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BUSINESS-PROCESS DEVELOPMENT OF THE INFORMATION-
ANALYTICAL SYSTEMS OF THE BAIKONUR COSMODROM
AND LAUNCH VEHICLE DESIGN FOR ECOLOGICAL SAFETY
IMPROVINGIN THE IMPACT AREAS OF THEWORKED-OFF STAGES

Abstract. The analysis of the existing information-analytical system (IAS) of the Baikonur cosmodrome
(IAS.q) and the launch vehicles design (IASy,) are carried out. The main sources of the technogenic impact of LV
launching with the main liquid propulsion engines in the impact areas of worked-off stages (WS) are shown. The
concept of modernization of the existing IAS.q and IAS), is proposed, which provides for the reduction of the
technogenic impact for none rasable expendable worked-off stages, based on operational recommendations of the
created IAS), andIAS}; on the fire-explosion safety of the worked-off stages, reducing the size of theimpact areas of
the worked-off stages, and the possibility of theworked-off stagesmaneuvering to change the impact area. Proposals
for the modernization of the existing IAS 4 and the design concept for non-reusable LVs, based on the conditions for
improving ecological safety, have been developed.

Key words: technogenic impact, falling areas, information analytical system, purposed medium rocket step,
components of rocket fuel.

Introduction

The development of advanced LVs with the main liquid propulsion engines (LPE), in accordance
with the accepted recommendations of such organizations as the UN's Technical Subcommittee on the
Peaceful Uses of Outer Space [1], the Inter-Agency Space Debris Coordination Committee (IADC) [2]
provides a significant reduction in the technogenic impact of LV launches with mainLPE on the
environment, including:

- prevention of pollution of the near-Earth space by the upper WS with the main LPE which are large
explosive space debris;

- a drastic reduction in the number and areas of impact areas on the surface of the Earth for the lower
WSs, which are fire hazardous and toxic objects, leading to the chemical contamination of soil with
residues of liquid toxic propellant components such as unsymmetrical dimethylhydrazine, nitric acid,
kerosene.

Developers and operators of LV with LPE are interested in applying technologies, schematic and
designsolutions aimed at increasing the ecological safety of LV to modern requirements, while the
technical solutions should not worsen the achieved performance in terms of tactical and technical
characteristics, reliability, use of proven technologies for the LV production, ground tests and operation.

The location of the Baikonur Cosmodrome is such that considerable areas of the impact areas of the
lower WSare located on its own land territory of Russia and Kazakhstan. During the LV launches from
the Baikonur cosmodrome, 28 impact areas(IA) are deployed in Russia (4.5 million hectares, including
0.12 million hectares in the Omsk Region, 0.96 million hectares in the Novosibirsk Region, 1.96 million
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hectares in the Tomsk region, 0.4 million hectares in the Tyumen region, 0.53 million hectares in the Altai
Republic, 0.15 million hectares in the Republic of Sakha (Yakutia)), 52IAs in the Republic of Kazakhstan
(4.6 million hectares), 4 IAs in the Republic of Turkmenistan (1.19 million hectares), 2 1As in the
Republic of Uzbekistan (0.17 million hectares) [3].

The impact areas of the lower WS in the USA, the European Union, Japan, India, Brazil are located
in the waters of the World Ocean, therefore, the issues of ensuring ecological safety in the impact areas in
comparison with Russia and Kazakhstan are virtually absent.

Of considerable interest are the works carried out in the United States on reusable lower WS, for
example, launches of the rescued lower WS of LV"Falcon-9" [4], LV "Sheppard" [5], in which an attempt
is made simultaneously to solve two basic problems arising in the rocket and space activities:

- reducing the cost of the payloads insertion due to the multi-use of the most expensive part of the LV
with the main LPE (lower WS);

- reducing the technogenic impact of LV launches with the main LPE in the impact areas of the WS
due to the return of the lower WS to the launch site, which is more important for Russia with its location
of cosmodromes than for the USA.

In terms of the economic efficiency of such LVs (the ratio of the cost of the payload insertion into
thespecified orbit to the cost of the total payload insertion), we can refer to the experience of operating the
Space Shuttle reusable transport space system (RTSS) using technology, schematic and designand
construction solutions based on a manned aerodynamic (airplane) landing scheme. Operational experience
has convincingly shown that the economic efficiency of the non-reusable LV is much higher than the
efficiency of RTSS [6]. The data on the economic efficiency for the LV with the main LPE using
technologies, schematic and designand construction solutions applied at the Falcon-9 LV in comparison
with the economic efficiency of traditional non-reusable LVs in open press have not been detected,
although work has been known to analyze the effect of the flight scheme of the stage with a rocket-
dynamic rescue system for the energy characteristics of a two-stage medium-range LV[7].

Similar studies are being conducted in Russia, for example, the projects "Rossiyanka" [8], "Baikal"
[9], "Demonstrator" [10], using both a rocket-dynamic maneuver for the soft landing [7] and aerodynamic
maneuver (airplane landing scheme type of RTSS Space Shuttle, Buran) [8, 9].

The shortcomings of the technologies, schematic and designand construction solutions used in the
above developments are significant losses in the payload mass, complex technical solutions that lead to
the large volumes of ground testing and, accordingly, the high cost of the LV launch due to its multi-use
[6].

The study [11, 12] formulated the main factors of the technogenic impact of the LV launches with the
main LPE in the impact areas of lower WS and conceptual proposals for their cardinal reduction.
Thesemainfactorsinclude:

- unused liquid propellant residues components in tanksof the WS after the mainLPE cut-off, which
entails an increased probability of explosion of the fuel tanks both at the atmospheric section of the WS
descent trajectory, and directly on the surface of the impact area, increasing the probability of fire hazard
of vegetation cover inflammability;

- the presence of uncontrolled motion of the WS in the atmospheric section of the WS descent
trajectory, which leads to a significant dispersion of the points of fall of the WS and its fragments,
respectively, of the area of the impact areas with a probability of 10™ of the non-reflection of a man [2].

Taking into account the conducted analysis, it is proposed to consider the concept of ensuring
ecological safety (ES) based on the following postulates:

P1. The life cycle of the WS should not end, as it is implemented at the present time in the logic of
the functioning of virtually all Russian launch vehicles launched from the Baikonur cosmodrome -
achieving specified movement parameters, cutting-off the main LPE. Should still be implemented phase
of the WS operating, by analogy with the spacecraft, providing for its transfer to the utilization orbit after
the end of the active life. At this phase, the WS should ensure minimization of technogenic impact on the
environment in the area of its expected fall.

P2. At the present stage of the study, it is not supposed to return the WS to the cosmodrome with its
soft landing and subsequent reuse, similar to the first WS of the Falcon-9 LV.

— §f —
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P3. Ideal option - the fall of the WS with almost "dry" fuel tanks and fuel lines with a minimum
deviation from the projected point of fall of the WS, located in the R-neighborhood from the energy-
optimal point of fall of the WS.

Implementation of this concept involves:

1. The presence in the information and analytical system of /4S, , which is the part of the general /4S

of the cosmodrome /4S,,[13, 14], information on the ecological consequences of the WSfall to the initial
predicted point of fall selected by the developer and operator of the launch vehicle, including:

a) meteorological conditions in the neighborhood of point of fall,

b) prediction of the possibility of vegetation fire taking into account climatic and meteorological
conditions,

¢) the spread of the vapor cloud of the fuel component,

d) alternative points of fall of the WS with the corresponding characteristics, etc. the above
information must be generated

This information from the Z4S,_ is necessary to make a decision by the LV developer for the purpose

of developing technologies, schematic and design and construction solutionsfor improving the ecological
safety of the LV in the impact area.
2. The presence in the /4S,_information and analytical system, which is the part of the overall system

for the design and exploitation of LV, the following information:

a) the possibility of changing the predicted coordinates of the point of fall of WSto the other
recommended points in the impact area, where the ecological consequences due to the characteristics of
the impact area [15, 16] will be significantly less;

b) options for changing the coordinates of the points of fall of the WS, for example, by changing the
pitch program, yawing on the active section of the LVlaunching phase, [17] or by an additional
autonomous on-board descent system (ABDS) installed on the WS [18], to implement the WS maneuver
into other possible points of fall in the same designated impact area, but with more acceptable
characteristics;

¢) use of the energy optimal pitch program and the corresponding predicted optimal point of fall of
the WS, while this point of fall must be in the R-neighborhood from the energy-optimal point of fall of the
WS; The R-neighborhood is determined by the energy capabilities of the ABDS, the time of passive WS
flight from the moment of separation from the LV to the moment of contact of the surface of the impact
area.

In addition to the information received from the /4S_, which is necessary to improve the ecological

safety of LV, the /4S, works on:

a) minimization of fuel residues in tanks after cutting-off of the main liquid propulsion engine;

b) assessment of the ABDS ballistic capabilities for the WS maneuvering on the trajectory of descent;

¢) estimation of the possible spillages of residual fuel components from collapsed fuel tanks and WS
lines in the predicted WS point of fall;

d) probability estimation of the WS explosion and the expected zone of fragment dispersion, etc.

1 Statement of the research problem

In accordance with the above analysis and the formulated concept, the general problem of improving
the ecological safety of the LV with mainLPE can be decomposed into three interrelated sub problems:

- development of IASl_a as a component of the /4S., determination of a list of additional tasks,

mathematical models and software products that implement them;

- development of TAS[;, as an integral part of the IAS, of the existing system of design and operation

of LV, determination of a list of additional tasks, technologies, schemes and design solutions aimed at
improving the ecological safety of LV;

- determination of the optimal interaction, information flows between the IASl_a andIAS};, the
criterion of optimality and boundary conditions.

2 Development of 1AS,

The system of ecological monitoring of Baikonur Cosmodrome (SEMC) conceptually includes three
main systems: the information-analytical system, the geo-information system and the monitoring system.

— ] —
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A number of works have been devoted to various aspects of the construction of such systems, for
example, [14-16], in which the system of ecological monitoring of the Baikonur Cosmodrome was
considered as part of the overall monitoring system, which it was possible to distinguish the component of
the technogenic impact of the rocket and space activities on the environment. Figure 1 shows the general
structure of the ecological monitoring of the Baikonur cosmodrome.

Monitoring of the RK

]

ROSCOSMOS Ecological Monitoring
svstem of Cosmodrome
TsENKI

TSENKI

[ System of State Ecological J

SEMC — administrator
c icati Communication networks of SEMC
w and network protocols
Operator
Information- Geo-
analytical information
system of system of

Cosmodrome Cosmodrome

Figure 1 - System of ecological monitoring of Baikonur cosmodrome activity

The proposed approach is based on the separation of the /4S.; functions into two parts: the basic
IAS. 4 and IASm.

The task of the /A4S, includes traditional assessments of the ecological monitoring of the Baikonur
cosmodrome, based on obtaining information from the materials of the ecologicalcertification of the
impact areas of the WS in accordance with the passport of the IA [15, 16, 19]. Theseassessmentsinclude:

- general information about the enterprise responsible for the operation of the IA;

- general information about the impact area of the WS and adjacent territories;

- characteristics of natural and climatic conditions in the impact area territory;

- information on economic activities in the impact area and in adjacent territories;

- characteristics of pollution sources of the 1A, etc .;

- Calculation of ecological damage £, [Rl.(xi, »;)] and the cost of restoration work CirW[Ri(xi, )]

for each launch.
The task of IASm includes:

a) from the received data on the upcoming LV launch from the 74S, (the initial aiming point of the

WS fall in the assigned IA k;?ni(xi, »,), the optimal aiming point at which the payload mass inserted to
the specified orbit is maximal, dividing the area of the IA by N sections with Si areas (i =1, ... N), so that

N
zSi =5;;
i=1

b) in the chosen N areas, N possible predictable coordinates of the points of fall of the WS are
selected;

c) distances AR, = R, o (X5) -R o(X;,y,) are estimated for assessing the possibility of WS
maneuvering by shifting the point of fall of the WS to these values and transmitted to the /4S, ;
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d) on the basis of the passport of this IA, the ecological damage £, [Rl.(xl., »;)] from falling into this
i-th section and, accordingly, the cost of restoration works, is calculatedthe each predicted point of fall
R(x;,¥,);

d) the received information is transmitted to the /4S5, for the calculation of the LV movement control
programs in the active section of the launch trajectory and the WS control programs in the descent section
to the selected point, which is determined from the analysis of the data array {C;* [Ri(xl., »v.)]}, the
estimation of the ballistic capabilities of the ABDS for maneuvering by changing the coordinates of the
point of the fall by aAR[ = Rop, (x,) —Rp,(x,,, »,) value.

