ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

KA3AKCTAH PECITYBJIMKACHI
YJITTBIK FbIJIBIM AKAIEMUACBIHBIH

Onb-papabu atbiHAarel Ka3ak YITTHIK YHUBEPCUTETIHIH

XABAPIIAPDI

N3BECTUA NEWS

HALIMOHAJIBHOM AKAJIEMUU HAVK OF THE NATIONAL ACADEMY OFSCIENCES

PECITYBJIMKU KA3AXCTAH OF THE REPUBLIC OF KAZAKHSTAN

Kazaxckuii HallMOHAIEHBIH YHHBEPCUTET Al-farabi kazakh

“MeHU Anb-Ghapabu national university
SERIES

PHYSICO-MATHEMATICAL

2 (324)

MARCH - APRIL 2019

PUBLISHED SINCE JANUARY 1963

PUBLISHED 6 TIMES A YEAR

ALMATY, NAS RK



bac peagakTopsl
¢.-m.r.1., mpod., KP ¥FA akagemuri F.M. MyraHoB

Pemakxunusg ankachsl:

Kymaningaes A.C. mpoo., akanemuk (Kazakcran)
Kaabmenos T.L. mpod., akagemuk (Kazakcran)
Kanrtaen JK.111. mpod., kopp.-mymreci (Kazakcram)
Owmipoaes Y.Y. mpod. kopp.-mymieci (Kazakcran)
KycinoB M.A. npod. (Kazakcran)

Kymaoaes /I.C. npod. (Kazakcran)

AcanoBa A.T. npod. (Kazakcran)

Bomxkae K.A. PhD noxrops! (Ka3akcran)
Cyparan /1. xopp.-mymeci (Kazakcran)

Quevedo Hernando npod. (Mekcuka),
JxynymanaueB B.J. npod. (KeipreicTan)
BumneBckuii U.H. mpod., akagemuk (YkpanHa)
KoaneB A.M. ipoc., akamemuk (YkpanHa)
MuxaneBu4 A.A. ipod., akagemuk (bemopyc)
Mamaes A. npod., akagemuk (O3ipOaiixkan)
Taxu6aeB H.2K. npod., akanemuk (Kazakcran), 6ac pen. operHOacapbl
Turunsny U. npod., akagemuk (Monmosa)

«KP ¥T'A Xaoapaapel. ®U3HKa-MaTeMaTHKAJIBIK CEPUACHI».
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Menmrikrenytri: «Ka3akctan PecryOnukaceiHblH ¥ ITTHIK FUTBIM akageMusicel» PKB (AnMaTs! K.)
Kazakcran peciiyOnvKachblHbIH MOJIEHHET TEH akmnapar MHHHUCTPIINIHIH AKHapaT >XOHE MyparaT KOMHTETIHJe
01.06.2006 >x. 6epinren Ne5543-)K mep3imiik 0acbUIbIM TipKeyiHE KOHbLTY Typajibl KyalliK

Mep3imuiniri: XbuibiHa 6 per.
Tupaxsr: 300 nanHa.

Penakuusueiy Mekerxkaiiol: 050010, Anmarter K., [lleBuenko kemr., 28, 219 6ei., 220, tenr.: 272-13-19, 272-13-18,
http://physics-mathematics.kz/index.php/en/archive

© Kazakcran PecrryOnukachHbIH ¥ ATTHIK FRUIBIM akaeMrsichl, 2019

TunorpadusHbsig Mekerkaiibl: «Apyna» XK, Anmars k., Myparbaesa ker., 75.



I'maBHBIH penakTop
0.¢.-M.H., ipod. akanemuk HAH PK I''M. MyrtanoB

Pe,Z[aKLII/IOHHaH KOJIICTH A:

JoxymanuiasaaeB A.C. npod., akanemuk (Kazaxcran)
Kansmenos T.111. mpod., akanemuk (Kazaxcran)
Kanraes K. 1. pod., wr.-kopp. (Kazaxcran)
Ymupo6aen Y.Y. npod. wri.-kopp. (Kazaxcran)
Kycynos M.A. mpog. (Kazaxcran)

xxymabaeB 11.C. mpod. (Kazaxcran)

AcanoBa A.T. mpod. (Kazaxcran)

Bomkaes K.A. nokrop PhD (Ka3axcran)

Cyparan /1. un.-xopp. (Kazaxcran)

Quevedo Hernando nipod. (Mekcuka),
Jxynymaaues B.J. npod. (Ksipreiscran)
Bumnesckuii U.H. mpod., akanemuk (YkpanHa)
Koanes A.M. nipod., akanemuk (YkpanHa)
Muxanesuu A.A. pod., akanemuk (benapycs)
MMamaes A. npod., akagemuk (Azepbaiimxan)
Taxku6aeB H.)K. npod., akanemuk (Kazaxcran), 3am. ri1. pe.
Turunsany U. npoo., akagemux (Mongosa)

«H3BecTuss HAH PK. Cepusi pusuko-maTemaTuieckasm.
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Cob6crBennnk: POO «HammonansHas akagemus Hayk PecryOnukn Kazaxcram» (r. AiaMatsr)
CBUIIETENILCTBO O TIOCTAHOBKE HA Y4eT MEPHOJIMYECKOro nedaTHoro u3nanus B Komurere mHbOpManuy 1 apXuBOB
MuHucTepcTBa KynbTypbl 1 uHpopManuu Pecniyonuku Kazaxcran Ne5543-2K, seigannoe 01.06.2006 .

Ilepuonu4HoCTh: 6 pas B rof.
Tupax: 300 5x3eMILISIPOB.

Anpec pegakuuu: 050010, T. Anmmarsr, yi. llleBuenko, 28, kom. 219, 220, ten.: 272-13-19, 272-13-18,
http://physics-mathematics.kz/index.php/en/archive

© HanmonansHast akagemus Hayk Pecrry6nuku Kazaxcran, 2019

Anpec Tunorpaduu: UIT «Apynay, r. Anmarsl, yi. Myparbaesa, 75.




Editorinchief
doctor of physics and mathematics, professor, academician of NAS RK G.M. Mutanov

Editorial board:

Dzhumadildayev A.S. prof., academician (Kazakhstan)
Kalmenov T.Sh. prof., academician (Kazakhstan)
Zhantayev Zh.Sh. prof., corr. member. (Kazakhstan)
Umirbayev U.U. prof. corr. member. (Kazakhstan)
Zhusupov ML.A. prof. (Kazakhstan)

Dzhumabayev D.S. prof. (Kazakhstan)

Asanova A.T. prof. (Kazakhstan)

Boshkayev K.A. PhD (Kazakhstan)

Suragan D. corr. member. (Kazakhstan)

Quevedo Hernando prof. (Mexico),

Dzhunushaliyev V.D. prof. (Kyrgyzstan)

Vishnevskyi I.N. prof., academician (Ukraine)
Kovalev A.M. prof., academician (Ukraine)
Mikhalevich A.A. prof., academician (Belarus)
Pashayev A. prof., academician (Azerbaijan)
Takibayev N.Zh. prof., academician (Kazakhstan), deputy editor in chief.
Tiginyanu L. prof., academician (Moldova)

News of the National Academy of Sciences of the Republic of Kazakhstan. Physical-mathematical series.
ISSN 2518-1726 (Online), ISSN 1991-346X (Print)

Owner: RPA "National Academy of Sciences of the Republic of Kazakhstan" (Almaty)
The certificate of registration of a periodic printed publication in the Committee of information and archives of the
Ministry of culture and information of the Republic of Kazakhstan N 5543-XK, issued 01.06.2006

Periodicity: 6 times a year
Circulation: 300 copies

Editorial address: 28, Shevchenko str., of. 219, 220, Almaty, 050010, tel. 272-13-19, 272-13-18,
http://physics-mathematics.kz/index.php/en/archive

© National Academy of Sciences of the Republic of Kazakhstan, 2019

Address of printing house: ST "Aruna", 75, Muratbayev str, Almaty




ISSN 1991-346X 2.2019

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2019.2518-1726.6
Volume 2, Number 324 (2019), 5 -8

VK 539.142

M. Odsuren™, A.T. Sarsembayeva %' G. Khuukhenkhuu ',
S. Davaa ', K. Kato *, B. Usukhbayar '

'School of Engineering and Applied Sciences and Nuclear Research Center,
National University of Mongolia, Ulaanbaatar 14200, Mongolia;
*Department of Physics and Technology, Al-Farabi Kazakh National University, Almaty 050040, Kazakhstan;
*Nuclear Reaction Data Centre, Faculty of Science, Hokkaido University, Sapporo 060-0810, Japan
“odsuren@seas.num.edu.mn; 'sarsembaeva.a@kaznu.kz

HIGHER EXCITED STATES OF a+o SYSTEM

Abstract. In this work we investigate the higher excited states of a+o system applying the complex scaling
method. The low-lying 0°, 2" and 4" states of a.+o. are measured well but the higher excited states 6°, 8" and 10" of

o+0  are not available by experimentally and these higher excited states have been barely studied by theoretical
approaches.
Keywords: Complex scaling method, alpha-alpha system.

INTRODUCTION

The complex scaling method (CSM) [1-5] has been successfully utilized in the description of
resonance states in light nuclei. The theory of the complex scaling was proposed mathematically [2] and it
has been extensively applied to the atomic and nuclear physics [6-10].

In this work we investigate structure of o+ system. In particular, we focus on the its higher excited
6", 8" and 10" states because there is no experimental evidence for those higher states. But its low-lying
0%, 2" and 4" states are experimentally well known. In addition, in this work we apply the CSM and
harmonic oscillator wave function in order to calculate both low-lying and higher excited states of a+a.

THEORETICAL FRAMEWORK

Complex Scaling Method

In the CSM the relative coordinate is rotated as like 7 — re’® in the complex coordinate plane.
Therefore, the Schrédinger equation

A

H

v)=Ely) )

1s rewritten as

HO\w’)=E|p’). )

where H (@) and l,//‘9 are the complex scaled Hamiltonian and wave function, respectively. The & is

scaling angle being a real number, U (@) operate on a function l,//g , that is

3i0 :
y’ =U@OWw(r)=e y(re’). 3)
The eigenvalues and eigenstates are obtained by solving the complex scaled Schrddinger equation
Eq.(2). The eigenvalues of resonance states are found as £ = E, —il. /2 , where E_ is resonance energy

and I’ is the width of resonance. More detailed explanation of the CSM is given in Refs.[1-2].

— 5 —
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Two body interaction
For the alpha-alpha system the Hamiltonian is expressed as

H=

i

T =T, +VX(r)+ VS (r). 4)

c.m.

2
=1
Harmonic oscillator wave function for radial part is

I 2
A A N 2 1
¢, (r)=N, (Ej L, (Ej CXP[—E’”ZJYM (r), (5)

1
I+—
here L, ? are Laguerre polynomials for the angular momentum / and N,' denotes the normalization
1/2

2l (n+1
bil“(l +n+

constants as given by N, = )3 . The size parameter of relative motion of two alpha-
%)
cluster b, is taken as 0.967 fm which corresponds to a single particle size parameter b, =1.3975 fm

employed to fit the observed r.m.s. radius of *He [11-12].

Alpha-alpha potential

The oat+o potential is constructed by the folding approach for the effective nucleon-nucleon
interaction by the Schmid-Wildermuth [13-14] potential. An effective two-nucleon force is written as,

v, =V{W + BP, (i) — HP.(if) - MP, (i) )P.(ij)}- exp(- 1) ©)

where P_(ij) and P.(ij) are the spin and isospin exchange operators. In this work we employ the

Schmid-Wildermuth potential as a nucleon-nucleon force, which is given by following parameters:
V =-72.98 MeV; u=0.46 fm?;
W =M =0.4075; B=H =0.0925. @)

The folding potential of the alpha-alpha system is obtained from such a nucleon-nucleon force and
also the Coulomb force.
Its explicit form is

2

2v Vol 4e’ 4
VNuCl + VC()MI — 2X _—a Vex — a }"2 =+ er r,|—V D) 8
SR P 7 p 3 —erf| 1y 3V ®)

2v, +-— v, +——
2 4

a

where X, =2.445 and erf(x) is the error function. We use a harmonic oscillator constant

M
V= 2—;:) =0.2675 fm™ which is obtained by using r

a rms

=1.63 fm of the alpha-cluster.

In Eq. (8) the simplified notations can be applied:




ISSN 1991-346X 2.2019

RESULTS
Complex Scaling Method
Figure 1 displays the complex energy eigenvalues of 4" state which is obtained by diagonalization of

Eq.(2) with N, =50 for #=13". We can see all energies are on lines of arg(E,) =26 which

correspond to the branch cut of the complex energy plane. When we take larger values of 8, we observe
isolated energy points, being resonance states, whose positions are almost unchanged by varying &

> %‘arg(Eﬁ} .

max

ReE (MeV) ReE(MeV)
0,00 E — —t —t—— 1,50 : :
0,00 i g 2000 40,00 60,00 1120 11,60 12,00 1240
ImE ok . ImE
] — MeV =
{MeV) N . L=4 (MeV) L=4
-20,00 4 o -
A
4 2,00
°
00 & t t + |
-40,00 + a,% f ’5,00 10,00 1500 20,00 20
° . s
o +
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® theta=30 degree . R
-80,00 100 — -3,00

Figure 2. N -trajectory at *=4". The folding potential and
harmonic oscillator wave function are used

Figure 1. The resonance eigenvalues at J*=4"
for the different &

In Fig. 2 presents the eigenvalues of 4" state which is calculated with N, =20~ 50. This is

called the NV, -trajectory. As the number of basis states is increased, the N -trajectory shows the

max

spiral convergence. The radius of curvature of the spiral depends on the values of 6 and b,. In

calculation of the N -trajectory, we fixed to @ =13 and b, =1.3975 fm for 4", The computed decay

widths for the experimentally unknown 6', 8" and 10" higher states are rather large, however, they can be
recognized as resonances on the complex energy plane.

Table I - Experimental and calculated resonance energies with corresponding decay widths of a+o system

States Experimental data [12] Present work
E,(MeV) LMeV) E,(MeV) L(MeV)
4" 11.35 ~3.5 11.7 4.4
6 - - 30.5 36.8
8" - - 51.6 120
10" - - 70.0 180
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For the case of 6, 8" and 10" states, there are no measured data, however, we calculated a resonance
energy with a broad decay width applying harmonic oscillator wave function. The calculated results are
given in table 1.

SUMMARY

Positions and widths of low-lying and higher excited states of *Be are calculated by using the CSM
and the two-body model. The result of recent calculation indicates that reasonably good agreement with
measured data for 4" state. It is remarkable that the energies with decay widths of the higher excited 6°, 8"
and 10" states are calculated.

M. Oncypen ", A.T. Capcem6aena > ', I'. Xyyxenxyy ', laBaa C.', K. Karto °, B. Ycyx6asp '

'MrskeHepitiK %oHe KOIIaHOaIbl FHUTBIMAAP HHCTHTYTHI, SAPOJIBIK 3epTTEyIIep OpTanbiFsl, MoRFOIIs YIITTHIK
Yuusepcureri, ¥Yaan-batop 14200, Monrrous;
*dusuKa-TeXHAKANBIK QaKynbTeTi, On-Dapabu atbinarsl KasYV, 050040, Kasakcras;
3 SIApONBIK peaKiust AepeKTep opTanbiFbl, FhutbiM (pakyiisreri, Xokkaiino yausepenreti, Carmopo 060-0810,
Kanonus

a+o JKYUECTHIH ’KOFAPFBI KO3FAH KYWUJIEPI

AnHoTanusi. by sxyMpicTa KemeH i Maciutadray SficiH KOJIaHa OTBIPBIN 0+0, JKYHECIHIH JKOFapbl KO3FaH
Ky#nepi 3eprrenmi. o+a-HBIH TemeH 07, 27 sxome 4" kyiinepi enmmenren, 6ipak ato xyitecinin 6, 8" xome 107
KOFapbl KO3FaH KYMWJIEpiHIH SKCIIEpUMEHTANIbl MOHJepi Oeinrici3 OoNFaHABIKTaH, OyJl KOFapbl KO3FaH KyHiiep
TEOPUSUIBIK TOCUIIEPMEH ECeNTEIH/].

Tyiiin ce3mep: kemieHai MaciTadTay oici, anbda-anbda xykeci.

M. Oncypen" ", Capcembaesa A.T. >, I'. Xyyxenxyy !, C. laBaa ', K. Karo *, B. Ycyx6asp !

'[lIkona HHKEHEPHBIX U MPHUKIAIHBIX HayK, HanuoHabHbli yrusepcuter Mouromuu, Yiaun-barop 14200,
Mowuronus;
2 DU3UKO-TEeXHIUECKHT ¢daxynerer, KazHY nm.ams-Dapadu, 050040, Kazakcran;
*L{eHTp JAHHBIX 11O AAepHBIM peakiusaM, DakybTeT Haykn, YHuBepcuTeT XoKKaiino, Canmopo 060-0810, Snouus

BBICOKHME BO3BYKJIEHHBIE COCTOAHUA a+a CUCTEMbI

AnHoTanus. B nmaHHO# padoTe MBI HCCICIyeM BBICOKHE BO30Y)KICHHBIC COCTOSIHUS 0+0, CHCTEMBbI, TPUMEHSIS
MeTOJI KOMILIEKCHOTO MaciuTabupoBanus. Huskonexamme 07, 2° u 4° cocTossHUS 040 CHCTEMBI XOPOIIO M3BECTHBI,
HO BBICOKHE BO30YXKIeHHbIe cocTosHus 6, 8 1 10" o+ cHCTeMbl He JIOCTYITHBI SKCIIEPHMMEHTANBHO, TTOITOMY 3TH
BBICOKHE BO30YKICHHBIC COCTOSHUS OBLIM U3YYCHBI TEOPETUICCKUMH ITOIXOTAMHU.

KuroueBsble cJioBa: METO]T KOMIDIEKCHOTO MacITaOUpoBaHusl, ab(da-anbha-cucrema.

REFERENCES

[17 Y.K. Ho, Phys. Rep.99, 1983), pp.1-68.

[2] J. Aguilar, J. M. Combes, Commun. Math. Phys.22 (1971) 269; E. Balslev, J. M. Combes, ibid.22 (1971) 280.

[3] S. Aoyama, T. Myo, K. Katd, K. Ikeda,Prog. Theor. Phys. 116 (2006) 1.

[4] T.Myo, Y. Kikuchi, H. Masui, K. Katd, Prog. Part. Nucl. Phys. 79, 1, 2014

[5] S. Saito, Prog. Theor. Phys.40, 1968, pp.893-894; 41, 1969, pp.705-722; Prog. Theor. Phys. Suppl. 62, 1977, pp.11-89.

[6] A.T.Kruppa and K. Katd, Prog. Theor. Phys.84, 1990, pp.1145-1159.

[71 M. Odsuren, K. Kato, M. Aikawa, T. Myo, Phys Rev C.89. 034322, 2014

[8] M. Odsuren, K. Katd, M. Aikawa, Nucl data sheets 120, 2014, pp.126-128

[91 M. Odsuren, Y. Kikuchi, T. Myo, M. Aikawa, and K. Kato, Phys. Rev. C 92, 014322 (2015).

[10] Sarsembayeva, A. T.; Sarsembay, A. T.; Myagmarjav, O. Statistical analysis of x-ray solar flare registered on
September 10, 2017. News of the National Academy of Sciences of the Republic of Kazakhstan-series Physico-
Mathematical, Vol. 2. - Issue 318. 2018. P.5-8.

[11] M. Nassurlla et al. News of the National Academy of Sciences of the Republic of Kazakhstan-series Physico-
Mathematical, Vol. 6. - Issue 322. 2018. P.15-21. ISSN 2518-1726, https://doi.org/10.32014/2018.2518-1726.12

[12] M. Odsuren, Y. Kikuchi, T. Myo, G. Khuukhenkhuu, H. Masui, and K. Katd, Phys. Rev. C 95, 064305 (2017).

[13] E. W. Schmid and K. Wildermuth, Nucl. Phys. 26, 1961, pp. 463-468.

[14] F.Ajzenberg-Selove, Nucl. Phys. A490,1988, pp.1-225.




ISSN 1991-346X 2.2019

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2019.2518-1726.7
Volume 2, Number 324 (2019), 9 — 16

UDC 536.46:532.517.4
IRSTI 29.03.77; 29.03.85

A.S. Askarova'?, S.A. Bolegenoval'z, P. Safarik®,
V.Yu. Maximov', S.A. Bolegenova®, A.O. Nugymanova'

1al-F arabi Kazakh National University, Faculty of Physics and Technology, Almaty, Kazakhstan;
*Scientific Research Institute of Experimental and Theoretical Physics
of al-Farabi Kazakh National University, SRI ETP of KazNU, Almaty, Kazakhstan;
3Czech Technical University in Prague, Faculty of Fluid Dynamics and Thermodynamics, Prague, Czech Republic
com: aliya.askarova@kaznu.kz, saltanat.bolegenova@kaznu.kz, pavel.safarik@fs.cvut.cz,

valeriy.maximov(@kaznu.kz, bolegenova.symbat@kaznu.kz, aizhan.nugymanova@kaznu.kz

3D MODELING OF COMBUSTION
THERMOCHEMICAL ACTIVATED FUEL

Abstract. This article presents the results of numerical research of plasma thermochemical processes of
preparing solid fuels for combustion in combustion chambers. During the numerical experiments have been applied
the newest information technology and method of 3-D computer modeling of heat and mass transfer in the furnace
space. Received the basic laws of convective heat and mass transfer in turbulent flows in the presence of chemical
reactions using modern numerical methods, giving a complete description of the complex processes occurring in a
real combustion chamber. Research of three-dimensional temperature and concentration fields has allowed
establishing laws of the development of the combustion process in the entire volume of the object under study.
Satisfactory agreement is obtained estimates with known results of natural experiments. Authors of article for the
first time investigate influence of plasma thermochemical treatment of pulverized coal flows on the main
characteristics of the physicochemical processes of solid fuel combustion. It has been established that the method of
thermochemical activation of pulverized coal flows makes it possible to significantly optimize the process of burning
low-grade high-ash Kazakhstan coal in the combustion chambers of the thermal power plants of Kazakhstan,
significantly reduce emissions of harmful substances into the environment and create a way to obtain "clean" energy
on energy facilities.

Key words. Heat and mass transfer, combustion, solid fuel, plasma activation, acrodynamic flow, concentration
and temperature field, emissions of harmful substances.

Introduction

Studies of heat and mass transfer in high-temperature and chemically reacting environments are
important at creation of new physical and chemical technologies, at design of aviation and rocket technics,
by development new furnaces, gas turbines and internal combustion engines. In the conditions of
depletion of natural energy resources and environmental pollution, the development of technological
processes with the rational use of energy fuel and the solution of environmental problems are urgent and
most important tasks for many thermophysical studies in this direction.

Heat and mass transfer processes in the presence of physical-chemical transformations and
combustion are non-stationary, strongly non-isothermal with constant changes in the physical and
chemical state of the environment, which greatly complicates them both experimental and theoretical
study. Such flows are described by a complex system of non-autonomous nonlinear partial differential
equations, in which the essential turbulence, multiphase nature of the medium, and source terms
associated with the chemical kinetics of the processes occurring must be taken into account [1-5].

— Q —
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The main methods of study of such processes, particularly in the areas of real geometry are methods
of numerical simulation and holding on to them through computational experiments adequately reflect the
real physical processes, occurring in combustion chambers. Progress in the development of computational
models, in the creation of effective computational algorithms and problem-oriented software packages
allows us to solve many problems that have a huge practical application for various industries, especially
for energy [6-11].

In this article is carried out of heat and mass transfer processes occurring in the areas of real geometry
(combustion chamber), with the burning of energy fuel in them. The basic patterns and features of the
formation of the aerodynamics of flow, velocity, temperature and concentration fields are established and
the effect of plasma thermochemical treatment of pulverized coal on the main characteristics of the
combustion process is shown.

This research builds on the achievements of modern thermal physics, on the use of new numerical
methods for 3-D modeling, on the construction of efficient computational algorithms and new
computational models, which make it possible to more accurately describe the actual physical and
chemical processes occurring during at burning of power fuel in the combustion chambers of existing
energy facilities [12-15].

Statement of the problem of burning thermochemically activated torch in the combustion
chamber of an energy boiler

Thermochemical preparation of pulverized coal for combustion is implemented in accordance with
the following mechanism. Aero mixture is fed through the dust pipe to the burner. According to the
traditional scheme, the air mixture is fed into the “cold” hot fire chamber (T about 350K), then it heats up
and ignites. If the burner is equipped with a plasma torch, then the air mixture is heated by the plasma
torch in the volume of the burner to the exit to the furnace. In this case, volatile coal is emitted and the
coke residue is gasified. Gasification and volatile products begin to oxidize with oxygen of the primary air
of the air mixture, which leads to additional heating of the reaction air of the air mixture. At the same
time, carbon of the fuel is gasified to CO, and not to CO,, due to the existing coefficient of excess air in
the air mixture (0.3-0.5 of the stoichiometric ratio) [13].

As a result, the output of plasma-fuel system (PFS) a high-temperature (about 1300K) reactive flow
of carbon-containing particles and gaseous products of the plasma thermochemical preparation aero
mixture. In this case, regardless of the quality of the original product, we get highly reactive two-
component fuel. When mixed with secondary air in the combustion chamber, it is intensely ignited and
burns steadily without fuel oil or gas, traditionally used to ignite and stabilize the combustion of low-
grade pulverized coal [14-15].

To carry out computational experiments, the combustion chamber of the BKZ-420 boiler of the
Almaty Thermal Power Plant-2 has been chosen [16-17]. The BKZ-420 steam boiler with a 420 t/h steam
capacity is equipped with six rotary pulverized coal burners located in two levels with three burners on the
front wall of the boiler (Fig. 1 a).

At computer simulation, the method of control volumes which is applied to numerically solve
differential equations describing heat and mass transfer in the combustion chamber, and is described in
detail in the following papers [18-21].

For this, the combustion chamber of the boiler under study is divided into small control volumes, the
number of which depends on the geometry of the combustion chamber, its dimensions, and the location of
the burner and plasma devices. For the BKZ-420 boiler, the calculated area is — 261008 control volumes
(72x139x126) (Fig. 1 b).

When conducting computational experiments for the boiler BKZ-420 were investigated two modes of
operation of the combustion chamber: 1) traditional combustion (burner works with standard pulverized
coal burners); 2) the plasma torch is installed and operates on a pulverized coal flow in three burners: two
extreme burners of the lower tier and a central burner of the upper tier [22-29].

— 10 ——
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Fig. 1. General view of the combustion chamber of the boiler BKZ-420:
configuration of torches (on left); breakdown into control volumes (on right)

The results of computational experiments

Below are the results of 3D computer simulation of the study of the influence of thermochemical
activation of pulverized coal flows on the combustion process of a pulverized coal flame in the
combustion chamber of the BKZ-420 boiler.

The aerodynamics of the flow (distribution of the full velocity vector), temperature and concentration
fields of nitrogen oxides NO over the entire combustion space of the combustion chamber were obtained
for the traditional combustion of fuel and for the case when the plasma torch in the three burners affects
the pulverized coal.

Figure 2 shows the aerodynamics of the flow and the distribution of the full velocity vector in the belt
region of the burners of the combustion chamber. Analysis of the figure shows that the thermochemical
activation of the pulverized coal flow has a significant impact on the flow field on the propagation of the
reacting jet in the furnace volume, mixing processes in the jet, on the size and shape of the flame. This can
be explained by the fact that, under the action of plasma activation of pulverized jets, turbulization of
flows is intensified, and this in turn leads to acceleration of mass and heat exchange associated with
increased mixture formation, additional heating of the air mixture and intensification of the burning
process.

Figure 3 illustrates the temperature field in the sectional plane of the burners of the lower tier of the
combustion chamber of the boiler BKZ-420. Compared with the combustion of a conventional pulverized
coal stream, the average temperature in this area in the case of using thermochemically activated streams
increases and is 1530°C without activation, and 1640°C for 3 activated streams.

It can be concluded that the plasma activation of the aerosol leads to its rapid heating, ignition and
stable heating. At the same time, there is a shift of the combustion front to the location of plasma
activation systems of coal streams. The region of high temperatures with increasing number of plasma-
activated flows is shifted to the center of symmetry of the furnace, while at the side surfaces a higher
temperature level.

