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TO THE INVERSE PROBLEM OF COMET DYNAMICS

Abstract. In this work, we develop further consideration of the inverse problem of Celestial Mechanics -
the problem of reconstruction of a non-stationary space symmetrical regular planar potential of the gravitating
system generating a family of evolving types of orbits.

As an application of the inverse problem to the dynamic evolution of real gravitating systems, we show
that this equation can be applied to the determination of non-gravitational forces in comet dynamics in context
of observing dependences of osculating elements of comet orbits on time.

We must note, comets are among the most important objects of study in modern celestial mechanics. A
significant difference between comets and other celestial bodies, for example, asteroids, is that there are a
number of features in their movement that do not have a gravitational nature. In this regard, they are called
non-gravitational effects associated with the loss of matter from the surface of a comet, or with the interaction
of the nucleus and interstellar matter, as a result of which friction forces arise, or with the accretion of matter
by the comet nucleus.

This study of non-gravitational effects provides better understanding of comet dynamics and helping to
explain an existing discrepancy between the calculated and observed orbits of comets.

Key words: Celestial mechanics — Inverse Problem — Comet Dynamics.
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KOMETAJIAP IUHAMUKACBIHBIH KEPI ECEBI

Annotanus. byn sxympicTa 013 acrnaH MeXaHUKAChIHBIH Kepi MOCEeCiH - OpOUTaNapAbIH AaMbIIl Kelie
YKaTKaH TYpJePiHiH TOOBIH KYPaThIH I'PaBUTAIMSIIBIK XK YHEHIH CTAI[HOHAPIIBIK eMEC KeHICTIKTIK-CHMMETPHSLIIBI
TYPAKThl JKa3bIKTHIK IOTCHIMAJIBIH KaJIIbIHA KEITIpy MoceleciH KapacTelpaMbi3. Kepi ecenTi HaKThI
IPaBUTALMSIIBIK JKYHENIepAiH JMHAMUKAIIBIK SBOJIOLMACHIHA KOJIaHA OTBIPBII, KOMETa JTUHAMHKACHIHIAFbI
IPaBUTALMSIIBIK €MEC KYLITEpi aHbIKTayFa, KOMeTa OpOHTANapbIHBIH TepOeIMElli 3JIEMEHTTEPIHIH yaKbITKa
TOYEIIUIITIH OaKpUIay TYPFBICEIHAH KOJIJaHyFa OOIaThIHIBIFBIH KOPCETEMI3.

Komeranap ka3ipri aciaH MeXaHUKaChIHAAFbl MaHBI3/Ibl 3ePTTEY HBICAHIAPBIHBIH Oipi €KEHIH aTar eTKeH
xeH. Komeranmap MeH 0acka acmaH JEHENEpiHIH, MbICAJbl aCTePOMIATAPIbIH apachlHIa KO3FAJBICHIHA
IPaBUTALMSUIBIK CHUIATBI KOK OipKarap MaHbI3/bl albIpMallbUIbIKTap Oap. OckifaH OalIaHBICTBI KOMETa
OCTiHEeH 3aTThIH JKOFaJyblHa HEMece YHKeIIC KYIITEPiH TyAbIPAThIH SIPO MEH KYJIJIbI3apaliblK MaTepHSHBIH
@3apa JpEKeTTeCyiHe HeMece KOMeTa SPOCHIHBIH 3aTThIH aKKPEHHAChIHA OailIaHBICTBHI I'PaBHTALUSICHI3
acepJep e aTaipl.

By rpaBUTAMSIIBIK eMec dcepIepal 3epTTey KOMeTallap/blH ANHAMUKACHIH JKaKChl TYCIHYTe€ MYMKIHIIK
Oepenti XKoHE eCeNTeNreH KoHe OaKbUIaHATBIH KOMETaNIapAblH OpOHUTallapbl apachlHIAFbl albIPMAIIBUTBIKTHI
TYCIHIIpYTe KOMEKTECE/II.

Tyiiin ce3mep: acrnaH MEXaHUKACHI — KePi €cell — KOMeTalap/IblH JMHAMHKACHI.
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K OBPATHOM 3AJIEYE TUHAMMKHA KOMET

AnHoTauusi. B nmanHOi paboTe aBTOpHI pa3BUBAIOT AajbHEHIIEE PACCMOTPEHHE OOPaTHOH 3aladyu
HeOeCHOH MEXaHUKH — 33/1a4d BOCCTAHOBJICHHSI HECTAMOHAPHOIO MPOCTPAHCTBEHHOTO CHMMETPUYHOTO
PEeryasipHOTO IUIAHAPHOTO MOTEHIMalla TPAaBUTHUPYIOLIEH CHCTEMbI, MOPOXKIAIOLIET0 CEMENCTBO
ABOJIIOIUOHUPYIOLIUX THUIIOB OPOHT.

