHE TYCIHIIPY
YIIIH MBICall peTiHJe KeHIHEeH KojaaHblIaabl. Kas3ipri yakpITTa KenTereH
TEOPUSUIBIK JKYMBICTap HMHTETpallaHaThlH TEeHJAEYJIepiH MPAKTUKAJIBIK
MYMKIiHiriHe Ko0ipek koH 6eei. OcbIHaali MaHBI3IBI iC )KY31HE )KYy3ere
acwIpbUIaThIH XyHenepain Oipi-lpenunrep (NLS) xone MakcBemi-0ypre
(MB) CBI3BIKTBIK €MeC TeHJIeylep Kyieci.

Mycnumanu MeH AOJOBUIL HIEssIapblHA HETI3IeNTeH OYJI >KYMBICTa
penunarep men MakcBemt-binoxteiH  (NLS-MB)  skeprimikti  emec
CBI3BIKTBI €MeC TEHJEYNIepi aHBIKTANbl. YaKBITTBIH Kepi BIFBICYBIMEH
Kypaeni xkeprinikrti emec NLS-MB tenneyine apuanran Jlakc xyObIHBIH
TYXKBIPBIMBI YCHIHBULBL. JlapOyablH KalTa KYPBUTYBIHBIH €T)KeH-Ter ke
noneni Oepinai. Ilpenuarep mMeH MakcBemi-baoXThIH JKEPriTiKTI emec
CBI3BIKTBI €MeC TeHJCYiHIH MIEIIMi aJbIHIbI.

JKeprismikTi eMec CHMMETPHUsS OMICIHIH HICSACHI KEPTUIKTI TEHJAEYJIep
MEH THICT1 XKEPTUIIKTI eMec TeHICYJIep apachlHIaFrbl KaThIHACTHI OpPHATY,
oJIapAbIH KaCHETTEPi MEH MIEIIIMIEPiH 3epPTTeY YIIiH THICTI CHMMETPHSHBI
Tagaay Oonbin TalbuIaabl. CummeTpus (GopmanapblHa CYHEHE OTBIPHII,
KEPriUTIKTI eMec JKOHE JKEPrilikTi TeHIEYJlep apachblHIa YakKbIT IeH
KEHICTIKTIH OalIaHBICBIHIA SPTYPIIi albIpMaIiblIbIKTap 6ap. COHIOBIKTaH
*KaHa (U3MKaIbIK KyObUIbICTap Maijga Oodybl MYMKIH JKOHE JKaHa
(u3MKaIbIK KOCBIMIIANIAP KYPBUTYbl MYMKiH. COHBIMEH KaTap, 9JICi3 uaesFa
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re 0oJia OTBIPHIN, CIEKTPIIK mapameTpi 6ap N-peTTi memiMaepaiH yKcac
TYpJIEpiH airyFa O00Iabl.

Tyiiin ce3ep: bIFBICKaH JIOKAIb 1 eMecTik, Llpenunrep men MakcBes-
BnoXThIH CBI3BIKTHI eMec TeHaeyi, lapOy TypiaeHaipyi, MWemrim.
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CMEIIEHHOE HEJIOKAJIbHOE HEJTMHEMHOE YPABHEHUE
INPEJUHT'EPA 1 MAKCBEJUIA-BJIOXA: IIPEOBPA3OBAHUE
JAPBY U PEHIEHUE

AHHOTanms. VHTerpupyemble ypaBHEHMsS WIMPOKO MCIOIb3YHOTCS
B KadecTBe oOpa3ua s OObsACHEHUS (U3NYECKUX SBICHHH BO MHOI'MX
00JacTsaX HayKH, TAKUX KakK (hU3MKa IJIa3Mbl, MEXaHUKA KUJIKOCTH, PU3UKA
TBEPAOIO TeJla, ONTHYECKUE BOJIOKHA, XUMUYecKas (pusuka. B Hacrosiee
BpeMsi MHOTHE TEOpETHYECKHE paboThl OONbIIE COCPEIOTOYECHBI Ha
IIPAKTUYECKON peann3allid UHTErpUPyeMbIX ypaBHeHUNH. OQHON U3 Takux
BAXKHBIX ITPAKTHUUYECKH PEAIN3YEMbIX CUCTEM SIBJISIETCS CBSI3aHHAs CCTEMa
HenuHeHbix ypaBHeHuil Llpénunrepa (HYI) u ypaBuenuii Maxkcsena-
bnoxa (MB).

