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NOVEL APPROACHES TO MODELING
AND CALCULATING FLOWS PARAMETERS
OF DENSE POLYDISPERSED SUSPENSIONS

Abstract. Modeling the sediments of dense polydisperse suspensions and the calculation of the corresponding
equipment have some features that are often not taken into account in engineering calculations. This article provides
an overview and analysis of these features, and also outlines ways to solve the problems arising in the calculation of
the deposition of polydisperse suspensions in relation to specific structures of industrial apparatuses. New
approaches to the mathematical description of the flow of dense suspensions and sediments taking into account the
experimentally observed characteristics of the flow of such systems have been offered. The modern model that
allows describing this phenomenon and eliminating the corresponding limitations of known models has been
submitted. The submitted model describes the fluidity of the medium in a wide range of the content of dispersed
solid phase even at its high concentrations. Such result has been achieved thanks to a new heuristic expression for
calculating the relative viscosity of the suspension as a function of the concentration of the solid phase.

The formula for calculating the outflow rate from buffer tanks with accounting to the energy dissipation has
been submitted. Such an approach allows to propose a calculation scheme that can be adapted to different rheological
models.

Keywords: polydisperse, suspensions, buffer tanks, sedimentation, mathematical description.

Introduction. Modeling the sedimentation of polydisperse suspensions and the calculation of the
corresponding equipment parameters have some features that are often not taken into account in
engineering calculation methods. This paper provides a brief overview and analysis of these features, and
also outlines ways to solve the problems arising in the calculation of the deposition of polydisperse
suspensions in relation to specific structures of industrial apparatuses.

An important role in the deposition of polydisperse suspensions is played by the phenomena of an
increase in the viscosity of concentrated suspensions of solid particles in a liquid when shear stresses are
applied to them. This effect is associated with the transition from a flat layered structure of the
arrangement of particles in suspension to a chaotic, three-dimensional distribution during deformations [1,
2]. During the transition, the viscosity grows continuously and quickly reaches a maximum; with a further
increase in shear rate, it may fall.

The following parameters have an impact on this process: particle size distributions, their volume
fraction, shape, interaction with other particles which can accompanied with aggregation processes, the
viscosity of the continuous phase, as well as type, velocity and time of deformation. The best means of
avoiding an increase in viscosity in practical situations is to reduce particle sizes or increase their volume
fraction. Due to the narrowness of the range of shear rates in which the viscosity increases, to characterize
such suspensions, one can use the power dependences of viscosity on shear rate [3].

In theoretical analysis of convective flows, which are set up in undiluted suspensions, during
sedimentation of particles near the wall of an inclined sump, one can use the equations of momentum
averaged over the ensemble neglecting Reynolds stresses at small Reynolds numbers.




Reports of the National Academy of sciences of the Republic of Kazakhstan

When considering the inhomogeneous system of particles of the dispersed phase, which have a non-
spherical shape, a procedure was developed within the framework of the hydrodynamic approach, which
allows expressing the force and moment of forces acting on each particle of the dispersed phase in the
form of linear combinations of perturbations (temperature gradient, tensor external voltages, etc.), the
coefficients at which are the tensors of the corresponding ranks [5].

For the case when the particles of the dispersed phase have the form of weakly deformed spheres, a
method has been developed that makes it possible to calculate the specific form of these tensors taking
into account the interaction of any number of particles [6]. In the case when the mixture consists of
Newtonian liquid and from the solid spherical particles of the same sizes suspended in it, the sources of
stress arising in the dispersed phase are:

1) particle collisions between themselves,

2) chaotic particle motion,

3) hydrodynamic interaction of particles and liquids.

Usually the focus is on the consideration of hydrodynamic interaction. The resulting expression for
the stress tensor due to the presence of solid particles coincides with the expression obtained in [6] for the
case of a slow flow of a dilute suspension of solid particles using the concept of averaging over volume.

The diluted suspension of identical non-deformable solid particles in incompressible fluid is quite
often considered, where using the averaging procedure by volume and time based on the equation of
motion of a single particle in a turbulent flow, the equations of conservation of momentum and moment of
momentum for the solid phase are derived . The main attention is paid, as a rule, to the derivation of the
relations necessary for the closure of these equations for the fluxes of the quantity of motion and angular
momentum, which are caused by turbulent flow pulsations.