Figure 4 shows a comparative analysis of the distribution of the average temperature in the cross
section over the height of the combustion chamber of the BKZ-420 boiler. When plasma processing of
fuel is observed, the location of the core of the torch is shifted and the length of the zone of maximum
temperatures increases. The increase in flame temperature during the burning of 3 activated streams




News of the National Academy of sciences of the Republic of Kazakhstan

occurs faster, and the temperature value differs to a greater extent in the burner belt. The minimum on the
curves are related to the low temperature of the air mixture entering the combustion chamber through
burners not equipped with plasma systems. In general, there is a lack of sharp temperature drops across
the entire height of the combustion chamber, which indicates the stability of the combustion process.
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a) traditional fuel combustion (without PFS); b) 3 PFS;

Fig. 2. Vector field of full velocity in the area of the burner belt of
the combustion chamber of the boiler BKZ-420
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Fig. 3. Temperature field in the section plane of the burners of the lower tier of the combustion chamber of the boiler BKZ-420
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Fig. 4. Temperature distribution along the height of the
combustion chamber of the boiler BKZ-420
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Fig. 5. The distribution of the concentration of nitrogen oxides NO at the height
of the combustion chamber of the boiler BKZ-420

Figure 5 shows the fields of concentrations of nitrogen oxides NO along the height of the combustion
chambers of the boiler BKZ-420. As can be seen from Figure 5, the main NO gas formation occurs in the
region of propagation of flows from the burners. Thus character of the distribution of curves in this area is
ambiguous, which indicates the complex nature of the process of formation of nitrogen oxides in this area
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and the effect of plasma activation on the formation of these components. We see that the use of plasma
torches leads to a decrease in the total concentration of NO from the furnace space and amounts to 507
mg/Nm’ with traditional combustion, and with 3 thermochemically activated streams — 456 mg/Nm’. This,
in turn, indicates that the reduction of nitrogen oxides NO at the exit from the furnace space when using
PFS increases the ecological and economic indicators of energy facilities.

Conclusion

According to the research, the following conclusions can be formulated:

e Presents the results of 3-D computer modeling of heat and mass transfer processes during
combustion of pulverized coal, which was pre-processed in the PFS.

e Research of three-dimensional temperature and concentration fields has allowed establishing the
basic patterns of development of heat and mass transfer processes in the entire volume of the combustion
chamber of power boilers. Satisfactory agreement of the calculated data with the results of field
experiments was obtained.

o It has been established that the method of thermochemical activation of pulverized coal flows
makes it possible to significantly optimize the process of burning low-grade high-ash coal in the
combustion chambers of Kazakhstan’s thermal power plants and significantly reduce emissions of
harmful substances into the environment.
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AKTUBTEHAIPUI'EH TEPMOXUMHUAJIBIK OTBIHHBIH )KAHYBIH 3D MOJAEJIBAEY

AnHoTamms. Makanaza jkaHy KaMepaJlapblHJa KaTThl OTBIHABI JKaryza ITa3Ma TePMOXUMHMSUIBIK JalbIHIay HPOIECTepiH
CaHZBIK 3epTTey HaTIKenepi kenrtipinreH. CaHIbIK ecenTey IKCIEPUMEHTTEPIH JXKYPTridy Ke3iHAe Ka3aHHBIH KEHIiCTIKTeri *BbLTY
KQHE Macca TachIMailay IpOLECTEepiHIH  aKmapaTThIK TEXHOJOTHsiIapbl MeH 3-D  kommbroTeprik — Mozelnblepi
KOJIJaHbL1bI. HaKThl )kaHy KaMepachbIHAa OPbIH alaThlH TYPOYJIEHTTI aFbicTapjarbl KOHBEKTHBTI JKbULY )KOHE MacCalIbIK KeLICH
HPOLIECTEPJIiH TOJBIK CHUMATTAMAChIH OCpeTiH Ka3ipri 3aMaHfbl CaHABIK IIiCTEPMEH XMUMHSIIBIK PEaKLMSIIAPIbIH KaThICYbIMEH
anbiHapl. OOBEKTIHIH OapibIK KOJeMiHACTT JKaHy YOEpici yml —edmeMal TemMmeparypa MEH KOHLEHTpauus epicTepiH
3epTTeye AaMy MOJEINIH KypyFa MyMKiHIIK Oepai. TosbIK ayKeIMABI SKCIIEPUMEHTTEPIIH OeNrisli HOTWXKeIepiMeH ecenTeNreH
JepEeKTepAiH KaHAraTTaHAPJIBIK COMKECTiK anblHABL. MaKaltaHBIH aBTOPIAphl KAaTTHl OTBHIH JKAHYBIHBIH (DU3MKa-XUMUSIIBIK
HpOLECTePiHiH HETi3Ti CHIaTTaMaIapblHa/ia MIaHTO3a (bl KOMIp aFbIHBIH IUIA3MAaNIbIK TEPMOXUMISIIBIK OHICYIIH 9CepiH 3epTTe/i.
KeMip arbIHBIHBIH TEPMOXUMUSUIBIK aKTUBTEHIIPY 9/ici Ka3zakcTaHHBIH JKbUTY 2JIEKTP CTaHLUMSUIAPBIHBIH JKaHy KamepaiapblHaa
JKAHFBIII KYJII KeMipAi KeMy YIepiCiH enoyip OHTaillaHABIpyFa MYMKIHAIK Oepeni, KOpILIaraH opTara 3HsSHIBI 3aTTap
IIBIFAPBIHABIIAPBIH €Qyip a3aiiTalbl )KOHE YHEPreTHKANIBIK KOHABIPFBUIAPAA «Ta3ay SHEPreTHKara KOJl XKeTKi3yre MyMKIHZiK
Gepeni.

Tyiiin ce3aep. XKeuTynbIK MaccaTacsIMaiaay, KaHy, KeMip, IIa3MalblK OelICeHIipy, aFblH a3pOAWHAMUKACHI, TYTKBIHIAD
JKOHE TeMIIepaTypabIK epici, 3a/ajpl 3aTTap/IbIH LIBIFapbLLY
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3D MOJEJIMPOBAHUE I'OPEHUS TEPMOXUMHWYECKHN AKTUBUPOBAHHOI'O TOIIJIUBA

AHHoTanus. B nanHO# craThe mpeAcTaBiIeHbl Pe3yJbTaThl YUCIEHHBIX MCCIEI0BAaHUM MPOLIECCOB MIa3MEHHON TEPMOXU-
MUYECKOI NOATOTOBKY TBEP/BIX TOIUIMB K CKHIAaHUIO B KaMepax cropanus. [Ipu nmpoBeleHUU BBIYUCIUTENIBHBIX SKCIIEPUMEHTOB
ObUTH TPUMCHEHbI HOBeWIne HH(MOPMANMOHHBIE TEXHOJIOTHS M MeToX 3-D KOMIBIOTEpHOTO MOJEIHPOBAHUS IIPOIECCOB
TENJI0MAacCoNepeHoca B TOIIOYHOM NpocTpaHcTBe. [lorydeHsl OCHOBHBIE 3aKOHOMEPHOCTH KOHBEKTHBHOI'O TEIJIOMACCONEpeHoca
B TypOYJICHTHBIX TEUCHHSX NP HAJTHYNN XUMHIECKUX PEAKIMH C HCIIOJIL30BAaHUEM COBPEMEHHBIX YUCIEHHBIX METO/IOB, TAIOIINX
MOJIHOE OIMCAHUE CIIOXKHBIX IPOILECCOB, MMEIOMUX MECTO B peanbHOH TomouHoH kamepe. MccrnemoBaHue TpexMepHBIX
TEMIIEPaTyPHBIX U KOHIEHTPAI[MOHHBIX MOJIEH MO3BOJIHMIO YCTAaHOBHTH 3aKOHOMEPHOCTH Pa3BUTHs MpoOLEcca TOPEHHs BO BCEM
o0bemMe nccieayeMoro oobekra. IlomydeHo yqoBICTBOPUTENBHOE COTTIACHE PACUETHBIX JAHHBIX C M3BECTHBIMH Pe3yIbTaTaMu
HATYPHBIX SKCICPHIMEHTOB. ABTOpaMHU CTaThbH BIIEPBHIC HCCIECIOBAaHO BIMSHME IUIA3MEHHOM TEPMOXMMHYECKONH 00paboTKn
IBUICYTOJIBHBIX ITOTOKOB HAa OCHOBHBIE XapaKTCPHCTHKH (H3UKO-XUMHUYECKHX IPOLECCOB TOPEHUS TBEPAOro TOIUIHBA.
YCTaHOBICHO, YTO METOJA TEPMOXMMUYECKOM aKTUBAlMU IbLICYTOJbHBIX HOTOKOB IO3BOJISAET B 3HAYUTENILHOU CTENCHU
ONTUMM3UPOBATH IIPOLECC CHKUTAaHUS HU3KOCOPTHBIX BBICOKO30JBHBIX Ka3aXCTaHCKUX yrIjied B TOHOYHBIX Kamepax TOC
KazaxcraHa, CyIeCTBEHHO CHU3UTB BHIOPOCHI BPEAHBIX BELIECTB B OKPY’KAIOLIYIO CPEIy U CO3JaTh CIIOCO0 MOITYyUYSHUS «UHCTOI
SHEPruu Ha SHEPreTHYECKUX 00BEKTaX.

KnroueBnle cioBa. TemnomacconepeHoc, FOpeHUE, TBEPAOE TOIUIMBO, IUIA3MEHHAs! aKTUBALHUS, ad3pOAMHAMHKA TEUEHHS,
KOHIICHTPALMOHHBIE U TEMIIEpaTypHBIE MO, BRIOPOCHI BPEIHBIX BEIIECTB.
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ABOUT SINGLE OPERATOR METHOD OF SOLUTION
OF A SINGULARLY PERTURBED CAUCHY PROBLEM
FOR AN ORDINARY DIFFERENTIAL EQUATION n - ORDER

Abstract. In this paper, by the method of the deviating argument, we obtain an asymptotic expansion
of the solution of the Cauchy problem for an ordinary differential equation of n — th order with variable
coefficients, with an estimate of the residual term through the right side of the equation. Many papers
devoted to this topic are of an applied nature, and their estimates of the residual term are expressed in
terms of O —large or o —small, so they have a theoretical value rather than applied, as they claim. The
main advantage of the proposed method is the simplicity of its algorithm, and the residual term formula,
explicitly expressed through the right side of the equation, and its evaluation.

Keywords: Singular value perturbation, spectral decomposition, deviating argument, residual term
estimation, self - adjoint operator, Gilbert-Schmidt theorem, completely continuous operator, Friedrich’s
Lemma, Cauchy problem, asymptotic expansion, small parameter.

1. Introduction. Many problems of mechanics, physics, engineering and other fields of science
lead to differential and integro-differential equations with a small parameter at the highest derivative. A
systematic study of such equations (at present they are called singularly perturbed) began after the
appearance of the fundamental works of A. N. Tikhonov [1-3], drew the attention of many researchers to
equations with a small parameter at the highest derivative. In these works, a General formulation of the
Cauchy problem for systems of nonlinear ordinary differential equations with a small parameter at the
highest derivative is given, and theorems on the limit transition are proved, establishing a connection
between the solution of the initial singularly perturbed Cauchy problem and the solution of the
unperturbed problem obtained from the initial at zero value of the parameter.

One of the important problems of the theory of singularly perturbed equations is the construction of
asymptotic expansions of solutions of equations by a small parameter.

Among the asymptotic methods developed for singularly perturbed problems, it should be noted a
very effective method of the boundary functions proposed By M. L. Vishik and L. A. Lyusternik [4,5] for
singularly perturbed linear and partial differential equations, as well as for the singularly perturbed
nonlinear ordinary differential equations, and M. 1. Imanaliev [8,9] for singularly perturbed nonlinear
integro-differential equations. This method is now called the " Method of boundary layer function".
Further development of this method is connected with the works of V. F. Butuzova [10,11], V. A.
Tupchiev [12] and V. A. Trenogin [13].

S. A. Lomov [14,15] developed a method of regularization of singular perturbations, which allows to
reduce the singularly perturbed problem to the regularly perturbed ones, with the help of which it is
possible to develop the foundations of the General theory of singularly perturbed equations. The method
is applicable to a wide range of problems for ordinary and partial differential equations.
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In this paper, we propose a new method for solving singularly perturbed problems, which
originates from the spectral theory of equations with a divergent argument. The essence of the method is
as follows: the solution of the problem is decomposed into a Fourier series by eigenfunctions of the
corresponding boundary value problem, then the coefficients of this series are transformed by integration
in parts. As a result of these transformations, we obtain a new (recurrent) representation of the solution of
the original problem. Further, by the method of mathematical induction it is possible to obtain an
asymptotic expansion of the solution of the problem of interest to us. The remainder of the obtained
decomposition is estimated by a priori estimates. With the help of direct calculations, the generality of the
obtained recurrent formula is shown, and additional conditions that appeared in the course of research are
removed. This work completes a series of studies devoted to the development of a spectral method for
solving ill-posed problems [17-25].

Problem statement. Consider in the space H = L?(0,1)the singularly perturbed Cauchy problem

Ley(x) = ey™(x) + a; )y P (x) + -+ + ap () y(x) = f(x), (1)
y(0) =0,y'(0) =0,..,y®1(0) = 0, ()

where a;(x) - are real and sufficiently smooth functions on the interval [0,1], f(x) € L2(0,1), € > 0 —
small parameter. The question is how the solution of this problem behaves as ¢ — 0, depending on the
behavior of the coefficients a;(x),i = 1,7n and the right partf (x)? With the help of the spectral theory of
the equation with deviating argument, to obtain the spectral decomposition of the solution of this problem
in the space of the crane, and bring with it the asymptotic representation of the solution with the
assessment of the remainder term through the right part of the equation.

2. Supporting proposals.
The Cauchy’s problem (1) - (2) corresponds to the linear operator

Ly =ey™@) + a;(0)y™ D(x) + -+ a, )y ) = f(x),

with the range of definition

D(Le) = {y(x)eC™[0,1];¥(0) = 0,y'(0) = 0,..,y "D (0) = 0},

and with the range of values R(L,) < C[0,1] contained in the linear variety of continuous functions.

We want to use theory of Hilbert — Schmidt on the spectral decomposition of a completely continuous
and self-adjoint operator, therefore we give appropriate definitions and facts from the theory of linear
operators.

Lemma 2.1. Let A be a densely defined operator in a Hilbert space H. Then

(a) A™ exists and is closed;

(b) A admits a closure if and only if D(A*) is tight in H, and in this case 4 = A**;

(c) if A admits a closure, then (A)* = A%;

(d) if A - admits a closure and is invertible, then A~ admits a closure and (4)~! = AT,

(e) the continuous operator always admits a closure to D(4) by continuity.

Lemma 2.2.

(a) If a densely defined linear operator A in a Hilbert space H has a continuous inverse A™1: H —
D(A), then A* - has a continuous inverse (A*)"1:H - D(A*) and (4*)"! = (4™ V)%

(b) If a linear operator A in a Hilbert space H is densely defined and closed and A* has a bounded
inverse, then A has a bounded inverse, and (A™1)* = (4*)~1.

The proofs of this Lemmas 1, 2 are contained in many manuals on functional analysis [see, for
example, 16].

Definition 2.1. An operator A™ is called formally adjoint to an operator A if for all u € D(A) and
v € D(A%) the equality

(Au,v) = (u, A v),

— 18 ——
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It is obvious that the operator A* adjoint to A coincides with the formally adjoint operator which has
a maximal domain.
Lemma 2.3. The operator formally adjoint to the operator L, has the following form:

n-—1
Ltv = (~D"ev™ () + (~D)" 7 [a (vl +
n-2
D2 [a, V@] + - = [ap- (O] + ap (Iv(0),

D(L}) = {v(x) € c"[0,1];v(1) = 0,v'(1) =0, ..., v V(1) = 0}.
Proof. If u(x) € D(L,) n v(x) € D(L}), so0
J3 u™@v)dx = [} v(0)du®™ D (x) = vEu® D) -
— [ v U D ()dx = — [J v (u D (x)dx = - =
(=)™ [ uC)v™ (x)dx;
[} a1 (u D w0 dx = [ ay ()vu® D () dx = a, ()v)u? ()|}
— [ la: ()] w2 ()dx = — [ [a, (v ()] u (x)dx = -+ =
= (=" [Jla, ()] Vu(x)dx,
J; a;u™ D (v ()dx = (=12 [ u@)[a, ()v(0)] D, ..
Iy anat GOU () dx = [ oy (W)U () = @y CIVEIUGOLE —
= Jy a1 V()] u)dx = = [ u()[an_; ()v(x)] dx.
Therefore,
(Leu,v) = fol{e(—l)"v(") (@) + D" Ha; v )]V +

(=D 2[a, () v()] ™D + o+ o — [a 1 (D] +
+a,(x)vx)ulx)dx = (u,LTv),=>

[a; (xx)v(x)] +

dTL—l
dxn-1

L*v(x) = (-1D)"ev™(x) + (-1)"!

dn

(~D"2 L [, v )] + = [ @] + 3, (),

that's what was required to prove.

By virtue of the Friedrich’s Lemma, the linear variety of infinitely differentiable and finite functions
C5(0,1) is tight in space H, therefore both operators L, and L} are tightly defined in this space. Then, by
Lemma 1, the operator L% exists, and is closed, L, permits the circuit, and L, = L¥*, (L,)* = L%. By virtue
of one of the theorems of the theory of Hilbert spaces there is a formula:

H =R(Ly) @ N(LY) = R(Ly) @ N(L,),
therefore, for the existence of the inverse operator (L.)~! is necessary and sufficient fulfillment of the
equality R(L%) = H. Then, by virtue of paragraph (d) of Lemma 1, we have the formula (L,)~! = (L71),

i.e. the inverse operator to the closure of the operator L, can be found using the closure of the operator
L7, which exists due to the existence of the operator (L,)~1. If D(L,)~! = H, then by the Banach
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theorem about closed graph operator (L.)~? is restricted in space H. But the problem is precisely that.
Without further information, we cannot confirm this.

We show that R(L%) = H, note for this that LF c L%, therefore R(LY) € R(LL). If R(L}) = H
then the required statement follows.
Lemma 2.4. If the function is K (x, t), for a fixed value of t, the first variable x is the solution of the
Cauchy problem of the following homogeneous equation:

et a0 T+ 4 e () =+ a4, ()| K, 0) = 0,
K a2

| oV
Poxle=y T T 9xm2

axn—l

K, )]ey = 0

=0,¢
t=x

=1, A3)

t=x

that function

y() =y(e f) = [T K@, Of©)dt = [J 8(x — K (x, Of (D)t 4)
for any continuous function f (t), is the solution of the Cauchy problem(1)-(2).
Proof. If f (t) is continuous on the [0,1] segment, then the function (4) is continuously differentiable
and the formula holds:

x 0K

y () =K@x) f0)+ [y 3

therefore with condition (3), we have

5, f(Oadt,

y @) =y Ef@at,

we have
(m) _ x 0MK _
yMW@) = [[omfOde, 1<sm<n—1;
! "
yO ) =S| F@+ [ S o
Consequently,
L an—l
ey™(x) + Z a () y" R (x) = ¢ =T ACOR,
k=1 t=x

LT[ 2K 4 S a0 2] F 0yt = £().

Definition 2.2. The function K(x,t) - 8(x — t) is called the Cauchy kernel of the integral operator
(4), where 6(x) is the Heaviside function.

We will return to the study of Cauchy kernel properties a little later, and now we will deal with the
solvability of the Cauchy problem. It would be tempting to deduce this statement from the formula
R(LY) = H, but from the form of the formally adjoint operator L¥, it is obvious that this path requires a
certain smoothness of the coefficients of the equation L,y = f, o we will deal with the equation itself

y = f, especially since we have already shown the dense solvability of this equation. The uniqueness of
the solution found follows from the following a priori estimates.

Lemma 2.5

If a; (x) is a continuous function on the interval [0,1], satisfying the condition
(@) a;(x) = a>0,vx € [0,1]

and on the domain of definition of the operator L, the inequality holds:

(b) (Zh—, ax ()Y (), y" D (x)) 2 0, ¥y € D(Le);

then the following a priori estimates take place:

— 20 ——
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, . _ _ L
Iyl < 191 < Iyl .. < [y2| < [lye-D) < L2l ©6)
Proof. Multiplying both sides of equation (1), scalar by the function y ™1 (x), we have
(Lsy,y(n—l)) — (gyn,y(n_l)) + (aly(n—l)'y(n—l)) +

(Z “k(x)y(”"‘)'y(”_l)> = (f,y®V)

k=2
then
1 1
(ey™,y V) =¢ f y™y®=D (x)dx = ¢ f Yy D (x)d y™(x) =
0 0
a0 elymD )
ey V@I _ ey @]
= = 2 0;
2 2
0
SO

1

aly I < [ @ [y ar < (L v ) < (1) <
0
< AN [y =2 ally®™2l < 1l

As, y(0) = 0, then y(x) = [ y(t)dt,

- AN ILeyll,
o] < 1 - bt

a b

@I < (J; 12at)? (f, 92 @t )’ ly@? < [ de [ 52 (@0)de < x [} y* O,
1

X
ly(I? < XIa'fz(t)dt < f}'fz(t)dt.=> IyllZ < 7112, => liyll < Iyl
0 0

In a similar way, we have
Iyl < Iyl . < [ly@=2) < lyeo| < B2 )

Thus, there is an inverse operator L1, therefore, by virtue of item (d) of Lemma 1, L;1 admits a
closure and (L—gl) = (L,)". Lemma 4 that R(L,) coincides with the linear diversity continuous on [0,1]
functions that is dense in the space H, therefore m =H,butL, ¢ L,,=> R(L,) € R(L,), so a fortiori
m = H. By virtue of a priori estimates (5) R(L,) = R(L,). Indeed, if y € D(L,), then there is a
sequence {y,} € D(L,), such that y, -y, L.y, = f, = f, then it follows from (5) that the sequence
{yrsk)} (k=12,..n—1),n=12,... in the space H, which means that y(x) € WJ*"1[0,1] u v, (x) —
y(x) in the space WJ*~1[0,1]. Passing to the limit in inequalities (5), we get:

Iyl < [l < - < [|y@-v]| < Ll ©

If z(x) € R(L,), then there exists a sequence {z,(x)} € R(L,), such that z,,(x) = z(x) in H. Then
the sequence z,(x) = L.y, fundamental in H, and in virtue of a priori estimates, the sequence {y, }is
fundamental in the space of WJ*"1[0,1], which means that y, =y, y; =¥, .., ylgn_l) - y-1),
L.y, = z(x), i.e. there exists a function y(x) € D(L,) such that L.y, = z(x), that is, z(x) € R(L,), as
required.

Thus, (L.) texists and is defined on the whole space H, since

D(Ze)_l = R(Ze) = R(Es) =H,
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then, by the Banach theorem, the operator (L;)~! is bounded; this is also obvious from the obtained
inequalities (6). By virtue of clause ¢) of Lemma 1, (L,)* = L%, therefore by virtue of clause a) of
Lemma 2, the operator L} has a continuous inverse

(L)1 H > DLy and (L)1 = ()™ = (7)) = @:h)~

From inequalities (6) it follows that

1
(TP | MeyIP\E _VE
||y||2+||y||2§< S+ =) <,

those, the operator (L)~ translates a bounded set into a compact one, therefore it is completely
continuous, by Schauder's theory, the operator (L™1)* is also completely continuous.

Definition 2.3. The closures of the operator L, are called the Cauchy operator and denote by C,, i.e.
C. =T,

Lemma 2.6. Under the conditions of Lemma 5, the Cauchy operator C, is bounded invertible, and the

inverse operator C, ™1 is completely continuous in the space H, moreover, the equality (L:)™1 = (L71)*.
Lemma 2.7. If

( _
Lyy(x) =ey™) + ) ap_mx)y™(x),
i 2
D(Ly) = {y(x) € €™[0,1],y(0) = 0,y'(0) = 0, ...,y (0) = 0},
n-1

Lt2(x) = (=D)nez™ + Z(—l)k[an_k(x)z(x)](k),
k=0
D(LY) = {z(x) € c"[0,1];2(1) = 0,2'(1) =0, ...,z V(1) = 0},

and the operator S is defined by the equality Su(x) = u(1 — x), then the equality SL, = L{S holds if and
only if

Anom(1 = x) = XR2E (=)™ a® ™ (x),m = 0,1,2, ...,n — 1. (7)

Proof. According to the Leibniz’s formula

k
k
[an—kv](k) = Z Cﬁnv(m) 7(1—km)

m=0

therefore

n-1 n-1

D Dy (0] = Z(—l)k Z a0 v () =

k=0 k=0

-1rn
B Z [Z ~D¥erays, m)(x)] v (x).
m=0 Lk=m

Therefore,

Ltz(x) = (~1)"e z(n>+z [z( Dkcra m)(x)] 2 (x),
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Then

n-1

SLyy = ey(n)(l —-x)+ z Ap_m(1 —x) y(m)(l —-x),

LtSy = (1)"e(sy)™ + 2[Z< D¥ay @) |- ()™ =

m=0
n-1

n-1

=ey™1—x) +

(—D¥erays, m)(x)]( DMy™ (1 - x).

m=0 =m

Equating the corresponding coefficients of these expressions, we obtain the formula (7).
Lemma 2.8. If
(a) Su(x) = u(l —x);

(b) Ley(x) = gy(n) + an_:lo Ap—m (X) y(m) (x);y € D(Lg);

(©) tpom(1 — %) = YL (D)™, ca* ™ (x),m = 0,1,2,..,n — 1,
then the operator SL, is symmetric in the space H.

Proof. If y(x) € D(L,), i.e. y(x)C™[0,1], and y(0) = 0,y'(0) = 0, ..., y™*~D(0) = 0, then Sy(x) =
y(1—x) € D(L}). In fact, it is obvious that Sy(x) € €™[0,1], and [Sy(x)]™ = (—=1)™y™) (1 — x),
therefore, [Sy(x)](m)|x= , =0, m=012,..n—1. By virtue of the previous lemma, the equality
SL, = LtS, holds; therefore, for all u(x) and v(x) € D(L,) we have (SL.u,v)= (L.u,Sv)=
(u, LtSv) = (u,SL,.v).

Lemma 2.9. If

(a) Su(x) = u(l —x);
(b) Lsy(x) = gy(n) (x) + Z 0 an— m(x) y(m) (x)
y(x) € D(L,) = {y(x)Cc™[0,1]; y(0) = 0,y'(0) = 0, ...,y "D (0) = 0},

then equality takes place
ST, = SL,,

where the bar (7), as usual, means the operator's closure operation.

Proof.

Suppose that the operator SL, is not closable, then there exists a sequence u, € D(L,) such that

n—0, SL.u, > f €Hand f #0. Then u, € D(L,), Lyu, = SSL,u, - Sf # 0, therefore L, is also

not closable. Similarly, the non-closure of the operator L, implies the non-closure of the operator SL;.
Therefore, the operator SL, is closable if and only if we close the operator L. If u € D(L,), then there is a
sequence u, € D(SL,) such that u, — u, L.u, — L,u, therefore, u, € D(SLS) and SL,u, — SL.u..
Therefore, u € D(SL,) and SL,u = SL.u. Thus, if u € D(L,), then u € D(SL,) and the equality SL,u =
SLgu holds.

Conversely, let u € D(SL,). Then there is a sequence u, € D(SL,), such that u,, - u and SL.u,, >
SLgu, since D(SL.) = D(L,), then u, € D(L,) and L,u, = SSL.u, - S(SL.u), and this means that

u€D(L,) and L,u = SSL.u, i.e. SL, = SL,.

Consequence 2.1. The operator SL, is self-adjoint in the essential in space, i.e. (SL.)* = SLj.

Proof. The operator SL, is symmetric, therefore, the operator SL, is also symmetric. Since SL, =
SL, and R(L,) = H, then R(SL.) = H,=> R(SL,) = H. From the symmetry of the operator SL, it
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follows that SL, © (SL.)*, passing to the closure, and taking into account the closedness of the adjoint
operator, we get the inclusion SL, c (SL,)*, and since R(SL,) = H, then R(SL.)* = H and R(SL,) =
R(SL,)*. Therefore, taking into account the invertibility of these operators, we have

D(SL.) = D(SL.)* mmostomy SL. = (SL.)*.