B st0ii paboTte, B1OXHOBIEHHbIE UaeIMU MyciauManu u AOIOBULA, MBI
YCHEIHO MOMY4YWJIU CIABUHYTbIE HEJIOKaJIbHbIC HEJIMHEHHbIE ypaBHEHUS
lIpenunrepa u Maxkcpema-bnoxa (HYII-MB). beina npencrasiena
¢dopmynupoBka napsl Jlakca ans HenokaiabHoro ypaBuenus HYII-Mb B
KOTOPOM CMELIEHHAasl HEJIOKAJIbHOCTh COCTOMT M3 00PaTHOTO MOJIsl BpeMEHU
B HEJIMHEHHBIX wieHax. JJaHo mogpoOHoe 10Ka3aTenbCTBO NpeoOpa3oBaHus
HapOy st aToro ypaBHeHus. Ero pemeHue ObLIO MOTYyYEHO C TOMOIIBIO
npeobpazoBanus [lapOy.

Wnest MeTona HEeJIOKaIbHON CHMMETPUHU 3aKJIIOYAETCsl B YCTAHOBJICHUU
B3aMMOCBSA3H MEXAY JIOKAJIbHBIMU YPAaBHEHUSIMHU U COOTBETCTBYIOIIMMU
HEJOKAJIbHBIMU YPABHEHUSIMHU, BbIOMPAsi COOTBETCTBYIOIIYIO CUMMETPHIO
JUI U3yYEHUS UX CBOMCTB U peuieHuid. M3 popm cuMMeTpuu CymecTByoT
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MHOTHE pa3lIM4Ms B CBSI3W BPEMECHHM W IPOCTPAHCTBA MEXIY ITUMHU
HEJIOKAJTbHBIMU ¥ JIOKAJIGHBIMH YPaBHEHUSIMH, MOTYT TOSIBHTHCS HOBBIC
(1)I/I3I/I‘-IGCKI/IC SABJICHHA, WU MOTI'YT OBITH CO31aHbl HOBBIC (1)I/I3I/I‘~I€CKI/IC
IPWIOKEHUA. A Takxke, UMesl npejcrasiaeHue Jlakca, MOXHO MOIY4YUTh
aHAJIOTUYHBIC TUITBI pellieHU i N-r0 MopsiIka co CIICKTPaIbHbIM [TAPAMETPOM.

KiroueBbie ci10Ba: CIBUHYTast HEIOKAIBHOCTH, ypaBHeHwust LI penuarepa
u Makcgesia-bioxa, npeo6pazoBanue [lapOy, pemienue.

Introduction. Nonlinear integrable equations play a considerable
role in physics and exist in all fields of scientific investigation. This
is partly by reason of the search for realistic form and solutions with
physical importance, as well as their sophisticated mathematical structure.
There are many nonlinear integrable equations applied to the elasticity,
electromagnetism, mechanics of fluids, lattice dynamics. (Shaikhova, et
all, 2018; Yesmakhanova, et all, 2016). For instance, propagating of optical
soliton in erbium doped fiber is governed with the nonlinear Schrodinger-
Maxwell-Bloch (NLS-MB) equation (Ablowitz, et all, 1981; Porsezian, et
all, 1995). In optical fibres, two types of solitons are eventual. One defined
by the NLS equation which is a balance between the group speed dispersion
and the self-phase modulation due to the Kerr nonlinearity. The other
possible soliton is through the existence of two-level resonance medium
in the fibre core. This is governed by the MB equations. Maxwell-Bloch
systems determine the nonlinear resonant interactions between an active
optical medium and coherent light (Porsezian, et all, 2000). These systems
indicate interesting optical phenomena, such as self-induced transparency,
superfluorescence, and slow light spontaneous radiation processes, (McCall,
et all, 1969). The nonlinear Schrodinger (NLS) equation arises as a physical
model in waves on water, condensates of Bose-Einstein, optics, plasmas,
and different other aspects. In fact, it was shown that the NLS equation
is a universal model for the cover of a weakly nonlinear dispersive wave
train’s evolution (Polder, et all, 1979). In some modes, NLS-type equations,
MB systems are completely integrable, with the existence of a Lax pair
and with an infinitely dimensional Hamiltonian structure. As a result, many
analytical methods can be applied to research their solutions.