B kauectBe mpuiokeHHs 0OpaTHOH 3alauyll K JTUHAMHUYECKOW DBOJIIOLUH peabHBIX T'PaBUTHPYIOIINX
CHUCTEM MBI IOKAa3bIBAEM, UTO 3TO YPABHCHUEC MOXKECT OBITh MMPUMCHCHO JIs1 ONIPCACIICHUA HETPAaBUTALITMOHHBIX
CWI B IMHAMHKE KOMET B KOHTEKCTE HAOJNIOJCHUS 3aBUCUMOCTEH OCKYJIUPYIOIIUX IEMEHTOB OPOUT KOMET
OT BPEMEHHU.

CJ'IG,[[yCT OTMETUTDH, YTO KOMCEThI ABJIAIOTCSA OJHUMH M3 BOKHENUIINX OOBEKTOB H3ydYCHUS COBpCMCHHOfI
HeOecHol Mexanuku. CyllecTBeHHAs! Pa3HUIIA MEXK]y KOMETaMHU U APYTUMH HEOSCHBIMU TeJIaMU, HallpMep,
acTeponiamMu, COCTOUT B TOM, UTO B UX ABUIKCHUUN C€CTh PAL OCO6CHHOCT€I>'I, HE UMCIOIIINX FpaBHTaHHOHHOﬁ
npuposl. B B3 € 3TUM HX Ha3BIBAIOT HETPABUTAIIMOHHBIMU (P eKTaMu, CBI3aHHBIMHU C TOTepeil BelecTBa
C MOBEPXHOCTH KOMETHI, TMOO ¢ B3aMMOJICHCTBUEM SIIpa U MEK3BE3THOTO BEIIECTBA, B PE3YJIBTaTe KOTOPOTO
BO3HHMKAIOT CHJIBI TPEHUS, TMOO C aKKpEeLHel BeIEeCTBa SAPOM KOMETHI.

OTO HCCIENOBAaHUE HETPABUTAIMOHHBIX 3((EKTOB 00SCIICUUBACT JIydlllee TOHUMAHUE JTMHAMUKHA KOMET
Y TIOMOTaeT OOBSICHUTH CYLIECTBYIONIEE PACXOKICHUE MEXK/Y pAaCCUMTAHHBIMH M HaOII01aeMbIMKU OpOUTaMK
KOMET.

KiroueBble ciioBa: HeOecHass MexaHUKa — OOparHas 3aja4a — JUHAMHUKa KOMET.

Introduction. The inverse problem of dynamics is the finding of potentials and force fields generating
given families of orbits. Szebehely’s equation [9] is a first order partial differential equation with a given
family of orbits f (X,y) =u = const traced by a unit mass material point, the total energy E = E( f ), and
the unknown potential U = U (x, y) which produces the family. Earlier [6,7] we studied the problem of the
reconstruction of a non-stationary space symmetrical regular planar potential of the gravitating system on a
family of evolving types of orbits. We introduced the general form of the evolving orbit which we use when
writing out the differential equations for non-stationary potential. In the above-mentioned studies, we made
an additional transformation of the basic equation of the problem and demonstrated an appropriate example
of the construction of a non-stationary potential of a gravitating system. An application of such an inverse
problem to the dynamical evolution of stellar systems with variable masses was given.

The aim of the research. In this paper we are considering the inverse problem to the comet dynamics,
reconstructing a non-stationary space symmetrical regular planar potential of the gravitating system on a
family of evolving types of orbits.

An application of such an inverse problem can be extended to the comet dynamics according to observing
dependences of osculating elements of comet orbits on time [1, 7].

Also, we take into account the fact, that three or more appearances short-period comets require consideration
of non-gravitational effects [4, 5]. in their motion related to interaction between comet core and interstellar
matter, resulting in friction forces, as well as accretion of matter by core or loss of matter from comet surface
may occur, and such studies are important due to available discrepancy between estimated and observing
orbits of comets [2,8].

Research method. The research method is generalized non-stationary inverse problem with additional
friction force. In the inverse problem of the reconstruction of a non-stationary potential on a family of
evolving type of orbits the following must be noted. Evolution of orbits may be connected not only to the non-
stationary potential force field, but to the existence of dissipative factors of friction - like forces. In this case,
we can write down the equations of motion with additional friction force and then put the inverse problem of
reconstruction the potential force field as part of the force field of the problem.