So (SL.)* = (SL.)** = SL,, that's what was required to prove.
Lemma 2.10. If the k - th coefficient of equation (1) is n —k (k = 0,1,2, ..., n) times continuously
differentiable on the interval [0,1], and satisfies the following conditions:

@) a;(x) =a>0;
(b) (Zhz ()Y ™0 (), y @D () = 0¥y € D(L);

(©) pem(1 = x) = 2L (D™, ™ () m = 0,1,2,...,n — 1,

where cj* are binomial coefficients, then the SC, operator is self-adjoint in the space H, and has a
completely continuous inverse, where C is the Cauchy operator.

3. Main Results.

Theorem 3.1. If the k -th coefficient of equation (1) n—k (k =0,1,2,...,n) is continuously
differentiable on the interval [0,1] and satisfies the following conditions:

(@) a;(x) =a>0;

®) (Zh=2 )y (@), y "D (X)) = 0.y € D(Le);

(©) Gpom(1 — x) = TR (D)™, ™ () m = 0,1,2,...,n — 1,

where ¢j* are binomial coefficients, then the Cauchy’s problem (1) - (2) is strongly solvable and this
strong solution has the following representation:

0 (S ’ n)
Y00 e, f) = Tiet 522 9a (), ®)

where 4,, (n = 1,2, ...) - are eigenvalues, and ¢, (x) (n = 1,2, ...) are eigenfunctions of the operator SL,,
the S operator is defined by the formula:

Su(x) = u(l —x).

Proof. By Lemma 10, the operator (SC,)~! is completely continuous and self-adjoint,
therefore, according to the Hilbert — Schmidt theorem, the decomposition takes place

(SCI TS = Tier 522 0n () + 00 ),

where ¢@q(x) € ker(SC,)™! and {@,,(x)} (n =1,2,...) - are orthonormal eigenvectors of the operator
(SC)™L, and A5t (n = 1,2, ...)the corresponding eigenvalues of the same operator, then (SC,) 1@, =
0,=> ¢y = SC.(SC.) tp, = 0, therefore

(SCT () = Ty L2 g, ().

If for some function f(x) € H there is the equality (f,¢,) =0 (n = 1,2,...), then (SC,)"1f = 0,=
> f = 0, the system of eigenfunctions {¢,} is complete in H. Since, by virtue of the self-adjointness of
the operator (SC,)™1, this system is orthogonal, after normalization it forms an orthonormal basis of the
space H.

We now return to the Cauchy’s problem (1) - (2).

Ley(x) = ey™(x) + iy 4 () y® R (x) = f(x), x € (0,1],

y(0) =0,y'(0) =0, ...,y 1D(0) = 0,
—— 4 ——
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or in operator form:
Ly=f.

Acting by the operator S on both sides of the equation, we get
SL.y = Sf.
Therefore, for all y(x) € D(L,), the equality
SCey = sty = SL.y = Sf,
So

y() =y, f) = (SCITISF = ) (SCTSF pn)pn () =
n=1

© © S o
= N £ e onen = Y L 6o,
n=1 n=1 n

The equation for the functions is:

(SC) ™ on = ‘p’;(x), Ap#0,n=12,..

or
Co S = 229, (1) 1S, = 222
So P, (x) = S, (x), we have
(L) () = 22
or

S (1) = A (L) ™ P (1) = A, (LD () = Ay, ) K(x, 8) Yy (D).

If ¥, (t) € L?(0,1), then from this equation we see that [Si,, € WJ*[0,1], then ¢, (x) € W*[0,1]. If
on(x) € WJ[0,1], then Sy, (x) € W2™[0,1], then ¢, (x) € W£™[0,1], continuing this process, we obtain
that ¢,(x) € C*, i.c. infinitely differentiable. Therefore, any function belongs to the domain D(L,),
therefore

An@n = SCey = SLepp = SLepy, =>

Ls(pn(x) = AnS(pn(x)a n=12..
Therefore,

{ecp,ﬁ’:) () + a; DXV (x) + + + ()P () = L@ (1 = %) = 1 S (%),

P (0) = 0,0 (0) = 0, ., 0 " (0) = 0,
For further clarity, we will study the properties of the operator B, where

{Bu(x) = a; Du™ ™V (x) + a, D)u™ D (x) + - + @, (Dux),
D(B) = {u(x) € ¢"1(0,1) n €™ 2[0,1];u(0) = 0,u'(0) = 0, ...,u™2(0) = 0,

denote these equations as (9)-(10).

Theorem 3.2.

(a) If k -th coefficient of operator (9)-(10) n — k times is continuously differentiable on the interval
[0,1], then one of the formally adjoint operators of operator B has the form:
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B*tv= ) (—D)" ¥[a,(x)v(x)]"P,
(D) =0,v(1)=0,..,v"2(1) = 0;

(b) if there is equality

p-m(1 — %) = TR2h (= D™k mal ™ (), m = 0,1,2,...,n — 1,

where ¢~ are binomial coefficients then
SBu = B*Su, Yu(x) € D(B).

Proof. If u € D(B) and v(x) € D(B%), so

(@) (Bu,v) = (Bfo1 a )u™9,v) = T1_ (a, ()u™9,v);
1

1
(0, u™9,v) = (av,u®P) = j aru™ R dx = f avdu@ k-1 =
0

0
1

1 ,
= akvu(”'k_1)|0 - f(akv) uM=k-Dgy = akvu("‘k‘1)|(1) —
0

1

' 1 , 1
— f(akv) du(n—k—z)dx — akvu(n—k—1)|0 —_ (akv) u(n—k—z)lo +
0

S

-1
m=0

(akv)m(_l)mu(n—k—l—m) |(1) +

n

1
+ f(akv)'u("‘k‘z)dx =
0

1

F(—1ynt j (@) ™ Ou(odx,
0

Therefore,
n n-k-1 n
(Bu,v) = Z (akv)m(—l)mu(n‘k‘l‘m)LI) + Z(—l)”‘k(u, (av)R))
k=1 m=0 k=1
n
= [ul U] + (u, 2(_1)n_k(akv)(n_k)>J
k=1
where
[,v] = By S5 (@)™ (— Dmuek M )|
If

u(0) =0,u'(0) =0, ...,u™2(0) = 0;
v(1) =0,v'(1) =0,..., v (1) =0,

therefore [u, v] = 0, so (Bu,v) = (u, BTv), where

By = ¥y (~1)" K ()R,

— 26 ——
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(b) If u(x) € D(B), we have it Su(x) € D(B™) and expression B Su it has sense

k=m,
B*S =Z 1nk S (n— k)_n
u= ) 0 s e

n-—1

Z ( 1) (an msu)(m) Z( l)m(an mSU)(m)

m=n-—-1

Z( 1)mz (m k) k(Su)(k) Z( 1)m+k (m k) kSu(k)
k=0

(Z_: Z_: 1)m+kqC (m— k) k)su(k)

k=0 m=k

A 4

v

m=n—1m

n—1 n-1
SBu=S Z ay_u® = Z Ay (1 —x) Su® =
k=0

n—-1

Z (Z( 1)m+kc,’fna(m k)> Sul® = B+gy.

=0

By Lemma 10, the operator SB is in the space H. Therefore, (SB)* = SB = SB, (SB)* = SB,
(B)*S* =SB, (B)*S=SB, B*S=SB, B*=SBS, (B")"1=S"1(B)"1s" 1 =S(B)71S, S(B") ! =
(B)~1s,S(B~YH)* = (B~1)S, (B~1)*S = S(B~1),that's what was required to prove.

Theorem 3.3. If the k - th coefficient of equation (1) is n —k (k = 0,1,2, ...,n) it is continuously
different once on the interval [0,1] and satisfies the following conditions:

@ a,(x)=a>0;
®) (Ziz 4 ()y ™0 (@), y V() = 0¥y € D(L,);

(©) Gpom(1 — x) = TR2L (D™, a® ™ () m = 0,1,2,..,n — 1,

where ¢}* -are binomial coefficients, then the formula holds:

P(x) = Yoo, 222D (), (1)

Am

where
o (@) + a1 P @) + -+ + an (P () = L SPm (%);
o (0) = 0,0,(0) = 0, .., 0 " (0) = 0,
and Y (x) - is a solution of a homogeneous equation
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ep™ () + a; (PP () + - + @ (DY) = 0 (12)
satisfying the initial conditions:

¥(0) =0,4'(0) =0,..,»p™2(0) =0, Y(0) = 1.

Proof. Noting that ¥ (x) € D(B) we rewrite equations (12) in the form g™ (x) + By (x) = 0.
Noting also that ¢,,(x) € D(B) and ¢,,,(x) € D(B)we rewrite the equations of the functions as

P (1) + BPp (%) = AnSPm (%), SPp (x) = 9 (1 = X).

Using these two formulas, we calculate the Fourier coefficients of this function SBy.
(SBY, @m) = (SBY, B~ S@m — eB0) = An(SBY, B~'Spy) —
—& (SBY, B0Y) = A (B™1)"SBY, Sp) — £ ((B)"SBY, 0 ) =
= An(SB7TBY, S¢y,) — € (SB1B, o) = By € D(B™) < DB D) =

= An(SBT'BY, Spm) — £ (SBTBY, 0 ) = A, @) — £ (S, 0 )
Using integration by parts, we transform the scalar product
(sw. o1)-
1 1
1
(sw. o) = f swd o 00 =59V @) - f S¥) ol () dx =
0

0
1 1
=y =090 - [ Gw eV wdx = - Wi @
0

n-1 1

(sw.00) = > DFEPPPE POl + (-1 ] (SY) ™ g (x)dx =
k=0 0
n—1
= D EDF DO - I @)+ D
| =0 L 1
[0 0pnedx = Y 9O -0 00|+
0 k=0

1
+ f lp(n)(l — x)pm(x)dx = l/)(n_l)(o)(Pm(l) + (Sl/)(n)'(pm) =

0
= o (D) + (SY™, ¢y);

Operated by the operator S on both sides of the equation

e (x) + By (x) = 0,

we have
eSY™ + SBY(x) = 0, SYy® = — L

Therefore,
(5™, 0m) = (= ==, 0m).

— 28 ——
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SO

. (5¢ fp(”)) = om(1) — (SBw.wm)
(0]

(SBY, 9m) = A (P, @) — €9 (1) + (SBY, @) , => 1y (Y, @1y) = €90y (1),

o = 2D ) = 2@ o) om0 = Y 2D ),

m=1

that's what was required to prove.

Apparently, the formula (11) has independent value, for example, for the solution of inverse
problems.

Now, using the formula (8) we derive a recurrence relation for the solution of the Cauchy problem
(1)-(2). For convenience, we'll rewrite it first

Y66, f) = Dines 2 0y (). ®)
Using integration by parts, we transform the coefficients of this series.
(S, 9m) = (SF, AmB " S@m — eB72 0 ) = A (Sf, B~Sppm) —
& (S£,B70%) = An((B~"Sf, Som) — £ ((B=Y'Sf, 0 =
|(B71)"S = SGBD)| = An(SBf,S¢m) — £ (SB71f, 0) =

= A (B f, 0m) = (SBf,0%);

n—-1
— IR |
(sBF.08) = > 0BT o0+
k=0
1 n-1 )
+(—1)”f(SFf)(")<pm(x)dx :ZS(Ff)(k) pG )| +
0 k=0 0
(n-1)

©¢n@ + (SEI) ™, o), =>

(n-1)

+ (5B, ) = (B)
Sf,0m) = (B 9m) = €(BTF) " @ gm(D) — £ (SBT) ™, om);

Therefore,

n— m(1 dar —
y(x,e,f) = Bf = (B71f) “(O)ZS"’ ()—£y<x€m3‘1f>=

=B @) — (B) " O - ey (v 6, o ). (13)

Note that the function B=1f as a strong solution to the Cauchy problern belongs to the space
WJ=1[0,1]; therefore, for the validity of the formula obtained, it suffices to require that f(x) € W;[0,1].
Denoting,
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DO =1D="LFT

T daxn >
rewrite the formula as:

y(x,&,f) = B7Df(x) — (B7*D° )"V (0)y(0) — ey (x, & Df).
Further,

y(x,&Df) = B'Df(x) = (BT'DAH D (0)p(x) — ey (x, &, D*f), =>
y(x,& f) = B7DOf (x) — (B1DO /)™= D(0)p(x) —
—&[B7IDf(x) — BT'DAH™ V(0 (x) — y(x,&,D*f)] = B7'D°f(x) —
~(B7D° )V (0)p(x) — e[B7Df (x) — (BTDAHTD(0)y(x)] +
+&2y(x, &, D%f).

Continuing this process by the method of mathematical induction, we obtain
n-1

y(e ) = ) (~DF[BIDR ) = (5704 0] ek +
k=0

+(—1)n5n}’(x; &, an):

where ||y(x, &, D" )| < @. From this formula it is seen that, if f(x) € W;'[0,1], then D™f €

L%(0,1) and y(x, &, D™f) € W}'[0,1]; the function ¥ (x), at least n - times continuously differentiable.
D*f(x) e W}¥[0,1], B7'D*f(x) e W™ %1 For k=n—1, B7'D"1f(x) € W}[0,1]. We
formulate the result.

Theorem 3.4. If the k - th coefficient of equation (1) n — k times is continuously differentiable on
the interval [0,1] and satisfies the following conditions:

(@) a;(x) = a>0Vvx €[0,1];
®) (222 e (@y ™0 @),y "D () = 0¥y € D(L,):

(©) Gpm(1 — %) = TR2L (D)™, ™ (0)m = 0,1,2,...,n — 1, (14)

where c}* - are binomial coefficients and the right part belongs to the space W,'[0,1], then the solution of

the Cauchy problem (1) - (2) also belongs to the space W;'[0,1] and admits an asymptotic expansion of
the form:
n-1

yef) = Y (D [BDkf0) — (B4 )" P 00| e +
k=0
+(—1)n€n}’(x' g, an);
where

n ID™ Il o _ _at =
lyCe,e, D"l <=, D° =1, D = ——BL.

{BZ(x) = a; )z V() + a ()2 (%) + - + a4 (0)z (%),
z(0) =0,2'(0) =0, ...,z (0) = 0;
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{ ™) + a; PV () + - + a, (O)Y(x) =0,
¥(0) =0,1'(0) =0,..,»™2(0) = 0, (0) = 1.

4. Discussions.

Remark 4.1. Whether it is possible to prove the recurrent formula (13) directly, by direct
computations, if possible, we would get rid of the conditions (14) that are needed for the self-conjugacy of
the operator SCs.

By virtue of the known formula, we have
X

gy (x,e, (Ff)(n)) jK(x t)( 1f(t)) dt =

0

= ¢ Z( pym K BT

X

B1f(t)dt|;

atn

oK
+(-1) Of

0

If f € L2(0,1), then B=1f € WJ*"1[0,1], i.e. This function has absolutely continuous derivatives up
to the n — 2 - order and a derivative of the n — 1 - order that is summable with square. Thus, all

. — \(k . . . — \(k
derivatives (3‘1 f )( ) up to n — 2 - nd order inclusive are continuous and formulas (B -1f )( )(0) make
sense and, moreover, they all vanish.

A little earlier we proved the formula (L)~ = (L 1)*, now we use this formula.
X

Lo f(x) = f K (e )f (£)dt = f 00x — £) K(x, O)f (O)dt,
1 0 1 0 1
Lz g(0) = j K* (e, D) g(6)de = f 8(x — DK (6, x)g()dt = f K(t, x)g(D)dt;

0 0 x

We act by the operator L on both sides of this equality, in the end we get
1

960 = Lz [ K g

X

Now let's calculate the right side, for convenience

1

2(x) = f K(t,2)g(6)dt

X

we have
1aK 161(
70 = =K (€09 Olemr + [ 5090t = [ S @09t
X X
1 1
@) = + K (6 0)9(0dt = I I (gt
z (x) = ) 55z (609 = | 3z &0 .
X X
an—l
zm=D(x) = f e (t,x)g(t)dt,
x 1
)= -2 K ogw| I O e g (dt;
2 = — o (6 X)g ~ Pyl CEI) ;
- X
Therefore
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Liz(x) = (=1)"ez™ + ¥1-1(—1)¥[a,_, (x)z(x)]®);

1 .
[0 COZ(ON® = Z D) 20 J—Z D, [ 25 gt =
1

1 j
f > ok ”(x)ckF g(Ddt = f lan_x COK(E 0@ g(Dde, 1 < k <n - 1;

j=0 x

Therefore,
n-1

Liz = (—1)"ez™ + Z(—nk[an_k(x)z(x)](k) =
k=0

1
0"K on1
(-1re f (L0g (Dt — (-1~ ——K(t,1)g(0

F + .=

t=x
n—-1

1
o"K
-/ [( De o (6 x)+Z(—1)k[an_k<x)1<(t,x>]<k>]g(t)dt—

k=0
—(Dre S KE0g@®)| =g
t=x
Due to the arbitrariness of g(x), we conclude that
n-1
(D)™ 1e e K(t,x)=1

and

LEK(t,x) = 0,

i.e. the first variable, the Cauchy kernel is the solution of the homogeneous equation L.K(x,t) = 0 and
the second variable is a solution of the homogeneous equation L*K (¢, x) = 0.

Now usmg the formula
X

f pCOU™ () dt = Z( 1)y My n=1-m) (¢)|x 4 (—1)n f v (Ou(t)dt,

0 0

. d" =—t
convert expressions: gy (x, &- =B -1f )

dn ; an

ety o 2 p= —

sy(x g, = —B~ f) st(x,t)dan f(®adt
0

n-1 X
MK —— (n-1-m), |" 0K
:glz (—1)mat—m(3—1f)( ! )(t)|0 +(—1)nf = B‘lf(t)dt] -
m=0 0

an—lK o - n—
—e|com TR ENO| - kwoE) " o)+
+e(—1)"fanKFf(t)dt-

) otn ’

— 3 ——
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From the equation
n

0"K
(- 1)" - +BTK(x,t) =0

we have
n

0"K
(-D"e Froie —B*K(x,t).

SO
X

e(—l)”f?TfFf(t)dt = —fB+K(x, t)B-1f(t)dt =
0

0
X

-| [ kG 0BBTr00de + [, 5] | =

0

[k, Bf] - f K(x, O ©)dt =
0 0

X

- f K(x, Of (Ddt;

0
fB+KB TF(E)dt =f F(OB*Kdt = (B-1f, B*K);
’ (Bu, v)o— [u,v] + (u, B*v);

Gentle u = B-1f,v = K, we get
(BB71f,K) = [B71f,K] + (B~'f,B*K),
[u 17] 1211 k— 1(akv)(m)( l)mu(n k-1- m)(x)

n n-—-k-1

[B-1f,K] = z Z (0 K)™ (=1)™(B~ 1f)(n k—1- m)

k=1 m=0

=0.

0

So

-2k

0K
"0t lp=y

K, 6)lpey = 0 =0,

(n-2)

(B=1f)(0) = 0,(B=1f)'(0) =0, ..., (B=1f)"" ~(0) = 0.

Therefore,

dn n—lK (n-1)
€y<xi€d 1f>—8[( 1)nlatn1

B~1f — K(x,0)(B~1f)

t=x

(n-1)

- f Ko, Of(©Odt = B1f ) — (BF) " 0w@) - y(x e f),
0

where Y (x) is a solution to the Cauchy’s problem
™ (x) + a, ()PP D (x) + -+ + a, (x)P(x) = 0,

¥(0) =0,9'(0) = 0,..,p ™ 2(0) = 0, D(0) = 1.

Theorem 3.4 we can now reformulate.

0] -
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Theorem 4.1. If the k - th coefficient of equation (1) is continuously differentiable n —k (k =
0,1,2, ...,n) times on the interval [0,1] and satisfies the following conditions:

(@) a;(x) = a>0Vvxe[0,1];

®) (Zrz 4 ()y ™0 (@), y* V() = 0¥y € D(L,)

and the right part f(x) € WJ'[0,1], the solution of the Cauchy problem(1)-(2) also belongs to the space
W3*[0,1] and admits an asymptotic expansion of the form:

y(x e, f) = SRES(-D¥ [BD*F () — (B7104F) ™V ()] ek +
+(_ 1)n5ny(x: ¢, an);

where

n ”an” 0 _ —d_n——l
lyCe, e, "Il <=, D° =1, D = — BT,

{BZ(x) = a; ()2 V(x) + a, ()2 (x) + -+ + ap () z(x),
z(0) =0,2z'(0) =0, ...,z""2(0) = 0;

{ ep™ () +a; (DY TV )+ + 2, (DY) = 0,
¥(0) = 0,9'(0) = 0,...,» ™2 (0) = 0,1 (0) = 1.

5. Summary. The spectral theory of equations with a deviating argument can be successfully
applied in the study of singularly perturbed problems. The residual term formula can be used to control
current errors in the numerical solution of such problems.

90X 517.9
M.Akbui6aes’, A.ILI anxan6aes’, I/I.Opa30133, A.Beiice6aepa’

' AfiMaKTBIK olleyMeTTiK-MHHOBALMSIBIK yHIBepeuTeti, [lbiMkent, Kasaxcran;
*Xansikapansik Silkway yrusepcuteri, Illsvkent, Kasakcran;
*Koxa Axmer Slcayu aThiHarsl XaibIKapalblK Ka3ak - Typik yHusepcuteti, Typkicran, Kasakcran;
*M.0.9ye30B atsinarsl OHTyCTiK Kaszakcran memnekeTTik yausepeuteri, IlIsivkent, Kaszakcran

JKOFAPFBI PETTI KOJIMI'T JU®PEPEHIAJILIK TEHJIEYIIH CUHTYJISIP OCEPJIEHTEH
KOIIY ECEBIH IIEIIYAIH OMEPATOPJIBIK 9/1ICI TYPAJIbI

AHHOTanusi. by eHOeKkTe apryMeHTiH aybITKBITY SAICIMEH KOJIMIi m —peTTi auddepeHnnanibk TeHaey/IiH
CUHTYISIp ocepieHred Komm eceOiHiH ImemimMi acCMMTOTHKAaIBIK KaTapra TaparbULIbl. AJl KaTapjblH KaJblFa
TEHJICYIIH OH >KarbIHIaFbl 0OC MYyIeci apKbUIbl OarajnaHbl. ByJl cajaHbIH KONTereH eHOCKTepl KoAesi caHaabl
JKOHE 0JIap TEXHUKAJBIK MOCENIENEPMEH THIFbI3 OalIaHBICTHI, MyMKIH, COHIBIKTaH Goap, ajbiaFad Garamuap O -
YJIKEH Hemece O - Killi Iamajiapbl apKbUIbl OPHEKTEIreH, COHIBIKTAH OJlap TEK TEOPHSUIBIK Ma3MyHFa We,
COH/IBIKTaH HAKThl KOJIEre jKapamaiijibl, COFaH KapamMacTaH MYHIail >KYMBICTap KETIll apThiaajbl. ¥ ChIHBUIBII
OTBIPFaH €HOEKTIH HETI3rl apThIKIIBUIBIFbL, aJITOPUTIMIHIH KapanaibIMIbUIBIFBI MEH KaJJBIKTBIH (pOopMyackl Oosca
KepeK, OJI TeHACY/IIH 00C MYLIECi apKbUIbl ODHEKTEITeH XKOHE HAKThI OarallaHfaH.

Tyiiin ce3nep: CHHTYIISIP OCEPJICHICH, CIIEKTPAIIAl TapalibiM, aybITKbIFAH apryMEHT, KaJl/IbIK MYLICHIH Oarambl,
KaJkpl oneparop, ['minbepr nen LlIMuariy Teopemacsl, acipe y3ikciz oneparop, @puapuxcreiz temMachl, Kommain
ecebl, aCHMITOTHUKAIIBIK TapalibiM, Map/AbIMCBI3 TIapaMeTp.
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YK 517.9
M.Alcbmﬁaenl, A.HI.HIaJmaﬂﬁaeBz, I/I.Op33033, A.Beiice6aeBa’

'PernonanbHbIN COLMATPHO-UHHOBALMOHHDII yHuBepcurerT, T. lllsivkenT, Kasaxcran;
*Mexmynaponusiii yausepeuter Silkway, r. IIleivkent, Kazaxcran;
3 MexnyHapoaHbIN Ka3axCKO-Typenkuil yausepcureT uM.X.A.fcasu, Typkecran, Kazaxcran;
*[Oxmno0-Kazaxcranckuii [ocynapcTennslii yausepcuter uM.M.Ayesosa, r.IlIsivkent, Kasaxcran

OB OJIHOM OITEPATOPHOM METO/IE PEIIEHUSI CUHT'YJISPHO BO3MYIIEHHOM 3AJIAYA
KON JJIs1 OBBIKHOBEHHOI'O JN®®EPEHIIMAJIBHOI'O YPABHEHMUS n-I'0O ITIOPAIKA

AHHOTanusi. B Hacrosmeil pabore, METOZOM OTKIIOHSIOIIETOCS apryMeHTa, ITOJ[yYeHO ACHUMIITOTHYECKOE
pasnoxkeHue penieHus 3agaun Komm [yt 0ObIKHOBEHHOTO An(QEpPEHIIMATBHOTO YPaBHEHNSI N — TO IMOPSIKa C
HepeMEeHHBIMU K03 GHUINEHTaMH, C OLIEHKON OCTaTOYHOTO YIEHA Yepe3 IMpaBylo 4acTb ypaBHEHHA. MHorue paboTsl
MOCBSILEHHBIE K 3TOH TeMe HOCST NPUKIAIHON XapaKTep, U MOJyIEHHbIE UM OLIEHKH OCTaTOYHOTO WIEHA BBIPAXKEHBI
B TepmuHax O —Gomblioe, WM O —Malioe, MO3TOMY HMEIOT TEOPETHYECKOe 3HAUYCHHE, HEXEIH MPHUKIAJHOE, KakK
OHH yTBepKJat0T.OCHOBHBIM JOCTOMHCTBOM IPEASAaraéMoro HaMHM METOJa SSUISieTCA MPOCTOTa €ro alropTUTMa, U
(hopMyJia OCTATOUHOTO WIEHA, SIBHO BEIpayKeHHAsl Yepe3 MPaByIo 4acTh YPaBHEHUS, U €r0 OLICHKA.

KioueBble cioBa: CHHIYISIpHOE BO3MYILEHHE, CIEKTPAIbHOE Pa3l0XkKEHUE, OTKIOHAIOUINECS apryMEHT,
OIIEHKa OCTAaTOYHOTO WIEHa, CAaMOCOIPsDKEHHBIN oreparop, TeopeMa ['mnbepra - [lImuara, BromHe HETPEepHIBHBIN
oneparop, JieMMa Opuapuxca, 3agaya Koim, acHMITOTHYECKOE pa3IoKEHUE, MAJIbIA TapameTp.
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MAY 5, 2015 SOLAR FLARE DATA ANALYSIS IN SUNPY

Abstract. In this paper was monitored solar flare registered on May 5, 2015. This flare, which peaked at 6:11
pm EDT from a sunspot called Active Region 2339 (AR2339), is classified as an X2.7-class flare. We have
performed solar data analysis using the Python/SunPy tool. SunPy was chosen as the principle data analysis
environment since it provides easy to use interfaces to the Virtual Solar Observatory (VSO).

Keywords: solar flares, emission measure, reconnection rate, SunPy.

INTRODUCTION

Solar flares are one of the most powerful energetic events in the solar atmosphere. Given their role in
the energy balance of the solar corona and their role played in driving space weather, many studies
investigated the energy build-up and initiation of flares, concentrating on the events preceding the onset of
a flare [1].

Our study uses X-ray flare databases. The flare was collected using the dataset provided by the
Geostationary Operational Environmental Satellite (GOES) [2]. GOES flares are classified as A, B, C, M,
or X-class, according to their peak flux (W m?) observed in the 0.1 to 0.8 nm wavelength range. We
selected the X-class flares corresponding to a flux in excess of 10" W m> at Earth, respectively. The
GOES flare lists are available at NGDC/NOAA [3].

This research has made use of SunPy, an open-source and free community-developed solar data
analysis package written in Python [4]. Python/SunPy chosen as the principle data analysis environment
since it provides easy to use interfaces to the Virtual Solar Observatory (VSO). SunPy is a data analysis
toolkit, which provides the necessary software for analyzing solar and heliospheric datasets in Python.
SunPy aims to provide a free and open-source alternative to the current standard, an IDL based solar data
analysis environment known as SolarSoft (SSW) [5-9].