It is assumed that the inertia of particles is sufficiently large, as a result of which the flow turbulence
has only a weak effect on their movement, determined by the balance of gravity, aerodynamic force and
momentum transfer during collisions of particles with solid walls bounding the current suspension. In this
case, it is possible to obtain a closing relation of the second order [7, §].

In many theoretical and experimental studies of the sedimentation process under the action of gravity
of a narrow fraction of polydisperse suspensions, the time variation of the thickness of the zone in the
upper part of the precipitation column separating the pure liquid from the slurry layer containing particles
of all sizes is traced. It is assumed that the deposited particles, the dimensions of which obey the normal
law of distribution, move in the Stokes mode. Inertial forces and Brownian motion are not taken into
account. The distribution of the concentration and size of particles over the time and frequency of the
precipitation column is calculated by numerically solving the mass conservation equation, supplemented
by a relation determining the relationship between the deposition rates and the local particle
concentrations [9].

In the case when the sedimentation of a suspension occurs in an arbitrary container, in the
approximation of a creeping flow, the problem of precipitating a diluted monodisperse suspension of solid
spherical particles inside the container is considered. Particles have a statistically uniform distribution in
space. In the expression for the dimensionless average particle velocity on the axis of an arbitrary
container (as characteristic, the Stokes velocity of a single sphere in an unbounded fluid is taken) in the
limiting case, when its walls are removed to infinity, it can be shown that the coefficient of volume
concentration depends only on the asymptotics the tendency to infinity of the linear dimensions of the
container in the averaging procedure. This allows obtaining the value of the sedimentation rate of the
suspension inside a container with infinitely remote walls of almost arbitrary shape [10].

In this paper, new approaches to the mathematical description of the flow of dense suspensions and
sediments are proposed taking into account the real physical flow regularities of such systems.

General mathematical model the flow of dense suspensions and sediments.

The flow of thick suspensions, as a rule, occurs at low Reynolds numbers. Thus, in particular, the
outflow of viscous sediments from tanks and bunkers is carried out in a creeping regime. In the case of
fine solid particles contained in the non-stratified suspension as a dispersed phase, the suspension can be
regarded as a homogeneous liquid with some effective viscosity [11, 12].

Therefore, it is correct to use Nusselt approximation for describing the flows of thin layers of dense
suspensions [13, 14].

— 28 ——
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The impulse equations of a thin layer of a viscous fluid in the Nusselt approximation can be written in
the following form.

i(ﬂ 8—Uj+p gcosy =0 (1)
o\ o)

Here U is the longitudinal component of liquid flow velocity; g is the gravity acceleration and y is an
angle of the support surface inclination.

The effective viscosity of the suspension, taking into account the effect of solid particles suspended in
the liquid, is determined from the relationship [12, 15]:

/us = lullur’ (2)

where g4 is a viscosity of the pure liquid and g, is a relative viscosity depending on the solid phase
content.
The relative viscosity of the suspension is proposed to be calculated by the formula [12, 14]:
-
po=|1-—| 3)
D

where ¢ ,, is certain maximum content of dispersed solid phase; and o is empirical indicator.
It is known [14] that for a wide class of liquids with hydrophilic inclusions of a finely dispersed solid
phase over a wide range of variation of the regime parameters, the following estimates are valid:

¢, =168 a=1382 4)

At the same time, as can be seen from formula (3), for, the effective viscosity calculated by formula
(3) tends to infinity when ¢ — ¢ ..

This circumstance contradicts the data of experimental studies [15, 16]. In fact, even very thick
suspensions with the maximum solids content can be yet attributed to dense sediments that have fluidity.
For example, industrial slimes, as well as natural mudflows, save the fluidity up to very high
concentrations of the solid phase [17, 18]. Therefore, we propose a somewhat different model that
eliminates the mentioned contradiction.

First, for small parameter ¢ values, the model must be consistent with formula (3).

Second, for ¢ — ¢ ,, the asymptotic behavior . — w4, where g, is a certain limiting value of the
relative viscosity, must be realized.