In Fig. 2, as an example, the impact area for the Proton LV is given.

Figure 2 - The impact area for the "Proton" LV

As follows from Fig. 2, it is possible to ensure the fall of the WS into areas with significantly
different landscape conditions. At the same time, it is assumed that an ABDS is installed on the WS,
which provides control of the WS movement on the descent trajectory. As a result of this control, the
accuracy of the WS fall is similar to the landing accuracy of the Falcon-9 LV WS when landing at a
cosmodrome or a floating barge.

3 IAS{; development

[AS[;is an element of the existing I4S, , which includes information and analytical models of the LV,

starting with the stage of formation of tactical and technical and technical tasks, including the choice of
design and construction parameters for LV, design and construction, technological, production
documentation including for testing at all stages of fabrication of the material part in the manufacturer),
operational documentation (for work on the technical and launch complexes of LV), network schedules of
the work plan for the various phases of the LVlife cycle.

As noted above, the life cycle and, accordingly, the technological,schematic and design and
construction solutionsfor LV, equipment for LV testing and checking are oriented to complete the cycle
with a command to cut off the main LPE after achieving specified movement parameters and the
payloadseparation. Further operation of the WS is a different kind of risks: explosion in theorbit, collision
with other orbital objects before fires and pollution by WS fragments in the impact areas [1-3, 19].

[AS[; development within the framework of the concept of improving the ecological safety of LV
with main LPE in the impact areas of the WS provides for the use of information from the /4S, in several

arcas:
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a) to change the program for controlling the movement of the launch vehicle at the launchingphase
(changing the points of aiming for the WS fall: the optimum point, an acceptable point from the condition
of minimizing ecological damage, which is achieved by the adjusting the existing techniques for
calculating LV launch programs);

b) to develop control of the WS movement with the ABDSuse while moving along the trajectory of
descent to the selected point on the territory of the WS impact area;

c) for the ABDS creation, which requires to complete a full cycle of its development with the
assessment of the impact of the ABDS inclusion in the LV onboard equipment on the tactical and
technical characteristics, reliability, operational properties and LV functioning;

d) determination of the ballistic capabilities of the ABDS for the displacement implementation of the

coordinates of the WS point of fall by the value A]?,. = Eop, (x,y)-R (X0
If the first two items a), b) are realizable within the existing /4S, , then the implementation of

positions c¢), d) will require certain costs and time for the ABDScreation.

It is assumed that the ABDS development and its installation on Russian LV, in accordance with the
proposed concept is objectively necessary, since the existing concept of design and operation of Russian
LV with LPE does not satisfy a number of modern requirements. This follows from the analysis of the
development of the trend of world rocket construction [1-10], in particular, the continuous increase in the
requirements for environmental safety by both international and Russian legislation, increasing
competition in the market of launch vehicles [1-10].

In accordance with the formulated concept of improving the ecological safety of LV with the main
LPE [10, 11, 20, 22], it is proposed to develop an additional ABDS, which is assigned the main part to
ensure the specified indicators for the ecological safety of LV in the WS impact area:

- extraction of unused fuel residues in tanks and WS lines after cutting off the main LPE on the WS
trajectory of descending based on the technology of their transfer from the gas-liquid phase to the gas-
vapor mixture [20];

- use of energy resources in the recovered vapor-gas mixture from fuel tanks to solve the problem of
controlled descent of the WS [17, 18];

- development of algorithms for controlling the gas-reactive system, ensuring the WS descent at the
specified point in the impact area from the condition of minimum costs for compensation of

environmental damage { C;* [Ei(xi, v}
4 Interaction of IAS.; and IASIV
The interaction between /A4S, and I4S, , like any information exchange between complex technical

systems, has an iterative character, which can be divided into several stages and levels, both with the
readiness of each of the IAS and the current tasks to be solved by each IAS.
1. At the current level, the primary task is to create an /4S, and to create a database for each impact

area of the most acceptable WS points of fall from the condition min min{ C;* [El (x,,¥)].

2. Stages of interaction IAS will be determined by the creation terms of both mathematical models,
software products, and material systems that implement them, in particular, the /4S, database, the degree

of readiness of the ABDS.
3. The received information is necessary for conducting research within the framework of the
I4S, ,IAS 1> for the following purposes:

a) the synthesis of various programs for the LV movement control in the launching phase, without
taking into account the limitations on the WS impact areas (calculation ﬁopt (x,¥));

—

b) an estimate of the distance AR between Ropt(x, y)and the recommended WS points of fall,

obtained in the /4S , from the condition min { C* [R.(x,, )]}

c¢) development of proposals for changing the design and construction parameters of the WS for the
maneuver implementation on the trajectory of descent.

— 10 ——
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4. The hierarchy of each IAS, the levels of interaction of the /4S_ and IAS,
In Fig. 3 shows a general schematic diagram of information flows between the /4S_and IAS,

Existing J45.. Existing information flows Existing J45,

Additional created

Addrtionz] mformation flows systemrAS=:

Figure 3 - The general schematic diagram of information flows between /4S,,, IASM IASm,IAS o

Realization of the presented concept of increasing the ecological safety of the launch vehicle with the
main LPE will significantly reduce the ecological load on the environment in the impact areas of the
Baikonur cosmodrome due to a drastic reduction in the areas of impact areas (controlled descent of the
WS), a significant reduction in the probability of vegetation fires (due to the almost complete recovery of
liquid residues fuel), the choice of the safest (from the ecological point of view) points of the WS fall on
the territory of the designated impact area. The volumes and costs of the [ASia,IASle,,S creation will be

determined at the next stages of the research.

5 Conclusions

1 The analysis of modern tendencies of increase of ecological safety of LV with LPE is carried out.
The main factors affecting the level of environmental damage in the impact area of of the WS are given.

2 The concept of reducing the technogenic impact in the impact areas of the Baikonur Cosmodrome
for non-reusable non-escaped WS is formulated, based on the operational recommendations of the /45, to

the /4S, , the composition of the information for exchange between the /4S, and /4S, is determined.
3 Proposals have been developed for the development of the design methodology for Z4S, to assess

the technogenic impact of LV launching on the selected fall area integrated into the general information
analytic system of the Baikonur cosmodrome.
4 Proposals for the/4S, creation to improve the ecological safety of LV with main LPE in the impact

areas are developed on the basis of upgrading the control programs for LV launches at the active phase of
the launch trajectory, the programs for controlling the movement of the WS at the atmospheric portion of
the descent trajectory, and the use of ABDS.
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B.T. Cyﬁmeﬂﬁaesl, B.H. prummcosz, I'.T. Epmosinna’, K.B. CyﬁMeHGaeBal, AM. Banbimes'

'"MHCTHTYT HH(OPMAMOHHBIX ¥ BBIYMCINTEIbHBIX TEXHOIOrHH, AnMathl, Kasaxcran
? OMCKHIi TOCYIapCTBEHHBII TeXHHUeCKHil yHuBepenTet, OMck, Poccust

PA3ZPABOTKA BU3HEC-ITIPOHECCA TH®OPMAIIMOHHO-AHAJIMTHNYECKHUX CUCTEM
KOCMOJPOMA BAMKOHYP U IPOEKTUPOBAHMS PAKETBI-HOCHUTEJIS
JIJIS IOBBIIIEHUSA SKOJOTI MYECKOM BE3OITACHOCTH
B PAMOHAX IMAJIEHUS OTPABOTABIINX CTYIIEHEN

Annotanusi. [IpoBenén ananms cymectByoumx uHdpopmannoHHo-aHamuTHdeckux cucrembl (MAC) koc-
Monpoma baiikonyp MACkn u npoektupoBanus paker-Hocureneir (PH) MACpH. [TokazaHbl OCHOBHBIC HCTOYHHUKH




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

BO3HUKHOBEHUS] TEXHOTCHHOTO Bo3neicTBusa myckoB PH ¢ mapmeBsiMu JKPJl B palioHax mageHus oTpabOTaBIINX
cryniererr (OC). Ilpennmoxena koHmemnus Moaepam3anuu cymectpytonmx MACkn u MACpH, obecneunBaromas
CHIDKEHHE TEXHOTCHHOTO BO3JCUCTBHUS Ui OHHOPa3oBBIX HecmacaemMbix OC, OCHOBaHHAs Ha OMNEPATHBHBIX
pexoMenmanuax cosmaBaeMbix MACpm u o obecnedeHuno moxapos3peiBodesonacHoct OC, CHIKEHHUS pa3MepOB
momaan naneauss OC, Bo3moxkHoctn ManéBpa OC aisa m3MeHeHusl paiioHa najaeHus.Pa3paboTaHbl MpeIoKeHHS
o MoJiepHu3aIyu cyuiectByromeil MACKI 1 KOHIENIINN TPOEKTUPOBaHUS OJHOPa3oBeIX PH, mcxons u3 ycmosuit
MOBBIIICHHUS YKOJIOTUIECKOI 0€30MacHOCTH.

KiroueBble ¢jI0Ba:TEeXHOI'CHHOE BO3JCHCTBHE, padOHBI MaJACHU, HHGOPMAIIMOHHAS aHAJTUTUYECCKAs CUCTEMA,
0Tpa6OTaBHJaﬂ CTYINICHb PAKETBI-HOCUTECJIA, KOMIIOHEHTBI paKCTHOI'O TOILJIMBA

B.T. Cyiimen6aes’, B.H. prummcosz, I'.T. Epmoauna’, K.B. Cyiimen6aesa', A.M. Banbimes'

' AKIIapaTTHIK JoHe ecenTey TEXHONOTHAIAP HHCTHTYTHI, AnMathl, Kasakcran
? OMOBIMEMITCKETTIK TeXHHKAIBIK yHHBEpcHTeTi, OMObI, Peceit

«BAMKOHBIP» FAPBIII AMJIAFBIHBIH AKITAPATTBIK-TAJIIAY 'KYHEJEPI YIITH
BU3HEC-YJEPICTI JAMBITY JKOHE KYJIAY AUMAKTAP/IA OTEJTEH CATBLJIAP/IBIH
SKOJIOTHSUIBIK KA YITICI3IIKTI dKAKCAPTY YIIIH 3bIMBIPAH TACBIMAJIJAYIIBLIAP/IBI
JKOBAJIAY

AnHoTanus. BallKOHBIp FaphIll alTaFrbIHBIH Ka3ipri 3aMaHFBI aKMapaTThIK-Tanaay xyhenepin (ATXK) xone
ATX;, ymelpy ammapaTTapblH >ko0ajmayabl Tainmay IKYpri3iami. 3bIMBIPpAaH KO3FAITKBIITAPHL Oap YINBIPY
annapaTTapblHBIH eTelreH cartbuiapiarsl (OT) aHTponoreHzaik ocepiHiH Herisri ke3zaepi kepcerinren. ATX-men
JKacaJiFaH JKellel YChIHBICTAap sl Herisre ana oTeIphin, OC-HBIH 6pT JKOHE JKapbUIBIC KAYilCi3AiTiH KaMTaMachl3 €Ty,
OK-HBIH Kyllay aliMarbIHBIH KOJIEMiH a3ailTy, Ky1ay aiiMarblH e3repTy ymiiH OC-Tel MaHeBp Xkacay, Oip perTik
Kayincizmikreri ©C-Fa aHTPOIIOTEHIIIK 9CEPiH TOMEHICTY NI KaMTaMachkl3 eTeTiH KonmaHsicTarsl AT, sxkone ATXK,;
KAHFBIPTY TYXKbIpbiMAamackl. Konpaueictarsl ATIK;, KaHFBIPTY KOHE SKOJOTHSUIBIK KAYIMCI3OIKTI JKeTUIaipyre
Heri3zesren 0ip perTik OipiKTepl xobatay TYKbIPbIMIaMachkl OOMBIHIIIA YCHIHBICTAD O3IPIICHII.

Tyilin ce3mep: TEXHOJOTCHIIK dcepiep, Kylay aiiMarbl, aKHapaTThIK-Talgay XKyHeci, 3pIMBIpaH TachIMalay-
IIBIHBIH ©TCJINCH CATBIChI, 3bIMbIPAH/IBIK OTBIH KOMHOHeH’I‘Tepi
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ON THE INITIAL-BOUNDARY VALUE PROBLEM
FOR SYSTEM OF THE PARTIAL DIFFERENTIAL EQUATIONS
OF FOURTH ORDER

Abstract. A initial-boundary value problem for system of the partial differential equations of fourth order is
considered. We study the existence of classical solutions to the initial-boundary value problem for system of the
partial differential equations of fourth order and offer the methods for finding its approximate solutions. Sufficient
conditions for the existence and uniqueness of a classical solution to the initial-boundary value problem for system
of the partial differential equations of fourth order are set. By introducing of a new unknown functions, we reduce
the considered problem to an equivalent problem consisting of a nonlocal problem for the system of hyperbolic
equations of second order with functional parameters and the integral relations. We offer the algorithm for finding
an approximate solution to the investigated problem and prove its convergence. Sufficient conditions for the
existence of unique solution to the equivalent problem with parameters are established. Conditions of unique
solvability to the initial-boundary value problem for system of the partial differential equations of fourth order are
obtained in the terms of initial data. Separately, the result is given for the initial-periodic in time boundary value
problem.