In this work, we have observed solar flare occurred on May 5, 2015. This flare, which peaked at 6:11
pm EDT on May 5, 2015 from a sunspot called Active Region 2339 (AR2339), is classified as an X2.7-
class flare.

SOLAR DATA VISUALIZATION
To find and overplot the location of the brightest pixel, we first created the Map using the FITS data

and imported the coordinate functionality. In the Figure 1 shown the brightest pixel location in different
wavelengths obtained by Python/SunPy.
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Figure 1 - The brightest pixel location (Active area 2339 in AIA 171 A, AIA 211 A and AIA 1600 A)

To obtain the GOES flare intensity, we first grab GOES XRS data for a particular time of interest that
is May 5, 2015. Then the data loaded into a TimeSeries. Next we grab the HEK data for this time from the
NOAA Space Weather Prediction Center (SWPC). The Figure 2 shows the total flux of X-rays, which
was registered on May 5, 2015.
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Figure 2 - Total X-ray flux obtained in GOES 13 and GOES 15

To enhance emission above the limb, we first created the Map using the FITS data. Next we build
two arrays which include all of the x and y pixel indices. Then we converted this to helioprojective
coordinates and created a new array which contains the normalized radial position for each pixel. Next we
plot it along with a fit to the data. We fit the logarithm of the intensity since the intensity drops of very

quickly as a function of distance from the limb [10-11].
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The National Oceanic and Atmospheric Administration (NOAA) launches and maintains a set of
satellites called Geostationary Operational Environmental Satellites (GOES), carrying weather monitoring
instruments. Each GOES satellite alsocarries a solar X-ray package (the “X-Ray Sensor”, or XRS)
consisting of a collimator that feeds a pair of ion chambers. These ion chambers measure the Sun’s
spatially integrated soft X-ray flux in two wavelength bands, 0.5-4 and 1-8A, with a 3-s cadence. The
GOES soft X-ray detectors have provided an essentially uninterrupted monitor of the Sun’s activity for 30
years, and are a valuable resource for the study of past solar activity and the prediction of space weather
[12-16].

For quantitative physical understanding of processes in the Sun’s atmosphere, the X-ray fluxes
themselves are of limited use. However, they reflect the temperature and emission measure of the plasma
that produces the soft X-rays, and these physical quantities are of great importance: from them, the
energetics of solar flares and other energy releases can be deduced [17-18].

Corresponding volume emission measure of the solar soft X-ray emitting plasma observed by the
GOES/XRS is shown in Fig.4. The volume emission measure were obtained in SunPY using the methods
of White et al. [17] who used the CHIANTI atomic physics database to model the response of the ratio of
the short (0.5-4 angstrom) to long (1-8 angstrom) channels of the XRSs onboard various GOES satellites.
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Figure 4 - Obtained emission measure of the solar soft X-ray emitting plasma observed by the GOES/XRS

CONCLUSION
The scientific python community is much more established in other disciplines than it is in solar
physics. SunPy is making use of existing scientific python projects, with deeper integration with projects
like Astropy and scikit-image possible in the future. Using SunPy package we have obtained the values of
39
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temperature and emission measure from a GOESLightCurve. This function calculates the isothermal
temperature and corresponding volume emission measure of the solar soft X-ray emitting plasma
observed by the GOES/XRS.

A.T. Capcemﬁaesal’*, M. Oncypen 2 . Beaucaposa AT, Capcemo6aii 3

' Ou3KKA-TEXHUKATBIK (dakynbreri, On-Papadu areingarsl Kaz¥V, 050040, Kazakcran;
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3T. Kemex6aes aTbinaars Ne250 MmekTen-nuneii, Kapmakuist aynansl, Kei3sutopaa o6nbickl, Kazakcran

5 MAMBIP, 2015 KYH KAPKBIJIBIH SUNPY APKBLJIBI TAJLJIAY

Annoranus. Ocel Makanana 2015 KbUIIBIH 5 MaMBIPbIH/IA TIPKEITEH KYH JKapKbULAAPBIHBIH OaKbLIaybl KYPTi3iii.
2339 (AR2339) axrtuBTi aiimakra IIIBC caraT OoliblHIna caraT 6:11-1e MakcuMyM MoHiHAe X2.7-KJIacC KYH >KapKbLIbl
6onbin Tipkenai. Python/SunPy kypanbl apkpuibl KYH Aepektepi Tainmanabl. SunPy BUpTyanubl KyH 00cepBaTOpHsICHIHA
(VSO) unrepdeiicrepai nainanany /sl KeHUIAETETIHIIKTEH HET13r1 JepeKTepAl Taaaay Kypabl PeTiHAe TaHAalabl.

Tyiiin ce3aep: KyH KapKbUIb, IIBIFAPBIHABLIAP OJIIIEMI, KaHTa YINTACY KbUIIAMIBIFBI, SunPy.
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AHAJIN3 COJTHEYHBIX BCIIBILIIKOB, 3APET'HCTPUPOBAHHBIX 5 MAS 2015 B SUNPY

AHHoTanus. B 3T0il cratbe oTciexuBanach COJIHEYHAs BCIBIIIKA, 3aperucTpupoBaHHas 5 mas 2015 roga.
ConHeyHas BCTIBIIIKA, KOTOpasi TOCTUTIIa MakcuMyMa B 6:11 Beuepa o BOCTOYHOMY MOSICHOMY BPEMEHH OT COJTHEYHOTO
ISITHA, Ha3bIBAEMOTO AKTUBHBIM peruoHoM 2339 (AR2339), kmaccupuuumpyercs Kak Bembllika kinacca X2.7. Mel
MIPOBOJMIIM aHAJM3 CONHEYHBIX NaHHBIX C MOMOINBI0 MHCTpyMeHTa Python/SunPy. SunPy Opura BeIOpana B KauecTBe
OCHOBHOH cpeibl aHanM3a JaHHBIX, IOCKOJIBKY OHa IIPENOCTaBISIET NPOCThIE B HCIOJIL30BAaHUU HHTepdeichl ams
BuptyanbsHoii conneunoi obcepBaropuu (VSO).

Ki11o4yeBble cJ10Ba: COJIHEUHbIE BCIIBIIIKY, MEpa SMUCCHUU, CKOPOCTh NepecoeIuHeH s, SunPy.
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26 JANUARY, 2019 SOLAR FLARES DIAGNOSTICS BASED
ON THE SOFT X-RAY EMISSION MEASURES

Abstract. In this paper, we recently analyzed solar flares registered on January 26, 2019. We have identified
several physical quantities of solar flares and estimated reconnection rate of solar flares. To determine the physical
parameters we used images taken with the AIA instrument on board SDO satellite at wavelengths AIA 193 A, 131
A, AIA 174 A, SXT - pictures, HMI Magnetogram, GOES XRT-data.

Keywords: solar flares, emission measure, reconnection rate.

INTRODUCTION

A solar flare occurs when magnetic energy that has built up in the solar atmosphere is suddenly
released. Large flares can emit up to 10°* ergs of energy. This energy is ten million times greater than the
energy released from a volcanic explosion.

The National Oceanic and Atmospheric Administration (NOAA) launches and maintains a set of
satellites called Geostationary Operational Environmental Satellites (GOES), carrying weather monitoring
instruments. Each GOES satellite also carries a solar X-ray package (the “X-Ray Sensor”, or XRS)
consisting of a collimator that feeds a pair of ion chambers. These ion chambers measure the Sun’s
spatially integrated soft X-ray flux in two wavelength bands, 0.5-4 and 1-8A, with a 3-s cadence. The
GOES soft X-ray detectors have provided an essentially uninterrupted monitor of the Sun’s activity for 30
years, and are a valuable resource for the study of past solar activity and the prediction of space weather
[1-4].

Our study uses X-ray flare databases. The flare was collected using the dataset provided by the
Geostationary Operational Environmental Satellite (GOES) [5-6]. GOES flares are classified as A, B, C,
M, or X-class, according to their peak flux (W m?) observed in the 0.1 to 0.8 nm wavelength range. We
selected the B and C-class flares corresponding to a flux in excess of 107 W/m > and 10°® W/m > at
Earth, respectively. The GOES flare lists are available at NGDC/NOAA [7].

This research has made use of SunPy, an open-source and free community-developed solar data
analysis package written in Python [8]. Python/SunPy was chosen to analyze the emission measure (EM)
obtained from GOES soft X-ray data since it provides easy to use interfaces to the Virtual Solar
Observatory (VSO). SunPy aims to provide a free and open-source alternative to the current standard, an
IDL based solar data analysis environment known as SolarSoft (SSW).

In this work, we have observed solar flares occurred on January 26, 2019. The sun emitted a
significant solar flares, peaking at 06:47 a.m., 13:22 p.m., 15:55 p.m., 16:28 p.m. (EDT). This flares are
classified as the B2.6, C5.0, B3.2, B8.6-class flares. Solar flares can be classified according to their
brightness in the x-ray wavelengths. There are three categories: X-class flares are big; they are major
events that can trigger radio blackouts around the whole world and long-lasting radiation storms in the
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upper atmosphere. M-class flares are medium-sized; they generally cause brief radio blackouts that affect
Earth's polar regions. Minor radiation storms sometimes follow an M-class flare. Compared to X- and M-
class events, B and C-class flares are small with few noticeable consequences here on Earth. Solar flares
are different to 'coronal mass ejections' (CMEs), which were once thought to be initiated by solar flares.
CMEs are huge bubbles of gas threaded with magnetic field lines that are ejected from the Sun over the
course of several hours. If a CME collides with the Earth, it can excite a geomagnetic storm [9-13]. In Fig.
1 shown the images obtained on the board of GHN satellite in AIA 193 A, 131 A, HMI, AIA 174 A
wavelengths [6]. To determine the length of the loops, we used SXT images. From the SXT data, we get
values for the length of the loops.
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Figure 1 - Active area 2733 in AIA 193 A, 131 A, HMI, AIA 174 A

DATA ANALYSIS

Using SunPy package we have obtained the values of temperature and emission measure from a
GOESLightCurve. This function calculates the isothermal temperature and corresponding volume
emission measure of the solar soft X-ray emitting plasma observed by the GOES/XRS. This was done
using the observed flux ratio of the short (0.5-4 angstrom) to long (1-8 angstrom) channels [14-16]. The
results are returned in a new LightCurve object which contains metadata and flux data of the input
LightCurve object in addition to the newly found temperature and emission measure values. The
temperature and volume emission measure are calculated using the methods of White et al. (2005) who
used the CHIANTI atomic physics database to model the response of the ratio of the short (0.5-4
angstrom) to long (1-8 angstrom) channels of the XRSs onboard various GOES satellites [17].
Corresponding volume emission measure of the solar soft X-ray emitting plasma observed by the
GOES/XRS are shown in Fig.2.
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Figure 2 - Emission measure plotted against time

For quantitative physical understanding of processes in the Sun’s atmosphere, the X-ray fluxes
themselves are of limited use. However, they reflect the temperature and emission measure of the plasma
that produces the soft X-rays, and these physical quantities are of great importance: from them, the
energetics of solar flares and other energy releases can be deduced.

The volume emission measure were obtained in SunPY using the methods of White et al. [18] who
used the CHIANTI atomic physics database to model the response of the ratio of the short (0.5-4
angstrom) to long (1-8 angstrom) channels of the XRSs onboard various GOES satellites [21-25].

RESULTS

Using the method described in [19-20], we analyzed solar flare that have been registered on January
26, 2019. Examined the dependence of the reconnection rate from GOES class of solar flares. Figure 3
shows the dependence of the reconnection rate from temperature and time scale.
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Figure 3 - Reconnection rate M 4 Dlotted against time scale
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CONCLUSION

The values of reconnection rate are distributed in the range from 102-10". Here, the value of the
reconnection rate decreases as the GOES class increases. The value of the reconnection rate obtained in
this study is within 2 order of magnitude from the predicted maximum value of the Petschek model.
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26 KAHTAP, 2019 )K¥YMCAK PEHTT'EH COYJIECIHIH HETT3ITHAEI'T
KYH KAPKbUIBIHBIH JUATHOCTHKACBI

Annoranus. Ocel Makanaga 2019 xeuiabiH 26 KaHTApbIHIA TIPKEJITeH KYH KapKbULIAPBIHBIH CTATHCTUKAIIBIK
3epTTeysiepi Kyprizinai. bi3 KyH >kapKbUimapblHBIH (DU3MKAIBIK MOHIEPI MEH Kaira YIITacy >KbUIIAMIIBIFBIH
Garanajblk. OU3MKANIBIK MapaMeTpai anbIkTay yiin SDO crnyTHukiHiH 60pThinaa AIA unctpymenrinin 193 A, 131
A, AIA 174 A Tonkpin y3biHAbIFbIHAA anbiHFaH skoHe SXT cyperi, HMI Magnetogram, SOLIS Chromospheric
Magnetogram, GOES XRT- mgepexrepi maiigananpUiIb.

TyiiiH ce31ep: KYH XapKbUIbI, IIBIFAPBIHIBUIAP OJIIIEMI, KalTa YIITACY KbUIJAMIBIFBI.
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26 AHBAP, 2019 I'. JTUAT'HOCTHUKA COJIHEYHBIX BCITBIIIEK
HA OCHOBE PE3YJIbTATOB PETUCTPALIIN
MATI'KOI'O PEHTTEHOBCKOI'O U3JIYYEHHUSA

AHHoTanus. B 3Tol cTaThe HAMU NPOBEICHBI CTATUCTUYECKUE UCCIICIOBAHMUS BCIBILICK, 3aPETHCTPUPOBAHHBIX
26 suBaps 2019 1. MBI ompemenwim HECKOJNbKO (U3NYECKUX BEIUYWH BCIBIIIEK W OIEHWIN CKOPOCTh
[ePEeCOSIMHEHUS COJIHEYHBIX BCIbILEK. [y ompeneneHust GU3NUECKUX MapaMeTPOB MBI HCIIOIB30BAIN CHUMKH,
nonydenHsle ¢ uHCTpyMenTa AIA Ha Gopry cnythuka SDO ma mmmmax o 193 A, 131 A, AIA 174 A, SXT -
caumku, HMI Magnetogram, SOLIS Chromospheric Magnetogram, GOES XRT-nannble.

KiroueBble cJI0Ba: CONHEYHbIE BCIBIIIKH, MEPa SMHUCCUH, CKOPOCTh MEPECOCINHEHHS.
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COMPUTATIONAL EXPERIMENTS FOR RESEARCH OF
FLOW AERODYNAMICS AND TURBULENT CHARACTERISTICS
OF SOLID FUEL COMBUSTION PROCESS

Abstract. Some of the most interesting and useful from the point of view of practical application are the issues
of heat and mass transfer modeling in the presence of physicochemical processes in real geometry areas. Such areas
are the combustion chambers of various heat and power plants, and internal combustion engines.

Key Words: combustion chamber, boiler, burners, solid fuel, high-ash coal, numerical simulation,
computational experiment.

Introduction

Currently, there is an increased interest in the study of heat and mass transfer processes in high-
temperature environments in the presence of combustion therein. These processes run under conditions of
strong non-isothermality and flow turbulence, multiphase environment, significant influence of nonlinear
effects of thermal radiation, interphase interaction, and multiple stages of chemical reactions occurring at
that time. Such phenomena are widespread, and they play an important part in thermophysical processes
and their study is an urgent task of macrokinetics, combustion and explosion physics and present-day
thermophysics.

Turbulent high-temperature and chemically-reactive media are exceptional in terms of their
physicochemical properties, hands-on capabilities and engineering applications. Research on heat and
mass transfer in such media is relevant in the creation of new physicochemical technologies, in the design
of aviation and rocket technology, in the development of new furnace units, gas turbines and internal
combustion engines.

Of particular relevance is the study of heat and mass transfer in high-temperature reactive media and
simulation of physicochemical processes occurring during combustion of pulverized coal fuel to solve the
problems of modern power engineering and ecology. Consideration of these issues is relevant in
connection with the concept of "energy security" of the country, on the one hand, and the development of
"clean" fuel combustion processes in compliance with strict standards for the environmental emissions of
harmful substances, on the other hand.

There is an increased interest in the study of heat and mass transfer processes in the presence of
physicochemical transformations, currently observed. Examination of the patterns of such flows is of
fundamental importance in constructing a theory of physics of combustion and explosion and an
enormous practical orientation in the creation of new physicochemical technologies and in the
development of technological processes and systems with the rational utilization of energy resources.
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To study heat and mass transfer processes, the most commonly used methods are well-known
methods of the turbulent jets theory [1-9], when researchers use pre-selected velocity or temperature
profiles, integral laws of conservation of momentum, heat content, etc. And, the selected profiles with
sufficient approximation approximate the experimental profiles.

Mathematical Model and Basic Equations

The problem of modeling is very complex, as it involves the interaction of turbulent combustion of
many chemical components with multiphase processes (particles of gaseous or solid fuel and carbon in the
flow field) and with radiation transport. Modeling in varying degrees includes particle size distribution
(calculated in finite size ranges at all points in the region), flow or zone characteristics of radiation
transfer, and soot distribution data (soot is formed as a result of thermal decomposition of hydrocarbons
and is eliminated by oxidation; both processes represent a complex chemical kinetics problem).

For three-dimensional fluid motion with variable physical properties, the field of velocity,
temperature and concentration is described by a differential equation system (1-4)

0 0
ﬁz—g(mﬁ)’ (1)
5 5 0 op
O o)== (o V22 (r V=P, . 2
at(p”’) axj(p”’”"%axj(r’"’) axj+pf’ )
0 0 o, op  ou,
—(poh)=——— h)—— s —=+ S, 3
o P == g )= oy S, ®
P P 0
at(PCﬁ) —&C(Pcpuj)JrﬁerRﬂ, 4)

where /=1,2,3;;=1,2,3; p=1,2,3,...N.

To simulate turbulent viscosity, the well-known k-¢ turbulence model was used, comprised of the
equation for the conservation of kinetic energy of turbulence - £, its dissipation rate ¢, and the model
relation for turbulent viscosity. The k-¢ turbulence model is the standard model for a flow with forced and
natural convection.

In flows with high solids content, solid media has a significant effect on convective and diffusive
transport. However, the presence of solids in carbon monoxide from coal dust combustion units is so
insignificant (with the exception of near-burners area) that the second phase effect is neglected in the
calculations [10-13]. Then the process of burning solid fuel in the combustion chambers can be
represented as follows: the flame is a two-phase gas-dispersed system, and the effect of the solid phase on
the flow aerodynamics is insignificant [14].

In determining the integral absorption coefficients K, it is necessary to take into account the
mechanisms of emission of gas and solid particles. If there is a thermodynamic equilibrium between gas
and solid particles, the radiation of suspension is described by adding dust and gas emissions. Thus, the
share contributed by gas and solid particles is described by the following sum [15-16]:

= 5
Kabs Kabs,G * ZKabS,P,k )

The values of the mass coefficient and the absorption coefficient of the radiation effect of water vapor
and carbon dioxide used in this work are presented in Table 1.

Kabs,G = Yeo, 'kcoz " Peo, Tl 'kHZO "Puyo (6)

Building a physical and geometric model of the problem of pulverized coal torch burning in the
combustion chamber of the BKZ-160 boiler

The computational experiment in the work was performed for the combustion chamber of the BKZ-
160 boiler at Almaty Thermal Power Plant (Kazakhstan), steam generating capacity is 160 t/h, at a
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pressure of 9,8 MPa and a steam superheat temperature of 540°C. Thermal performance for steam Q =
119,5 MW (97,8 Gcal/h), thermal power of the furnace N = 124,4 MW (107 Gecal/h). The boiler is
designed to burn coal.

Table 1 - Mass coefficient and absorption coefficient of gas radiation

B Component ag[1] k; s [1/(m-bar)]
CO, 0.275-8.4107° T 85.0 T 7
H0 72°T 80'4 1100 7,7 0%

On either side of the furnace chamber there are 4 units of direct-flow slot burners (2 burners per unit),
directed tangentially to a circle with a diameter of 60x4 with a step of 64 mm. The screens are divided
into 12 independent circulation loops. Pipes of the front and rear screens in the lower part form a cold
funnel, and in the upper part of the rear screen pipes are bent into the combustion chamber, forming an
"aerodynamic" nose. After the "aerodynamic" nose of the rear screen pipes are gathered into chambers,
where a steam-water mixture is sent to the boiler drum through the festoon.

Performance of one burner in terms of fuel is 4 tons/h. The secondary air flow rate through the burner
is V = 6000 nm’/h with an excess air coefficient of 0=0,38. The secondary air heating temperature is
t=380°C. The cross-sectional area of the secondary air channels at the burner outlet is F=0,2m’, which
ensures the level of velocities of the secondary air at the burner outlet being W=40 m/s.

Hot air consumption per mill is 12000 nm’/h. After the mill the exhaust air is fed into the furnace
through 4 dump burners located from the back and the front of the boiler.

Based on the air balance with the excess air coefficient at the furnace outlet being o, = 1,27, false air
inflows into the furnace and dust systems make up about 40%, which impairs the efficiency of the boiler.

In the burners’ area, where the ignition takes place, the torch is essentially non-uniform. However, at
a distance from the burners, the concentrations of dust, oxygen and combustion products are equalized, as
well as the temperature over the cross section of the flame [16-26].

Almaty TPP-3 is equipped with six BKZ-160 boilers with a steam capacity of 160 t/h each.

Z[m]

Figure 1 - General view of the boiler BKZ-160 combustion chamber and its breakdown into control volumes

Results of the Computational Experiment
Below are the results of a 3-D simulation of solid fuel (coal) combustion processes in the combustion
chamber of the constructed model.
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The fields in the figures are shown as arrow-vectors, the length of which represents the full velocity
value, their direction is related to the full velocity direction at the selected point of the combustion
chamber. The flow aerodynamics in the furnace chamber, shown in Figures 3-5, built on the calculated
velocity data, fully coincides with the description of the nature of the flow in tangential furnaces,
available in the literature.

The volumetric pattern of vectors’ disposition clearly shows the flow pattern: places of tangential fuel
supply (coal) and oxidizer (air) at different velocities through burners located on the front and rear walls
of the combustion chamber, formation of a conditional circle in the center of the combustion chamber and
flow symmetry (Figure 2-5).
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combustion chamber in the lower burner tier (h =4.81m) combustion chamber in the upper burner tier (h=5.79m)

The flows of pulverized coal, secondary and tertiary air entering the furnace space create a volume
vortex-type flow in the center of combustion chamber, which undoubtedly improves the mixing process
and increases the intensity of heat and mass transfer.

This, in turn, results in an increase in the residence time of coal particles in the combustion chamber
and to a decrease in chemical and unburned carbon loss due to their more complete burnout.
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Counter dust and gas flows from opposing burners hitting the walls of the combustion chamber create
a reverse flow (Figure 4), and part of the flow goes down to the funnel, forming two symmetrical vortices
below the burners (Figures 6 and 7). In the area below the burner belt (k<32, h<4.61m), the formation of a
reverse flow (Figure 6 and 7) can be observed, which is typical for all types of combustion chambers and
is associated with air inflows from the bottom of the chamber, made in a funnel form.

The central vortex motion of a pulverized coal flow results in a uniform heating of combustion
chamber walls, in a reduction in the slagging of thermal screens and heat losses. Event at the combustion
chamber outlet (k=102, h=20.96m), the velocity field levels off, no large velocity gradients are observed,
the vortex nature of the flow goes down, and a uniform symmetrical flow is observed relative to the center
of the chamber (Figure 5).

This character of the flow results in the fact that the most intense combustion occurs in the central
zone of the combustion chamber, in the region of the burner belt. It is here that all the thermophysical and
concentration characteristics of the process occurring in the combustion chamber reach their extreme
values, as indicated by the analysis of the temperature and concentration fields presented below.

Conclusion
Computational experiments were carried out on the 3-D modeling of the combustion process of a
pulverized coal torch in the combustion chamber of the utility boiler BKZ-160, and main characteristics

2 2 2
of the flow aerodynamics were determined: full-velocity field V = \/u Tvo+we
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INTERACTIVE VIRTUALIZATION IN THE ENVIRONMENT
OF FLASH-CC, JAVA SCRIPT OF ALGORITHMS THE PHENOMENON
OF THERMOPHYSICS AND MOLECULAR PHYSICS,
AS ACHIEVEMENT OF HIGHLY EFFECTIVE TRAINING

Abstract. The training program assumes not only studying of theoretical material, but also performance of
laboratory works. They are necessary for development of skills of measurement of physical quantities, performance
of physical experiences, ability to draw the correct conclusions from the observations. Modern computer
technologies allow to add this traditional scheme of training. The training programs modeling physical processes and
the phenomena which not always manage to be shown "in live" in the training conditions can provide to pupil’s
substantial assistance. Processes of the phenomenon of molecular physics and thermophysics are visualized and
online virtualized by means of the computer program environments Adobe Flash-CC, Java script. The made,
laboratory work on a research of processes of the phenomenon of molecular physics and thermophysics is very
effective at development of this course, and the technology of creation of the virtual and interactive laboratory
described in this article is very relevant for creation of the similar virtual and interactive laboratories (VIL) in other
objects. This virtual interactive laboratory development is introduced in educational process of the Eurasian
technological university and is successfully applied in training.

Keywords: Algorithm, virtual interaktivization, heat conductivity, virtual and interactive laboratory (VIL),
Flash technology, thermophysics and molecular physics.

Introduction. Physics - science experimental. Therefore, the training program assumes not only
studying of theoretical material, but also performance of laboratory works. They are necessary for
development of skills of measurement of physical quantities, performance of physical experiences, ability
to draw the correct conclusions from the observations.

Modern computer technologies allow to add this traditional scheme of training. The training
programs modeling physical processes and the phenomena which not always manage to be shown "in
live" in classroom conditions can provide to pupil’s substantial assistance. The value of such programs,
however, should not be exaggerated. It is necessary to remember - nothing can replace a real physical
experiment in which a part a natural phenomenon, but not the copy of "virtual reality" simulated by the
person talks to the researcher. The program «Heatphysical Laboratory» can be used in the course of
training differently.

First, with its help it is possible to show demonstrations during an explanation of new material. Such
demonstrations are very evident, improve perception and awaken interest in a subject. Advantage of such
demonstrations, in comparison with usual videos, also that the teacher can quickly, changing parameters
in the program, to answer questions of pupils: "And what will be if ...?" The answer is simple - let's make
and we will look.

Secondly, the program can be used as a "laboratory" practical work. It is the best of all to give these
classes in a computer class. In this case each pupil will be able to perform the laboratory work
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independently. Preliminary preparation is usually necessary for such occupation - when the theory of the
phenomenon is already known, then intelligent work with experimental installations can bring benefit in
deeper understanding of a subject. A set of laboratory works and demonstrations offered by us far does
not exhaust all opportunities of the program, and the teacher can always complement this list with own
developments.

In the third, on the basis of the program it is possible to perform research works and projects. Within
the opportunities, the program allows to conduct researches enough difficult heat physical processes and
the phenomena which theory is beyond the program of training. Inquisitive pupils could open, for
example, for themselves the law of a heat gives of Newton if to think over the scheme of an experiment
and to take the corresponding measurements.

Below examples of laboratory works and demonstrations which can be used in the program are given.
It must be kept in mind that the calculations which are carried out by our program for model of real gas
have rather qualitative character, and do not apply for exact quantitative compliance. The list of laboratory
works offered for performance on the computer on thermophysics and molecular physics.

Laboratory work No. 1 Studying of heat exchange of two bodies.

Laboratory work No. 2 Determination of specific heat of substance.

Laboratory work No. 3 — Melting ice.

Laboratory work No. 4 Boiling water.

Laboratory work No. 5-Isothermal rating of gas.

Laboratory work No. 6 Definition of a universal gas constant.

Laboratory work No. 7 Isoprocesses in gases.

Laboratory work No. 8 Studying of heat conductivity process.

Realization virtual- interaktivization stages of works in the program environments Adobe
Flash-CC, Java script.