Research materials and methods. At the end of the last century, it was
believed that most of the physically important nonlinear integrable equations
were open. Therefore, researchers showed great interest in finding special
solutions and important mathematical analysis. In 2013, Ablowitz and
Musslimani introduced the nonlocal nonlinear Schrédinger equation and
obtained its exact solutions using the inverse scattering method (Benney,
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et all, 1967). After that, for this equation and other equations, many works
were performed (Gurses, et all, 2018; Fokas, et all, 2016; Ablowitz, et all,
2016; Gerdjikov, et all, 2017; Giirses, et all, 2022). The idea of Ablowitz
and Musslimani was that in a nonlinear integrable evolution equation, a
nonlocal non-linear term, for example, q*(x,t) is replaced by q*(— x, —t),
q* (= x,t), and g*(x,— t). New nonlocal reductions so called shifted nonlocal
reductions were discovered recently by Ablowitz and Musslimani [16]:
r(x,t) = 8q(xo — x,t), r(x,t) = 8q(xo —x,ty — 1), r(x,t) = 6q(x,—t +ty),
r(x,t) = 8q(x, —t + tg), r(x ) = 8q(xo — x,to — t). When arbitrary real constant
parameters x, and t, are equal to 0, these shifted nonlocal equations return
to their usual nonlocal forms.

Applying the idea of Ablowitz and Musslimani for NLS-MB equations,
we have obtained the following nonlocal equations: under reduction
r(x,t) = 6q(x, —t + ty) real reverse time shifted nonlocal NLS-MB,
under reduction r(x,t) =8q(—x+x,, —t+t,) real reverse space-time
shifted nonlocal NLS-MB, under reduction r(x,t) = 8q(—x+X,,t)
complex reverse space shifted nonlocal NLS-MB, under reduction
r(x,t) = 8q(—x+xg,t) complex reverse time shifted nonlocal NLS-
MB, under reduction r(x,t) = 6q(—x+x,, —t + t;) complex reverse
space-time shifted nonlocal NLS-MB equations.

The purpose of the article is to present several new integrable nonlocal
reductions for the nonlinear Schréodinger and Maxwell-Bloch equations. In
contrast to their standard PT-symmetric and inverse space-time nonlocal
symmetries, we will find shifted space or time or space-time nonlocal
symmetries. Solution for the complex reverse time shifted nonlocal NLS-
MB equations using Darboux transformation will be obtained below.

This article consists of four main sections. In the first section Lax
representation of the integrable NLS-MB equations will be introduced.
Then all possible shifted nonlocal equations derivable from the NLS-
MB equations will be presented in section 2. In section 3 we will give
the detailed proof of the Darboux transformation for complex reverse
time shifted nonlocal NLS-MB equations and derive a solution based on
obtained Darboux transformation. Last section devoted to discussion and
conclusion.

In this article, we will focus on integrable nonlinear NLS-MB equation.
The NLS-MB equations are written as (Maimistov, et all, 1983; Hasegawa,
et all, 1973):

006 1) = i [7 0 (60 + T DR O] + 2p(x 0, (1)
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r (6, 8) = =18 [5 73 (2, £) + q (2, T2 (2, 0] + 26k (2, £). (2)

px(x,t) = —2iwp(x,t) + 2n(x, t)q(x, 1), (3)

k,.(x,t) = =2idwk(x,t) + 26n(x, t)r(x, t), (4)

Me(x,t) = —q(x, Ok (x, t) — p(x, O)r(x, 0), (5)
where:

q — the complex field envelope;

p — measure of polarization of the resonant medium;

1 — inverse population between two levels of wave functions of two
energy levels of resonant atoms;

w — the real constant parameter, it corresponds to the frequency;

* — is the complex conjugate.

The equations of soliton have many special properties (Ablowitz, et all,
1981), their most fundamental property is that all of them can be represented
by the conditions of the integrability of a pair of linear eigenvalue problem
as expressed below

v, =UY, (6)
llUt = Vllua (7)
where U and V are the Lax pairs of NLS-MB equations and have the form:
_ _9in 2 1
V= =2i002 + 2Us + Vo +——V_1.  (®

here A — the complex eigenvalue parameter constant, the matrices U, and
V, are given by

o= (—r((;c, t) W(c)’ t))’ )

_ (9 )1 (x,t) qx(x, 1) _
Vo = l( () —qCx, Or(x, t)) = iq(x,t)r(x,t)o; +

Cleo 5%
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Vo= ( nx,t)  —px, t)), (11)
-1 —
—k(x,t) —n(x,t)
In the next section all possible shifted nonlocal equations derivable from
the NLS-MB equations will be presented.

2. Shifted nonlocal NLS-MB equations
1) r(x,t)=6q(x,—t+t ), k(x,t)=6p(x,—t+t,), §,t ER.

Real reverse time shifted nonlocal NLS-MB equations are

q,(x,t)—iq_(x,t)—2p(x,t)—2iq*(x,t)6q(x,—t+t,)=0, (12)
—68q,(x,—t+t))+idq _(x,—t+t)+26p(x,—t+t)—2iq(x,t)
(6q(x,—t+t,))*=0, (13)
ip (x,t)+2wp(x,t)—2inq(x,t)=0, (14)
i6p (x,—t+t)—2wdp(x,—t+t,)—2indq(x,—t+t )=0, (15)
in +ip(x,t)6q(x,—t+t )+iq(x,t)6p(x,—t+t,)=0. (16)

D) r(ot)=6q(—x+x,—t+t) , k(xt)=6p(—x+x,—t+t ),
8,x,t,ER.