Keywords: system of the partial differential equations of fourth order, initial-boundary value problem,
nonlocal problem, system of the hyperbolic equations of second order, solvability, algorithm.

1. Introduction. Currently, the problems of mathematical physics connected with the description of
wave motion of liquids of different nature are drawn by great attention. This interest is caused not only by
big applied importance of these problems, but their new theoretical and mathematical content often do not
have analogues in the classical mathematical physics. One of the important classes of such problems are
the initial-boundary value problems for fourth order partial differential equations. To date, various
methods for researching and solving the initial-boundary value problems for fourth order partial
differential equations of hyperbolic and composite types are developed in [1-12]. In order to investigate
various boundary value problems for fourth order partial differential equations along with the classical
methods of mathematical physics (the Fourier method, the method of Green's functions, Poincare's metric
concept) we apply the method of differential inequalities and other methods of qualitative theory of
ordinary differential equations. Based on them, the conditions for solvability of considered boundary
value problems are obtained, and the ways for finding their solutions are offered. Fourth order system of
partial differential equations began to be studied relatively recently.

In the present work we consider system of the partial differential equations of fourth order at the
rectangular domain. Boundary condition for time variable are specified as a combination of values from
the partial derivatives of required solution on third orders by spatial variable. We investigate the questions
of existence and uniqueness of the classical solution to initial-boundary value problem for system of the
partial differential equations of fourth order and its applications.

—— |4 ——
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2. Methods. For solve to considered problem we use a method of introduction additional functional
parameters [13-29]. The original problem is reduced to an equivalent problem consisting of nonlocal
problem for system of the hyperbolic equations of second order with functional parameters and integral
relations. Sufficient conditions for the unique solvability to investigated problem are established in the
terms of initial data. Algorithms for finding solution to the equivalent problem are constructed.
Conditions of unique solvability to initial-boundary value problem for system of partial differential
equations of fourth order are established in the terms of system’s coefficients and boundary matrices.
Separately, the result is given for the initial-periodic in time boundary value problem.

Note that, in [30, 31] a similar approach has been applied to the initial-boundary value problem and
nonlocal problem for the system of partial differential equations of third order.

2. Statement of problem. At the domain Q =[0,7]x[0,®] we consider the initial-periodic boundary
value problem for system of the partial differential equations of fourth order in the following form

0'u = A (¢, )83 + A, (¢, )83 +A(tx)62 + A,(t, )82 + A(t, )

atox’
+A6(t,x)E+A7(t,x)u+f(t,x), (1, x) e, (1)
3 3
‘ L;(Oz’x) K(x )—a u?, %) +o(x), xel0,0], )
X

M(I,O) = lr/lo(t)a te [07 T] s (3)
3 o =W, (1), te[0,7], 4

X

o%u(t,
S| =wa, rel0T), )

where u(t,x) = col(u,(t,x),u,(t,x),....u,(t,x)) is unknown function, the nxn -matrices A, (¢,x),

i=17, and n-vector function f(¢,x) are continuous on €2, the nxn-matrix K(x) and 7 -vector-

function @(x) are continuous on [0, ®], the n-vector-functions y,(t), ,(¢) and y,(¢) are
continuously differentiable on [0,7"]. The initial data satisfy the condition of approval.
ou(t
A function u(t,x)e C(Q,R") having partial derivatives u(t, x) e C(QQ,R"),
6 t 2 82 t 3
WD) oy, DD ccqry, LD qarny, DD e,
ox Otox Ox
3 4
ult,x) e C(QQ,R"), u(t,x) x) e C(€, R"), is called a classical solution to problem (1)--(5) if it

otox’
satisfies system (1) for all (¢, x) € Q, and boundary conditions (2)--(5).

We will investigate the questions of existence and uniqueness of the classical solutions to the
initial-boundary value problem for system of the partial differential equations of fourth order (1)--(5) and
the approaches of constructing its approximate solutions. For this goals, we applied the method of
introduction additional functional parameters proposed in [13-31] for solving of various nonlocal
problems for systems of hyperbolic equations with mixed derivatives. Considered problem is provided to
nonlocal problem for the system of hyperbolic equations of second order including additional functions
and integral relation. The algorithm for finding the approximate solution of the investigated problem is
proposed and its convergence proved. Sufficient conditions of the existence unique classical solution to
problem (1)--(5) are obtained in the terms of initial data.
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3. Scheme of the method and reduction to equivalent problem. We introduce a new unknown

functions (¢, x) = Y 1) = Z4E0) 4 revwrite the problem (1)~(5) in the following form
O'w = Az, ) +A(t x) +A(t x)w+ f(t,x)+
Otox
+ A, (t,x) Gv(at,x) + A, (1, X)(t, x) + A (t, X) 6”2’ ) 4 A, (e, x) (t,x)eQ, (6
20D k™D g, xefo.0l, )
w(t,0) =y, (2), te[0,7T], 8)

v(z,x)=wo<z>+zw<r,5>d§, u(t,X)=Wo(t)+W1(t)X+ziW(t,§1)d§1d§, tLx)eQ. (9

Here the conditions (3) and (4) are taken into account in (9).

A triple functions (w(¢,x),v(¢,x),u(t,x)), where the function w(t,x) € C(QQ,R") has partial

2
derivatives ot x) e C(,R"), % e C(,R"), % e C(€,R"), the functions

v(t,x) e C(Q,R") and u(t,x)e C(C,R") have partial derivatives M e C(Q,R"),

2 2 3
8\/(1, X) c C(Q,Rn) , 0 V(tzﬁ X) c C(Q,Rn) , M c C(Q,Rn) , 0 V(t x) C(Q Rn)
X Otox
2 2

W ccqry. M cc@rny., P ccqry. D cc@rn,

" ot Ox
3 3 4

68L;ét7;c) c C(Q,Rn), 0 Ig(t; x) c C(Q,Rn) 0 u(t x) C(Q R ) is called a solution to prOblem

X X

(6)--(9) if it satisfies of the system of hyperbolic equations of second order (6) for all (¢, x) € Q, the
boundary conditions (7), (8), and the integral relations (9).
At fixed v(t,x) and u(z,x) the problem (6)--(8) is a nonlocal problem for the system of

hyperbolic equations with respect to w(z,x) on €. The integral relations (9) allow us to determine the
unknown functions v(¢,x) and u(z,x) forall (¢,x)e Q.

4. Algorithm. The unknown function w(¢,x) will be determined from nonlocal problem for the
system of hyperbolic equations (6)--(8). The unknown functions v(¢,x) and u(z,x) will be found from

integral relations (9).
If we know the functions v(¢,x) and u(¢,x), then from nonlocal problem (6)--(8) find the

function w(z,x). Conversely, if we known the functions v(¢,x) and u(¢,x), then from nonlocal
problem (6)--(8) we find the function w/(¢,x). Since the functions v(¢,x), u(¢,x) and v(¢t,x) are
unknowns together, for finding of the solution to problem (6)--(9) we use an iterative method. The
solution to problem (6)--(9) is the triple functions (w’(z,x),v"(¢,x),u"(¢,x)) we defined as a limit of

sequence of triples (W' (¢, x),v* (¢, x),u™ (¢,x)), k =0,1,2,..., according to the following algorithm:

— 16 ——
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Step 0. 1) Suppose in the right-hand part of the system (6) ov(t, %) =y, (), v(t,x) =y, (1),
ot
ou(t,x) . .
v =y, ) +y,()x, and u(t,x) =y, (t)+y,(t)x, from nonlocal problem (6)--(8) we find the

initial approximation w” (¢, x) for all (¢,x) € Q;
2) From the integral relations (9) under w(z,x) = w'”(¢,x), we find the functions v'” (¢, x) and

u®(t,x) forall (t,x)eQ.

ov(t,x) v (t,x)

o P v(t,x) =v"(1,x),

Step 1. 1) Suppose in the right-hand part of system (6)

ou(t,x) ou'® (¢, x)
ot ot
approximation w'" (¢, x) for all (£,x) € Q.

, and u(t,x)=u'"(t,x), from nonlocal problem (6)--(8) we find the first

2) From the integral relations (9) under w(¢,x)=w"(z,x), we find the functions v (¢,x) and

u (¢,x) forall (£,x)eQ.
And so on.

ov(t,x) vV (t,x)

Step k. 1) Suppose in the right-hand part of system (6) o Py
ou(t,x) ou* (¢, x)

v(t,x) =v* 0, x), , and u(t,x)=u""(¢,x), from nonlocal problem (6)--

ot ot
(8) we find the k -th approximation w® (¢, x) forall (¢,x) € Q:
2. (k) (k) (k)
8&% =4 (t,x)ag—x + A, (t,%) ”a”t + A, (6, 0)w® + £(t,x) +

(k1) (k=1

+ A4,(t,x) VT (x) + A (2, W (e, x) + A (t,x) ou” " (t,x) + 4, (1, X, x), (t,x)eQ, (10)
(k) (k)
MzK(x)MJr(p(x)’ xe[0, ], (11)
ox ox

w(8,0) =y, (1), te[0,77]. (12)

2) From the integral relations (9) under w(z,x)=w"*(¢,x), we find the functions v*'(¢,x) and
u®(t,x) forall (t,x)eQ:

V(k)(f,x)=l//o(t)+fw(k)(f,§)d§, u(k)(f,x)=l//o(f)+l//l(f)x+ﬁw(k)(f,§1)d§1d§, (1, x)eQ. (13)

Here k=123,....
5. The main results. The following theorem gives conditions of feasibility and convergence of the

constructed algorithm and the conditions of the existence unique solution to problem (6)--(9).
Theorem 1. Suppose that

i) the nxn-matrices A;(t,x), i=1,7,and n-vector function f(t,x) are continuous on Q;
ii) the nxn-matrix K(x) and n-vector-function ¢(x) are continuous on [0, ®];,

iii) the n -vector-functions y(t), y,(t) and y,(t) are continuously differentiable on [0,T];
T

iv) the nxn-matrix Q(x)=1- K(x)[l +[A4(z, x)dr} is invertible for all x €0, ®], where
0

I is unit matrix on dimension n.
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Then the nonlocal problem for system of the hyperbolic equations with parameters (6)--(9) has a
unique  solution (W (t,x),v"(t,x),u’(t,x)) as a limit of sequences (W" (t,x),v" (¢, x),u™(t,x))
defining by the algorithm proposed above for k =0,1,2,....

Proof. Let the conditions i) - iv) of the Theorem be satisfied. From the Oth step of the above

algorithm and Theorem 1 from [21] it follows that the nonlocal problem for system of the hyperbolic
equations

OW )24 A1) 2t A (13w £ () + Ayt Wy (1) + As (1,20 () +
Otox ox ot
A OO+, O+ A GO O+ w5, (LX) e, (14)
MOD) _ gD oy xefo,al, (15)
ox ox
Wt =y, (), 1e[0,T] (16)

has a unique classical solution w'” (¢, x) for all (z,x) € Q.

Further we determine the functions v'” (¢, x) and u'” (¢, x) from the integral relations
X x&
VOx) =y, () + WO (1,6)dE . u® (t,x) =y () +y, (Ox +[[w?(t,)dédé
0 00

for all (¢,x)€Q. Functions v”(z,x) and u'”(f,x) together with their partial derivatives
v\ (¢, x ou'(t,x

(tx) o)

Ot ot

Continuing the iterative process according to the above algorithm, we define successive
approximations w* (¢,x), v\*(¢,x)and u'® (¢, x) forall (£,x)€Q and k =12,....

The conditions i) - iv) of Theorem provide the uniform convergence on € of the sequences
{w(k)(t,x)}, {v(k)(t,x)} and {u(k)(t,x)} as k — oo to functions w'(f,x), v (t,x) and u (¢,x),
respectively, for all (t,x) € Q. In addition, there are finite limits of sequences of their partial

, respectively, are continuous on €.

derivatives as k — o0,
The triple founded functions (w"(¢,x),v"(¢,x),u"(z,x)) has all the required continuous partial

derivatives on €2 and be solution to problem (6)—(9). Uniqueness of solution to problem (6)—(9) is
proved by method of contradiction.