The present requirement of time for transfer big volume information on the Internet, including
animation images in movements and work with them demands the large volume of memory. And for
reduction of capacity of use of memory use for virtual — interaktivization of Flash technologies is very
effective. [4,5]. From the basic vector — graphical format of Flash technologies was created Shore wave
Flash (SWF) — a branch. But, it is not the first vector format, it is the Web broadcast mechanism — pages
to SWF as finding of the graphic representation, the coordinating link of the tool equipment and the
graphic representation. Advantage of SWF-of the application it easily shipping on other Wednesday, i.e.
this format is used in different is information — the program platform (in the Mac OS Macintosh operating
system, in OS - Windows OS). One more feature of SWF — the constructed main images not only accept
animation but also in addition, an opportunity to create interactive elements and audio of installation.
Besides, mathematical formula communications of physical processes can be turned into interactive
elements, management of their changes give the chance, to carry out on the computer, interactive virtual
researches. For example, as shown in the drawing that the mathematical dependences found Snellius for
reflection and light refraction and to form interactive virtual laboratory, very conveniently the formats
SWF, CC of them — the program Flash environment. For transfer on distances of interactive multimedia
additions are carried out on the known SWF format — in the Web application for the Internet.

Why, to emergence of this application of this format in Macromedia, for browsers of two main
networks of the Plug in component, and to distribution to Internet Explorer and Netscape Communicator
the worldwide computer network affected. One more reason popularity of SWF — a format this very easy
and convenient application instruments for other platforms development of Macromedia. For example: -
use the program device to creation of the multimedia presentations — Macromedia Director Shockwave
Studio, and are used the program device to creation of graphic images — Macromedia Author wave,
Macromedia Course Builder. Therefore, among Web — the publication the most recognizable and easily
applied publication is Macromedia Flash Web — gives the chance to decorate each website with animation
and to collect the full page. Action Script Tools - allows to collect Web addition effectively and its
modern languages similarly probably on the scenario Java Script, Action Script and by means of the editor
of Devigger is the solution of often applied elements. When there is a work of Flash — Mx you can
construct the collected clip or import graphics, later in process of work will be able to process and by
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means of an assembly ruler use effect of revival (Time line) [5]. Such clip or the movie can be interactive,
i.e. certain images can be changed at discretion and to influence events in the clip. You export it in the
Flash format, adding the page, and transfer to the page as the Web — the server. Each clip or the movie
collected by tools in the Flash system can change depending on a type of the carried-out tasks and it can
be seen via the browser of the Internet.

Practically, for interactive visualization and management, on the computer, experimental installation
and devices, set the object to carry out by means of computer programs in the environment of Flash. For

example, for performance following operations, the computer program is written in the environment of
Flash — CC:

General view a window of the program

Switch Stop watch

thermometer

Conditioner
adjusting button

Main menu of the
program

Boxes with the
equipment

. N
wl 1]
lu.':' i

P~ ! i,
&' Switching of language,
call of files of the help, reference book u
onucaHuii 1a0opaTopHBIX PaboT

Figure 1 - General view a window of the program

On active elements the cursor of a mouse takes the hand form. Pressing of the left or right button of a
mouse opens the corresponding window of parameters of an element or makes action.

Work with the equipment

The equipment is stored in desktop boxes.

In the first box there are vessels for gases. Their two views - a usual vessel and the heat-insulated
vessel of the Dewar. As shown in figure 2, all vessels same, as in life:
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Figure 2 - A vessel of the Dewar and cylinders for gases

In the second box there are a thermoelement and a chemical glass.

In the third box are located: support, core and candle.

Are in the fourth box: a container with substance, bar of ice (blue), bar of copper or gold (golden), bar
of other metals (gray).

Equipment installation on a desktop

1. The index of a mouse is brought on the necessary box of a table, and pressing of the left button of a
mouse the corresponding door opens.

2. Further the index of a mouse is brought on the necessary device, the left button is pressed and
keeps, and the device is transferred by the movement of a mouse above a desktop surface. After an
otpuskaniye of the button of a mouse, the device will be installed on a desktop. It is also possible to
transfer the devices which are already located on a desktop.

3. In certain cases one of devices is installed on another, for example a glass, on a heating element. It
is possible to collect the whole pile of containers which will exchange heat among themselves if stand the
friend on the friend.

4. If to put a vessel for gases on a desktop near cylinders of storage of gases, then he will unite a hose
to the pump. In such situation (and only in it)is possible the rating and pumping of gases in a vessel .

5. The thermoelement established near the socket will be connected to it, and in this case becomes
active, i.e. will heat or cool a container or a glass with substance which on it are installed.

6. The candle is intended only for heating of the core fixed in a support. Cores with various heat
conductivity are fixed in a support. Distributions of temperatures on length of cores are automatically
shown on graphics received experimentally, as shown in figure 3.

e — -

ST - 5. W
e N B

Pacnpeaenstue TEMNEPATYDH B CTEDRXHE

Figure 3 - Laboratory work on experimental distribution of temperatures in cores with various heat conductivity
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Choice of language and reference

Having left-clicked a mouse on images of books, you can:

* To choose language (Russian or Kazakh);

* To open the file of the help in the corresponding language. In this file the description of working
methods with the program, its opportunities and restrictions is given;

* To open the reference book on thermophysics with the short description of the theory of some
phenomena which can be modelled in the program;

* To open the file containing descriptions of laboratory works and demonstrations.

It must be kept in mind that these files are written in the editor of Microsoft Word therefore they can
be supplemented with the developments of laboratory works and the description of new demonstrations.
However, in this case authors of the program do not bear maintenance responsibility of these additions by
transfer them together with the program to the third parties.

Panels of parameters of details

Each detail of installation has the panel of parameters. This panel opens if to right-click a mouse on
the image of a detail. All numerical values of parameters are given in the International System of Units of
SI. Let's consider the main panels of parameters shown in figure 4.

Vessel with the ideal gas

_— Mapa e s I
Choice of processj WTHW Im']
_ — T Fesabuciansn neperereian W [odsénd, am3 [mmpe)

( U i
Cursor of change _J —

of a variable 11 Fi-] 100
Mirspaaproe ezt L1 mmpas  Misssasnsedh wae: 001 ampa Choice of model of
Mo capaansrces srrestae 100 mmpos gas

~ CoCTOmri 3nEEEISHT ANGHOTD COCRLS

Wenomeayemansanens  Jqean it £ j Coct,

T 3K e pa T AMEHOT D COCYLA '_
e Ca
— Daenersse, kMa [kienollackans] 230 N2 Window of
Fields of values o W‘
S

D, g [rumpes] 1,90 H2 composition of mix
physical quantitie T, 1] —— of gases
1 et o i ST BB BT,

Button of a
conclusion and

removal of the

Deletes a vessel j

\_ 4 po : y —
~ ~ Oy =] OesX bl [ VAR AT
The choice of I J I J / |

variables on
graphics

Button of acceptance
of parameters
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Vessel with the real gas

Mapeae-seTpes raza B cooyle 1
Mﬂpi“m]
Hesaniciraan nepererna W [ofse], g3 [mmpsl)

: _ . _

(1§] ] L] i 10
Murspaznchos shzmeme 01 mrpa  Miensasneesdt wese: 001 aapa

Hononsaysmsn moene  Clos o i oas | Cocrae criecH B cocyss
T U SKCEpMMENT ANEHOND COCULE  TEPRRMTRT  Poorws
1533 Daenerase, ella [kencllacrans] R fa3

&) Db, e [ramped] ]
Ok

0 Tezamepamypa, K (B Kenbaar]

162 1A 0 R EETEO BELLECTES, R

T The volume of a liquid

Pirim,
Oew ' [F j I:II:EHIT j "wmbwl| Hazmse I phase in liters

Figure 4 - Main panels of parameters of ideal and real gases.

Conclusion

As a part of information technologies the new industry develops - it is a virtual interaktivization and
visualization of the hardly understood subjects of physics, chemistry, biology and other objects [5]. And
creation is virtual — interactive laboratories in the called objects meet the operated measuring devices very
seldom. Therefore, the technology of creation of the virtually-interactive laboratory (VIL) for the section
of physics given in this work. "The thermophysics and molecular physics" will be very relevant to
creators similar to VIL — at higher step in other objects of knowledge. Such VIL — on the computer are
very effective for development of a certain course of knowledge and develop independent research skills
and awaken to creative search of methods of a research. Given VIL on thermophysics and molecular
physics, due to visually and interactive intervention in change process an experiment condition, it is very
useful to fast development of a subject of physics by students and to development of skills a research.
Brought VIL — on thermophysics and molecular physics are introduced in educational process of the
Eurasian Technological University and are successfully applied.

V]IK:535.4+004.9
A.M. Torenos, B.B. CaBeaneBa, H.A. Connioaena, JI.C. baiikagamosa, /I. baiitykaesa.
Kazak ¥nr1eik Keznap Ilenarorukansik YauBepcuteTi. AnMaTsl K. Kazakcran

OKBITYJAT'BI ZKOFAPBI TUIMJALJIIK XKETICTIKTEPI PETIHJE, XKbIJTY ®U3UKACHI ’KOHE
MOJIEKYJIAJIBIK ®U3UKA K¥YBbIIIBICTAPBIHBIH AJITOPUTMIEPIH FLASH-CC,
JAVA SCRIPT OPTAJIAPBIHJIA THTEPAKTHUBTI TYPJE BUPTYAJIJIAY

AHHOTanusi. YCHIHBUIFaH OKBITY-yipery Oarjapiiamackl TEK TEOPHSUIBIK MaTepuayiaplibl OKBITYMEH
IIEKTEIMEN I, COHBIMEH Oipre MyH[a, KbUIy (HM3HKAChl JKOHE MOJIEKYJNaNblK (u3nka OeJiMiHEeH 3epTXaHalIbIK
JKYMBICTap/Ibl OpbIHAayFa Ooxansl. Onap (U3MKAJIBIK IIamManaplbl eNIieyre NaFAbllaHyFa, (QU3HKaJIbIK TaxipuOe
JKYMBICTApbIH OpBIHJAyFa, ©3iHiH 3epTTey OailiKaynapblHaH IYpHIC KOPBITHIHIBI MIbIFapa Ouryre kaxer. Kasipri
KOMIBIOTEPIIIK TEXHOJOTHSUIAp OCHIHAAW HOCTYPNiI OKBITY CXEMachlH TONBIKTBIpYFa MYMKIHAIK —Oepenmi.
KommnproTepiik oKpITY Oarmapiamanapbl, GU3UKAIBIK IPOLIECCTEPAl KOHE KYOBUIBICTAPABI MOJACIBIET, «Tipiei»
Ke3re KopceTyre MYMKIHIIK OOoNMaraH Ke3lle, KOMITBIOTEPIIIK KOpCeTy apKBUIbI, OKYIIBUIAPFa OpacaH 30p KOMETiH
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THTI3eni. MoJeKynaablK GU3NKa KoHE KbUTy (PH3UKACBIHBIH IpoleccTepi MeH KyOobuibicTapbl Adobe Flash-CC, Java
script KOMITBIOTEpIIiK OarFmapiamanap OpTachlHIA HWHTEPAKTUBTI TYpHAe, BUPTYaIIbl 3€pTXaHa >KYMBICTapbIHA
aitHanapipeael. JKacanraH, Kbuly (U3MKAchl MEH MOJIEKYNIalnblK (U3UKA KYOBUIBICTAPI MEH IIPOLECCTEePiH
3ePTTEUTIH JTa0OPATOPHSUIBIK KYMbICTAp, (DU3UKAHBIH OCBI aTaIFaH OOJIIriH MEHIrepyae oTe THIMII, aj OChl MaKaiaaa
KepCeTUIreHiel, BUPTYasIbl-MHTEPAKTHUBTI JIADOpaTOpHsLIap/Ibl XKacall MbIFapy TEXHOJIOTUsUIAPkI, 6acKa MOHAEPICH
OomamrakTa j>kacaJblHATBIH BUPTYaIbI-MHTEPAKTUBTI JIabopaTopHusuIapFa KOMEK PETiHJEe OTe aKTyalabl. ATairaH
BUPTYaJIJIbl- HHTEPAKTHUBTI J1a00PaTOPHUSUIBIK KYPbUIBIM EBpa3usi TEXHOIOTHSIIBIK YHUBEPCUTETIHIH OKY MPOLECCiHe
CHT131JIiTI, OKBITY OapbICHIH/IA KETICTIKIICH KOJIaHBICTA.

Tyiiin ce3gep: ANroput™m, BHUPTyalIbl WHTEPAKTHUBTEHIIPY, JKbUIy OTKI3TILITIK, BUPTYAJbl-HHTEPAKTUBTI
naboparopusi(BIJI), Flash TexHomorusicel, xpi1y (Gpr3nKacel xoHe MOJIEKYIANbIK (PrU3MKa.

YVK:535.4+004.9
A.M.Tarenos, B.B.CagesnbeBa, H.A.Cannubaena, JI.C.baiikagamoa, /[.bailitykaeBa.
Kazaxckuit Hanimonanpuerit XKenckuit [lenarorndecknii Y auBepcurer. r.Anmarel. Kazaxcran

HNHTEPAKTUBHAS BUPTYAJIU3ALINSL B CPEJIE FLASH-CC, JAVA SCRIPT AJITOPUTMOB
ABJEHUU TEIIJIO®U3NKHU U MOJIEKYJISIPHOU ®U3UKH,
KAK JOCTHKEHUE BBICOKO®®EKTUBHOI'O OBYUYEHUSA

Annortanusi. O0yyaromasi nporpaMMa IpearoyiaraeT He TOJbKO W3ydeHHE TEOPETHYECKOro MaTepHalla, HO U
BBITIOJIHEHHE J1a0OPaTOPHBIX paboT Mo paszerny Temroduinka u MoJekyisipHas ¢usuka. OHH HEOOXOIUMBI JUIA
BBIPAa0OTKM HABBIKOB HM3MEPEHUS (PU3MUECKUX BEIHMYMH, BBINOJHEHHS (U3HYECKHX OIBITOB, YMEHHS JeliaTh
NpaBHIBEHBIC BBIBOJBI M3 CBOMX HaOmoxeHHi. CoBpeMeHHbIE KOMIBIOTEPHBIC TEXHOJIOTHHU TO3BOJISIOT JTOMOJIHUTH
9Ty TPagUIMOHHYIO cxeMy oOydeHmsa. OOydaromrye NporpaMMBI, MOIENHPYIOMHE (PH3UUYECcKHe IPOLECcCH U
SBJIEHHS, KOTOpPBIE HE BCErJa YHaeTcs IOKa3aTh "B JKMBYIO" B OOYYAIONIIMX YCIOBHAX, MOTYT OKa3aTh ydalluMCs
CYIIECTBEHHYIO MOMOIIb. [Ipomeccsl SBIEHUS MOJNEKYIAPHOH (GHM3UMKM M TEIIOMM3HKH BH3YaJIM3UPOBAHBI U
HHTEPAKTHBHO BHPTYAIU3HPOBAHBI C MOMOIIBIO KOMITbIOTEPHBIX mporpamMMmHbix cpex Adobe Flash-CC, Java script.
CnenanHast, 1aboparopHast paboTa Mo HCCIIEIOBAHUIO MPOLIECCOB SIBICHHUS MOJIEKYJISIPHON (QU3UKH U TETIO(PHU3UKA
oueHb d(PPEKTUBHA ITPU OCBOCHUM JITAHHOTO Kypca, 8 TEXHOJIOTHS CO3JIaHMsl BUPTYaJIbHO-MHTEPAKTUBHOH Jlabopa-
TOPHUHU ONMCAHHOU B [laHHOﬁ CTaThC, OYCHb aKTyajJlbHa JIA CO3JaHHs aHaJIOIMYHBIX BUPTYaAJIbHO-MHTCPAKTHUBHBIX
nabopatopun(BUJI) mo apyrum mpemmeram. [laHHas BHUPTYalbHO- HHTEPAKTHBHAs nabopaTopHas pa3paboTka
BHeJlpeHa B y4eOHBIH npouecc EBpasuiickoro TeXHOJIOrM4ecKOro yHUBEPCHTETa M YCIEUIHO IPUMEHsETCS B 00y-
YEHUH.

KaroueBsble cioBa: AJIroput™, BUpTyajibHas HHTEPAKTUBH3AIMS, TEIUIOPOBOAHOCTD, BUPTYaJIbHO-HHTEPAKTHB-
Has nmabopatopus (BUJI), rexnomorus Flash, Terumodusnka u MmonexynsapHas Qpu3uka.
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CALCULATION AND VISUALIZATION
OF QUANTUM-MECHANICAL TUNNEL EFFECT

Abstract. The article presents calculations and visualization of wave packet tunneling through the potential
barrier of various widths done by using the MATLAB software. The graph of distribution of the probability density
along barrier width is obtained in two and three dimensions. The article contains materials about quantum-
mechanical tunnel effect such as the reflection of the part of the wave packet from the potential barrier and passing
through the barrier of the other part. Calculations and visualization of the tunneling process are performed for
various widths of the barrier. Figures given in the article show the probability of finding the particle at a certain time,
i.e. the square of the absolute value of the state vect01r|,/,|2 . The part of the total number of particles tunnels through

barrier, the other part reflects from it. The probability of tunneling increases with decrease of the barrier width. The
detailed analysis of the graphs reveals that the wave function exponentially decreases inside the potential barrier
therefore the observation of this effect requires a rather small width of the barrier. Students are offered to develop
programs for various widths of the potential barrier. Results of experiments are used during the study of the quantum
mechanics.

Key words: wave packet, reflected wave, transmitted wave, potential barrier, barrier width, probability.

Nowadays all educational institutions of Kazakhstan are provided with computer hardware and
software, interactive boards and internet. Almost all teachers have completed language and computer
courses for professional development. Hence the educational institutions have all conditions for using
computer training programs and models for performing computer laboratory works. In recent years the
new computer system for carrying out mathematical calculations MATLAB is being widely used in many
universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do them by using modern methods, that is, using personal
computers.

Students of the physics specialties SB060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics” and “Use of electronic textbooks in teaching physics”.
The goal of this discipline is to study and learn the MATLAB program language, acquaintance with its
huge opportunities for modeling and visualization of physical processes.

In our early works [8-26] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
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charged conductors system, describe the motion of charged particles in electric, magnetic and
gravitational fields and etc.

The present article is devoted to calculation and visualization of the quantum-mechanical tunnel
effect by using the package of MATLAB applied programs.

Formulation of the problem. Let us consider a well-known example — tunneling of the particle
through the potential barrier. Let the particle with mass m to move with speed v towards the potential
barrier of height x (fig.1).

V= mgx

F

T=mv2/2 T>V

L 4

Fig.1l - Tunneling of the particle through the potential barrier

According to the classical mechanics it can surmount this barrier if only its kinetic energy mv*/2 is
greater than the potential energy mgx necessary for surmounting the barrier. But quantum mechanics
states that there is a nonzero probability that the particle will surmount the "potential barrier" even its
energy is insufficient from the point of view of classical mechanics. It is said that the particle tunnels
through the potential barrier.

For calculation of this effect it is necessary to introduce into the Hamiltonian the potential V" as a
barrier and find how the wave packet will behave itself.

The apparent expression of the time evolution operator is:

0(1)= exp(_h/"hﬁ(t)j 1)

here H is the Hamiltonian operator.
In dynamic problems the state vector is usually chosen in the form of the wave packet localized in
small area of space. Let's take the state vector at the initial time to be the following function:

2
S\-1/4 ] X
w(x)=(xd exp| ipx — (2)
here p is the momentum of the particle, d is the “width” of the wave packet. The mass of the particle
and Planck’s constant are taken to be equal to one. The real part of the function is shown in the fig.2.
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Fig.2 - The wave function at the initial time
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This function doesn’t depend upon the time. To find the function at the other moment of time it is
necessary to act on it with the evolution operator (1).

The dynamics of this action can be observed by using the following Matlab program:

a) barrier’s width d = 1;

clear % cleaning of the screen

%% Initial data

n = 200; % the number of points (depends upon the power of PC)

% wave packet

p = -4; % packet momentum

d = 1; % barrier’s width

x = linspace(-10,10,n);

offset = -7;

wave = ((exp(li*p*(x-offset))).*(exp(-((x-offset).”2)/(2*d"2))))./((pi*d"2)"1/4);

wave = wave';

%%

x = linspace(-6, 6, n)';

h=(x(2)x(1));

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

H =-Dsquared + diag(V); % Hamiltonian

t=0.01; % the initial moment of time

figurel = figure;

axes| = axes('Parent',figurel);

fori=1:55 % the cycle for results output

%%

U = expm(-1i*t*H); % time evolution operator

%%

wavel = U*wave; % application of the evolution operator to the wave packet

t=1+0.01;

% plot(x, real(wavel),'Color',[1 0 0]) % the real part of the wave function

plot(x, abs(wavel).”2,'Color',[1 0 0]) % visualization of the probability

hold % resolution of the drawing

plot(x,V) % visualization

ylim(axes1,[-0.5 2]);

hold % resolution of the drawing

pause(0.2); % in dependence upon the power of PC

end

The result is shown in the fig.3 (the tunneling picture).
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Fig.3 - Tunneling through the potential barrier with the width d =1
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b) barrier width d = 1;

clear % cleaning of the screen

%% Initial data

n = 200; % the number of points (depends upon the power of PC)

% wave packet

p = -4; % packet momentum

>> d=1.25; % barrier’s width

>>x = linspace (-10, 10, n);

offset = -7;

wave = ((exp(li*p*(x-offset))).*(exp(-((x-offset).”2)/(2*d"2))))./((pi*d 2)*1/4);

wave = wave';

%%

x = linspace (-6, 6, n)';

h=(x 2)-x(1));

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

H = -Dsquared + diag (V); % Hamiltonian

t=0.01; % the initial moment of time

figurel = figure;

axesl = axes ('Parent,figurel);

for i = 1:55 % the cycle for results output

U = expm(-1i*t*H); % time evolution operator

wavel = U*wave; % application of the evolution operator to the wave packet

t=1+0.01;

% plot(x, real (wavel),'Color',[1 0 0]) % the real part of the wave function

plot(x, abs (wavel).”2,'Color',[1 0 0]) % visualization of the probability

hold % resolution of the drawing

plot(x,V) % visualization

ylim(axes1,[-0.5 2]);

hold % resolution of the drawing

pause(0.2); % in dependence upon the power of PC

end

The result is shown in the fig.4
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Fig.4 - Tunneling through the potential barrier with the width d =1.25
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¢) barrier’s width d=1.5;

% cleaning of the screen

%% Initial data

>>n = 200; % the number of points (depends upon the power of PC)

% wave packet

>>p = -4; % packet momentum

>>d=1.5; % barrier’s width

>>x = linspace (-10, 10, n);

>>offset = -7;

>>wave = ((exp (1i*p*(x-offset))). * (exp(-((x-ffset).”2)/(2*d"2))))./((pi*d"2)"1/4);

>>wave = wave';

%%

>>x = linspace(-6, 6, n)';

>>h = (x(2)x(1);

>>Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"*2; % the second
derivative

V = ((x > 0).*%(x<0.5))*60; % potential barrier

%%

>>H = -Dsquared + diag(V); % Hamiltonian

%%

>>t = (.01; % the initial moment of time

>>figurel = figure;

>>axes| = axes('Parent',figurel);

>>for i = 1:55 % the cycle for results output

%%

>>U = expm(-1i*t*H); % time evolution operator

%%

>>wavel = U*wave; % application of the evolution operator to the wave packet

>>t = t+0.01;

% plot(x, real(wavel),'Color',[1 0 0]) % the real part of the wave function

>>plot(x, abs(wavel).”2,'Color',[1 0 0]) % visualization of the probability

>>hold % resolution of the drawing

>>plot(x,V) % visualization

>>ylim(axes1,[-0.5 2]);

>>hold % resolution of the drawing

>>pause(0.2); % in dependence upon the power of PC

>>end

The result is shown in the fig.5

The program for visualization of the particle tunneling through potential barrier in three dimensions
when d =1is given as the following:

clear % cleaning of the screen

%% Initial data

>>n = 70; % the number of points (depends upon the power of PC)

% wave packet

>>px = 7; % x —component of the momentum

>>d=1;
>>x = linspace(-10,10,n);
>>offset = 5;

waveX=((exp(1i*px*(x-offset))).* (exp(-((x-offset).”2)/(2*d"2))))./((pi*d*2)"1/4);
>>waveX = waveX'; % x —component of the wave packet

— (4 ——
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Fig.5 - Tunneling through the potential barrier with the width d =1.5

>>py = 0; % y —component of the momentum

>>d=1;
>>y = linspace(-10,10,n);
>>offset = 0;

waveY=((exp(1i*py*(y-offset))).* (exp(-((y-offset).”2)/(2*d"2))))./((pi*d*2)"1/4);
>>waveY =waveY'; % y —component of the wave packet

>>wave = waveY *waveX'; % two dimensional wave packet

%% components of Hamilton operator

>>h =x(2)-x(1);

Dsquared = (diag(ones(1,n-1),1) - 2*diag(ones(1,n)) + diag(ones(1,n-1), -1))/h"2; %second derivative
>>V = ((x > 0).%(x<0.3))*60; % x-component of the potential barrier

>>Hx = -Dsquared + diag(V); % x-component of Hamiltonian

>>Hy = -Dsquared; % y-component of Hamiltonian

%%

>>t = (; %the initial moment of time

>>figurel = figure;

>>axes| = axes('Parent',figurel);

>>for tt=1:43 % The main cycle of the results output

>>Ux = expm(-1i*t*Hx); % x-component of the time evolution operator

>>Uy = expm(-1i*t*Hy); % y-component of the time evolution operator

%% application of the x-component of the time evolution operator to the wave packet
for i=1:n

>>wave(i,:) = (Ux*wave(i,:)")';

>>end

%% application of the y-component of the time evolution operator to the wave packet
for i=1:n

>>wave(:,i) = Uy*wave(:,1);

>>end

%% drawing the graphs

>> [X,Y] = meshgrid(x,y);

>>mesh(X,Y,abs(wave))

>>7zlim(axes1,[0 1.5]);

>>t=t+0.002;

>>pause(0.5); % in dependence upon the power of PC

>>end
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The result is shown in the fig.6
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Fig.6 - Tunneling through the potential barrier with the width d =1 in three dimensions

Conclusion

The article presents the program for calculation and visualization of tunneling of a wave packet
through a potential barrier with various widths. The graphs of the probability density versus barrier width
are drawn in two- and three-dimensions. Brief data from the theory of quantum mechanical tunnel effect
states that the one part of the wave packet is reflected from a potential barrier and the other part passes
through it. Calculations and visualization of the particle tunneling are given for various width of the
barrier. The obtained figures show the squares of absolute values of the state vector, i.e. the probability to
find the particle at a given moment of time. The part of the total number of particles tunnels through the
barrier, and the other part of them is reflected. The probability of passing through the barrier increases
with the decrease of the barrier’s width. The detailed analysis of the graphs reveals that the wave function
exponentially decreases inside the potential barrier therefore the observation of this effect requires a rather
small width of the barrier. Students are offered to develop programs for various widths of the potential
barrier. Results of experiments are used during the study of the quantum mechanics.
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MATLAB )KYWECIHJIE «<KBAHTTBIK MEXHHUKAJIBIK
TYHHEJLAIK D®EKTIHI ECEIITEY MEH BEMHEJIEY»

AnHoTanusi. TONKBIHABIK MAKETTIH MOTECHIUAIABIK TOCKAYBUIaH TYHHENCHIN OTY MPOLECIH ecenTey MeH
OeifHeNney YCHIHBIIAIBI )KOHE BIKTHMAJIIBIK THIFBI3ABIFIHBIH TOCKAYBUI €HI OOHBIHIA ©3TepiCiHIH eKi eNIeMIIK XKoHe
YIIOJIEeMIIK KeHICTIKTe rpauKTepiH caly YChIHBbUIaAbl. KBaTThIK-MeXaHUKAJbIK TyHHEIIK 3 deKTiHiH KpicKala
TEOPUSICHl OEPUIreH: TOCKAYbLJIFAa COKKAH TOJKBIH/ABIK MAaKeTTiH Oip 0eiri TocKaybUIAaH IIaFbLIagbl, ajl KaJFaH
Oeuiri TockaybulgaH eTeni. TockaybUIIbIH SHIHIH OpTYpJl IIamMachlHa OaiJIaHBICThI TYHHEINZICHY €CENTENreH JKOHe
ocitnenenren. CyperTep/e Kyil BEKTOPBIHBIH a0COIOT [IIaMACBHIHBIH KBaJAPAThl CaJIbIHFaH, SFHH OCPIIreH yaKbITTaFbl
OeumIekTiH TaObLTYBIHBIH BIKTUMAJIIBIFBI CANIbIHFaH. TOCKaybUIFa COKKaH OeJIIIeKTep IiH Kalllbl CAaHbIHBIH Oip OeJriri
TyHHEJJICHEI J1e, al KajifaH OeJiri TOCKYbUIAaH MIarblianbl. TOCKAybUIIaH ©TY BIKTUMAJBIFI OHBIH CHI
KimipeyiMeH apraabl. IlpomecTi TanmaynaH KeleciHi 0alKaWTBIHBIMBI3: TOCKAYBUI iIIIHAE TOIKBIHABIK (YHKIIHS
9KCITIOHEHIIMAJIBI OIIe/li, COHIBIKTAaH OHBI OaKpUIay YIIH TOCKAYBULABIH €HIH MYMKIHJITIHIIEe KIillipeHTy Kepek.
Crynentrepre o3 OeriHme OipHeme TaxipuOenep jkacay YChIHbUIQABL. ToxipuOenep HITIKeNepl KBaHTTBIK
MEXaHHUKaHbl MEHIePY /1€ KOJIAaHbUIAIbI.