Real reverse space-time shifted nonlocal NLS-MB equations are
q,(x,t)—iq_(x,t)—2p(x,t)—2iq*(x,t)5q(—x+x,—t+t )=0,  (17)
—6q,(—x+x,—t+t )+idq (—x+x,—t+t )+

26p(—x+x,—t+t ) —2iq(xt) 6°q*(—x+x,—t+t,)=0, (18)
ip (x,t)+2wp(x,t)—2inq(x,t)=0, (19)
i6p (—x+x,—t+t)—2wop(x—x+x,—t+t )—

2indq(—x+x,—t+t,)=0, (20)

in +ip(x,t)6q(—x+x,—t+t ) +iq(x,t)dp(—x+x,—t+t )=0. (21)
D) r(t)=6q(—x+x,t) , k(x,t)=6p(—x+x,t), 6,x,ER.

Complex reverse space shifted nonlocal NLS-MB equations are

q,(x,t)—iq_(x,t)—2p(x,t)—2iq*(x,t)6q(—x+x,t)=0, (22)
—68q,(—x+x,t)+idq (—x+x,t)+26p(—x+x,t)—2iq(x,t)
8°q*(—x+x,t)=0, (23)
ip (x,t)+2wp(x,t)—2inq(x,t)=0, (24)
16p (—x+x,t)—2wbp(—x+x,t)—2indq(—x+x,t)=0, (25)
in +ip(x,t)6q(—x+x,t)+iq(x,t)dp(—x+x,t)=0. (26)

) r(xt)=6q(—x+x,—t+t)) , k(xt)=6p(—x+x,t+t ), 6,t ER.
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Complex reverse time shifted nonlocal NLS-MB equations are
q,(x,t)—iq_(x,t)—2p(xt)—2iq*(x,t)6q(—x+x,—t+t)=0,  (27)
—68q,(—x+x,—t+t ) +i6q*(—x+x,—t+t ) +26p(—x+x,—

t+t,)—2iq(x,t) §°q*(—x+x,—t+t,)=0, (28)
ip (x,t)+2wp(x,t)—2inq(x,t)=0, (29)
i6p (—x+x,—t+t)—2wép(—x+x,—t+t )—

2indq(—x+x,—t+t), (30)
in +ip(x,t)6q(—x+x,—t+t ) +iq(x,t)

6p(—x+x,—t+t )=0. (31)

1) r(x,t)=6q(—x+x0,—t+t0) , k(x,t)=6ﬁ(—x+x0,t+t0), 6,tOE]R.

Complex reverse space-time shifted nonlocal NLS-MB equations are
q,(x,t)—iq_(x,t)—2p(x,t)—2iq*(x,t)5q(—x+x,—t+t )=0,  (32)
—6q,(—x+x,—t+t )+idq (—x+x,—t+t)+26p(—x+x,

—t+t,)—2iq(x,t) 6°q*(—x+x,—t+t,)=0 (33)
ip (x,t)+2wp(x,t)—2inq(x,t)=0, (34)
i6p (—x+x,—t+t)—2wép(—x+x,—t+t )—

2indq(—x+x,—t+t,), (35)

in +ip(x,t)6q(—x+x,—t+t ) +iq(x,t)dp(—x+x,—t+t )=0. (36)

In this section, all possible shifted nonlocal reductions of NLS-MB
equations were obtained. Now, in the next section, we will show how to
construct Darboux transformation and find solution of equations (27) — (31).

3. Darboux transformation for complex reverse time shifted nonlocal
NLS-MB equation

There are some methods for constructing solutions of integrable systems,
such as the inverse scattering transformation method, the Hirota bilinear
transformation method, The Backlund and Darboux transformation (DT)
methods (He, et all, 2002) the Fokas approach, the long-time asymptotic
approach, and so on. Among them, the Darboux transformation is the most
effective method for finding explicit solutions to integrable equations. DT
has a unique advantage that in solving integrable equations their solutions
are built using a purely algebraic procedure.