Theorem 1 is proved.

From the equivalence of problems (6)—(9) and (1)—(5) it follows

Theorem 2. Suppose that the conditions i) - iv) of Theorem 1 are fulfilled.

Then the initial-periodic boundary value problem for system of the partial differential equations of
fourth order (1)--(5) has a unique classical solution u"(t,x).

For K(x)=1 and ¢@(x)=0 we obtain the initial-periodic boundary value problem for system of
the partial differential equations of fourth order (1), (3)-(5) with condition

2’u(0, x) B o’u(T, x)
o’ ox’
Then the following assertion is true.
Theorem 3. Suppose that

, x€[0,m]. 2"

1) the nxn-matrices A,(t,x), i =17, and n-vector function f(t,x) are continuous on € ;

2) the n-vector-functions y,(t), y,(t)and y,(t) are continuously differentiable on [0,T];

T
3) the nxn-matrix Q(x) = [ A (z,x)dt is invertible for all x €0, ®].
0
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Then the initial-periodic boundary value problem for system of the partial differential equations of
Sfourth order (1), (2°), (3)--(5) has a unique classical solution.

Funding. This results are partially supported by grant of the Ministry education and science of
Republic Kazakhstan No. AP 05131220 for 2018-2020 years.
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O HAYAJIbHO-KPAEBOM 3AJTAYE JIJISI CACTEMBI IU®PEPEHIIAAJILHBIX YPABHEHU B
YACTHBIX TPOU3BOJHBIX YETBEPTOI'O ITOPSIJAKA

AnHotanus. PaccmarpuBaercs HaualbHO-KpacBasl 3aava Uil CUCTeMbl Ju((QEepeHIUANBHBIX YPaBHEHUH B
YaCTHBIX MPOU3BOJHBIX YETBEPTOro mopsaka. VcciemyroTcss BOMPOCH! CYLIECTBOBAHMS KJIACCHUECKOIO PELICHUS
HaYaJIbHO-KPACBOW 3aauu M CHCcTeMbl AuddepeHInaTbHBIX YPaBHEHUH B YaCTHBIX MPOU3BOJHBIX YETBEPTOrO
MOPSAKA U TIPEUIATal0TCsl METOIBI HaX0XKICHISI UX MPUOIMKEHABIX PEIICHUH. Y CTAHOBJICHBI JOCTATOYHBIE YCIOBHS
CyIIECTBOBAaHMA W EIWHCTBEHHOCTH KJIIACCHYECKOTO pEUICHHS Ha4YallbHO-KPAaeBOM 3agaddm Ui CHCTEMBI
mudepeHIaIbHbIX YpaBHEHHH B YaCTHBIX NPOM3BOJHBIX YETBEPTOro mopsaka. I[lyrem BBeAEHHS HOBBIX
HEeM3BECTHBIX (PyHKIMIT HccenyemMas 3a1a4ya CBe/ieHa K SKBUBAICHTHOM 3a/jaue, COCTOSIIEH U3 HEIOKAIIbHOM 3a1a4un
JUIL CHCTEMBl THIEPOONINYECKHX ypaBHEHHH BTOPOTO TIOpSIKa ¢ (YHKUMOHATGHBIMH IIapaMeTpaMu U
WHTETPAIbHBIX COOTHOIIEHHH. IIpeayokeHpl anropuTMBl HAXOXACHUS NPUOIIDKEHHOTO PEIIeHUs HCCIeTyeMon
33/1ayd M JIOKa3aHa MX  CXOAMMOCTh. YCTAaHOBJEHBI JOCTATOYHBIE YCIIOBUS CYIIECTBOBAHUS €IMHCTBEHHOTO
pelIeHns] PKBUBAJIEHTHOW 3a/ladyd ¢ TMapaMeTpaMu. Y CIOBHUSI OJHO3HAYHOM Pa3pelIMMOCTH  HadyallbHO-KpaeBOH
3aauu Uil CUCTeMBI qudepeHINANTBHBIX YPaBHEHUH B YaCTHBIX MPOM3BOIHBIX YETBEPTOTO MOPSIKA MOJIYYCHEI B
TEPMUHAX HCXOJHBIX JaHHBIX. OTAEIbHO MPUBOIUTCS PE3YJbTAT IJISl HAdyaJbHO-NMEPUOAUYECKONM MO BpPEMEHHU
KpaeBoH 3a/1auH.

KiroueBsle ciioBa: cucremMa auddepeHInanbHbIX YpaBHEHIH B YaCTHBIX MPOU3BOAHBIX YETBEPTOTO MOPSIIKA,
HavaJ bHO-KpacBas 3aJaya, HEJNOKANbHAs 3ajada, CHCTEMa TUIEpOONMYECKHX YpaBHEHWH BTOPOTO MOPSAKA,
pa3penInMocCTb, alTOPUTM.
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TOPTIHIII PETTI JEPBEC TYBIHJbL/IbI JU®PEPEHIIUAJIIBIK
TEHJAEYJIEP )KYNECI YHITIH BACTAIIKBI - IETTIK ECEII TYPAJIBI

Annotanusi. TeptiHii perti Jnepdec TyBIHABUIBI A QEepeHINaIIBIK TeHACYIep XKyiecl yIIiH OacTankbl-
IIETTIK eCeNl KapacThIpbuiaabl. TepTiHmi perTi aepOec TysIHABUIEI nuddepeHInanaplK TeHIeyaep Kykeci YIIiH
OacTanKpI-IIETTIK €CeNTiH KIacCHKAaIBIK IICMIiMiHIH Oap O0yBl Macesenepi MeH OoJapblH JKYHIK IIEMIiMIepiH Ta0y
omictepi 3eprrenreH. TeptiHmi perTi Aepdec TYHHIABUTH AuddepeHnnangplK TeHAeyIep Kyieci YIIiH OacTamKbl-
HIETTIK €CENTiH KJIACCHKAJbIK LICHIIMIHIH Oap OOIybl MEH JKAJFbI3BIFbIHBIH KETKUTIKTI MAPTTAPhl TaFailbIH/IANIFaH.
YKana Oenrici3 QyHkumsuIap €Hri3y KOJILIMEH 3ePTTENiN OThIPFaH ecell T'MIepOoNaliblK TeHACYJIep XKyheci yIIiH
napamerpiepi Oap Oeiiokan ecenTeH oHe MHTErpajIblK KaThIHACTApAaH TYPAThIH Mapa-lap ecelke KeNTipiIreH.
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3epTTenin OTHIPFaH €CENTIH XKYBIK MICMIiMIH Taly anropUTMIepi YCHIHBUIFAH JKOHE OJApPIBIH JKHHAKTHUIBIFBI
nmonennenred. [lapamerpriepi Oap mapa-map eCenTiH JKalfbl3 IICHIiMiHIH Oap OOJMYBIHBIH JKETKUTIKTI MIapTTaphl
TaralpIHOANFaH. TePTiHII peTTi nepOec TYBHABLIE U depeHINaIAbIK TeHIeYIep Kyieci YImiH 6acTanKpI-IIeTTiK
ecenTiH OIpMOHJI MISHMITIMIUIINIHIH IIapTTapbl OacTankbsl OepiTiMaep TEPMHUHIHIE ajiblHFaH. bacTanKpbl-yakbIT
OOMBIHIIIA IEPUOATHI IIETTIK €CEI YIIiH HOTHKE KEKe KeATIPIIreH.

Tyiiin cesnep: Teprinui perti nepdec TybIHIBUIBI quddepeHInanIbIK TeHaeyep Kyieci, 0acTanKpI-IETTIK
ecerr, OeiIoKas ecerl, eKiHII peTTi TUnepOoNabIK TeHEeYIep )KYHecl, MemiTiMILTIK, alropiuT™.
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THE POSSIBILITY OF CREATING LEARNING SITUATIONS AND
LEARNING TASKS IN LEARNING MATHEMATICS AT SCHOOL

Abstract. The article outlines the problem of methodological tools to assist the growing human mastery of
them a frame of reference of knowledge. It is shown that one of these landmarks when learning mathematical
activity can become a so-called "hidden", or rather "transformed" form, the original sense and meaning of which
were lost for the student. For their awareness of students benefits such methodological tool, as a learning situation
analysis pupils which leads to the generation of learning tasks. Target the intent of the article is an invitation to
collaborate in the creation of a set of learning situations and tasks for the development of the students. The main
purpose of this collection is to contribute to the training and education of mathematics

Key words:educational mathematical activity, functional literacy activities, learning situation, learning
task,methodical tools.

Abstract. The article outlines the problem of methodological tools to assist the growing man in
mastering them a system of reference points. It is shown that one of these guidelines in the mastery of
educational mathematical activity can be the so-called "hidden", or rather "transformed" forms, the
original meaning and meaning of which were lost for the student. For their awareness of students benefits
from such a methodological tool as the learning situation, the analysis of which with students leads to a
series of learning tasks. The purpose of the article is an invitation to cooperation in the creation of a set of
educational situations and tasks for the development of students. The main purpose of this collection is to
promote learning and education in mathematics.

Key words: educational math activities, functional literacy activities, learning situation, learning
task, methodological tools

The name of the project requires a little explanation...

I remember the popular in the 80-ies of the now last century humorous scene performed by Gennady
Khazanov — a funny case with a student of the culinary school in the exam:

- (Examiner.) Determine what is missing in Your borsch.

- H-h-l-e-e-BA....

Laughter in the hall ... What and why did people laugh so contagiously?

One version: over the image of a careless student, skillfully represented by a talented artist:
sometimes-such a student!! And do nothing...

Version two: as it is taught in this College... we Have not, we are better: even the careless will answer
correctly such a simple question...

You can find other explanations. But they all come down to one thing: training has not reached the
planned result. This-whether we want to admit it or not — has happened before, and now it occurs quite
often. What are the reasons? The authors of the article adhere to another version. Its essence is that in the
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vast majority of cases, training (in school or University) is perceived by the student (and teaching) as
imposed from somewhere above. The teacher (teacher) most often takes this for granted and explains (for
himself and others): it is defined by the Program, in the end — the Ministry, it can only be changed within
the specified framework and adhering to the established techniques... so required!!

And student? Most often he hears the phrase: "let's Solve the problem!"

Dear reader, at least for a moment imagine yourself as a student and first whisper, then louder and "in
a stretch" say: for-da-cha. We assume that carefully, several times in a row uttered and sincerely and
carefully tracked this word in many of you (except, perhaps, professionals from mathematics) will cause,
if not unpleasant, then at least, a sense of obsession. And situation?

In a number of works of one of authors of this article, including [3,14,14,15,16], it is proved that the
educational situation (MOUSTACHE) on the pedagogical role represents educational analog of so-called
vital for the subject of a situation. The latter, in turn, is always a situation of choice, containing some
difficulty, overcoming or not overcoming which leads to the formation of his worldview (as a holistic
quality of personality — unity of emotion-attitude, representation-knowledge, "program" of actions in their
relationships) micromechanism of activity of resolving difficulties. This is often manifested in the form of
motivations to knowledge, attitudes, positions in relation to something, someone and-most importantly-
activities to resolve the situation. And when the subject is involved in the activity begin to "work" all its
components: there is a motive, aware of the goal, outlined the means and actions to achieve it, formulated
a number of tasks as a plan for further work.

Thus, our position is that learning objectives (KM) originate within the framework of the HS or give
rise to it as its organizing core. This was the motive and the basis for the creation of the project: a set of
KM and KM.

In the educational process it is advisable to specifically create and purposefully use educational
situations (US) as a pedagogical tool to assist cognitive activity and the emerging system of reference
points of knowledge of a growing person.

According to [5], one of the most important results of teaching mathematics and mathematics
education should be the ability of students to learn about the world and themselves in it [3,4,7,19,20]. But
it requires support, first, of previously acquired experience of cognitive activity, secondly, on the
achievements of such experience, the components of which, of course, are mastered earlier by man and
proven benchmarks such activities and their results in the form of actions to achieve result of acquired
knowledge, methods and means of knowledge. The set of such guidelines and actions assigned to a
particular person, we call it functional literacy. It follows that the most important result of education,
especially at the initial stage of training, should be the mastery of functional literacy of cognitive activity.
But in terms of training it is possible only when the student resolves analogues of vital situations for him,
that is, educational situations (S) [3, 4]. Therefore, in terms of teaching any academic disciplines, it is
important not only to consider the possibility of the emergence of the MOUSTACHE, but need a special
work of the teacher to create them and on their basis, preferably together with students, to identify within
them and the formulation on this basis of a variety of TIES, primarily as "tasks for themselves". It is
assumed that the created methodical project will help the teacher (especially the beginner) in the
organization of cognitive activity of students or students in the study with them of certain fragments of
educational mathematical disciplines. In this regard, our further task is to acquaint the reader with the
examples of SS created by us or "peeped"” in the experience of the best teachers and, as an intermediate
result, to set possible grounds for their development.