Tyiiin ce3nep. TONKBIHIBIK MAKET, MIAFBUIFAH TOJKBIH, OTKEH TOJKBIH, OTCHIHAIBHBIK TOCKAYBUI, TOCKAYBLI
€Hl, BIKTUMAaJIIBIK.
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«PACYHET 1 BU3YAJIM3ALNA KBAHTOBOMEXAHUYECKOI'O
TYHHEJIBHOI'O D®®EKTA» B CUCTEME MATLAB

Annotanus. Ilpemaraercs mporpamMma pacueTa W BU3YQIM3allMU IIpoIecca TYHHEIMPOBAHUS BOJIHOBOTO
IaKeTa CKBO3b IMOTEHIMAIBHBIN Oapbep ¢ MOCTpOeHHEM TIpaduka 3aBHCUMOCTH IUIOTHOCTH BEPOSITHOCTH BJIOJb
MMpHUHBl Oapbepa B JBYMEPHOM M TPEXMEPHOM Npe/CTaBIECHUsX. [IpUBOISATCS KpaTKHE CBEIEHHS W3 TEOPHH
KBAaHTOBOMEXaHMYECKOTO TYHHHENBHOTO 3((eKTa: 4acTh BOJHOBOIO MAKeTa OTPa)kaeTcsi OT IMOTCHIMAIbHOIO
Oapbepa, HO Apyras 4acTh MPOXOMUT ero. [IpuBeieHbl pacyeThl U BU3yaIU3aLys TYHHEIHPOBAHHS IIPH Pa3IHYHON
mmpuHe Gaphepa. Ha pHCYHKAaX IMOKa3aHbl KBaJpaT aGCONIOTHOTO 3HAYEHHS BEKTOPA COCTOSHHMA |y|°, TO ecTh
BEPOSATHOCTH OOHAPYXKUTh YaCTUILY B JJaHHBIH MOMEHT BpeMeHH. 13 0011ero Koau4yecTa 4acTHIl Kakas-TO UX 4acTh
TYHHEJIUPYET CKBO3b Oapbep, a Kakas-To OTpaxxaeTcsi. BeposaTHOCTh MPOX0XKIEHHS yBEINUNBACTCS C YMEHbBIICHHEM
TONIMMHEI Gapbepa. [leTalbHbli aHAIN3 IOKAa3bIBAET, YTO BOJHOBAs (DYHKIUS SKCIIOHEHLHANBHO 3aTyXaeT BHYTPH
MOTEHLUAJIBHOTO Oapbepa, MO3TOMYy Uil HaOmoaeHus naHHoro sddexra mmpuHa Oapbepa IODKHA OBITH
JocTtaToyHo Mana. CTyleHTaM IpeUlaraeTcs caMOCTOATENbHO MOAKCIEPUEHTHPOBATh. Pe3ybTaThl SKCIEpUMEHTOB
UCIIOJIB3YIOTCSI IPY U3YYEHUN M OCBOCHHH KBaHTOBOW MEXaHUKH.

KiroueBble cioBa. BoiHOBOII maker, oTpaskeHHas BOJIHA, IPOILIENIIAsl BOJIHA, HMOTEHIHMAIBHBINA Oapbep,
myprHa 6apbepa, BEpOsITHOCTb.
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CALCULATION AND VISUALIZATION OF SMALL
OSCILLATIONS OF A DOUBLE PLANE PENDULUM

Abstract. The article considers the calculation and visualization of small oscillations of a double plane simple
pendulum. It contains the brief derivation of the motion equation and its solutions; the mathematical model of the
motion in the form of the system of nonlinear differential equations. Experiments with the double pendulum are
performed at various ratios of bodies’ masses and initial angles, in particular for three values of ;, = m, /m,: i=0.1,
= 0.2, 5= 0.3 when the lengths of the pendulum are / =/, = = 0.25m and g = 9.8 m/s’. The angles of pendulum
deviation are given in radians. The graphs of small oscillations of the pendulum show that beats occur in the system
during which energy cyclically passes from one pendulum to another. When one pendulum almost stops, the other
pendulum is at its maximum amplitude. After a while pendulums "exchange their states" and so on. Oscillations with
a bigger frequency w; are modulated by lower frequency oscillations with a frequency ws.

Key words. Double pendulum, small oscillations, beats, energy exchange, natural frequencies, natural mode.

Introduction. Nowadays all educational institutions of Kazakhstan are provided with computer
hardware and software, interactive boards and internet. Almost all teachers have completed language and
computer courses for professional development. Hence the educational institutions have all conditions for
using computer training programs and models for performing computer laboratory works. In recent years
the new computer system for carrying out mathematical calculations MATLAB is being widely used in
many universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do them by using modern methods, that is, using personal
computers.

Students of the physics specialties SB060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics” and “Use of electronic textbooks in teaching physics”.
The goal of this discipline is to study and learn the MATLAB program language, acquaintance with its
huge opportunities for modeling and visualization of physical processes.

In our early works [8-26] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
charged conductors system, describe the motion of charged particles in electric, magnetic and
gravitational fields and etc.
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The present article is devoted to simulation of the double plane pendulum by using the package of
MATLAB applied programs.

Double pendulum is, undoubtedly, a real miracle of the nature. The jump of complexity which is
observed upon transition from a simple pendulum to a double one is amazing. Oscillations of the simple
pendulum are of periodic nature. At small deviations from equilibrium such oscillations are harmonic and
obey the sine or cosine law. In case of nonlinear oscillations the period depends on amplitude, but the
periodicity of motion is conserved. In other words, the approximation of small oscillations quite perfectly
reflects the essential properties of the simple pendulum.

The double pendulum "behaves" itself absolutely differently. At the mode of small oscillations the
double pendulum moves in a beat pattern, i.e. with variation of resultant amplitude with time. At the
increase of energy the nature of oscillations of the pendulum changes dramatically — oscillations become
chaotic. In spite of the fact that the double pendulum can be described by the system of several ordinary
differential equations, which is quite deterministic model, the emergence of chaos seems very unusual.
This situation reminds the Lorentz system where the deterministic model of three equations also reveals
chaotic behavior. Let's perform an experiment with the appendix given below and observe the motion of
the double pendulum at various ratios of bodies’ masses and initial angles.

At first we will develop the mathematical model of the double pendulum in the form of the system of
nonlinear differential equations. Let us begin with the derivation of Lagrange equations.

Lagrange equations. In Lagrangian mechanics the system is described by using the generalized
coordinates and the generalized velocities. In the considered problem the angles of deviation of the

pendulums &,,&, and angular velocities a ],d , are taken as such variables. Using the specified

variables, let us to derive the Lagrangian of the double pendulum and write down differential equations of
Lagrange.

The simplified model of the double pendulum is shown in figure 1. Let's consider rods to be
weightless. Their lengths are equal to /; and /,. The masses of small bodies (they are presented by balls of
finite radius) are m; and m,. It is assumed that there is no friction in suspension points.

xl x2

)7 | E— 1

v
y
Fig.1 - The simplified model of the double plane pendulum

The masses’ coordinates:
x,=lsine,, x,=I[sina,+1,sina,, O

y,=-l,cosa,, y,=—l,cosa,—1I,cosa,

The Lagrange function which is equal to the difference between kinetic and potential energies of the
pendulum (respectively T and V) is expressed by the formula:
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2 2
m,0 m,D
11+ 2%2

L=T-V= -V,-V,=
2 2 )
mz(x12+)712) mz(xj"'J’j)
= 5 + 3 -mgy,—mgy,
By taking into account the formula (1) we receive the following expression of the Lagrange function:
m m
L= 2 20 +—20c; +mlLa,a,cos(a, —a,)+
( 2 2 j 2 2 2%1 1772 ( 1 2 ) (3)

+m,gl,cosa, +m,gl, cosa, + m,gl, cosa,

Since we consider small oscillations the angles ¢,;,&, are small so the COS(O( f —0(2) can be

expanded into Maclaurin series:
(0‘1_0‘2)2 (2 _0‘2)4
cos(a, —a,)=1- S TR TR

We approximate the function COS(O! —a 2) by taking the first term of a Maclaurin series since the

subsequent terms are negligibly small. With this approximation the equation (3) becomes

L= (n;1+7j12 +%1§a§+m21112a,a2+

“4)
+m,gl, cosa, + m,gl,cosa, + m,gl,cosa,
Now we can write down the Lagrange equation:
d|( oL oL
S = |- =0; i=1,2 (5)
dt\ oa, ) Oaq,

Do the derivatives:

;—I_J = (m1 + m2)1120(, + mZI]lgdg;

a]

aa__L = m,l2d, + mlLd,;
aZ

d( oL ” y

Z[G_okj =(m, +m,) &, +myl 1Ld,;

d( oL . )

il agy =i e mit

aai :_ngll sin a,— zgl sin o, = |Sma = mlgllal _ngl]a];

1

aa_L = —m,gl,sina, =[sina ~ a|=—m,gla,:

aZ
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Put it all together to get two Lagrange’s differential equations:

d| oL oL . .
Z(a_a]} B 6_051 =(m, +m,)7&, +m,l1,é, +(m,+m,)gla, =0

d| OL oL .. .
Z(Ej B % - mglzzaz +myllL,a, +m,gla,=0

This system of differential equations can be written in a compact matrix form. Firstly, we introduce

the following matrixes:
(aj(t)J (ml +m2)lf m,l, 1,
, M

2

m,l,l, Ijmz

(m ,+m, ) gl, 0 0

0 ml, | ( j

Then the system of differential equations is expressed as
Ma+Ka=0

When there is the oscillation of one body such equation describes free undamped oscillation with a
particular frequency. In case of the double pendulum oscillation the solution of this equation (as you will
see below) will contain two characteristic frequencies which are called normal or natural modes. Natural
modes represent the real part of a complex vector function

a,(t) (H,)e™
a(t)= =Re o
a, (1) (H,)e
here H,, H, are the eigenvectors, @ is the real value of the frequency. The values of natural frequencies
@, , are determined by solving the characteristic equations

det(K —’M )=0
(m] +m,)gl, — o’ (m] + mz)lj2 —o’m,ll,
—w’m,l 1, m,gl, — w’m,l;
(m, +m2)g2 —a)z(m, +m2)(Z, +12)g+a)4m11112 =0
We obtained the biquadratic equation for frequencies @. Let us calculate the discriminant:
D:(m]+m2)2g2(ll+lz)2—4m1(m]+m2)gzl]lz =

=g (my+my)| (m,+m,) (1, +1,) = 4midl, |

Thus the square of the natural frequencies @), , is equal to

2 g

o, :—{(m, e )0, 1) ([ (m )+ 1) —4mll,lz}}

2ml 1,
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This expression is quite lengthy. Therefore we assume that the lengths of both pendulums are the
same: [ ;= [ , = [ . Then the natural frequencies will be determined by more compact formula

a)f,2=§[(]+,u)i (1+,u),u} where ,u:%
1

This formula shows that natural frequencies @), , depend only upon the parameter 4 (when g/l =1).

If masses are identical m, =m, =m ,ie. U= 1 then the natural frequencies are equal to

,,= /%(M\E) :

Here is the MatlLab program for calculation and visualization of the double plane pendulum’s
oscillation:

>>mye=0.1;

>> =9 §;

>>1=0.25;

>>A=mye+((1+mye)*mye)."0.5;

>>w1=(g/1).10.5*(1+A).~0.5;

>>w2=(g/1).70.5*(1-A)."0.5;

>>t=0:0.1:5;

>>alfal=(-pi/12)*(mye./(1+mye))."0.5*(cos(w1.*t))+... (pi/12)*(mye./(1+mye)).~0.5*(cos(W2.*t));

>>plot(t,alfal)

>>orid on

>>hold on

>>alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*1);

>> plot(t,alfa2,'ro-")

>>gtext('alfa2")

>> otext(‘alfal’)

>> gtext('mye=0.1")

The result is presented in the fig.2

alfa1,2, rad

-0.8
0

Fig.2 - The graphs of small oscillations of the double pendulum at £f; = 0.1
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>>mye=0.2;

>> g=9.8;

>> [=(.25;

>>  A=mye+((1+mye)*mye).”0.5;

>> wl=(g/1)."0.5*%(1+A).~0.5;

>> w2=(g/1)."0.5%(1-A)."0.5;

>>t=0:0.1:5;

>> alfal=(-pi/12)*(mye./(1+mye))."0.5*(cos(w1.¥t))+...
(pi/12)*(mye./(1+mye)).”0.5*(cos(W2.*t));

>> plot(t,alfal)

>> grid on

>> hold on

>> alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*¥t);
>> plot(t,alfa2,'ro-")

>> otext('alfa2")

>> gotext('alfal')

>> gtext('mye=0.2")

The result is presented in the fig.3

0.6

alfa1,2 , rad

-0.8
0 0.5

t.c
Fig.3 - The graphs of small oscillations of the double pendulum at ,=0.2

>>mye=0.3;

>> 0=9 §;

>>1=(.25;

>> A=mye+((1+mye)*mye)."0.5;

>> wl=(g/1)."0.5*%(1+A).~0.5;

>> w2=(g/1)."0.5%(1-A)."0.5;
>>t=0:0.1:5;
>>alfal=(-pi/12)*(mye./(1+mye)).0.5*%(cos(w1.¥t))+...
(pi/12)*(mye./(1+mye)).~0.5*(cos(W2.%t));
>> plot(t,alfal)

>>orid on

>>hold on

— 74 ——
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>>alfa2=(pi/12)*cos(w1.*t)+(pi/12)*cos(w2.*1);
>>plot(t,alfa2,'ro-")

>>gtext('alfa2")

>> otext('alfal’)

>> otext('mye=0.3")

The result is presented in the fig.4

0.6

0.4 %

alfat,1, rad

Fig.4 - The graphs of small oscillations of the double pendulum at z4 = 0.3

Here angles ¢ 1(1), az(t) are expressed in radians, and ¢ time is taken in seconds. Figures 2-4

demonstrate the graphs of small oscillations of pendulums for three values of u: 11=0.1, 1,=0.2, u;=0.3
when/ =/, =1=0.25m,g=9.3 m/s*. The angles of displacement of pendulums from equilibrium position

are given in radians. It is seen from the graphs that beats occur during double pendulum small oscillations
at which energy is cyclically transmitted from one pendulum to the other one. When one pendulum almost
stops, the other one is at its maximum amplitude. After a while pendulums "change roles" and so on.
Oscillations with a bigger frequency w, are modulated by lower-frequency oscillations with frequency w,.

Conclusion. The article considers the calculation and visualization of small oscillations of a double
plane simple pendulum. It contains the brief derivation of the motion equation and its solutions; the
mathematical model of the motion in the form of the system of nonlinear differential equations.
Experiments with the double pendulum are performed at various ratios of bodies’ masses and initial

angles, in particular for three values of (/ = m, / m,: = 0.1, o= 0.2, u3= 0.3 when the lengths of the

pendulum are / =/, = 1,= 0.25m and g = 9.8 m/s”. The angles of pendulum deviation are given in radians.
The graphs of small oscillations of the pendulum show that beats occur in the system during which energy
cyclically passes from one pendulum to another. When one pendulum almost stops, the other pendulum is
at its maximum amplitude. After a while pendulums "exchange their states" and so on. Oscillations with a
bigger frequency w; are modulated by lower frequency oscillations with a frequency w,. The results of
calculation and visualization of small oscillations of a double plane simple pendulum can be used in the
theoretical mechanics.
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K.A.Ka6bl16exoB', X.K.AG6apaxmanosa’,
Al Jacu6ekos', B.II1.Kexeadaes', I1.A.Cangaxmeros’

1M.28ye3013 atbiHgarsl OHTYCTiK Kazakcran Mmeminexkertik yHuBepcuteri, simkent, Kazakcran;
Omnryctik Kazakctan MeMIIeKeTTIK TeJarorukanblk yHuBepeurerti, Llpmvkent, Kazakctan

KOC KA3BIK MASITHUKTIH AYBITKYbI KIIII TEPBEJICTEPIH ECENITEY MEH BEWMHEJIEY

Annotanusi. Koc a3pIK MareMaTHKalIbIK MasTHUKTIH aybITKYBI Killi TepOericTepiH ecentey MeH OeifHeney
ycbiHbIaael.  Kosranplc TeHJeynepiH KOPBITHII IIBFapbUIybl MEH INEINiMi KENTipiIreH, CBI3BIKTHIK eMec
muddepentman Tenaeyiaep OOHBIHIIA MaTeMaTHKAJIBIK MOJAENI KypacThIpbUIFaH. JleHenepliH  MaccajlapblHBIH
OPTYpII KAThIHACTAphl MEH OACTAaIKbl aybITKy OYpBIIITAaphl OPTYpI, aTan aitmanma, g = 9.8m/c’, I=1,=1=0.25m
WIAPTBIH/A, Maccalap KATHIHACBIHBIH YIUTYPi MIaMaChIHAA 1/ = m, / m,: t=0.1, 15=0.2, 113=0.3 xarnaiinapsi YLLIiH

KOC MAsATHHUKTIH KO3FaJlBICBIH OaKpUIayFa apHaJNFaH OJKCIEPHUMEHTTEp  IKYPTi3iireH. MasSTHUKTEpIiH Kimmi
pebenictepiHiy rpaguKTepi KenTipiireH. AybITKy OyphILITaphl paauaHia GepiireH.

I'paduxrepaen xylene MassTHUKTEPIIH apachblHAA LUKJIAI SHEPTHUs aMacybl HOTHIKECIHAE COKKbI KYOBUIBICHI
naiiqa OonateiHbl  Oaiikanmajnpl. MATHHUKTIH OipeyiHiH aybITKybl TOKTaFaH/Ja EKIHIIICI MakcMMall aMIUIMTYIaja
TepOere Oacraiinel. Onaedip yaKpITTaH KeiiH MasSTHUKTEP POJIi aybICaIbl )KOHE OChUIANIIA KaTaiaHabl. Tepoeric
KU ) YIAKEHI )KUUTIT Killi @, TepOesicrieH MOy IsHsIaHa/Ibl.

Tyiiin ce3nep. Koc MasTHUK, aybITKYybI Killli TepOesicTep, COKKbI, SHEPTUSAMEH ajMacy, MEHILIKTI KHUIIKTEp,
HOpMaub (Taburu) Mozanap.

K.A.Ka6bui6exos', X.K.A6apaxmanoa’,
A1 Jacu6ekos', B.II1.Kexeadaes', I1.A.Cangaxmeros’

'FOsxHO0-KazaxcTaHckuii rocyapcTBeHHbI yHIBepeHTeT MM. M. Ay330Ba, IlIbiMkenT, Kazaxcra;
JOxn0-KazaxcraHckuii TOCYJapCTBEHHBIN Nefparornyeckuii yansepeutet, LlIsivkenT, Kazaxcran

PACYET W BU3YAJIN3AIINAS MAJBIX KOJEBAHUI JIBOMHOI'O INIOCKOT'O MASITHUKA

Annoranusa. [Ipennaraercs pacyer W BH3yallM3allsl  MaNbIX KOJCOAHWA JBOWHOTO IUIOCKOTO MaTEeMaTH-
YEeCKOro MasiTHUKA. [IpuBe/ieH KpaTKUi BHIBOJ YPaBHEHHS IBI)KCHUS M MX PEIICHUS, MOCTPOCHA MaTeMaTH4YecKast
MOZIeIb B BHIE CHCTEMBl HEIMHEHHBIX IubGEpeHINanbHpIX ypaBHeHWA.  [IpoBeAECHBI JKCIIEPUMEHTH IO
HAOJIOACHUIO 32 JBIDKEHUEM IBOWHOTO MAasATHUKA MPU Pa3IMYHBIX OTHOIICHHSX MAcC TeN W HAYaIbHBIX yIJax, B

YaCTHOCTH ISl TPEX 3HaYeHUd U = M, / m,: 1=0.1, 1,=0.2, 115=0.3, mpu ycnosum /=I,=/,=0.25m, g = 9.8Mm/c%.

[MpuBenensl rpaduKu MalbIX KOJIEOAHMH MAsSTHHUKOB. YTJbl OTKJIOHEHHS MAasSTHHKOB IPHUBEICHBI B paauaHax. U3
rpaMKOB BUJHO, YTO B CHCTEME HMPOUCXOISIT OMEHHS, IPU KOTOPBIX DHEPIHs LUKIUYECKH MEPEXOTUT OT OJHOTO
MasiTHUKAa K japyromy. Korja oJMH MasTHHK MMOYTH OCTaHABJIMBACTCSs, NPYrod PacKauyMBaeTCs C MaKCHUMAalbHOM
aMIuMTyIoi. Yepes HEKOTOpoe BpeMs MasTHHKH "MEHSIOTCS poismu"' u Tak nanee. KoneOanms c Oosbrei
YaCTOTOHN ] MOAYJUPYIOTCSI HU3KOYACTOTHBIMU KOJIEOaHUSIMU C YaCTOTOM .

KiroueBnie ciioBa. J/[BOitHOI MasTHUK, Majible KOJicOaHuUs, OMCHUSI, OOMCH SHEPIHSIMH, XapAKTEPHBIC YaCTOTHI,
HOpMaJIbHBIE MOJA.
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ON PROJECTIONAL ORTHOGONAL BASIS
OF A LINEAR NON-SELF -ADJOINT OPERATOR

Abstract. In this paper we study spectral properties of a linear non-self-adjoint operator with an internal
symmetry of the form:
PL=1L"P, LQ =QL;

where P* = P, Q" = Q are orthogonal projections, L* is an operator, adjoint to the operator L in the Hilbert space H.
It is shown that a spectrum of such operator is real. In the case of a discrete operator, with a complete system of
eigenvectors and associated vectors, the projections of eigenvalues and associated vectors of the operator L and its
adjoint operator form an orthonormal basis. A class of Sturm-Liouville operators with such symmetry is found,
moreover, it is found that the characteristic function of such an operator factorizes. An illustrative example is
provided.

Keywords: Linear non-self-adjoint operator, real spectrum, basis, root vectors, completeness, theory of electric
signals, plasma theory, discrete operator, invariant subspaces, root subspaces, completely continuous operator,
eigenvectors and associated vectors, internal symmetry, projection, resolvent.

1. Introduction. The aim of the paper is to study the spectral properties of a certain class of linear
non-self-adjoint operators L with a real spectrum that have the following internal symmetry

2.

PL=1L'P, LQ =QL*;P* =P, Q* =0,

where L is a linear operator with a domain D(A), that belongs to the Hilbert space H, and P and Q are
orthogonal projections, defined in this space.

We will assume that the Hilbert space H is separable.

We consider a completely continuous operator T, acting in the separable Hilbert space H. We denote
by R; the following operator

(T-2D"L. (1.1)
The set of points of the plane A, for which the operator (1.1) is everywhere defined and bounded, is
called the resolvent set, and its complement is called the spectrum of the operator 7. It is known that the
spectrum of the completely continuous operator 7" consists of at most a countable number of points

A1y gy Mgy oo Ay oo

which can have a limit point only at zero. If the space H is infinite-dimensional, then zero is always a
point of the spectrum of the completely continuous operator. Each non-zero point of the spectrum A5 of
the completely continuous operator T corresponds to a finite-dimensional invariant subspace K, which is
defined as the set of elements of £, canceled by some power operator T — A l:
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(T — A, D"f =0 (1.2)

The subspace K; is called root subspace. Dimension of the root subspace, corresponding to the point
of the spectrum A;, we will denote by mg.

In each of the root subspace Kj, since it is finite dimensional, it is possible to choose a basis, in which
the transformation is written by a Jordan matrix. This basis consists of several chains of equalities:

fivfov o fryv fizofozs oo frRpzo s fig foqr o frya (1.3)

Each chain forms a basis in one of invariant subspaces on which this root subspace K splits. For
elements of each chain the following equalities hold:

Tfie = Asfior The = Asfor + fio ) TfR-L—‘L' = ASfR-L—‘L' + fRT‘r

The first element of the chain is an eigen element of the operator T, corresponding to the eigenvalue
A, and the others are so-called associated elements.

In the paper we consider linear non-self-adjoint operators, acting in the separable Hilbert space H and
with a discrete spectrum. The last one means that all points of a spectrum of the operator 4 (with the
possible exception of one) are isolated, and the corresponding them subspaces are finite-dimensional. A
finite-dimensional invariant subspace of the operator 4, concerning to a certain point of the spectrum A,
is usually called the root subspace. We will denote it by K.

A root subspace K can be characterized as a collection of elements f, which satisfy the following
equation at some integer m > 1

A-2,D™Mf = 0. 0.1)

As is well known, completely continuous operators, as well as unbounded (for example, differential)
operators that have completely continuous inverse, has a discrete spectrum.

The main problem of the paper is to study the conditions under which a system of finite-dimensional
invariant (root) subspaces of an operator turns out to be a basis in H or in the range of the operator.

Definition 1.1. A system of elements {e,},n = 1,2, ... forms a basis in the space H, if any element
X € H can be uniquely represented in the form of the convergent series

Every basis is a complete uniformly minimal system. However, a complete minimal system may not
form a basis in space. For example, the trigonometric system ey(t) = 1, e,,_1(t) = sinnt, e,,(t) =
cosnt, (n=1,2,...) is complete and uniformly minimal system in the space C(—m,m), but does not
form basis there.

Definition 1.2. System {e;}, i = 1,2, ... is called an unconditional basis in the space H if it remains a
basis for any permutation of its elements.

Let T be a linear bounded operator, acting in the space H and have a bounded inverse. If the system
{e;} is a basis, then the system {Te;} is also a basis. If {e;} is unconditional basis, then and {Te;} is
unconditional basis.

In the Hilbert space H, any orthogonal basis is unconditional. It turns out that any unconditional basis
in the Hilbert space can be represented in the form {Te;}, {e;}is an orthogonal normed basis. Such bases
were called Riesz bases. They can be characterized by the following properties: there exist positive
numbers m and M such that for any x € H

0 0
me Y el < llxl? < M- ) |Gx el
i=1 i=1
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Completeness is a necessary condition to have a basis. We clarify that a system of finite-dimensional
invariant subspaces of a certain operator is called complete in a Hilbert space H, if any element h € H can
be approximated with predetermined accuracy by the norm of a finite linear combination of elements,
each of which belongs to one of the invariant subspaces. It is well known that if some completely
continuous operator is self-adjoint, then the system of its finite-dimensional invariant subspaces is
complete in the range of values of the operator, moreover it forms an orthonormal (after normalization)
basis (in this case the root subspaces turn out to be proper).

In the case of a general completely continuous operator, the completeness may not occur. The
simplest example of this kind is the integration operator

Af = [ f(®dt, 0<x <1, (0.2)

which acts in the Hilbert system of functions, that are Lebesgue integrable square in the interval [0,1].
Further we will denote this space as L,(0,1). It is easy to verify that the operator (0.2), being completely
continuous, has only a single point of the spectrum — zero and does not have any eigenvector.
Consequently, it has no finite-dimensional invariant subspaces at all.