Results. In this section, we will give the Darboux transformation for
complex reverse time shifted nonlocal NLS-MB equation (27) — (31).
Equations (1) - (2) are yielded by the integrability condition of the following
spectral equations
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Yx=U 3, (37
Y=V, (38)
where
Ul = _1/10'3 + U015 Vl = _21:0'3/12 + ZAU()l + V01 + ﬁv_()lﬁ (39)
_ 0 q(x,t) 40
Uor = <—6q(x,—t +t) O ) “0)
_ Q(x: t)5‘7(xz —t+ tO) Qx(x: t) — — _
Vor = l( 8,06, —t +t))  —q(x,£)8q(x, —t + to)) =10, D8q(x, —t +
0 Qx(x: t) 41
fo)os + (—qu(x, —t+ty) 0 ) 41
_ n -p(x, )\ 42
Vo1 = (—5ﬁ(x, —t+ty) -n ) (42)

We consider the following transformation of equations (27) — (31):

Y'=TY=(AI-M). (43)

The functions Y and Y’ are solutions to the system. Now, spectral problem
(37) - (38) is converted into new one and assume that the new function v’
satisfies the equations:

Yx'=U1"Y/, (44)
Yt'=v1y', (45)
myp My

where M= ( ) The relation between g,p,n and new solutions

21 Ma2
q',p'm' which is called Darboux transformation can be got by using following

equations:
T +TU=U'T, (46)
T+TV=V'T. (47)
From equation (46) we have:

20: Mx=U', M—MU,, 48)

A1 U, =U, +i[Ma,]. (49)
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By direct computation based on above identity (49), we can obtain a
relation between potential functions g’ and g:

q'=q(x,t)—2im_, (50)
89 '=6q(x,~t+t)—2im,,, (51)
and M should have a condition m = m,,. Comparing the coefficient of

A'(i=0,1,2) of the two sides of equation (20) as we did before with equation
(14), we have

M =iV —iV'_ +V' M=MV,, (52)
A 2U' M —2MU =V’ —V,, (53)
222 4[M, ]+U,~U' =0, (54)
1 / _
V=@MV (@I (55)
—lWg

Thus, from the above identities, after simplifications, several important
equations (48) — (55) were obtained that lead to Darboux transformations
for complex reverse time shifted nonlocal NLS-MB equations later. Now,
in order to determine the values of p’, 6p’and n’ we put into equation (55)
values of S,V_ ,V'_ and get
p'(x,t) = 217(m11+w)m12—Sﬁ(x,—z-to)mfz+p(x,t)(m11+w)2) (56)

1

—21(Mo2+®)My1 +8P(X,—t+t0) (Myr+w)?—p(x,t)m3,

5 (x, —t + to) = .

. (37)

T],(X t) — (Mg +w)(Myz+)+myamyq|-plx,~t+to)myz(Myp+w)+p(x,t) (Mg tw)myy (58)
) Al

where A =(m, +w)(m,,+w)—-m, m,..

The main step is to find the exact value of M expressed by solving
equations (6) and (7):

A 0

M=H(0 1,

)H-l = HAH-. (59)
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. (',Ul(ﬂl,x t) ¥i(4yx, t)) (60)
Yo(A,x,t) Wo(A2,x,t)

where detH+0. Taking account M- symmetric forms (iv) and relations

m,,=—ém, and m =-m,, we get A2=A1. So for the matrix M we have

Yo(A5x,t) Y14y x,t)

Thus, we can obtain an explicit expression for components of the matrix
M with the following values:

myq = (/1177[’1 1'»01 10, —t+t) + 5/T1¢2,11/;2,1(x» —t+ to))’
(5(/11 - i1)l/)1,11/jz,1(x: —t+ to))’ (62)
((/11 - /11)1/J1 1(x, =t + tp)P, 1)

- _ _
My =7 (/111.01,11/)1,1(95» —t+to) + 64195121 (x, —t + to)),

where A=y, (x,), ,(x,—t+t ) +5Y, (x,O), (x,—t+t)).

Discussion. Thus, we replacing equations (59) — (62) again to equations
(50) and (55) and obtain the following Darboux transformations for for
complex reverse time shifted nonlocal NLS-MB equations (27) — (31):

@0 = qlxp) - 2T EPuE Tt (g

n'(x,t) = %[(dﬁ 106, P11 (6, —t + tg) — 81 (x, )Py (x, —t + to))z +

+26 </1 >¢1 106, P41 (o, )P, 1 (x, —t + to)]
1

Zl?z [( _> Y11 (0 )Py (x, —t +t) =6 (1 - _> W21 (6,034

X (x, =t + t) 11 (x, =t + tIPy 1 (x, ) — —5p(x,A2t * to) [8 (1 - %) X
1
_ A _
X P10, 11 (x, —t +t) — (1 - ;1_1> Y1 (X, P, (x, —t + to)] X
1
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X 11 1(x, O, 1 (x, —t + ), (64)