Case study (CS) is created in the interaction of teacher (St), student (UK) and linking them to some of
the works of culture (PC). Note that these designations are quite suitable in terms of both school and
University education.

PC contains (or should contain) in itself "fragile confrontation", "the darkness as absence of light,
painfully we razbiralsya" [5, p. 198] and acts like a materialized media (methodological tool) create the
appropriate BONDS. So the structure of the SS can be represented as: SS = Ul; PC; UK 00 = = Ul; UZ;
UK. At the same time, the UZ will be understood as the unity of two components: a certain array of
content (subject) data and a set of tasks for students, coordinated with the PC and carrying in themselves
and setting any functions-educational, developmental or educational. In connection with this, the types of
KM are consistent with the types of KM and based on them educational and educational "super-tasks".
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In accordance with the accepted understanding of the MOUSTACHE, among the educational tasks of
its core (UZ) should be available such that direct the student to develop in themselves or contribute to the
formation of his or her various orientations of activity and personal qualities. The latter may include those
given, for example, in [4, CC. 61, 113, 157], or those which the teacher or teacher considers it necessary
to form in schoolchildren or students. We will explain what was said in this regard on the examples of
some educational situations, conditionally correlated with the period of training.

Situation 1 (grades 5-6). Mom for the preservation of mushrooms needed 8% solution of acetic acid.
There is 70% acetic acid in the household. What advice to give mom to dilute the concentrated acid
solution to the desired 8%? Is it possible to make General recommendations on how to lower (increase)
the percentage of the solution of a given substance? Can you and how do you do it using math?

Situation 2 (grades 5-9). In the nearest fishery was built a pond for breeding mirror carp. Launched a
fry, and after a while before the workers of the economy faced the question: what income should be
expected from the sale of fish to the population? How to assign work for catching fish? How to help in
solving these issues, will we be able to give reasonable recommendations, how to do it with the help of
our knowledge?

Situation 3 (5-10 classes). Imagine that we are together-the inhabitants of Ancient Egypt, and we
have land in the floodplain of the Nile river. Me and one of you (who is willing?!?) we have plots with a
common boundary along the AN line, and together our plots have the shape of an ABCD quadrilateral.
Our sites before the flooding of the river had the same area. Suppose that before the flood of the river so
well managed to secure the poles in all the peaks that after the decline of the water they were found. And
only the pole N disappeared without a trace. Is it possible to restore the border to AN AREA so that our
plots are still the same size?

Scenario 4 (5- 9 classes). (We will help the head teacher or The choice of an effective method of
counting options). Let the head teacher addressed us and asked to help in drawing up a schedule of after-
hours work. It is known that in our Lyceum after classes fifth graders are engaged in three circles:

theater, natural science, dance. There is a situation-a problem: how many ways it is possible to make
the schedule of extracurricular occupations?

UlL: Remember the problem we solved when calculating the three-digit number. How did we find
options? What mathematical problem was solved, and what method (method) was used?

Ul: Come up with a few more similar situations...

Situation 5 (5-9 classes). 1. For four new students need to create passwords to enter the electronic
journal, using the numbers 4,5,9. Is it possible? What technique is better to use? Formulate mathematical
problems that you will solve at the same time?

2. In the school dining room at first cooked soup and hodgepodge, the second — cutlets, casserole and
fish, the third — tea and juice. How many menu options can you advise to make the head of the dining
room?

Offer your options and make the necessary math problems for your friends, classmates. Solve these
problems. Explain what technique and how best to use. What knowledge of mathematics did you need?

Note that the examples given are situations, not mathematical problems — the problem still "see", to
formulate, and this situation is really with the "student" person, that is addressed directly to the student.
As a rule, even "weak" students (according to the teachers ' observations) "suddenly" begin to feel like
participants (!) this kind of situations and begin to offer their versions of their resolution. This is the
beginning of their movement to comprehend functional literacy (FGUMD) of their own educational
activities, to understand their actions and the means used (including such as definitions, theorems), etc.,
that is — to comprehend the basics of scientific knowledge.

Concretized tasks of such types of SS and UZ are made according to the following scheme: (1) the
system of the interconnected qualities which formation plans to form on a series of occupations or
throughout all course of training is defined (they, as a rule, set type of SS); (2) these qualities are
transferred to the form of the General questions: what needs to be made for formation of the necessary
qualities? (3) Using the planned study program material, selecting the necessary array of meaningful data,
taken from experience, from the media or school textbooks, and it will result in the previously mentioned
series or other issues. All of this leads to a series of BONDS being singled out from this type of
24
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MOUSTACHE as "tasks for me". Highlight next some proven experience in the types of WHISKER and
respective BONDS. Next, in brackets in italics is given the main meaning of the type of MUSTACHE.

UZ type 1 (UZ-1 — reproduction of knowledge).

Given: different characteristics of real-life, occurring in nature, in the human experience, or ideal
objects or phenomena (characteristics may not be related either in content or in the subject area).

TASKS: 1. Analyze the existing characteristics: name them, compare with each other; say that they
mark (allocate) in these objects (phenomena). If possible, refer them to one or different groups (types,
classes); describe the characteristics of words, symbols. 2. Find the mathematical relationships between
some characteristics, Express the dependence found in symbolic or other form. 3. Tell and explain the
relationship (connection) between the characteristics reflecting the dependence to which mathematical
knowledge (arithmetic, geometry, algebra) it belongs to, tell someone or get in writing. 4. Find in
textbooks or give your other examples of the dependence found.

UZ type 2 (UZ-2 — reproduction of mathematical activity).

Given: 1) a set of mathematical symbols (symbols of numbers, letters, names of figures, etc.); 2) a set
of signs of mathematical actions on the corresponding mathematical objects or the relationship between
them.

TASKS: 1. Using the characters from both sets, make known to you: a) formula (with the sign =); b)
other expressions that do not contain signs <; =; >; d) inequality. 2. Make expressions or formulas that
you have not met (violate the rules of the use of signs is prohibited!); compile using the same characters
having the meaning of the statement. 3. Explain the new dependencies or statements you have received as
you understand them (for example, using previously known dependencies, examples, including from life,
etc.).); select a new expression or assertion. 4. If possible, find examples from familiar areas of knowledge
(natural science, chemistry, etc.), from the natural world around you or come up with your own to use a
new dependence, select such examples from the messages of the teacher, students or from books,
including in other areas of knowledge. 5. Explain your steps that led to a new addiction or statement that
you formulated. 6. Make a conclusion about the order of obtaining dependencies and found their
prototypes.

00X 372.85
AJL )KOXOBI, AA. lOHyconz, A.A. IOnycoBa 3, 0.B. CumonoBa *

IK.I[.YH.II/IHCKI/Iﬁ ateiHaarslAAMITY  Spocnais, Peceii;
2Ka?.aKCTaH HMH)XKEHEePIIi-IeJarOTHKAIBIK XaJdbIKTap AOCTHIFE yHUBepcuTeTi, LIIpiMkenT, Kazakcras;
EBpa3msuiblk ryMaHUTApIIBIK MHCTUTYTHL, AcTaHa, Kazakcran;
*KHpoB 0GMBICTEIK MEMIIEKETTiK OitiM opTabirsi, Kupos, Peceii

MEKTENTE OKYIIBLIAPIBI MATEMATHKAYA OKBITY BAPBICBIHIA
OKY KATJAWIAPBI MEH OKY MIHAETTEPIH K¥PY MYMKIH/JIKTEPI

AHHOTanmsi: Makanasa oficTeMelliK Kypangap Maceneci OOHBIHIIA OHIN Keie aTKaH aJjaMfa TaHbIMall
OarmapraMalbIK KylieciH MeHrepy Oenrineneni. Kepcerinrenaeit, Oy ocsiHal O6armapiapasl Ke3iHae MEHTepyae
OKy MaTeMaTHKaIBIK KBI3METIIEH OONyBl MYMKIH J€N aTajaTblH '"KachIpBIH', IoNipeK aWTKaHaa '"aifHaibIM"
HBICAaH/apbI, 0ACTAITKBI MaFBIHACKHI )KOHE OHBIH MOHI Tall OKYIIIBI YIIiH XoWbUFaH. OIapApl TYCiHY OKYIIBUIAPEIMEH
maiiacel OCBIHIAHM o/iCTEMENIK Kypaj, OKy JKaFIaiibl, OHBI TaIay, OKYIIBUIAPMEH KEHIJIIC CepHsCHIHA OKeTe, OKY
TarnchpMaIapblH. MakcaTThl OMbl — MIAKBIPY BIHTBIMAKTACTHIK KYPY JKHHAFBIH OKY JKafJalnapabl xoHe MiHAETTepAl
OKyIIBUIApBI JaMBITY YIIiH. BacThl MakcaThl OCBIH/AH )KUHAK — BIKIIAJ OKBITY JKOHE TopOuesney MaTeMaTHKaMeH.

Tyiiin ce3aep: oKy MaTeMaTHKalbIK KbI3METi, (YHKIHMOHAIABIK CAyaTThUIBIK KbI3METI, OKy >KarJalbl, OKY
MIHJIETI, 9JIICTIK a0 bIKTap.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

YK 372.85
AJL )KOXOBI, AA. IOHyCOBz, A.A. IOnycoBa 3, 0.B. CumonoBa *

'IpocnaBcknit rocyapCTBEHHBIH nmeparormyeckuit yausepceureT nM. K. J[. Ymuackoro, Apocnasns, Poccus;
’KasaxcTaHcKuii HWHXKEHepHo-neqarorndeckuit yausepcuret pyx0s1 Haponos, [lIsiMkenT, Kazaxcran;
EBpasuiickuii ryMaHUTapHbIl HHCTHTYT, AcTana, Kasaxcran;

*KupoBckoe 0611acTHOE roCy1apCTBEHHOE 06pasoBaTebHoOe yupesxaenne, Kupos, Poccus

BO3MOXKHOCTH CO3JIAHUSA YUYEBHBIX CUTYAIIMI U YUEBHBIX 3AIAY
B OBYYEHHNH YYAIINXCA MATEMATHUKE B IIIKOJIE

AHHOTanusi. B crarbe Hamedaercs mpobieMa METOAMYECKOrO WHCTPYMEHTApHs II0 OKAa3aHWIO ITOMOIIH
pacTylieMy 4YeJIOBEKY B OBJIAICHHM MM CHCTEMOM OpHEHTHPOB Mo3HaHMA. [loka3aHO, YTO ONHMM M3 TaKHX
OPHEHTHPOB NPH OBJIAJCHUHN YI€OHOH MaTeMaTHYeCKON JIEATEIbHOCTHIO MOTYT CTaTh TaK Ha3bIBAEMBIE «CKPBITHIEY,
TOYHEE «IPEBPALIEHHBIE» (OPMBI, MEPBOHAYAIBHBIM CMBICI W 3HAUCHHE KOTOPBIX OKa3allCh ISl y4YEHHKa
YTEpSIHHBIMH. J{J11 NX OCO3HAHHs yYCHHKAaMH IPUHOCHUT MONb3y TaKOW METOJMUYECKHN MHCTPYMEHT, KaK ydeOHas
CUTyalysl, aHaIU3 KOTOPOW C yJal[MMUCS MPUBOJUT K TOPOKACHHUIO CepHM y4eOHbIX 3az1ad. LlemeBoil 3ambicen
CTaThbM — INPUIJIAIICHUE K COTPYAHUYECTBY B CO3JIaHMU KOMAIEKMA Y4eOHBIX CUTyauuil W 3ajad Juisi pa3BUTHS
yuaiuxcs. [ 1aBHOe Ha3HaueHHE TaKOro COOpPHUKA — CIOCOOCTBOBATH 00YY€HUI0 M BOCIIMTAHMIO MATEMATHKOM.

KiroueBble cioBa: yueOHasi MaTeMaTHdecKas JesTENbHOCTh, (PyHKIMOHAIBHAS IPaMOTHOCTh AESATEIHHOCTH,
yueOHast cuTyanus, ydeOHas 3a/1a4a, MEeTOJMYECKHI HHCTPYMEHTapHH.