In the theory of non-self-adjoint operators in a Hilbert space, questions on completeness and basicity
of systems of root vectors play an important role. For many classes of non-self-adjoint operators,
completeness of system of root vectors has now been studied quite fully. Important results in this direction
are contained in [2] - [11] and monographs [1].

Problems of basicity of root vector systems are investigated much less thoroughly than the questions
of completeness. The basis condition of the root vector system was studied for dissipative operators by
B.R. Mukminov [12], .M. Glazman [13] and A.S. Markus [14], and for weakly perturbed self-adjoint and
normal operators by A.S. Markus [15] and by Visitey and A.S. Markus [16]. The methods, developed in
[12] - [17], make it possible to establish that a system of root vectors of an operator belongs only to the
class of Bari bases [18]. The class of Bari bases is very narrow, and basis property of the system of root
vectors has been established in [12] - [17] with rather strict restrictions on operator.

In [19], a completely new analytical method was proposed for questions on basicity, based on
systematic use of theorems on interpolation by analytic functions. In this case, L. Carleson theorem [20]
on interpolation by bounded analytic functions was used. In this paper, series of theorems are established,
these theorems contain conditions, sufficient and, in some cases necessary, for a system of root subspaces
of an operator in a Hilbert space to be Riesz basis in its closed linear hull. Connection of operator-
theoretic and differential-theoretic considerations was made on basis of the well-known J.fon Neumann
theorem [21] - [22]. Ideas and methods of this paper were continued in the monograph [23].

V.P. Mikhailov [24] and G.M. Keselman [25] proved the Riesz basis property of systems of
eigenfunctions and associated functions of an ordinary n-th order differential operator with strongly
regular boundary value conditions in L,. In the case of irregular boundary value conditions, a system of
eigenfunctions and associated functions of the problem does not form even usual basis in L.

Basicity problem was completely solved only for the Sturm-Liouville model operator

Ly =—y'(x) =2y(x), x€(0,),
a11y(0) + a;,y'(0) + ag3y(1) + a;,y'(1) =0,

a21Y(0) + az,y'(0) + a3y (1) + ay,y'(1) =0,
in [26].

In the case when the boundary value conditions are regular, but not strongly regular, the question on
basis property of systems of eigenfunctions and associated functions has not yet been completely solved,
thus, very active research is being conducted in this direction [27] - [31].

Theory of bases has, besides the theoretical value, purely practical value, and is used in the theory of
electrical signals [32] and plasma [33].
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2. Research Methods.

Lemma 2.1. If a system of vectors {y,}, n = 1,2, ... is complete in the space H, then systems {Py,}
and {Qy,} are complete in the subspaces H; = PH and H, = QH, respectively, where P and Q are
orthogonal projections given by the formulas

_I+S [-S

P —l :—J

2 2
and the operator S has the form Su(x) = u(1 — x), Vu(x) € L?(0,1) = H.

Proof. Let for some element g € H; of the subspace H; the following equality holds:
(9.Py) =0, n=12,..

where (+,) is a dot product in the space H, then there exists an element of the space H, such that g = Pf,
consequently,

(Pf.Py) =0,  (P*f,yn) = (Pf,yn) =(g,3) =0, n=12,..
due to completeness of the system {y,, } in the space H we have g = 0, that is required to prove.

Example.
It is known that the system {ei”x},n = 0,41, 42, ... is complete in the space H = L2(—m,m). We put
that Su(x) = u(1 — x) and
b I+S _I-S

2’ 2’

eanC+e—LnX

then the system u,(x) = Pe!™ = = cosnx is complete in the space of even functions

2
H, = PH; The system v,,(x) = ae'™ = i sinnx is complete in the subspace of old functions H, = QH.

Let an operator L be densely defined and have a completely continuous inverse operator L™!. Then a
spectrum of the operator L is discrete and consists of only eigenvalues. Suppose that the following
formulas hold:

PL=LP, LQ =QL,

where P and Q are orthogonal projections, i.e.

P =P, Q" =Q.

Lemma 2.2. If y,, is an eigenvector, and ¥, is an associated vector of the operator L, corresponding to
the eigenvalue A, and the equality Py,, = 0 holds, then Py,, # 0 and the vector Py, is eigenvector for the
adjoint operator L*.

Proof. By assumption of the theorem, we have LY, — 4,3, = K,, - ¥, where K,, is some nonzero

constant, then
PLy, — A, Py, = K,,Py,, = 0,=> L*Py,, — APy, = 0;

If Py, = 0,theny; = (P + Q)¥n = Q¥n, => LQYy — 2,0¥7 = Ky * Y.

Acting by the operator Q to the both sides of this equality, and taking into account Qy, # 0
(otherwise we have y, = 0), we get

QLQYy — 1,Q¥y = Ky - Qyp # 0.
Due to the formula LQ = QL*, we obtain
QZL*% = QY = Ky - Qyn # 0, QL*Yy — 4,Q0¥y = Ky * QY.

LQYy — 4,Q¥y = Ky - Qyn # 0.

— g2 ——
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Thus, due to the formula, 35, = Q3;,, we get

LQQyy, — AnQ¥y, = Ky - Qyn # 0.

We obtained a contradiction, since the self-adjoint operator L@ has no adjoint vectors, therefore
Py, # 0 and L*Py;,, = A,,Py;,.
Remark. From the equality Ly,, = 1,,¥,, when Py, = 0, we have

L (&y_@ + Qyn> = A (% + Qyn> ,=> LQyy = 2,QYn, LQ(Qyyn) =
0 0
A Qyn # 0;

i.e. Qyy, 1s an eigenvector of the operator LQ.

Lemma 2.3. if to the eigen function y,, there corresponds a nonzero associated function ;,, then
Py, = 0 and Py,, # 0.

Proof. By condition of the theorem, we have

Lyn = AnYn, Yn # 0, LYy — 24V = Kn " Y, K, # 0.

Then acting by the operator P to both sides of the last formula, and using the formula PL = L*P, we
have
PLy, — A,Py, = K,Py, = 0,=> L*Py, — A,Py,, = K,Py,,=>

L*P(|P¥;) — A, Py, = KnPyy.

If Py, # 0, then Py, # 0, and the self-adjoint operator L*P has an associated vector, which is
impossible, consequently, if to the eigenvector y, there corresponds an associated vector 3;,, then
Py, = 0, and from the previous lemma it follows that Py,, # 0 and the vector Py, is eigenvector for the
operator L.

These three lemmas form the basis of our method.

3. Research results.
Theorem 3.1. If root vectors of the operators L and L* are complete in the space H, and

1) PL = L*P;
2)LQ = QL%
3)P2=P, P*=P; Q*=0Q, Q" =Q,

then spectrum of the operator L is real, and normed projections of root vectors of the operators L and L*
form an orthonormal basis in H, i.e.

Qn

QI

Pf = ;@f,wn)m, of = ;(Qf, Q)

where {@,}, n = 1,2, ... are root vectors of the operator L, {1}, n = 1,2, ... are root vectors of the
operator L*.
Proof. From the formulas 1) and 2), we have

(PL)* = L*P* = L*P = PL; (LQ)* = Q*L* = QL* = LQ;

consequently, operators PL and LQ are self-adjoint in the space H.
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If Ly, = Ay, then PLy,, = A,Pyn, L*Py, = A,Pyy,, L*P(Py,) = A,PYyn,
consequently, as Py,, # 0, 4,, is an eigenvalue of the self-adjoint operator, therefore it is real.
If Ly, = A,y and Py, = 0, then PLy, = A,Py, =0, L(Py, + Qy,) = 1,(P + Q)y,,

LQyn = 4,Qyyn and Qy,, # 0,

hence, and in this case A, is an eigenvalue of the self-adjoint operator LQ, thus it is a real value.

By our assumption system of eigen and associated functions {¢,},n = 1,2, ..., of the operator L is
complete in the space H, then the system {P¢,},n = 1,2, ..., is complete in the subspace H; = PH (see
Lemma 2.1). Since all eigenvalues 4, (n =1,2,...) of the operator L are real, then spectra of the
operators L and L* are the same.

If Lo, = A,,¢,, then due to the formula PL = L*P we have PL¢, = A,P@,, L'"Po, = 1,P@,,
consequently, the vector P¢,, is eigenvector for the self-adjoint operator L*P.

If P, # 0, then due to Lemma 2.3, there is no associated function.

If Pg,, = 0, then there may be an attached vector ¢,,, such that

Loy — 24,05 = Kn@n, K, # 0.

Then PLip,, — 1,,PP,, = K,,Pp,, = 0, moreover, due to Lemma 2.2, we have P{,, #+ 0.
Operator L does not have associated vectors higher than first order. Indeed, if

L@l - An@r/l = Kn@lr K, #0,
then
Py, =0, Py, # 0,
thus
PL®, — A,P®,, = K,Pp,, # 0, => L*P®, — A,P®,, = K, P@,, + 0,=>

=> L'P(P®;,) — 1nP®;, = K,P®, # 0.

Consequently, P, # 0, and this contradicts self-adjointness of the operator L*P.

Therefore, if the sequence {¢,},n = 1,2, ..., consists of eigen and associated functions of the operator
L, then the sequence {P@,},n = 1,2, ... consists of eigenvectors of the self-adjoint operator L*P, hence it
is a complete and orthogonal system. Rejecting zero elements, if there is any of them, we get a complete
orthogonal system {P¢,},n =1,2,.. (cleaned system). Consequently, the system {P¢,/||P@,|l},
n = 1,2, ... is an orthonormal basis of the space H; = PH, i.e. for any vector f from H the following
decomposition holds

Py,
IP@nll’

Pf =) (Pf,Pgn)
n=1

2) Let a system of eigen and associated functions {i,,},n = 1,2, ..., of the operator L* be complete in
the space H, then the system {Qy,,},n = 1,2, ..., is complete in the subspace H, = QH.

If LYy = Ayy, then QL Y, = 2,Qy,

LQY, = 4,Q¢p, LQ (len) = 2, Qn;

If Qy,, # 0, then due to Lemma 2.3, there is not any associated vector. If Qi,, = 0, then maybe there
is an attached vector Y, i.e.

L*‘Ez - Anlj;;l = K.Y, K, #0,
then QL*{/;; - AnQ{/;r'l = K, Q¢ = 0,=>
LQYn = 2@ = 0,=> LQ(Q¥r) — 2,QP, =0,

moreover, due to Lemma 2.2, we have QI:DT, # 0.

— 84 ——
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Consequently, in any case the vector Qi, is eigenvector for the operator LQ. Due to self-adjointness
of the operator LQ, eigenvectors {Qy,} are mutually orthogonal, and according to our assumption and
Lemma 2.1, are complete in the subspace H, = QH, consequently, the system Qv /||Qy,ll, n = 1,2, ...
forms a orthonormal basis in the subspace H,, i.e.

Qbn
eyl

of = ) (0f. Q)
n=1

4. Discussion.
We consider the model Sturm - Liouville operator in the space L?(0,1).

Ly = —y"(x), x € (0,1), 4.1)

a11y(0) + a12y'(0) + a;3y(1) + a4y’ (1) =0,
) , 4.2)
a21Y(0) + az2y"(0) + az3y(1) + az,y'(1) =0,
where a;; (i = 1,2;j = 1,2,3,4) — are arbitrary complex numbers. By A;; we denote minors of the
boundary matrix:
((111 a12 a13 a14)
az;1 Qyp azs az4/°
Therefore,

Qi

_ 1
Al]_ |a2i aZj 1] (ll_] - 1125354)' (43)

If the following inequality holds
A= A12 + A13 + A14 + A32 + A34¢ 0,

then the operator (4.1) - (4.2) is invertible and its inverse operator L™1 is completely continuous.
Theorem 4.1. Invertible Sturm-Liouville operator satisfies the following equalities

PL=L*P, LQ = QL™, (4.4)
if and only if it has the form
Ly = -y"(x), x € (0,1), 4.1)
y(0) + ky'(0) + y(1) — ky'(1) =0,
{(1 —20)y(0) = 2a + k)y' (0) — (1 — 2Dy(1) — (2L = 2a — k)y'(1) = 0, Ve denoweas (4.3),

its adjoint has the form:
Lz =-z"(x), x € (0,1) 4.2)"

{ (1-2Dz(0)=1z'(0) —(1—-2Dz(1) = 1z'(1) =0, 4.5)
(1-k—-2a)z(00)—az'(0) + (k+2a)z(1) — (k+a)z'(1) =0, '
where k =k, [ =1 — is a real number, a — is an arbitrary complex number, P and Q are orthogonal
projections given by the formulas:

*s % (4.6)
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where I — is a unit operator, operator S is defined by the formula
Su(x) = u(1 —x), Yu(x) € L?(0,1). 4.7

Theorem 4.2. If for the invertible Sturm-Liouville operator (4.1) - (4.2) the following formulas hold

a)PL = L*P,
b) LQ = QL™; 4.4)
where
P=22,0="+ (4.6)
Su(x) = u(1 —x), vu(x) € L?(0,1), 4.7)

then the characteristic function of this operator is factorized as follows:

a)If kI(1 — 21) # 0, then

AA) =2l ——-—*= —cos=

in2
21— 1 siny A (
I 2 2

ki si /1+ A)'
sinZ + cos7 |

b) If | = =, then

cos5 y) y)
___ 2 2 ).
AQY) = 3 (Ak cos > + cos 2) ;

c)Ifl =0, k # 0, then

A
2 _ A cosy
A(A)——Zsmz ksmz+ > |
d)Ifl =0, k =0, then
A A
Zsmicosi
AA(A)z—f;

where k, | — are real coefficients of the boundary conditions (4.5), and the characteristic function A(4)
has the form:
sin A

AD) = Ajp + Az + g3 7

+ (A4 + Ag3) cos A+ AyuAsind,

where A, are minors from (4.3).
Theorem 4.3. Eigenvalues and eigenfunctions of the boundary value problem

Ly = —y"(x), x € (0,1),

{ y(0) +y(1) =0,
y(0) —y(1) — 2a[y'(0) —y' (D] =0,
consist of two series:

a) /153) = 2nm, y,(ll) = K,sin2nnx, n=1,2,...;
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=12, ..;

b) /1512) =(2n+ Dm, yrgz) =B, [Za cos(2nm + m)x + —Sin(znﬂ)m] ,

2n+1)n
where a — is an arbitrary complex number, K,,, B,, — are arbitrary constants.

In this case, the normalized system

{ Py, 0z},
forms an orthonormal basis of the space L?(0,1), where

(2) _ __Bn
Py = @2n+)n

sin2nm + m)x;n =0,1,2, ...;

0z = (—1)"K,, sin 2nmx,n = 1,2, ...
Theorem 4.3". Eigenvalues and eigenfunctions of the boundary value problem
L*z=-7"(x) = p*z(x), x € (0,1),

{ z(0) —z(1) =0,
z(0) — alz'(0) + z'(1)] = 0;
consist of two series:

a) ,u,(ll) =2nm+m,

® 1
zy(x) =Apcos(2n+ 1) m 5~ x);
b) ,u,(lz) =2nm, n=1.2,..
7, (x) = K, |4anm cos 2nm (E — x) — sin2nm (E — x)],

where a — is an arbitrary complex number, and K,, — are arbitrary constants.

Moreover, QZ,(ll) =0, er(lz) = (—1)"K,, sin 2nmx, which confirms results of the main Theorem 3.1.

We note that Sturm-Liouville operators of the class, that we studied, are reconstructed in a single
spectrum [34].

In conclusion, the authors thank the correspondent member of the NAS of Kazakhstan M.A.
Sadybekov, who drew their attention to this theme.

AL Manxxan6aes’, A.A.llannan6aesa’, B.A.llaxnaun6aii’
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CBI3BIKTBIK CBIHAPJIBI OITEPATOPIBIH
OPTOT'OHOJIJI MPOEKIUSIIILIK BA3UCI TYPAJIBI

AnHoTtanus. by eHOexTe, MpIHaHAH
PL=L"P, LQ =QL"
IIIKI CHMMETPHSICHI 0ap CHI3BIKTBIK ChIHAPJIBI ONEPATOPIBIH CIEKTPAIAIK KaCHETTepl 3epTTeimi, MyHaarsl P* = P,
Q" = Q —oproroHanai mpoekropiap, an L'- ceiHap omeparop. OHrime ['mibeptTiH cenapabenmi H keHicTiriame
©OJIBIIT OTHIP.

MyHnait oneparopiiap/blH CIIEKTpi HaKThl CaHAAp OCIHJE KaTaThIHbl KOPCETI, COHNAM-aK MEHIIIKTI JKoHEe
OJIapMEH EHIIIJIEC BEKTOpJIap CHCTEMAachl KEHICTIKTE TOJBIK AMCKPETTI OIEpaTopiapAblH TYIKI BEKTOPIAPHIHBIH
NPOEKUMsUIaphl MEH OFaH CBHIHAP ONEepaTOpJbIH TYNKI BEKTOPJAapbIHBIH NpoeKuusuiapsl Oipirin, H KeHicririnae
OPTOTOHAI 06a3UC KYPANTHIHBI KOPCETUIAL, 9pHHE, OPTAHOPMAJIaHFaH COH,.

[ typm-JlryBHIDT ONlepaTOPIapEIHBIH iITiHEH OCBIHIAH CHMMETPHUSCH Oap omepaTopiap KIachkl 06l aabIHAbL.
MyHzaii onpaTtopiapAblH XapaKTePUCTHKAIBIK QYHKIUIIAPE KOOSHTKImTepre KiKTeneTiHi qonenaersi. Teopema-
HBIH MOHI MBICAJT apKbIJIbl aliKbIHIaJIa TYCTi.
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Tyiiin ce3nep: CBI3BIKTHIK CHIHAPJIBI ONEPATOP, HAKTHI CIIEKTP, TYIKI BEKTOPJIApP, TOJNBIMIBUIBIK, JJIEKTP CHI-
HAIJAPBIHBIH TEOPHACHI, TUIa3MaHBIH TEOPUSCHI, AUCKPETTI OMepaTop, iMIKIKEHICTIKTep, HHBAPUAHTTHI KEHiCTIKTED,
TYTIKi KEeHiCTIKTEP, MCHIITIKTI JKOHE EHIILIeC BEKTOPIIAP, iIKi CHMMETPIS, IPOEKTOP, PE36JIBEHTA.

AL Manxxan6aes’, A.A.lannan6aesa’, B.A.llaxnaun6aii’

'Mexaynapoausiit yausepcuter Silkway, r. Illsivxent, Kazaxcran;
2PernoHalbHbII COLMAIBHO-UHHOBALHOHHBIIT yHuBepcurerT, r. [lIsiMkenT, Kazaxcran;
*H0xH0-Kasaxcranckuii [ocyiapcTBenHslil yuuepcuter uM.M.Aye3osa, r. [llsiMkent, Kasaxcran

O IMPOEKIIMOHHO OPTOIOHAJIbHOM BA3HUCE JIMHEMHOI'O
HECAMOCOIIPSAKEHHOI'O OIIEPATOPA

Annoranus. B Hacrosmei paboTe nccienoBaHBl CIEKTPAEHBIE CBOWCTBA JIMHEHHOTO HECAMOCOIPSDKEHHOTO
oreparopa 00J1a1alonIero BHyTPEHHEH CUMMETpHEH Buaa

L=LP, LQ=QL%

rne P* =P, Q" = Q —oproroHajbHbIe NPOEKTOPHI, L* — oneparop, conpshKeHHbIH K oneparopy L B ruiib0epToBOM
npocTtpancTtBe H. Iloka3aH, 4TO CHEKTp TAaKOro olepaTropa BeLIeCTBEHHBIN. B ciaydae muckpeTrHoro omepartopa, ¢
MOJTHOW CHCTEMOH COOCTBEHHBIX W MNPUCOCIMHEHHBIX BEKTOPOB, NMPOCKIHMH COOCTBEHHBIX M IPHCOEANHEHHBIX
BEKTOpOB omeparopa L 1 ero compspkeHHOTO 00pa3yloT OpTOHOPMEpPOBAaHHBIN Oasmc. HaiimeH kimacc omepaTopoB
rypma — JlmyBmiis, oONMajalomIvii TaKOW CHUMMETPHEH, NPH STOM OOHApPYXKEHO, YTO XapaKTepUCTHYeCKas
($yHKUIMsA Takoro onepartopa paxropusyercs. [IpuBeneH WLTIOCTpaTHBHBIA IpUMeEp.

KiwueBble ciaoBa: JIMHEHHBIN HECaMOCONPSKEHHBIH OIEPATOpP, BEIICCTBEHHBINH CIEKTp, 0a3uC, KOPHEBBIC
BEKTOPBI, TIOJIHOTA, TEOPHs 3JIEKTPUUYECKUX CUTHAJIOB, TEOPHs IIAa3Mbl, JUCKPETHBIA ONEpaTop, WHBAPHAHTHBIC
MOJIIPOCTPAHCTBA, KOPHEBBIC  MOANPOCTPAHCTBA, BIOJHE HENPEPBIBHBIA  omepaTop, COOCTBCHHBIC U
MIPUCOETUHEHHBIE BEKTOPHI, BHYTPEHHSISI CHMMETPHS, TIPOEKTOP, PE30JIbBEHTA.
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Shaldanbayev A.Sh. — doctor of physico-mathematical Sciences, associate Professor, head of the center for
mathematical modeling, «Silkway» International University, Shymkent; http://orcid.org/0000-0002-7577-8402;
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DYNAMIC STABILITY OF WAVE PROCESSES OF A ROUND ROD

Abstract: This paper is devoted to the study of the stability dynamics of wave processes of flat and circular
elements, and also some axisymmetric problems of oscillation of an elastic layer limited by rigid or deformable
boundaries when exposed to normal or rotational shear stresses are considered. Solutions to the problems under
consideration were obtained using integral transformations by coordinate or time. The work develops the dynamic
stability of a round rod. The loss of stability of a round rod will be investigated on the basis of the mathematical
theory and the transverse oscillations of a round rod, described in the work of I.G. Philippov.

Key words: oscillations, stability, wave process, axisymmetric problems, round rod, exponential
transformation, shear stress.

The issues of stability in a static formulation have been developed by many authors, and the results of
such studies can be found in [1,2].

However, the issues of dynamic stability of elements’ construction and structures received much less
attention.

In this paper, the dynamic stability of a round rod is developed.

Consider a round elastic rod of length /. We will assume that an axial compressive force of intensity
is applied to the ends of the rod at any moment of time.

The loss of stability of a round rod will be investigated on the basis of the mathematical theory and
the transverse oscillation of a round rod, described in the work of I.G. Philippov [3].

The fourth order equation describing the transverse oscillation of the rod has the form.

o'V o'V o'V oW
b At P = ED, M

where the constants A4 j are equal to

2 4 2 b2 2 13 2 _8b2
" /:3,24((; —+b2)) A= ﬂ:;b(z (aa2 -b*) );A2 = “

7y - rod radius, @ and b - propagation velocity of longitudinal and transverse waves in the material of the
rod, u - the module of shift momyns cnBura, p - rod material density.

Under the action of compressive force for a small period of time Af when solving bending forces in
cross-sectional planes of the rod AF', as we know, equals to [2]
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oV
(3)

AF = AP
Oz

Summing (3) over time, we get the power /" :

oV
P dé 4)

F(z,t)=[P(-¢)

where the lower limit of integration depends on the beginning of the force P and, for example if P

power is applied at the # = 0 then the lower integration limit is also zero.
Obviously, if the compressive force is constant and is applied at the moment ¢ = 0, then it can be

written as P = F)H(t), rne H (t) Heaviside function, then we get the following: (4)

oV
Q)

F=-P
0 oz2

Therefore, equation (5) can be written in the following form

oV
P dé=0 (6)

V4

— + 4
A ot ldert T ozt

o'V o'V ov oV ¢,
4 +p = P=9)
0

To study the stability of the rod, it is necessary to formulate the boundary conditions at the ends of

2

V

=0, rigid fastening J = a =0 , free ending
0z 0z

the rod. These conditions are: hinged joints V =

1 & 2 3
— 0 12/ +4 0 12/ =0; 0 2/ = (. In order to study the stability of the rod, it is necessary to formulate the
a~ ot 0z oz

. . . .. oV ..
boundary conditions at the ends of the rod. These conditions are: hinged joints V = P =0, rigid
z

2

fastening V' = aa—V =0, free ending

Z
2 2 3
LV GOV G2V,
a” ot oz 0z
The solution of equation (6) will be sought believing that
V(z,t)=V,(z)exp(iox) (7)

where @ is oscillation frequency. Putting (7) into the equation (6), for mus ¥, we get the equation

d4V 4 T ' : d2V0 4 2
Ao’ - j P'(E)exp(iod)dE] o+ A0, = pV, =0 )
0

AZ
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Denoting by Q(@) Fourier’s exponential transform of rate of change of compressive force P'(),
equation (8) we write in the form

d'v d*V.
++B, dz;) +BV,=0 ©9)

dz

where the coefficients are B, B, are equal to

g, - A0 0@ g A0 pe (10)
’ A2 ’ 1 A2

For simplicity, we consider the case when the ends of the rod are hinged, i.e. at z=0 andz =/
conditions are met

oV
V= =0 11
0z* b
The solution of equation (9) is sought in the form of
v,=3V, sin(? zj (12)
n=1

at the same time, boundary conditions (11) are satisfied automatically.
Putting (12) into the equation (9) for the length O(®) we get

O(0) = 4@ — A[ﬁj {Bl T (?) } (13)

BBenem 6e3pasMepHbIC BETUUHHBI
Let’s introduce dimensionless quantities

0,(¢)= Q(ai);&ﬂl;c:ﬂ(r—"j;b— 1=20 (14)

And then for O,(&) we get

_2[O@-50)c’+4],, . 8
Q"@_c{ 9100 }5 * 9 100 (>

where U - Poisson's ratio.

The physical meaning of the influence of the rate of change of the compressive force is that, it is
important that the impulse of this force or the rate of increase of the force over time as in the impact
theory.

You can also consider other types of binding. For example, you can search for solutions of equation
(9) in the form

— 92 ——
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, Cl[cos (a,2) | cos (a]z)}+ C{cos (,2)  cos (a]z)}+

n n n n
a 0 a 1 a 0 a 1

.\ C}[sin (onioz)+ sin (alz)} ) C{sin (z,z) sin (alz)}

m m
a, a, a, a

(16)

where C, - arbitrary constants, integers (n,m) are selected from conditionsat Z=0wu Z =1

a ; - the roots of the characteristic equation and are equal

2
aj:\/&i B—O—Bl
2 V4

In the case of rigid fastening of both ends of the rod integers (n =0,m= 1) and to find Q(w) we get
the transcendental equation

2 2
_&tra

2 sin(a,/)sin(e;/) - 2 cos(ex,! )cos(ey!) = 0, (17)

a,a,

Similarly, you can consider other combinations of conditions for binding the ends of the rod.

Some axisymmetric problems of oscillation of an elastic layer bounded by rigid or deformable
boundaries when exposed to a normal or rotational shear stress are considered below. Solutions to the
problems under consideration were obtained using integral transformations by coordinate or time.

First we consider the problem for half-space under the assumption that the half-space z > 0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axis) (axis z ), and the
surface of which is subjected to an impulse voltage at the time &_, = — f(r,?).