, _2n A _
p'(x,t) = e [5 (Z_ - 1) Y110, Py 1 (x, —t + tp) +

1

X Py (%, t)ll_fz,1(x: —t+ty)+

(111/)1,1(35' OP11(x, —t + to) + 5111/’2,1(35: P, (x, —t + to))z

A _
+ <1 - Z_1> Y1 (x, P51 (x, —t + t5)
1
14
i

_ ~ —\2
_ 5p(x, _t + to) (AI - Al)
42 Ay

Wi OP2,(x, —t +t,) (65

where 21 = A4 + w- So, these equations (63) — (65) are new “seed”
solution of complex reverse time shifted nonlocal nonlocal nonlinear
Schrodinger and Maxwell-Bloch equation wich was found successfully
based on the Darboux transformation.

In this section, Darboux transformation of shifted nonlocal NLS-MB
equations where the nonlocality consists of complex reverse time fields was
obtained. We applied the Darboux transformation which is a powerful tool to
solve integrable equations. This is is the most direct and important approach
in many areas of mathematical physics. By constructing the Darboux
transformation, we derived solutions. It can be used to find explicit and exact
solutions of shifted nonlocal NLS-MB equations, including rogue waves,
breathers, solitons, and so on.

Conclusion. In this article, we have proposed and studied shifted nonlocal
NLS-MB equations, which can be derived from a reduction of the usual NLS-
MB system. Firstly, we have presented Lax pair formulation for this equation.
Secondly, we have obtained all consistent shifted nonlocal reductions of
NLS-MB equations. Several new reductions of symmetry into known NLS-
MB equations have been proposed, each of which leads to a new type of
shifted PT-symmetric or a reverse space-time shifted nonlocal NLS-MB
equations. In particular, real reverse time, real reverse space-time, complex
reverse space, complex reverse time, complex reverse space-time shifted
nonlocal NLS-MB equations were derived. This is not typical for integrable
systems that nonlocality occurs surprisingly simply, but looks completely
different. Because it correlates the values of the function at the point (x,t) in
the space-time domain (in general) to its function values at its corresponding
shifted and mirror reflected space-time point (—x+x0,—t+t0). Thirdly, we
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have established Darboux transformation for complex reverse time shifted
nonlocal NLS-MB equations. Fourthly, we have constructed solution for
shifted nonlocal nonlinear Schrodinger and Maxwell-Bloch equations,
which possess much abundant structure than those of the usual NLS-MB
system.

Using our approach one can also find N-soliton solutions of these
equations via Darboux transformation. By different methods like inverse
scattering transformation and Hirota bilinear transformation method, and
so forth, one can give different solutions for the shifted nonlocal nonlinear
equations.
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IHAMATH
AHIAPEA JEOHUJTOBUYA KYHULIBIHA

19 ssuBaps 2022 1. Ha 86 TOLy )KU3HU CKOHYAJICSI U3BECTHBIN YUEHBIH, YJIEH
HannoHansHOTro KOMUTETA 110 TEOPETUUECKON U IPUKIIAHON MexaHuke PO
npodeccop Anapeit Jleonunosuu KyHuipH.

Kynuupin A.JL. poguiics 26 nrons 1936 1. 8 Caparose. Tam jxe nmpouuiy ero
nerckue roapl. [Tana 6601 BpauoM. OH norud Ha gpponTe. Bee 3a00ThI 0 chiHe
Jery Ha miedn MaMbl. Pox KyHUIBIHBIX n3BeCTeH ¢ kKoHLA 18-ro Beka. Kupa
BnagumupoBHa noompsiia TATY CblHA K 3HAHUSM U CIIOPTY, BOCIIUTHIBAJIA
BBICOKOMOPSIOYHOTO  FOHOIIY,  OTIMYAIOLIEroCs  MCKIIOYUTEIbHON
yecTHOCTHI0. [IIkomy AHapeli 3akoHYMII ¢ 30J10TOM Menainpio Ha CaxainuHe,
Kylda ero Mama yesxaina paborarb. MHTepec k moneram mpuBen AHIpes
KyHuupiHa B MOCKOBCKUI aBHALlMOHHBIM MHCTUTYT, KyJa OH MOCTYIHJI
B1954 .