Information about authors:

ZhokhovArkadiyLvovich- Doctor of Pedagogy Sciences, Professor, Yaroslavl State Pedagogical University named after
K.D.Ushinsky, Yaroslavl, Russia, e-mail: zhall @mail.ru

ORCID: https://orcid.org/0000-0002-8991-1956

YunusovAnarbayAulbekovich - Candidate of Physical and Mathematical Sciences, assistant professor, Kazakhstan
Engineering and Pedagogical University of Peoples’ Friendship, Shymkent, Kazakhstan, e-mail: yunusov1951@mail.ru

ORCID: https://orcid.org/0000-0002-0647-6558

YunusovaAltynaiAnarbaevna- Candidate of Technical Sciences, assistant professor,The Eurasian Humanities Institute,
Astana, Kazakhstan, e-mail: altyn_79@mail.ru

ORCID: https://orcid.org/0000-0002-4215-4062

Simonova Olga Vladimirovna - mathematics teacher Lyceum Natural Sciences, Kirov Regional State Educational
Institution, Kirov, Russia, e-mail: s545231(@yandex.ru

ORCID: https://orcid.org/0000-0003-1412-3223

REFERENCES

[1] Drozdov A.M., Zhokhov A.L., Yunusov A.A., Yunusova A.A.Solution of the cosmological problem in the
approximations (Part-1) / News of the academy of sciences of the Republic of Kazakhstan. Physico-mathematical
series,Nol(311), 2017.P.27-35. ISBN 2518-1726

[2] Drozdov A.M.,.Zhokhov A.L., Yunusov A.A., Yunusova A.A. Solution of the cosmological problem in the
approximations (Part-2) News of the academy of sciences of the Republic of Kazakhstan. Physico-mathematical series, No1(311),
2017. P.36-45. ISBN 2518-1726

[3] Zhokhov A.L., Mazilov V.A., Pevzner A.A., Perov N.I. On an integrated approach and technology to involve students in
specific forms of creative activity // Psychology of the XXI century. Volume 2 / Ed. V.V. Kozlov. Yaroslavl: MAPN, 2006.
P. 54-66.

[4] Zhokhov A.L. Worldview: formation, development, education through education and culture: Monograph. [Text] -
Arkhangelsk: NNOU. Institute of Management: Yaroslavl: Nuclear Physics Institute, 2007. 348 p.

[5] Zhokhov A.L., Adyrbekova G.M., Kurmanbekov B.A., Yunusov A.A., Saidakhmetov P.A. On the course "Modern
problems of methodical science and education philosophical and methodological approach” // Bulletin of the National Academy
of Sciences of the Republic of Kazakhstan, Ne4, 2016. P.160-168. ISSN 1991-3494.

[6] Zhokhov A.L., Yunusov A.A., Yunusov A.A. Analogy from the point of view of higher mathematics and the possibility
of its use in the process of teaching mathematical concepts, the method of analogies // International Journal of Experimental
Education, Ne7, 2015. P. 51-58.

[7] Zhokhov A.L., Rakhymbek D., Yunusov A.A., Saidakhmetov P.A., Orazaliyeva R.N. The culture of the professional is
the main reference point for the improvement of modern education // Bulletin of the National Academy of Sciences of the
Republic of Kazakhstan, No. 2, 2015. P.262-268. ISSN 1991-3494.

[8] Zhokhov A.L., Yunusov A.A., Yunusova A.A. The use of anology in the process of learning the mathematical concept at
school // Journal of International Journal of Applied and Fundamental Research, Ne1-2, 2017. P. 313-322.

— 26 ——



ISSN 1991-346X News of the National Academy of sciences of the Republic of Kazakhstan. 1. 2019

[9] Zhokhov A.L., Simonova O.V., Yunusov A.A., Espembetova D.N. Opportunities for creating learning situations and
learning tasks in teaching students of mathematics in school / Vestnik KIPUDN Trudy: International Scientific and Practical
Conferences, Modern Achievements Production of Education and Science, 2018. P. 310-314

[10] GEF LLC www.school8nk.narod.ru

[11] Mamardashvili, M.K. As I understand the philosophy of [Text]. 2nd ed., Modified. and add. / Comp. and total ed. Yu.P.
Senokosov. M .: Izdat. group "Progress"; “Culture”, 1992. 416¢.

[12] Simonova O.V. Teaching and research activities as a means of forming mathematical functional literacy of students in
grades V - VI: a methodological guide for preparing primary school mathematics teachers to work in the conditions of transition
to new FSES / O.V. Simonova - Kirov: LLC “Printing house* Old Vyatka ”, 2014. 71 p.

[13] Simonova O.V. Methods of organizing the final repetition in the system of formation of mathematical functional
literacy of students of V —VI classes // New Science: Problems and Prospects: International scientific periodical on the basis of
the International Scientific and Practical Conference. Part 2. Sterlitamak: AMI, 2016. P. 89 - 93.

[14] Yunusov A.A., Zhokhov A.L. Analogy in teaching problem solving // Proceedings of the scientific-practical conference
"integration of science, education and practice" dedicated to the 15th anniversary of the International Humanitarian and Technical
University. T.2, Shymkent, 2015. P. 56-59.

[15] Yunusov A.A., Zhokhov A.L. Historical and methodological educational situations and tasks // Works of the scientific-
practical conference "integration of science, education and practice" dedicated to the 15th anniversary of the International
Humanitarian and Technical University. T.2, Shymkent, 2015. P. 59 - 64.

[16] Yunusov A.A., Zhokhov A.L. Integrative educational materials and assignments to the first topics of the course “the
beginning of mathematical analysis” for university students // Successes of Modern Natural Science. Ne 2., 2015. P. 164-168.

[17] Yunusov A.A., Zhokhov A.L. Integrative approach to the construction of educational materials and tasks (UM and Z)
for academic disciplines for students of high school // Successes of modern natural science. Ne 2. 2015. p. 169-173.

[18] Yunusov A.A., Zhokhov A.L., Yunusova A.A. Patterns of formation and development of the natural science of a
person, their competence in the mathematical worldview (part 1) // International Humanitarian and Technical University
Proceedings of the International Scientific and Practical Conference on the theme “Development of science and innovation in the
modern world: Problems and Prospects. Shymkent, 2016. Pp. 78 - 81.

[20] Yunusov A.A., Zhokhov A.L., Rakhymbek D., Yunusova A.A. Patterns of the formation and development of the
natural science worldview of a person, their pedagogical consequences (part 1) // International Humanitarian — Technical
University Proceedings of the International Scientific and Practical Conference on the theme “Development of science and
innovation in the modern world: Problems and Prospects. Shymkent, 2016. Pp. 86 - 89.

[21] Yunusov A.A., Zhokhov A.L., Rakhymbek D., Yunusova A.A. Laws of formation and development of the natural
science worldview of a person, their pedagogical consequences (part 2) // International Humanitarian — Technical University
Proceedings of the International Scientific and Practical Conference on the theme “Development of science and innovation in the
modern world: Problems and Prospects. Shymkent, 2016. P. 90 - 94.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2019.2518-1726.4
Volume 1, Number 323 (2019), 28 — 37

UDC 517.927

A. Seitmuratov, B. Zharmenova, A. Dauitbayeva,
A. K. Bekmuratova, E.Tulegenova, G. Ussenova

The Korkyt Ata Kyzylorda State University, Kyzylorda
angisin_(@mail.ru, 81 bota@mail.ru, hbekmuratova@mail.ru, aicos@mail.ru,
etulegenova@mail.ru, usen_gulnur@mail.ru

NUMERICAL ANALYSIS OF THE SOLUTION OF SOME OSCILLATION
PROBLEMS BY THE DECOMPOSITION METHOD

Abstract: Rectangular flat plates are one of the main elements of building structures and constructions. While
solving applied problems of oscillation of rectangular flat elements then a wide class of oscillation problems occur
related to various boundary-value problems: approximate oscillation equations, various boundary conditions at the
edges of a flat element and initial conditions. In the theory of oscillation, an important point is to determine the
frequencies of intrinsic variations, to solve problems on forced variations of a plane element, and to study the
dissemination of harmonic waves in them. In this paper, we present the results on the investigation of natural and
forced oscillations of flat elements taking into account the stratification of element’s material of rheological viscous
properties, the influence of the environment a deformable base, anisotropy, etc. The influence of these factors makes
it much more difficult to study the problems of natural and forced oscillations of a flat element on dissemination of
harmonic waves in them.

Key words: natural oscillations, forced oscillations, frequency equations, transcendental equations,
decomposition method, relaxation time, voltage, plate.

In the study of harmonic waves in deformable bodies, there is introduced a concept of phase velocity
as the rate of change of the environmental state, while the phase velocity is expressed in terms of the
natural oscillation frequencies, and therefore the study of harmonic wave dissemination is directly related
to the problems of determining natural shapes and frequencies of oscillation concerning flat elements.

In this paper, we present the results on the investigation of the natural and forced oscillations of flat
elements taking into account the stratification of the element’s material, rheological viscous properties,
the influence of the environment, a deformable base, anisotropy, etc. The influence of these factors makes
it much more difficult to study the problems of natural and forced oscillations of a flat element on
dissemination of harmonic waves in them.

Therefore, the work is devoted to the formulation of various boundary-value problems of rectangular
flat element oscillations taking into account the viscosity as well as the abovementioned factors of
geometric and mechanical nature.

First of all we consider the frequency equation

a, cos(a,l,)sin(e,l,) — a, sin(e,l, ) cos(e,/,) = 0. (1)

and its equivalent equation

o0

o ‘ 'aZiaz_j _a2ia2j o
a.o (_DHJ 1 .0 0 : L 260D — )
0 ‘ZOJZ;‘ Qi +1D)I(2))!
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One of these frequency equations follows from the condition @ =0 that leads to the frequency
equation

- ss[(z—v)7+%(1—v)J§2 %

(7—8v) T8 G)

The frequency equation (3) also follows from the equation

& +T£§3 +L{(2—v)7+(7_—§v)+%(l—v)}§z +M[1+2(2—v)7]§+

8 (7 - 8v) 87, (7 - 8v)ro @)
+—y> =0,
(7 —8v)7
for elastic plate or from equation
2B B 1
B&*+ T°53+(1+T—§+317)§2+T—(1+317)5+Bz72=0 (5)
0 0 0

for hinged plate.
If we consider other approximate frequency equations derived from equation (2), for example, the
equation

_2y+1007 .
Ce-v ©

21007
é—,/—(z_v) ™

The conditions of convergence (2), described by inequalities

52

the root of which is equal to

2i+3)2j+2
ai|<ql, = a7, =g 23N 2) ®

or

D’ -E<C}, 9)

also contain the left side of equation (3) and indicate that all the roots of the transcendental equation (2)
are between the roots & u &, and which are the lower and upper boundaries of all frequencies of the

transcendental equation (1).
A similar conclusion follows from the transcendental equations

2 2
G ta sin(a,/, )sin(a,l, ) -2 cos(a,l, )cos(a,l,) = 0 (10)

aya,
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Of other transcendental equations.
Thus, the natural oscillation frequencies of a rectangular hinged plate & u ¢&,, based on an

approximate equation of fourth order oscillations in derivatives are the lower and upper boundary of
natural oscillation frequencies of a rectangular plate under more difficult conditions for fixing its edges.

JPYTHX TPAHCICHACHTHBIX YPaBHEHUI.

The obtained results belonged to the class of boundary-value problems, when two of the opposite
edges of a rectangular plate are hinged, and the other two edges have different fixation conditions or are
free from stresses.

If all four edges are arbitrarily fixed, then it is not possible to obtain exact frequency equations as
described above.

For such problems, you can successfully apply an approximate method of obtaining frequency
equations based on the decomposition method developed in the works of Professor G.I.Pshenichniy [74]
for static problems.

Let us consider a number of problems of oscillation of flat rectangular elements under arbitrary
boundary conditions along the edges of an element in order to determine the natural oscillation
frequencies by the decomposition method.

We present the formulation of the method in the case of a flat element, when the material of the
element is elastic. In the future, the method will be applied to elements of a high elastic material.

In the case of a flat element made of an elastic material, an approximate fourth order transverse-
oscillation equation is written as

2 4 2
AZW—DOa—ZAW+Dla—zV+DZa—V2V:O, (11)
ot ot ot

where the coefficients are determined by the geometry and material properties of the flat element.
The solution of equation (11) will be sought in the form

W= eXP(i %JWo(x,y) (12)
Substituting (4.6.2) into equations (4.6.1), for " we obtain the equation
bY bY| (bY
AW, +D°(Zj &AW, +§2(Zj {DIKZJ & _D2:|VV0 =0 (13)

To use the decomposition method, it is more convenient to introduce new independent and dependent
variables.