Here we consider a generalized non-stationary potential with additional friction force, described by
equations in the form
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i=U,+ax, y=U, +ay
where U =U (x, ¥, t) is a non-stationary potential, o = a(t) is a magnitude generally depending on time

and characterizing the action of additional forces of friction nature.
Let us take a monoparametric family of evolving type of planar orbits

£ (x,y,t)=u = const, )
Assuming the motion of a material point of a unit mass on given family of orbits (2), according to equations
(1), consider the problem of reconstruction of non-stationary potential U = U(x, y,?), generating the given

monoparametric family f (x, ¥, t) = u of evolving in time planar orbits.
The system (1) possesses the integral of the form
mlxy - yi)= C(t) 3)
where the following notation is used:
t
m = expy— jadt 4)

fo

where ? - is some initial epoch.
With the help of the non-stationary inverse problem method [7] we derive the following equation:

_2fxyfxfy —"fyyfxZ _2nyfxt _fxfyt i
(xfx +3f, )2 X+,

fof)
2 Joxx
fU,+ U, +C 4

Ay fa = LS ) e fy = Fih) W+ 20, 43 1,) .

+2Cf, : + £, . — O]
(e, +7,) (. +27,)

X + X
—2f——>+f, —af, =0

X+ ),
where in addition to notation (4) we introduce the another one

(6)

C =C(t)=m™" Const

Equation (5) is the first order partial differential equation with respect to the non-stationary potential
U=U (x, ¥, t) and containing other non-stationary factors, that can play essential role in dynamic evolution
of real gravitating systems through the magnitude ¢ (t) This equation stands for the generalized non-stationary

analogue of Szebehely equation.
The solution of the Eq. (5) is equivalent to solution of the system of ordinary differential equations

dx _dy _ dU (7
fo W
where the following notation is introduced
S /8 80 YN
o, +27,) X+,
cacy Wt L8 ) Lo = 1) | 2 L4200, 437 ,) ®
(o, +7,) W, +7,)

_ fMJrf”_aft

" Xf 4,
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In the most general case, the solution of Eq. (10) is an arbitrary function of the independent integrals of
the Eq. (11).

Let us now assume that we study a motion, performed by the system of equations of the form
%= F(x,y,t)+a(t)
y=F(x,y,t)+at)y, )

where 7> = x> + »* and a(t)— is the given function of time.
Let U (x, y,t) is the potential of the central force F":

px_0U, pr_9Y (10)
r Oox r 8y

The system of Eq.(1) has the integral

(= 35) =[x = v %, Jexpr [t { = C(0). (11

fy

where 7, - is some initial epoch.
In polar coordinates ¥ and @ Eq. (5) takes the form:

fU+lﬁz+ f(mJ=ufﬁ¢2vmu¢+ﬁﬁ+lmﬁ%

C
s )

27, (12)

rf;

Il Lo 21T
17 Ji

Research results and discussion. The astrometric observations available up to this point did not provide
meaningful constraints on the cometary non-gravitational perturbations, which lead to different orbit solutions
[5].

Assuming that the potential U = U (x, v, t) is spherically symmetrical and contains a stationary Newtonian
term that is inversely proportional to 7, we can write it in the form

(S =t g F o )+

+j;t _aft =

U=E10(.) (13)
r

where u is positive constant, (I)(r, t) is a non-stationary term of the potential.

The general form of the evolving comet orbit which we use when writing out the differential equations
for non-stationary potential may also be interpreted as an osculating orbit of the perturbed Keplerian motion.

In this case, solution of the Eq. (l)we can describe with the help of the perturbed Keplerian motion on
osculating orbit with radius defined by the conic equation

r= P (14)
I+ ecos((p —w)

where equation for semi-latus rectum p [2]

dt =2a(t)p. (15)

Then, the family of evolving comet orbits (2) we can write in the form [8]:

exp —2.[a(t)a’t [l+ecos(p-0)=p . (16)

0
fy
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where the osculating elements € and @ are considered as known functions of time.
On the ground of Eq. (16), considering with (17) and (20), we obtain the following extended form of the
non-stationary potential:

C2 72j.a(t)dt
Ur=E-=—c »  +2mr-(a’()-al))* + ), (17)

ropor
or, with accuracy up to the arbitrary explicit function of time we have

2 —zj'a(t)dt
Urn=F- ¢ v famr—Ba’()-a()) (18)

roopor
In other words, as a result, we get the non-stationary potential (22), generating a given family of quasiconic
orbits (20), It determines in the system of Eq. (l 3) the central force of the form

F(r,t):—}%17+pcr3e o f+r%7—2(3a2(z)—oz(z))f- 19)
0

As we see, the above considered inverse problem acquires a common dynamical interest, particularly, for
comet dynamics problems, when it is required to determine analytical forms of non-gravitational forces in
equations of motion on observable dependences of osculating elements of comet orbits on time.

Conclusions. We have considered the inverse problem of the reconstruction of a non-stationary space
symmetrical regular planar potential of the gravitating system generating a family of evolving types of
orbits. We showed that this problem can be applied to the determination of non-gravitational forces in comet
dynamics according to observing dependences of osculating elements of comet orbits on time [1, 8].
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