Let us introduce the special parameter:

¢

p=—— ()
—
In accordance with our assumptions, the function must satisfy the following conditions:
du
= (0)=a, ©)

ap
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limu, =u,, @)
B0

#,(0)=1. ®)

The simplest approximation for the desired function reads

aﬂ’"lﬂ+1
+1
,Um_lﬂ

H, =

Figure 1 shows some results of calculations using formulas (3) and (9) for different values of the
limiting relative viscosity.

It can be seen from the graphs that in the range of solids concentration in the suspension less than
0.12, the difference in the calculated values of the relative viscosity by formulas (3) and (9) does not
exceed 18% at w4, > 20.

However, in the concentration range from 0.2 to 0.5, the calculated values already differ by more than

50%, even for*m = 1000

L,

1.7

Relative viscosity

0 0.01 0.08 0.12 0.16 0.20

Bulk disperse solids content

Figure 1 - Calculation using formula (9): 1- g, =2,
2- 4, =20, 3- u,, =100, 4- 1,, =1000 ; 5- calculation using (3)

Modeling the outflow of dense suspensions from reservoirs

The discharge of sediment (or sludge) is usually carried out in a batch mode. In this case, the outlet
sizes of the bunker should be sufficient to provide the required throughput [12, 19]. At the same time, they
must exclude the accumulation (hanging) of the loose cargo in the bunker. In order to avoid the sudden
collapse of large masses of the loose cargo through the holes, as well as to avoid need in high weight of
the gates, the discharge outlet must not be excessively large [19, 20].

The main geometrical parameters of the buffer tanks are shown in Figure 2. The volume of the bunker
of cylindrical shape, consisting of a cylinder in the upper part and a truncated cone in the bottom, is found

by the following formula:
Q:GﬁHl (R2 + R,R, + R? )j+7rR12Hl- (10)
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»ld
P

1- the bunker housing; 2) a receiving vessel; 3- feeder; 4- cutting knife

Figure 2 - Scheme of bunkers for discharging sediments from reactors

The most important work parameters of tanks are their throughput O and the velocity of the sediment
outflow V;[16, 20]. The rate of the sediment outflow can be calculated from the following considerations.
Because the flow of a viscous precipitate occurs in a creeping regime [21, 22], then the total pressure drop
along the height of the sediment layer can be determined on the base of the average energy dissipation
according to the formula:

2 (Hy=H)ViP.

ap=2 (11)
Re d, 2
After obvious rearrangements the formula for pressure drop at the low Reynolds number reads
H,-HWV
AP=2 4 (Hy - HY (12)
2 d;

Let us write the Bernoulli equation with respect to the sediment layer surface in the conical hopper
and at the outlet:

1(R2Y 1
H+p—| =2 |V}=p=V]+AP. (13)
Pg pz(sz ;=P

1

After substituting formula (12) into relation (13) the equation looks as following

2
1( R? 1 4 (Hy-H,
H+p—| 2| Vi=p-V:isZpy-— *-7. (14)
& '02[R12J I T
As a result the formula for outflow rate reads
V, =—y(Hy - H)++ly>(H, — H)® +2gH . (15)

where the control parameters are
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4
4 ,ﬂ:&,y:&. (16)

pd? R} 2(1-B)

G =

The formula for calculating the outflow rate can be rewritten in the dimensionless form by using the

characteristic time of the tank full emptying T .

7, ==S,(1=h)+S2(1—=h) +S,h . (17
Here
* 2
~ T H . T
V,=V,—; h=—:8,=yT"; S,=2g— - (18)
f fHO H, | =V 2 gHo

Figure 3 depicts some results of numerical study of the outflow rate as a function of the height of

G

_YUH
2(1 _ ﬂ) - for HO

thick sediment in the buffer tank under the various values of the control parameter 7 =

= 2 meters.
/i

02 04 08 08 1 12 14 16 18 28

=10 , y=10* ; y =10° , y =10

Figure 3 - Outflow rate as a function of the parameter V- 4

It can be seen from the graphs that while increasing the control parameter”, the behavior of the
dependence of outflow rate on the height of a sediment layer is radically changed. Namely, under the
certain viscosity of the thick sediment, the emptying of the reservoir after a while occurs at such a low rate
that it practically ceases. This phenomenon predicted by our simple model was indeed observed in
experiments and in engineering practice [18, 21]. The analysis of known models and calculation methods
does not lead us nevertheless to other models that describe this phenomenon convincingly [22, 23].