ITpuoputeTHOI B 00IIECTBE B TO BpeMsl ObLIa KOCMHYECKasi TEMaTHKA.
Jly4mux BBIYCKHHUKOB By30B pactpeneisuin B coorsercTBytomme OKb. Tak
B 1960 1. A.JI. KyHuipiH Hauan paboTaTh CHENHMAIMCTOM 110 TPACKTOPUIM
CIyTHUKOB M JPYI'MX KOCMHMYECKHMX ammaparoB. MHTepec Kk MpoekTy
camoJIeTa, JIETAIOIIEro Ha BHICOTE OJMIKHEr0 KOCMOCA, IMTPUBETT €r0 K MBICITH
0 He0OXOIMMOCTH AalibHEeHIIeH TeOpeTHUECKOM OATOTOBKU B aCIIMPAHTYpE.
Acnupantypy Kynuusin A.JL. npoxonun nox pykosoactsoM [.B. Kamenkosa
— pextopa MAMU, oxnHoro u3 opranuzatopoB KazaHCKOro aBHaniMOHHOTO
nHctutyTa. Kamenkos I'B. cymiecTBEHHO pa3BUII TEOPUIO yCTOHYMBOCTHU
JlsanyHoBa B kputndeckux ciaydasx. IIpu 3Tom 3a pamkamu paccMOTpeHHs
OCTQJINCh CIIy4al BHYTPEHHEIO PE30HAHCA — HAJIM4YUA LEIOYHUCIECHHOIO
COOTHOUIEHMSI MEXKIY 4aCTOTAMH JIMHEWHON CUCTEMBI.

Hayunsle untepecsl A.JI. KyHunpiHa Ha MHOTO JIET CTajau CBS3aHbI C
Teopuell BHYTPEHHETO PE30HAHCA U €€ IPUIIOKEHUSIMH B 337a4aX MEXaHUKH.
B 70-x rogax mpomuioro Beka HayajloCh MHTEHCHBHOE M3YYEHHME CHCTEM,
KOTOpbIE CO BpeMeHH co3znaHus A.M. JIAnmyHOBBIM T€OpUU yCTOHYHMBOCTHU
BBI3bIBAIM IPUHLUIIMAIBHBIE TPYAHOCTU. TeM HE MEHee, TaKhe CUCTEMBI
UMEIOT BaXHOE 3HAYeHHWE B OOBSICHEHUH PE30HAHCHBIX 3(PPEKTOB,
BCTPEUAIOLIUXCS KaK B IPUPOAE, TaK M B MATeMaTHYECKUX MOJIEISX.
Kynunpsin AJL. momyumn pesynasraTsl JUlsi HaubOosiee BaXKHBIX CIIydaeB
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pEe30HaHCa HU3IIMX MOPSAJKOB JJI1 aBTOHOMHBIX U HEPUOANYECKUX CHCTEM
obmiero Buaa. lccrienoBanus moabITOXeHbI B MOHOTpaduu «HekoTopbie
3a/laud yCTOMYMBOCTU HEJIMHEHWHBIX PE30HAHCHBIX CHUCTEM» (COBMECTHO
¢ TamumossiM JI.T.) u 0030pe «YCTONYMBOCTh B PE30HAHCHBIX CIy4asx»
(coBmectHO ¢ MapkeeBbiM A.I1.). Cerogus B HayuHoMm Mupe ums KyHuiipina
AJL cBs3BIBAIOT C Pa3pabOTKOM TEOPUHM YCTOMYUBOCTH PE3OHAHCHBIX
cucteM o01ero (HeraMmJIBTOHOBOTO) BU/IA.