4
a=Zx,  p=2y, W0=L4v;
A [, V4
(14)
A= l—l; A = b
[, 7th
In variables (14), equation (13) takes the form
4 4 4 2 2 2 2
0V yopp 9V po 0V +sz0(2) g 2V, p +/1;‘(9J £ x
oa oa“opf op h oa op h
(15)

b\ _, ~
X|:D1(Z] & —D2:|v—0
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The method of decomposition in the theory of oscillations in general formulation reduces to the
following.

The formulation of auxiliary problems is formulated.

1. Find a solution to the equation

84
= (e, p) (16)
oa
under boundary conditions
Ll(a,ﬂ)=0; Lz(a,ﬂ)=0; (a=0;7z) (17)
2. Find a solution to the equation
o'v
M2 =f)a, 18
o =1 @p) (18)
under boundary conditions
Li@p)=0;  Lla.f)=0;  (B=07) (19)

The boundary conditions at the edges of the plate depend on the conditions of its fixation or on the
free edge from stresses.
Rest of the equation (15)

0%y, bY 0%y L0, ) . (bY | (b)Y .,
24—60[2%2”1)0[%] & [80{ +A o /w(hj & Dl(zj EX-D, v, + o0

+ f e, B)+ £ a. B) =0,

where f Y )(a', p ) arbitrary functions the forms of which depend on the boundary-value problems.
Following the decomposition method, we assume that

1
vy :5[v1+v2] (21)

and the condition must be met at given points on the flat element.
The general solutions of the auxiliary problems equations (16) and (18) are

3 2

L 0 (5)+ % 0,(5) + 0 (5)+ ()

2
n=flap)+ Loy @) Lopla) pus(a)+ v o)

w = f(a,p)+
(22)

where () Iz /4 j arbitrary functions of the arguments and are determined from the boundary conditions

(17) u (19).
In the following, arbitrary functions in the general form will be represented
as

(a, )= iia ’2, sin(an )sin(Bm), (23)

where aﬁ{,zl arbitrary constants, and functions f (a, B ) in common solutions (22) are equal

J

()

file ,6’ :iia"4 sm an sm(ﬂm)

n=l n
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o0 0

am)sin(fm). (24)

n=1 j=1

Using private solutions of problems under given boundary conditions and using approximate
(/)
n,m
equations whose nontrivial solution leads to the frequency equation.

We illustrate the decomposition method on a number of particular boundary-value problems of the
oscillation of a flat element.

Problem 1. We consider the simplest problem when all edges are hinged. This problem was solved
by the direct method (13) and the frequency equation (14) was obtained, where it is necessary to set the
relaxation time to infinity.

Boundary conditions have the form

representations (21), to find the unknowns we obtain a homogeneous linear system of algebraic

2
VIZOV;ZO (0{20;71');
oa
o*v (23)
szaﬁzz =0 (B=0;7),
satisfying which general solutions (22), we get
Vi :fl(a’ﬂ); v, :fz(aeﬂ) (26)

or private solutions are equal
o.(B)=y,(a=0) j=(L..4)

Satisfying solution (26) to conditions (21) and equation (20), for the frequency f we again obtain
equation (14).

Thus, an approximate decomposition method gives the same result as the exact direct method.
Consequently, the decomposition method can be applied with a sufficient degree of reliability in the
solution of other boundary-value problems.

Problem 2. A rigidly fixed plate on the edges. Boundary conditions have the form

v, = —ZV‘ =0 (a=0;7);
a
(27)
0
12 ——8‘2 =0 (ﬂzO;ﬂ);

Using general solutions (22) and boundary-value solutions (27), for the unknown quantities v,,v, get
expressions

(1)
b= pla )33 b i)
S [2+( 1)’ ]sm(ﬂ @ ii sm
— m)
S 2 )

— 3 ——
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40

3 0 © n,m
V2=fzaﬂ ﬂzzzm3 1+ 1 ]Sln
n=1 m=l1
0 o o gl (25)
2 o w n,m _ n,m
LD

We confine ourselves to the first coefficients in the series of arbitrary functions (23) and the condition

T . .
Vi, = Vy; (a, p ) = —, we get a system of algebraic equations

[a11+ﬂf all]{f( ij @/ﬁé{%—uﬂf(%—lﬂjt
M [(7 8v)§ 3(12—\/)}(1_'_%}’_%}:0;

al) = 1*a? (29)
Nontrivial solution of system (29) to the frequency equation

ﬁ@g“ —%2{3—(1—\;),112 +(2—v)(2—lj(l+l6)}§2 +

T

{2/12[1—1}(”/14)} =0 (30)

T

Problem 3. The edges of the plate f =0; f = are rigidly fixed and the edges o = 0; o = 7 are
free from stresses i.e. we have boundary conditions

0’ v1 v,

_Oaa =0,(a=0;7)
(3-2v)\, . O
Qo—(7_4vJ[2/1 7 M} (1)
8v
V, = aﬂ (IB 07[)

The solution of the problem to determine V, has the form (2 8).

To find the unknown function V; from boundary conditions

3
gv; =0ata=0;7
o
we obtain
0’ 63f
gol == a£ a=0;¢1 = _531 ” (32)

which can be fulfilled at n = 24 that is odd values of unknowns ail’zn must be set to zero.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

Conditions (31) at & = 0; 7z lead to the system

_ 3 a2 2 A2 2 2
[ﬂ¢1+¢2]+(3 2v] 200,200, 00 00,
T-4v )l 6 0> 2 op op°  op
7[3 72'2
+/1f§2(?<01 TP +(/)4H =0

(3= P9,
¢, = (7_4‘))[ 8,32 +A4 ¢ §04j (33)

Two equations (33) connect three unknown functions. Since we are looking for private solutions of
problems without limiting the generality, the unknown function ¢, can be put equal to ¢, = 0.

ypaBHeHus (33) CBA3BIBAIOT TPU HeW3BECTHBIC PYHKUMH. TaK Kak MIIEM YacTHbIC PeIICHUS 3a4a4, TO
HE OrPaHUYMBAs OOIIHOCTH, HEU3BECTHYIO (DYHKIHIO (), MOXKHO MOJIOXHTH paBHO# ¢@; = 0.

From the system (33) we get the equation for (D4 .

4 2 _ 2 _ 2 3
T O L R [ Ema K g
I’} op 7\ 3-2v 7—4v) 6 o

+
a=0

n3[3-zv\ o' f, | } (34)

6 \7—4v)oa’op’|

whose particular solution is equal to

po =3 > all, AL sin(pm), (35)
g=1 m=l1
rac
2
A, =t - 2mi 226! (36)
q

Restricting to the first components agl,l); afﬁ), as in the previous problem, we obtain the frequency

equation
2 2(2_71'_2j
(7 - gu)* [2 V)f ) 4 )| 30-v) 2}5%
1927 2 )| 24 24(1_72'j 48 7
5 (37)
(2] 3
YL LZAR) R Py - =0




ISSN 1991-346X News of the National Academy of sciences of the Republic of Kazakhstan. 1. 2019

Problem 4. The edges of a plate (,B = 0;72'); a = 0 rigidly clamped and the edge o = 7 is free from
stress.

In this problem the desired function V, is determined in the previous problems and V| is equal to

3 2

a a
V= ﬁ(aﬂﬂ)+z¢l(ﬂ)+7¢2(ﬂ)+a¢3ﬂ;
o'f, %
=0; = 1 ; =_J1 ; 38
(‘N D o . 3 2al _, (38)
where
7’ (3-2v\0’p 3-2v\x° o’ f, 7 (3-2v) 8°f,
s ek
2 \7-4v) op T—-4v) 2 oa’| 6 \7-4v)aa’op?|
a=rw a=n (39)
3
+(3—2v]”6f1 +[3_2VJ7[/112§2%
7—4v) oa’ . \T-4v oa|,_,
As in the previous problems, we obtain the frequency equation
2l1+Z-B +c(1—3 +@,ﬁ§2 (B —£—1j—
2 U 2 )
T ) r 7 2
—C{H—j + 4| —-|1-—==——+—28, +C1(——1) +
2 2 48 8 V4
(40)

78y 3 A 2N &
+RE | —— |2 -=(1- l-——-=+"—B, |+
MH 3 jg ) V)M 48 2 48 ‘]
+C1(1—%ﬂ+(1+q/14):0;

where B,,C, are equal to
3 — — —

B - 1_7[_(3 2vj_7[(3 2v)+7z/112§2(3 2vj y

4 6\7-4v 7—-4v 7T—4v

7 (3-2v) 2_7[_2(3—21/) .
{H 2(7-@)“ 2 \7-4v )| 40

Frequency equation (40) defines three frequencies unlike the previous ones which is apparently,
connected with the fact that the edgea = 7 is free from stresses and the waves are reflected from the
rigidly fixed edge a =0.
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A.CeiiTmypartos, B.2KopmenoBa, A./[pyer0aeBa,
X.BexkmypartoBa, J.TesrerenoBa, I'.Ycenopa

KopksIT ATa ateiHgans! Kei3putopaa MemitekeTTik yHHBepcHTeTi, KeI3puiopaa K.

JIEKOMITO3UIIUSA SIICIMEH HIBIFAPBLIFAH KEUBIP TEPBEJIIC
ECEBIHIH HIEINIMJAEPIH CAHBIK TAJIJIAY

Annotanusi: Tik OypbeIUTHl MiIIiHAET! >Ka3blK IUIACTHHKANAp KYPBUIBIC KOHCTPYKLMSIAPBIHBIH JKOHE
FUMapaTTapblHBIH HETI3T1 3JIeMeHTTepiHiH Oipi Oousbim Tabbutambl. Tik OYpBINTHl JKa3blK SJIEMEHTTEPIIH
KoJmaHOanbl TepOertic ecenTepi menry Ke3iHae MIETTIK ecenTep YIIiH, kKa3bIK 3JIeMEHTTepAiH 0acTaIKel I1apTTapsl
MEH IIETIHAEri IIerapalblK IIapTTapblHa OalIaHBICTBI Op-TYpJi JKOFAapbl CaHATTHl ecenTep maiaa Ooxasipl.
TepOemicTep TeOpUACHIHIA MEHITIKTI TepOeNiCTiH KUUIITIH aHBIKTAY, Ka3bIK JIIEMEHTTEPIIH epikci3 Tepoeic ecebin
IICIy JKOHE OHJAFhl FapMOHUKAJBIK TOJNKBIHAAPABIH TapalyblH 3epTTey Herisri KeseH Ooibln TaObu1ambl. By
JKYMBICTa JKa3bIK 3JEMEHTTEPAIH O3IHIIK XOHE epiKci3 TepOeliciH, MaTepHan 3JeMEHTTEePiHIH KaTIapIibUIbIFbIH,
TYTKBIP PEOJOTHSIIBIK KaCHETiH, KOpIaFraH OPTAHbIH dCEpiH, HeTi3iHIH AedopManusara YIIbIpaybl, aHH30TPOIHSACHIH
’KOHE Tarbl 0acka Jia )KacaliFaH 3epiTTey mieuriMaepi keiripijeni, cebedi kepceTiireH (GakTopiaapAblH dcepi Ka3bIK
AJIEMEHTTEP/IH O3IHIIK JKoHE epikci3 TepOerici eceOiHJeri TrapMOHHMKAIBIK TOJIKBIHAAPIbIH Tapally MHpOLECiH
3epTeyIi alTapIIbIKTal KUbIHIATA IbL.