Creation of reliable high-performance machines specifies the use of new materials for manufacture of
their parts. At the same time, manufacturers do not have time to introduce new processing technologies
using durable cutting tools that require a lot of time and financial resources [24].

Conclusions. As a result of the work, an approach to the problem of describing the flow of dense
suspensions and deposits has been developed. The submitted model allows taking into account the fluidity
of the medium up to high concentrations of the dispersed solid phase in the suspension, and also
describing the features of the flow of thick suspensions near a solid wall.

The novel model demonstrates good qualitative agreement with experimental observations, but it
requires a more detailed analysis of the array of experimental data in order to clarify a number of control
parameters applied to specific physicochemical systems. After such an analysis, the proposed approach
and the corresponding model can be useful as a basis for the engineering calculation technique.

— 3) ——
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A.O. Ka3eﬂonal, A.M. Bpeﬂepl, B.I. Fonyﬁesl, AD. .JIeBllaHCKHﬁZ,
I'.JI. Kemxxamnena', LK. Ilananos', K. Kymanynnaes'

M. Oyesos ateiHaarsl OKMY, IlIemvkent, Kazakcran;
2 benopycckuil rocy1apCTBEHHBII TEXHOJIOTM4YECKUI yHuBepcurer, I.MuHck, benapycs

KOIO NOJIMJUCHEPCTI CYCHIEH3USIJIAP AFBIHJIAPBIHBIH
HAPAMETPJIEPIH MOJEJIBAEYTE )KOHE ECEIITEYT'E ’KAHA AMAJIJAP

Annoranus. [TomuancnepcTi CycneH3MsIIapaplH MIOTyiH MOJENbICY MEH THICTI ammapaTypaHBl €CeNnTeyaiH
KelOip epekmenikrepi Oap, olap WHKEHEPIIK ecenTeynep KesiHme Oemikredl eckepimmerni. Ockl Makamama OCHI
epeKIICTIKTepre MOy XKOHE Talliay >KAcalbIHFaH, COHal-aK MOJMAUCIEPCTI CYCHEH3UsIIAP/bIH IIOTYiH eCenTey
OapbIChIHIA TYybIHJaFaH Mocejeseplli, OHEPKACINTIK anmnapartapAblH HAKThl KYPBUIBIMBIHA KOJIJAHBIMABI IIEILY
JKOJIZIAPBI aTall OTUITeH.

OcplHmaid o KyHenepAiH arblHBIHBIH TOXIpHOeNnik OakpUiay CHIIATTaMalapblH €CKepe OTBIPBIN, THIFBI3
CyCriCH3usAJIapAblH, arblHbl MCH ]_Ilel"iH}IiJ'lepZ[i MaTeMaTUKaJbIK CUIllaTTayra XaHa aMajgap YCbIHBIJIFaH. Ochl
KYOBUIBICTBI CHIIATTayFa XKOHE OCNTiIi MOJCNIBICPAIH THICTI IIEKTEYJICPiH JKOIFa MYMKIHAIK OepeTiH 3aMaHayu
MOJIETIb YCHIHBUIFaH. ¥ ChIHBUIFAH MOJIEJIb JKOFapbl KOHLEHTpalMsIapaa 1a AUCHEPCTi KaTThl (aza KypambIHBIHBIH
KEH apaJbIFbIHAA OPTaHBIH AKKBIITHIFBIH cunaTtTaiiibl. OchlHAal HOTIXKere KaTThl (pa3aHbIH KOHLEHTPALMSICHIHA
TOYEJIZl CYCICH3MSHBIH CaJbICTBIPMAaNbl TYTKBIPJIBIFBIH €CENTeyre apHajJFfaH >KaHa 3BPUCTUKAIIBIK OPHEKTIH
apKachIH/1a KOJI JKEeTTi.