UccnenoBanust Kynunbsina A.JL. Bcerma ObUIM CBA3aHBI ¢ HEOECHOMH
MEXaHUKOM M KOCMOHAaBTUKOM. Ero paboTel 1O reocralnoHapHOMY
CIYTHUKY, TpPEyroJbHBIM TOYKAM JHOpaly HEOTpaHUYEHHOW 3a7a4uu
Tpex Tej, cTaOWIN3aluu CIYyTHHUKA B KOJUIMHEAPHBIX TOYKAaX TUOpanuu B
cucteMe 3emuis-JIyHa, TBU)KEHHIO Tejla B IPABUTALMOHHO-PENYJIbCUBHOM
nonie (dororpaBUTAIIMOHHAs 3a/laya TpeX TeJ) XOPOIIO H3BECTHHI B
HayyHOM Mmupe. B HeorpannuenHoi 3anade tpex Tena KyHuubiHbiM A.JL
JlaHa TeoMeTpUYecKas WHTEPIIPETAIHs JIsl TPEYTOJIbHBIX TOYEK JIMOpaluu
B HEJIMHEHHON MOCTAHOBKE M IOJYYEHBI PE3yJbTaTbl M0 YCTOMYHUBOCTH.
B ¢dotorpaButaninoHHoOi KpyroBoil 3ajade Tpex Teld ¢ OJHUM U ABYMS
U3IyYaloluMu TedamMu uM (coBmecTHO ¢ TypembaeBbiM A.T.) ymamock
OIHCATh BCE yCTONYMBBIE MHOXKECTBA TOUEK IUOpanuu. B 3Be31H0M TuHAMuKe
OH TIPEJJIOKUI MOJEIb, KOTOPAsl BIIOCJIEACTBUU MO3BOJIMIIA MIPEICKA3bIBATH
CYLIECTBOBAHME TUTAHTCKUX OOJAUHBIX CKOMUIEHWH Mukpouactui. A.JL.
KynuipiH OblT TpU3HAHHBIM ABTOPUTETOM 1O (DOTOrpaBUTALMOHHON
HebecHoit mexaHuke. Ero o630p mo (oTrorpaBUTAllMOHHOM 3aJadye Tpex
ten (coBmectHo ¢ [lomsaxoBoit E.H.) He TepsieT akTyaabHOCTH M TIOHBIHE.
PaGorer A.Jl. KyHunbiHa OTIMYAIOT SCHOCTh IIOCTAHOBKU 3a/1auH,
aHAJIUTUYECKas IIyOMHA U U3ALIECTBO TEOMETPHUECKON HHTEPIPETAIUH.

On aBrop u coaBrop Oonee 100 pabot, Bkiarouas 3 MoOHOrpaduwu.
B 1966 r. Kynuupia A.JL.. 6bu1 npuriamies npod. lesuenko K.H. 8 MUDOU
Ha Kadeapy, e Ha4alu TOTOBUTH CIIEIIMATMCTOB 10 KOCMUYECKOW TEMATHKe.
31ech BO BCEH MOJHOTE MPOSBWICS MEAAaroru4eckuid TtajgaHT AHapes
Jleonnnosuua, ysnekmuii Haykoii Mensenesa C.B., Kpacunsaukosa I1.C.,
[lepexoruna A.A., Txait B.H. — crynenToB crapmux KypcoB. B 3to xe
BpeMsi KaHIUAATCKYIO OuccepTanuio 3amutui Meip3abekoB T.—mepBblit
yuenuk u3 Kazaxcrana. B 1977 r. AJL. KynunsiH BepHyics B ajibMa-
MaTep Ha Kadeapy TEeOpeTHUYECKOM MEXaHMKH, rae padotan mnpodeccopom
0 yxoja Ha mneHcuwo. JJokTopckyr aucceprauuio oH 3amutui B 1980
r. 3Banue mpocdeccopa emy mpucBoeHo B 1983r. B 2006 r. u3bpan B
HaunoHanbHbIi KOMUTET IO TEOPETUYECKON U MPUKIAIHON MexaHuke PD.
Ounnan MAW B r. JIeHMHCK NpHUBIEKAeT TaJaHTIMBYIO MOJIONEKb M3

159



ISSN 2224-5227 2.2022

Kazaxcrana. B pesynbrare A.JI. KyHUIIBIHBIM CO31aHa Hay4dHas IIKOJIA B
Kazaxcrane. Beero non pykoBonctsom A.JI. Kynuneina B MAU 3ammtunuce
8 yuenbix u3 Kazaxcrana. Bugnseiii npeacraBurens mkonbl Tamumos JLT.
CTal JOKTOpOM Hayk, nmpodeccopom, akagemukoM HAH PK (ckonuancs B
2021 r). B crynenueckue roast A.JI. KyHuIisiH ObU1 U3BECTEH KaK YEMITHOH
MockBbl 1o mTanre, ceiuac B youtube https://youtu.be/WJh7Nrwqq68
CIIyIIAIOT TECHIO Ha ero ctuxu. OH T00MIT eCHHU, HaBESHHBIC IIUPOKUMU
npoctopamu Boury, nen pomanckl. OH NOMIO0MIT Ka3aXCKYIO KYJIBTYPY.

I1.C. KpacunsaukoB (mpodeccop MAU), A.Il. MapkeeB (mpodeccop
M®THN), C.B. Mensenes (mpodeccop MAUN), E.H. Ilonsixosa (mpodeccop
CIIoI'Y), B.H. Txaii (raBusii Hayunbli coTpyaauk UITY PAH, npodeccop),
A.A. Tlepexorun (npodeccop MAU), A.C. Myparos (mpocdeccop FOKVY),
A.T. TypembaeB (npodeccop KY um. KopkbiTr Arta), A.A. Tyskbaen
(nmpodeccop KY nm. KopkeiT ATa).
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