Because of the symmetry of the mechanical properties of the medium relative to the axisz of the
unique nonzero component of the displacement vector, U, (r,z,t) only the stresses and &,, and &, the

§r0 = Cnn(ﬁUO - ﬂ))

ones determined by formulas

or r

(18)

oU

520 = Cmm °

0z

The equation of motion reduces to one
2

8grO + 6§r0 + 2é:rO — pa UO (19)

or Oz r ot’

Substituting the expressions for &, and &, from (18) into equation (19), we bring it to the form:

62U0+1%_ﬂ+ ,0°U, _ 1 0%, 20)
or* r or r’ oz>  b* o

where
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If the half-space is isotropic, then ¥ =1 and b = \/Z .
Yo,

The boundary conditions for U, has:

Eo,=—f(r,t) under z=0, 1> 0 21
U, > 0 under z — o (22)

The initial conditions of the problem are zero
U, = ouU, _
ot

0 under ¢ = 0 (23)
The solution of equation (20) for the boundary (21) - (22) and the initial conditions (6) will be sought,
by applying the Laplace transform. Suppose,

o0

U(r,z,p) = IUO(r, z,t)e_p'dt, Rep>0 (24)

0

Definitely, for the function U (r, z, p) we obtain the equation

o°U 10U (1 p? ,0°U
t—— 5+ U+ =0 25
or* ror (rz b’ 4 oz’ ()
And U must satisfy the boundary conditions:
aaU =— fog’,l’) under z=0, >0 (26)
4 66
U, > 0 under z - o 27)

where

fo(r,p) = I(r,t)e_ptdt.
0
The general solution of equation (25) is sought by the method of separation of variables (the Fourier
method) and has the form:

N z 2.0
Ulr,z,p)=|a| Ala,ple 7V ¥ +Bla,ple”" * |J,(ar)da. (28)

S =38

where A(a, p) and B(a, p) are defined from boundary conditions (26)-(27) from the condition (29)
follows that

Bla,p)=0 (29)

— g4 ——
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Using boundary condition (26), for defining A(a, p) we’ll take integral equation:

P 2
jaA(a,pMaz +2_J(ar)da =L f,(r. p) (30)
0 b C66

Let
mr,p)!jom(a,p)a(m)da a1
Then
Ala, p)= (@, p) : (32)
C .la +p—2

Substituting expression (29) and (32) into formula (28), we obtain the following expression:

) _z a2+p—22
U(r,z, p)=-L [ afl(a’p)J(ar)e " da (33)
Cmm 0 2 p2
(04 +b72
We consider the special case when
fi(rop) = 2242) (34)

In case (34) function

and (33) has

z

F E{pN.a 1 pl |2 , z pllZ2 , z
Uz = §- e ko= i, ( J U J
le G r C, 3 2\y 7| 5| 26\ ¥ 7

b2

where K,,I, Bessel functions of imaginary argument. Using the representations of the functions /, (é’ )
2 2 2
and K,(£), for U(r,z, p) we find that

2

P P E 2

U(r,z,p)=bc(p°—(lf;) e —e"V (35)

Paying attention to the expression (35) in p, for the required value Uo(r,z,t), we’ll take the
expression
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UO(F’Z’t):be jﬁ(t—f){f[(é—%j—ﬂ g_l Z—z+r2 dé  (36)

where

Flr) =20

r
The resulting expression U, (r,z,t) consists of two terms, the first term corresponding to plane wave

propagating in half-space with velocity 7/ and parallel to the planez = 0, and the second term to the
diffracted wave, which has the form of half-ellipsoid of revolution (hemisphere at =1) and in contact
with plane wave on the rotation axis at z =b .

Besides, from (36) follows, that U (r,z,t) fades out from » as 1/r.

If the acting function f (r, t) is arbitrary, then we represent it in the form of Schlemmich series:

—lial f’—(t) (37)

rz r
where
) 2, (ch r)
t)=—j £.(0,2) +Uj EtdU;
Ty 1/1 g
ar e o
aj(t)=%J.Hcos(jU .([%gzdcf dUu;j=12,..

For f (r,t) type (37) function f, (a, p), entering to the formula (33), is

a,p)= égajo(p)fl(a - J) (39)

where
a,(p)=[a,(pk " dt. (40)
0
Following,
ENP N
0 © ¥ b?
U(r,z,p)=LZaj0(p) e—Jl(ar)da (41)
C66 j=0 0 2 ?
a+ P
b2

Paying attention (41) on p and using theory about convolution, we’ll take
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(42)
where

(43)

A.)K.CeiiTMypaTonl, B.K.)Kycinﬁelcl, I'.K.CoiasikoBa', A.Ceiit:kanosa’, V. K. Aiitumona’

"KopksIT ATazaTI:IH,Z[aFBI Kp13bu10p/1a MeMIIeKeTTIK YHUBEpcUTeTI, KpI3buiopaa;
WunoBauusisik Eypasust yuusepcureri, [1aBnonap;
3C.Ceitdymmn aTbingars! Ka3ak arpoTeXHHKATBIK YHHBEPCHTETI, ACTaHa;

JOHI'EJIEK ©3EKTIH TOJIKBIHABIK ITPOLOECTEPIHIH JMHAMUKAJIBIK TYPAKTBLJIBITFbI

AHHOTanmsi. Byt xKyMbIC Ka3bIK JKoHE aifHaIMalbl AJIEMEHTTEPIH TOJNKBIHIBIK MPOLECTEPiHIH OPHBIKTBUIBIK
JMHAMHUKACBHIH 3epTTEyre apHaJFaH, COHIal-aK MaKaia/ia KalbllThl HeMece aifHaIMallbl )KaHacy KepHeyJIepiHiH acep
€Tyl Ke3iHJe KaTThl HeMece AedopMalisuiaHaThIH IIeKapalapMeH IIeKTEeNTeH cepriMai Kadar TepOemniciHia Keiloip
OCECHMMETPISUIBIK, ecenTepi KapacThIpbUiaabl. KapacTHIpBUIATEIH ecenTepiH MemiMaepi KOOpIUHAT OOMBIHIIA
HeMece yaKbIT OOHBIHIIA HHTETpAJLABI TYPIACHAIpYIep Il Haiifanana OTBIPBIN ajblHFaH. JKyMbIcTa NOHTeNneK e3eKTiH
JMHAMHUKAJIBIK TYPAaKTBUIBIFBI KalJIbl ecenOiH TepeH 3epitTenei. JloHrenek 03eKTiH OPHBIKTBIIBIFBIHBIH aybITKYHI U.
I'. OununmoBTHIH KYMBICHIHAA OasHAAIFaHIal, OHTeNeK ©3eKTiH KeJlAeHEH TepOellici MaTeMaTHKAIIBIK TeOpHs
Heri3iH/e 3epTTeNeTiH 00JIa/IbL.

Tyiiin ce3: TepOenicTep, OPHBIKTBUIBIK, TOJKBIHIBIK MPOLECC, OCECUMMETPHANBIK €CeNTep, MAOHIEeNIeK O3¢K,
SKCIIOHEHIMANIIBI TYPIICHIPY, )KaHaMa KEepHeYy.

A.)K.CeiflTMypaTOBl, E.K.?Kycmlﬁelcl, I'.K.CoiasikoBa', A.Ceiit:kanoBa’, V. K. Aiitumona’

'KbI3bI10p AMHCKHIT rOCynapcTBenHbIi yauBepcuTeT nM.KopksiT ATa, Keissuiopsa;
*IHHOBALMOHHBIA EBpasuiickuii ynusepcurer, [1aBionap;
*Kasaxckuil arpOTeXHHIECKHi yausepcurteT nMeHu Caxerna CelipynnmnHa,Actana

JAHAMHUYECKAS YCTOMYABOCTH BOJTHOBBIX ITPOIIECCOB KPYTJIOI'O CTEPXHS

Annoranus: [lanHas paboTa MOCBsIIEHA H3YYCHHUIO THHAMHUKH YCTOWYHBOCTH BOJHOBBIX MPOIIECCOB TUIOCKHX
U KPYTOBBIX 3JIEMEHTOB, a TaKXXE PAacCMATPUBACTCS HEKOTOPHIE OCCCHMMETPUYHEIC 3a7add KOJEeOaHWs YIPYroro
CJIOSl OTPAaHUYCHHBIC YKECTKUMH U 1e()OPMUPYEMBIME TPAHUIIAMH IIPH BO3JCHCTBUU HA HETO HOPMAIBHOI'O WM
BpamaTeIbHOTO KacaTelIbHOTO HANpPKCHWH. PemeHms paccMaTpuBaeMbIX 3aad MOJIYYEeHBI C HCIIONBE30BAaHHEM
HHTETPaIbHBIX MpeoOpa3oBaHW 10 KOOpAWHATE WM 10 BpeMeHH. B paboTe pa3BHBaeTcs TUHAMHYECKAas
YCTOHYMBOCTh KPYTJOTro cTepxHs. IloTepss yCTOMYMBOCTH KPYTIOTO CTEpKHA OyAeT HCCIIEAOBAaTHCSI HAa OCHOBE
MaTeMaTH4eCKON TEOPHHU U TIOIIEPEYHOro KoJieOaHusi KPYTJIOTO CTEPIKHS, U3JI0KEHHO# B padote N.I'.dununmnosa.

KiroueBble cioBa: kxoneOaHUS, YCTOHYHBOCTb, BOJHOBOH NPOIECC, OCECHMMETPHUYHBIE 3aJadH, KpPYTJBIiA
CTEP>KHb, SKCIIOHEHLIMATILHOE NIPe00pa3oBaHue, KacaTelbHas HalpsDKeHHUSI.
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SORTING ALGORITHMS AND COMPARISON OF THEIR
EFFECTIVENESS

Abstract. The present work is dedicated to the methods of sorting data and analysis of their complexity. There
are several reasons for analysis of algorithms. One of them is necessity to evaluate the boundary values for the
amount of memory or time required by some algorithm for successful data processing. The sorting process can
implemented by various algorithms. The choice of algorithm depends on the structure of the data being processed. In
practice two classes of sorting are used: external and internal. If the amount of input data fits within the range of
available internal RAM they say about the algorithms for internal sorting. But if the input data are stored in files, i.e.
external memory, they say about external sorting.

This work demonstrates the fundamental algorithms of internal soritng with quadratic time and quick
algorithms with O(n*logn) complexity. Quick sorting algorithms such as merge sorting and Hoare*s quicksort
algorithms are given. Also simpler methods of internal sorting such as exchange sort, Shell“s method, insertion and
selection algorithms are discussed as well. The article describes the idea behind these methods, agorithms on which
they are based, complexity of these algorithms and provides concrete examples of programs.

Keywords: array, data, sorting, ordering, exchange sorting, insertion, selection, merge, quicksort, algorithm
complexity.

Introduction.Regardless of whether you are a student or a professional programmer and in which
sphere of activity you work it is neccessary for you to obtain a knowledge of algorithms and data
structures. They are crucial building blocks for solving problems.

The concept of an algorithm is not something completely new to us as we meet them on every step in
our everyday live. This can be an algorithm for computing a mathematical function, an algorithm of a
technological process, an algorithm of designing a computer or some engineering construction, etc.

In all areas of its activities, in particular, in the field ofinformation processing, a person is faced with
various methods of solving problems. They determine theorder of actions to obtain the desired result - we
can interpret this as the initial or intuitive definition of thealgorithm.

An algorithm is a finite prescription given in a language, defining a finite sequence of executable
elementary operations for solving a problem, common to a class of possible input data [1].

The main algorithms of processing data structures are sorting and search algorithms.

Sorting is one of the most important procedures for processing structured data. Sorting is the process
of rearrangement of a given sequence of objects in some predefined order [2]. A certain order, e.g.
increasing or decreasing in alphabetic order, in the sequence of objects is necessary for convenience of
using this sequence.

It is much easier to work with ordered objects than with those arranged randomly. It becomes much
simpler to search for an existing element or delete or insert a new one.

The goal of sorting is to facilitate the search for the next element in a pre-sorted sequence.

The process of sorting data can be implemented by various algorithms. The choice of algorithm
depends on the structure of input data. There are two classes of sorting — sorting of arrays and sorting of
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files[3,PP 43].These classes are also called internal and external respectively. If the amount of input data
allows to use internal RAM then we say about algorithms of internal sorting. If the data are stored in
extrenal memory, that is files, we say about external sorting. This work puts emphasis on fundamental
algorithms of internal sorting. A great diversity of sorting algorithms leads to the necessity of their
analysis to achieve their maximum efficiency.

Methods. To solve this problem, we used method of comparative analysis, methods of theoretical and
research and also methods of the analysis of data.

Results.Before continuing it is necessary to introduce some terms and definitions.

Let us consider the sequence of n elements: a;a,, ..., a,. Each record a/has a key k; which manages
the sorting process. The goal of sorting is to rearrange these elements in such a way that all keys are in a
non-decreasing order:

ki<k:<..<k,

A sorting algorithm is called stable if during the sorting process the relative order of the elements
with equals keys do not change[3, PP 45].

The most important characteristic of a sorting algorithm is speed of its work which is determined by
functional relation between average time of sorting the sequences of data elements with predefined length
and the length itself. The sorting time is proportional to the number of comparison and reshuftling of data
elements in the process of their sorting.

To evaluate the quality of algorithm it is necessary to define the term complexity (or effectiveness) of
algorithm. The more time and the memory amount it takes to implement the algorithm the greater is its
complexity and effectivenss[4]. The algorithm complexity are divided into capacity and time
complexities. The time capacity is determined by the time taken by the implementation of algorithm.
Capacity complexity is criterium indicating the memory overload for implementation of algorithm.

Solid algorithms of internal sorting require the number of comparisons to be equal to n*logn
order.The following quick algorithms can serve as examples of such solid algorithms:

e merge sorting;

e partition sorting.

We will start the analysis with direct methods which are called simple ordering methods with time
complexity of n” orderThis group of algorithms is presented by the following simple algorithm of pair
sorting:

e selectionsorting;

e exchangesorting;

e insertion sorting.

Though these algorithms are relatively slow, nevertheless they are convenient for use in describing
the characteristic features of main principles of the majority of sorting methods.

Let us start discussing the quadratic time sorting with the exchange sort algorithms. Here the sorting
is based on comparison of two elements. If the order of elements does not fit the required regularity then
their exchange takes place. The process repeats until all the elements are arranged.Implementation of this
algorithm in C++:

#include <iostream>

using namespace std;

int mainQ)

o q

int *arr;

int size;

cout<<* Enter the number of elements iIn the array n =7;
cin>> size;

arr = new iInt[size];

for (intl = 0; I< size; i++) {
cout<<arr[“<<I<<*] = *;
cin>>arr[i];

— 100 ——
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¥

int temp;

for (intl = 0; I< size — 1; i1++) {

for (int j = 0; j < size —1-1; j++) {
it (arr[j] >arrj + 1]) {

temp = arr[j];

arr[j] = arr[j + 1];

arr[j + 1] = temp;

}
}
}
for (intl = 0; I< size; i++) {

cout<<arr[i] <<**;

ks
cout<<endl;
delete [] arr;
return O;

}

Bubble sort is a specific case of exchange sort. Its idea is reflected by its name. The heaviest
elements go to the top of the sequence, while the lightest are placed at the bottom. The sequence ofn data
elements is compared from the very beginning to the very end so that adjacent elements are swapped if
the first of them is lesser (or lighter) than the second. After the comparison ends the lightest element is
dragged to the bottom of the sequence [5,6].

The next algorithm with quadratic time is the selection sort. The idea of the method is that in the
beginning the smallest element is selected and separated from others. Then it changes places with the very
first elements. After that this operation is repeated with the remainingn-/ elements.The whole process is
repeated until all elements are put in their appropriate places.Its algorithmlooks as follows:

#include <iostream>
using namespace std;
int mainQ)

{
int *arr;
int size;
inttemp;
intj;
cout<<* Enter the number of elements iIn the array n =7;
cin>> size;
arr = new int[size];
for (intl = 0; I< size; i++) {
cout<<“arr[“<<I<<*] = “;
cin>>arr[i];

ks
for (inti=0; i<size-1;i++)
{
int min=arr[i];
intprs=1;
for (J=i+l; j<size; j++)
it (arr[j]<min)

{

min= arr[j];
prs=j;
temp=arr|[i];
arr[i]=arr[prs];

— 101 =——
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arr[prs]=temp;

}

}

for (intl = 0; I< size; i++) {
cout<<arr[i] <<**;

}

return O;

}

The insertion sort selects sequentially each element from unordered sequence of elements, compares
it to a pre-ordered element and then places it in an appropriate place.
The algorithm of this method is as follows:

- at the first stage two initial elements are compared. If the next element is lesser than the first then
we swap their places, i.e. the next element is moved to the place of the previous element and this previous
element is shifted to the next position to the right;

- at the second stage we select an element from unordered sequence and compare it to the two
previously ordered elements. If is greater than these previous elements then it retains its place. Else if it is
lesser then it is shifted to the appropriate place;

- all remaining elements are analysed the similar way until the whole sequence is ordered.
The code of this method is as follows:

#include <iostream>
using namespace std;
int main(Q)
{
int *arr;
int size;
int temp;
intl;
int j;
cout<<“Enter the number of elements in the array n =7;
cin>> size;
arr = new int[size];
for (1 = 0; I< size; i++) {
cout<<“arr[“<<I<<“] = “;
cin>>arr[i];
ks
for (i=1l; i<size;i++)
{
for ( j=i-1; j>=0;j--)
it (arr[j]=arr[j+1]) {
temp=arr|[j];
arr[jl=arr[j+1];
arr[j+1]=temp;
}
}
for (1 = 0; I< size; i++) {
cout<<arr[i] <<**;

}

return O;

}

— 102 ——
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3 2 5 6 23 |4 17 |7 1 9

2 3 5 6 23 | 4 17 |7 1 9

2 3 5 6 23 | 4 17 |7 1 9

2 3 5) 6 23 |4 17 |7 1 9

2 3 5) 6 23

2 3 4 5 6 23 (17 |7 1 9

2 3 4 5) 6 17 | 23

2 3 4 5) 6 7 17 | 23

1 2 3 4 5 6 7 17 | 23

1 2 3 4 5 6 7 9 17 | 23

The method of direct insertion was improved by D.Shell. The Shell“s method does not compare
neighbouring elements. Instead it compares elements located at the distance, where d — is number of
steps between compared elements. If the sequence consists of # elements the initial value of d=/n/2]. After
each comparison the d is decreased double times. At the last comparison it is increased to d=I. In the end
such method outputs an ordered sequence. Its implementation looks as follows:

#include <iostream>
using namespace std;
int mainQ)
{
int *arr;
intsize,d;
int temp;
intl;
int j;
cout<<“Enter the number of elements in the array n ="’;
cin>> size;
arr = new int[size];
for (1 = 0; I< size; i++) {
cout<<“arr[“<<I<<“] = “;
cin>>arr[i];
}
{
d=size;
d=d/2;
while (d>0)
{
for (1=0; i<size-d; i1++)
{
J
w
{
temp=arr[j];
arr[j]=arr[j+d];
arr[j+d]=temp;

:l;
hile (J>=0 &arr[jl>arr[j+d])

i
3
X
d=d/2;
}
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for (1=0; i<size ; i1++)
cout<<arr[i]<<*;

}

}

The average time of the algorithm®s complexity depends on length of intervals — d which contain
the sorted elements of source array of capacity N on each step of algorithm.

Now let us cover the quicksort algorithms. One version of the quicksort algorithms is merge sort. It
works the following way:

- the sequence is divided to two equal parts;

- each part is sorted separately;

- separately sorted parts of the source sequence are merged.

Now let us provide the program implementation of this algorithm:

#include <iostream>
using namespace std;
intarr[100];

int size;
void merge(int I, int r) {
if(r=10D return;

if(r-1=1) {
if (arr[r] <arr[I])
swap(arr[r], arr[1]);return;

intm=(r +1) 7/ 2;
merge(l, m);
merge(m + 1, r);
intbuf[100];
int x1I = 1I;
intxr = m +
int cur = 0;
while (r — 1 + 1 1= cur) {
if xI >m
buf[cur++] = arr[xr++];
else if (xr>r)
buf[cur++] = arr[xl++];
else 1Tt (arr[xl] >arr[xr])
buf[cur++] = arr[xr++];
elsebuf[cur++] = arr[xl++];
¥
for (intl = 0; I< cur; 1++)
arr[1 + 1] = buf[i];
bs
int main(Q {
cout<<“Enter the number of elements in the array n =7;cin>> size;
for (intl = 0; I< size; i++)
cin>>arr[i];
merge(0, size — 1);
for (intl = 0; I< size; 1++)
cout<<arr[i] <<**;
return O;

}

1;
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The next algorithm was invented by T.Hoare. In practice it is generally considered to be on of the
most effective quicksort algorithms. This algorithm is known as quicksort algorithm and its complexity
equals O(n*logn). The quicksort algorithm belongs to the group of divide-and-conquer algorithms.

The essense of this algorithm is as follows. A key element is selected and fixed. With respect to this
element all other elements with larger weight are shifted right and the element with lesser weight are
shifted left. Also with respect to the selected key the whole sequence is divided into two parts and for
each part the process is repeated. Let us provide the code of the quicksort algorithm where the role of the
key element is played by the central element of the sorted sequence:

#include <iostream>

using namespace std;

int first, last;

// sort function

void sort(int* arr, int first, int last)
{

intl = first, j = last;

doubletmp, x = arr[(first + last) / 2];

do {
while (arr[i] < x)
i++;
While (arr[j] > )
J--:
if (I<= j)

{
if (1< j)

{

tmp=arr[i];
arr[i]=arr[j];
arr[j]=tmp;

) }

i++
j--

} while (I<= j);

it (I< last)

sort(arr, I, last);

if (first < j)

sort(arr, first,j);

bs

//main function

int main(Q)

i

intsize;

cout<<“Enter the number of elements in the array n =7; cin>> size;
int *arr=new int[size];
for (inti=0; i<size; i++)
{

cout<<“arr[“<<I<<*] = “;
cin>>arr[i];

}

e w1 w
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First=0; last=size-1;
sort (arr, first, last);
for (Inti=0; i<size; i++)
cout<<arr[i]<<*;

}

The merge sort algorithm based on division of the source sequence into separate parts was pretty
simple, while the process of merging the sorted parts was much more complicated. On the contrary, in the
partition sort algorithm the most complicated part was dividng array into parts, while the process of
mergin these parts was much simpler.

Conclusions.Finishing our review and anlysis of sorting methods we attempted to compare their
effectiveness.In our opinion the essence of each method is to provide effective means for rearranging
given sequence in increasing or decreasing order.It is safe to say that algorithms with quadratic time are
easier to understand and use while the quicksort algorithms are harder to undersand but at the same time
more efficient. We think that it is due to user itself to select the appropriate method for his specific case.

JILA. CmaryioBa, A.O. EnendeprenoBa, I'A. MypcakumoBa, A. Hyp6ekoBa
1. Xancyripos areiars! XKericy MemiiekeTTik yauBepcurerti, Tangsikopran, Kasakcran
CYPBIIITAY AJITOPUTMAEPI ’)KOHE OJIAPABIH TUIMAIJIIVIIKTEPIH CAJIBICTBIPY

AnHoTtanusi. By makana jgepextepii cypwinTay dicTepiHe jKOHE OJIap/blH OHIMIUINH TajjayFa apHalFaH.
Anroputmuepai TangayablH Oipkatap Masb3abl cebentepi Oap. OmapasiH Oipi — jaepekTepii eHuey YIIiH
QITOPUTMIe KakeT OoJaThiH Oarajiay, »aJbl KeJeMi YIIiH IIeKapaiap HeMece KYMBIC YaKbIThIH ally Ka)KeTTUIIri
Oonbin TaObutabl. JlepexTepii cypwinTay MpoLEci TYpJi ajJropuTMAEp apKbUIbl JKY3ere achIpbUlybl MYMKiH.
AnropuTMIi TaHIAY OHICNETIH NEPEeKTep KYPBUIBIMBbIHA TOyeiai Oojambl. Ic JKy3iHIE €Ki CYphINTAy KIIachl
KOJITaHBUTAIbI: 1IIIK1 YKOHE CHIPTKBI. Erep Kipic AepeKTepiHiH KeeMi xKee, 11K )KapIMeH MCKTEeJICTIH 001ca, OHIa
IIKI CYPBINTAY aarOpUTMAEPI Typaibl, aj erep JAepekTep (aiigapaa OpHAJIACTHIPBUICA, SIFHHU, CBIPTKBI KaIblaa,
OHJIa CBIPTKBI CYPBINTAY TYpPaJIbl AUTHIIAIBL.

Byt sxymeicTa 013 1IIKi CypBINTayIbIH HETI3ri: KYpIeNuliri KBaJgpaTThIK YyakbITKa TeH xoHe O (n * log n)
KYpIENiTiKe TeH JKbUIAAM CYPBINTAY aITOPHTMI JEI aTalaThlH adrOpUTMICPIi KapacThipaMbl3. CyphINTayIbIH
JKBIIIaM alNropUTMIepi: OipiKTipy apKBUIBI CYPHINTAay, X0apa >KbBUIIaM CYPBINTAyhl KOHE HErYpIbIM KapamaibiM
IMKi CYpBINITAY OIiCTepi: alIMacThpy KOMETIMEH, TiKeleW KipicTipy apKeuibl cypeinTay, Lllemr omici, TaHmay
ITOPUTMICPIHIH JKYMBICTAphl KeaTipimeni. Makanaga Oyl OmICTEpPAiH HETI3rl HICSIChl MEH MOHICI, YKYMBIC
AJITOPUTMI, aITOPUTMICPIIH KYPIACILIIri ecKepiiei, OaraapiaManap MbICaIIapbl KEATIpiae .

Tyilin ce3nep: MaccuB, NEpeKTep, CYpHINTAy, PETTLTIK, aIMacThIPY, KOO, OIpIKTIpy apKbUIBl CYPHIITAY,
KBUIAM CYPBINTAY, aITOPUTMHIH KYPAELIIri.

JI.A. CmaryJioBa, A.Y. Enentéeprenona, I'A. Mypcakumona, A.HypOekoBa
XKerbicyckuii rocynaperBennslil yausepeuteT uM. M. XKancyryposa, Tanasikopran, Kazaxcran
AJITOPUTMBI COPTUPOBKHU U CPABHEHUE UX DOPEKTUBHOCTHU

AuHoTaumsi. JlaHHas cTaThst IIOCBAIICHA METOAAM COPTHPOBKHM JAaHHBIX M HMX aHAJIH3a TPYILOEMKOCTH.
CymiecTByeT psil BAXKHBIX MPUYUH Ul aHAINM3a AIropuTMoB. OZHON U3 HUX SBIISETCS HEOOXOANMOCTD IIOJIYy4YEHHS
OLICHOK WJIM TPaHull Juis o0beMa MaMsTH MJIM BPEMHH paboThl, KOTOPOE MOTPeOyeTcst ajJropuTMy JUisl YCHEUIHOM
00paboTku JaHHBIX. [Iporiecc COPTUPOBKH TAHHBIX MOXKET OBITh OCYIIECTBJICH Pa3IMuHBIMU ajJroputMaMu. Beioop
QITOPUTMa 3aBUCHUT OT CTPYKTYpbI 00padaThiBaeMbIX AaHHBIX. Ha mpakTuke npuMeHsieTcs ABa Kilacca COPTUPOBKH:
BHYTpeHHEH u BHemHeld. Ecim 00beM BXOIHBIX JaHHBIX IO3BOJISIET OOXOAWTHCS OINEpPATUBHOM, BHYTpEHHEH
NaMAThIO, TO TOBOPST 00 ajlropuTMax BHYTPEHHEH COPTHUPOBKH, a €CIIM JaHHBIE pa3MeIlaloTcs B (aiiibl, T.e.
BHEIIHEH IaMsITH, TO PeYb HJIET O BHEUIHEH COPTUPOBKE.

B nanHO# paboTe MBI IPOJEMOHCTPUPYEM OCHOBHBIC aJITOPUTMbI BHYTPEHHEH COPTHPOBKH: C KBaIPAaTUYHBIM
BPEMEHEM H QJITOPUTMBI COPTHPOBKH KOTOpPBIC HA3bIBAIOTCSA OBICTPHIMH W HMMEIOT TpydoeMKocTb O(n*logn).
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[IpuBogsaTCcss OBICTPBIC aNTOPUTMBI COPTUPOBKH, TAaKHE KaK COPTHUPOBKA CIHMSHHUEM, OBICTpas COPTHpOBKa Xoapa.
Bomee mpocThie MeTOIBI BHYTPEHHEH COPTHUPOBKH, TaKWe KaK COPTHPOBKA C IOMOIIBI0 OOMEHa, C IMOMOIIBIO
npsiMoro BKiMtoueHms, Meton lllemra, anroputmel BeIOOpa. B craThe paccMaTpuBaeTcs uaes U CyTh STHX METOJOB,
AITOPUTM PAOOTHI, TPYJO0EMKOCTb 3TUX aITOPUTMOB, TPUBOAITCS IPUMEPHI TIPOTPAMM.

KiroueBble cj10Ba: MaccuB, JaHHBIE, COPTHPOBKA, YIMOPAIOYMBAHNE, COPTHPOBKA OOMEHa, BCTaBKa, BHIOOD,
clusHuE, OBICTPasi COPTUPOBKA, TPYAOEMKOCTh allTOPUTMA.
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