DHePrusiHbIH TapalyblH €CKEPEe OTHIPBII, Pe3epByapiiap/aH ary JKbUIJAM/bIFbIH €CcenTeyre apHairan Gopmyia
yChIHBULIBL. MyHzaii aman op Typii PeoNIOTHSUIBIK MOJeNbaepre OeiiMaenreH ecentey Cya0achlH YChIHYFa
MYMKIHIIIK Oepei.

Tyitin  cesmep: mosuaucrepcusi, CYCHEH3WsUIap, pe3epByapiiap, CEAMMEHTAlUs, MaTeMaTHKaJbIK
JIICKPHIITOPIIAp.

A.O. KazenoBa', A.M. Bpenep', B.I'. Foxy6es', A.J. JleBaanckuii’,
I'.JI. Kenzxannesa',IILK.ananos ', K. Kymanyiaes'

'FOxmn0-KazaxcraHckuii rocyaapcTBeH bl yHuBepcuTeT nM.M.Aya30Ba, [lIsiMkenT, Kasaxcran
? BenopyccKuii rocy1apcTBEHHBII TeXHOIOTHUECKHil yHuBepeuTeT, T.MuHck, benapycs

HOBBIE ITIOAXOJAbI K MOIAEJIUPOBAHUNIO U PACUETY TAPAMETPOB IIOTOKOB
T'YCTBIX IOJUJIUCITEPCHBIX CYCNEH3UI

AHHOTanusl. MozenupoBaHue OCaXICHUS IONUANUCIEPCHBIX CYCIHEH3WH U pacueT COOTBETCTBYIOLICH
annapaTypbl HIMEIOT HEKOTOPbIE OCOOEHHOCTH, KOTOPBIE 3a4acTyI0 HE yYHTHIBAIOTCS IIPU MHXKEHEPHBIX pacuerax. B
HACTOSANIEH CTaThe MPHUBEAEH 0030p U aHAJIM3 dTHX 0COOEHHOCTEMH, a TaKKe HAMEUYEHBI IIyTH PEIICHHS BO3HUKAIOIINX
IPU pacueTe OCAKICHUS MOJHMIUCIIEPCHBIX CYCIIEH3UH Mpo0ieM NPUMEHHUTENBHO K KOHKPETHBIM KOHCTPYKIHSAM
MPOMBILIICHHBIX AIIapaToB.

[IpennoxeHsl HOBBIE MOAXOABI K MaTeMaTHYECKOMY OIMCAHHIO IMOTOKA IUIOTHBIX CYCIIEH3UH M OCa/IIKOB C
YYETOM DKCIIEPUMEHTAIbHO HAOJIOaeMBIX XapaKTEPUCTUK IIOTOKA TakMX cucreM. IlpencraBieHa coBpeMeHHas
MOJIETIb, ITO3BOJISIOIIAS OMMCATh 3TO SBJIEHHE W YCTPAHUTh COOTBETCTBYIOIIME OrPaHUYCHUSI W3BECTHBIX MOJIEIICH.
[TpencTaBneHHast MOJIENb OMKCHIBAET TEKYYECTh CPEIbl B IIMPOKOM JIHANa30HE COAEPXKAaHUs IUCIIEPCHOI TBEpOi
(ha3el maxke MPH ee BHICOKMX KOHIEHTpanusaX. Takol pe3yiapTaT ObUT JOCTUTHYT OJlaroapsi HOBOMY 3BPHCTHYECKOMY
BBIPAKEHUIO [UISl pacyeTa OTHOCUTEIBHON BSI3KOCTH CYCIICH3UH B 3aBUCHMOCTH OT KOHIIEHTPALMH TBEPAOH (ha3bl.

IIpennoxena popmyna aist pacyera CKOPOCTH UCTEUEHHS U3 PE3EPBYAPOB C yUETOM paccessHus dHeprun. Takon
MOJXO/] TIO3BOJISIET IIPEIOKUTD CXEMY PacdeTa, KOTopast MOKET ObITh afalTUPOBaHA K PA3IMYHBIM PEOJIOTHUECKUM
MOJEIISIM.

KiroueBble cjioBa: MomuaANCIEpCHs, CyCIIEH3UH, Pe3epByaphl, CEUMEHTALNs, MaTeMaTHIeCKHe JUCKPUIITOPHL.
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