Tyiiin ce3mep: +e3inuik TepOenic, epikci3 TepOeic, XKUUIIKTIK TeHJIeyJiepi, TPAaHCUEHICHTTIK TEeHAeYJIep,
JIEKOMIIO3HUIIN 9JIiC1, Tapay YaKbIThl, KEpHEY, IUIACTHHKA

A. Ceiitmypartos, b. ’KapmenoBa, A. J/laysier6aesa,
X. BekmyparoBa, 3. TyJserenosa, I'. YceHoBa

Ke3pmopanHckuii rocynapcTBeHHbIN yHIBEpcHTeT nM.KopkbiT ATa, T.KbI3pI10pIa

YUCJEHHBIA AHAJIN3 PEHIEHUS HEKOTOPBIX 3AIAY KOJIEBAHUSI METOJIOM
JEKOMITIO3NIIMN

AnHotanusi: [lnockue MIACTHHKU NPSMOYTOJBbHOW (DOPMBI SIBIISIIOTCS OJHMMH W3 OCHOBHBIX JJIEMEHTOB
CTPOUTEIBHBIX KOHCTPYKLUMH M coopykeHHH. [Ipy pelmeHHH NpUKIagHBIX 337a4 KoJeOaHWs HPSMOYTOJNBHBIX
IUTOCKHX 3JIEMEHTOB BO3HUKAET MIMPOKHH KJlacc 3a/1a4 KojieOaHWH, CBSI3aHHBIX C Pa3JINUHBIMU KPaeBbIMHU 3a/1a4aMH:
NpUOIMKEHHBIMY yPaBHEHUSAMH KOJIEOaHUs, Pa3IMYHBIMU TPAHUYHBIMH YCIOBHSIMHU Ha KpasiX IUIOCKOT'O 3JIEMEHTa U
HadaJIbHBIMH YCIOBHAMH. B Teopnu koieGaHUsI BaKHBIM MOMEHTOM SIBJISIETCS OINPEIEICHHE YacTOT COOCTBEHHBIX
KoJleOaHMH, pelIeHre 3a/1a4 O BBIHYKJCHHBIX KOJIEOaHUSIX IIOCKOTO 3JIEMEHTa W MCCIIEOBAHUE PACTIPOCTPAHEHHMS
TapMOHMYECKNX BOJH B HHX. B 1aHHON pa®oTe MPHBOAATCS pE3yNbTaThl II0 HCCIEIOBAHHIO COOCTBEHHBIX H
BBIHYK/ICHHBIX KOJIEOAHUH IJIOCKUX 3JIEMEHTOB C y4ETOM CIOMCTOCTH MaTepHalla 3JIEMEHTA, PEOJIOTHIECKUX BSI3KHX
CBOWCTB, BIMSHHA OKpY’Karowlel cpeibl, 1e(GopMHPyeMOro OCHOBAHUS, aHU30TPONUH U T.A. BinsHNE yKa3aHHBIX
(haKTOpOB 3HAYMTEIBHO 3aTPYyIHSIET MCCIIENOBAHUE 33/1a4 O COOCTBEHHBIX U BBIHY)KICHHBIX KOJIEOAHHSAX TLIOCKOTO
3JIEMEHTA, O PACIPOCTPAHEHUH B HUX TAPMOHHUYECKUX BOJIH.

KaroueBble cioBa: coOcTBeHHass KojieOaHWs, BBIHY)K/AEHHas KojeOaHMs, YACTOTHBIE YpaBHEHWUs,
TPAHCLECHIEHTHbIE yPAaBHEHUSI, METO AEKOMIIO3ULIUH, BPEMs pelaKCalllui, HAPsHKEHUs, TNIAaCTHHKA
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THE CONSTRUCTION OF A SOLUTION
OF A RELATED SYSTEM OF THE LAGUERRE TYPE

Abstract. The aim of the work is to study the system of Laguerre type obtained from the degenerate of Horn
system by direct selection of parameters, as well as using an exponential transformation. Such a system consisting of
two partial differential equations of second order is called related to the basic Laguerre system. The difficulties of
studying are that if in the ordinary case there is one degenerate of Kummer’s equation and only one degenerate
hypergeometric function satisfying it, then in the case of two variables there 20 degenerate systems and 20
degenerate hypergeometric functions of two variables satisfying them appear. It is not known how many systems of
Laguerre type exist, and with which of the 20 degenerate systems it links to. There is no general method of a
research In this work Frobenius-Latysheva’s method which is generalized in this case by Zh.N. Tasmambetov is
applied to creation of their normal and regular solution depending on Laguerre’s polynomial of two variables. The
classification of singular curves using rank and antirank is given, as well as basic information about the features of
constructing normal-regular solutions of such systems. The main theorem on the existence of four linearly
independent partial solutions is proved. Solutions are determined by the degenerate hypergeometric function of M.P.
Humbert in the form of normal-regular ranks of two variables depending on Laguerre’s polynomials. The
conclusions indicate the relationship of such systems with overridden systems and some representations of
Laguerre’s polynomial of two variables.

Key words: Related, system, Laguerre-type system, Horn system, normal-regular solution, special curves, rank,
antirank, overdetermined.

Introduction
The degenerate hypergeometric function is the root of many well-known functions, and through it all
orthogonal polynomials of one variable are expressed [1]-[2]. Indeed, if y is not an integer, is & a

negative integer or zero, then the series
a ala+1
G(a,y;x):1+—x+—( )x2
y© 2y(y+1)

representing the degenerate hypergeometric function terminates, and we obtain a polynomial G(— n,y; x)

+... @)

in particular expressing the polynomial of Laguerre. In the theory of orthogonal polynomials, there are
several differential equations solutions of which are Laguerre’s polynomials and various applications in
the problems of mathematical physics, as well as in the theory of the hydrogen atom, etc. [3, ¢.226]- [4]-
[5,115-118]. The generalization of this theory to Laguerre’s polynomials of two variables and systems of
partial differential equations of the second order, which they satisfy, has not reached this level. The study
is complicated by the fact that if in the ordinary case there is only one degenerate hypergeometric
equation, then in the case of two variables there are 20 degenerate systems and 20 degenerate
hypergeometric functions of two variables satisfying them [6, ¢.226-230]-[7]. It is not yet known how
38
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many systems of the Laguerre type are there and with which of the 20 degenerate systems they are
connected. Apparently, this was influenced by the insufficient development of the analytical theory of
such systems. Therefore, another direction for studying orthogonal polynomials of two variables as
eigenfunctions of linear partial differential operators of the second order was developed [8]-[9]-[10].

In the works of Zh.N.Tasmambetov and A.A.Issenova the system of Horn (‘Pz) was selected as a
binding system and the connection between the degenerate hypergeometric function of Humbert

@), y) was studied.

n,m

Y, (a, 7,75 x, y) and the Laguerre’s function of two variables L

In [11] it was shown that from the system of Horn

xZ . +(}/—x)Zx -yZ,+nZ =0
yZ,, +(7—y)Zy —-xZ_ +nZ =0} @
when y =a+Ly =f+La#0,8#0,1=—n the basic system of Laguerre is obtained
xZ, +(a+1-x)Z - yZ +nZ =0
yZyy+(,B+l—y)Zy—xe+nZ=0} ®)
solution of which is a polynomial
Y, (-nma+1,B+1x,y)= i )i A )

#,v:O((Z"'l)ﬂ(ﬂ"'l)v Fv

By analogy, this polynomial is called the generalized Laguerre’s polynomials of two variables and is
denoted by

L(a,ﬂ):‘Pz(—n,a+1,ﬂ+l;x,)’)~ ®

Basic information
According to the general theory of systems of the form (2), when the condition of compatibility and

integrality is performed [12], it has up to four linearly independent solutions Z, (i = 1,4), and the general
solution depends on arbitrary constants and is represented as a sum

Z(an’) =C\Z, (x,y)+ C,Z, (x,y)+ C,Z, (x,y)—l— C,Z, (x,y) (6)

where C, (i = l,_4) are arbitrary constants, Z = Z (x, y) is a general unknown.

The system has a regular (0,0) singularity and an irregular (oo,oo) singularity. To classify regular
and irregular singularities K.Ya. Latysheva used the notion of rank

<s<n KY
introduced by H. Poincare and antirank
. T, =T
m=-1-y,y= min —4——2° (8)

(ISsSn) Ky
introduced by L. Tome.

These concepts were generalized to the case of the studied system of (2) Zh.N.Tasmambetov[13].
If the rank is p < 0, then the special curve (x =00,y = oo) is regular, when p > 0 the special curve

is irregular. When m < 0 a special curve (0,0) is regular, and if m > 0 special is irregular [13].

Definition 1. If the rank p > 0 and antirank m < 0, then system (2) has a solution
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Z(x,y)=expQx,y)- x"y 3" AV x*y", 4, =0, )
w#,v=0
where p,,0; (i = 1,_4), AL’;)V (,u,v = 0,1,2,...) - unknown constants; Q(x, y) - polynomial of two variables
aPO p aop P
Q(x,y):—x +7y +otaxytayxta,y, (10)

with unknown coefficients « 200 poeees Oy Oy, Ay - The solution of the form (9) is called normal-
regular.
If the special curve (0,0) is regular, then the polynomial Q(x, y) =0 and the solution of the system
exists in the form of a generalized power series of two variables
Z(x,y)=x"y° Z:A(")Vx”yv,Ao,0 20, (11)
u,v=0 '
where p,, 0, (i = 1,_4) A,(,l)v (1£,v =0,1,2,...) - the unknown constants.

The highest degree of the polynomial Q(x, y) is determined by the rank p .
Definition 2. The values of number p determined by the equality (7) are called series order (9) and
can be an integer or a fractional number (positive or negative).

CONCLUSION OF THE RELATED SYSTEM OF THE LAGUERRE TYPE AND THE
CONSTRUCTION OF ITS SOLUTION

Formulation of the problem
From the system of Horn (‘PZ) by means of converting

a+l _p+l

Z=exp(§+§j~x_2y ’ -U(x,y) (12)

a system of Laguerre type is installed
2

x’U_ —xyU + —x——ﬂ—i-kx-i-l—az U=0
i 4 2 4
(13)

g 1
WU, +| -2 -2y~ g2 | lU=0
yuU, -xU, YR ky 1 B

where k = (a +[+2- 2/1)/ 2 is related with the basic Laguerre system (3).

Such systems belong to the Whitaker-type system [7]. By applying Frobenius-Latysheva method
[13] we want to establish distinctive features of the system (12) and construct its normal-regular solution
dependent on Laguerre’s polynomials of two variables.

MAIN RESULTS
Theorem 1. The system of second order partial differential equations (13) has four linearly
independent partial solutions, which are expressed through the degenerate hypergeometric function of
M.R. Humbert ‘¥, (a, v, 7" x, y) in the form of normal-regular series

al g
U(xay)=e><p(—f—1j X2y’ W (-ma+l,B+lx,y)=
. atl pn (14)
ZGXP(———Z)X 2y L (xy)

dependent on the Laguerre’s polynomial of two variables

— 4) ——
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ap B n n n(n—l) n(n—l) )
L )(x’y)_1_1!(a+1)x_1!(ﬁ+1)y+1!(a+1)(ﬂ+1)xy+1!(a+1)(a+2)x '
n ”(n_l) 20 (1) n(n—l)...l N

1!(,[;’+1)(ﬂ+2)(y ) ( (e +1)-{a+n) ( (15)
) O (e | S

S o e Rt ey

Evidence. For the proof Frobenius-Latysheva method is used. Like the degenerate system (2) the
system (12) has a regular (0,0) singularity and an irregular (oo,oo) singularity. By highest degrees of
independent variables X and y certain subranks: k| =0,k =0 and rank p =1+ k = 1. Then according

to the method of Frobenius-Latysheva for the construction of normal-regular solution of (9), in the system
(13) the transformation is correct:

U= exp(alox + 0(01y)CD(x,y) (16)

where «,, and «,, are uncertain coefficients, which need to be determined from the newly obtained
support system.

2
XD 4205’0 —xy®_ +||al L NER ¥ 3 xy+kx+l—a— D=0
XX 10 x y 10 01
4 2 4 4
1 1 1 : (4
YO, +205y° @ —x)0, +((a§1 —Z]yz —(afo —ijy+ky+z—%j~q> =0

By equating coefficients to zero at the highest degrees of independent variables x* and y2 at

unknown q)(x, y) , we define a system of characteristic equations

1
bl((l)) (0‘10 »qo ) = aj, 4 =0,
) (13)
bé%)(alosam ) =ay, 4 =0.
This shows the fulfillment of the first necessary condition for the existence of a normal-regular
solution (9) connected with the definition of the unknown coefficients of the Q(x, y) polynomial [13].

Theorem 2. Equality (18) is required for a supporting system to have at least one solution of the form
).

The system (17) has four root pairs:

)= 5.5 et et?)=( 5.3
()= 33 )= -5 -3}

defining four polynomials of the first degree of the form (10), since the rank of the system is equal to one:

(19)

O.(x,y)=alx+ally,i=14.

Four a(l),a )1 = 1,2 pairs in (18) define four systems from the auxiliary system (18). Each of
10 > %o1

them can have up to four linearly independent particular solutions. Thus, the initial system should have up
to 16 private solutions. However, a detailed study shows that out of the four systems, only the system
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2
O +x’D, —xy®d, +(kx+i—a7)d) =0
(20)

2
yzCDyy +y2CDy —xyd +(ky+%—'BTJ-(D:O

has four linearly independent particular solutions. All of them are expressed through degenerate
hypergeometric function of Humbert ‘¥, (a, 7,7 x, y).

Indeed, by making up the system of characteristic functions of the system (20) we make sure that the
system of defining equations with respect to the singularity (0,0)

2
fo((;)(pao')zp(p—l)+l_a_:0’

} ;2 @D
)+——2—=0
foo (Pa ) (G )+4 4 5
has four pairs of roots:
1 al 1 a1l
(plaal):(E+E’E+§)a(plaaz):[5+395_§j9
L al p L el p (22)
(p2501)2[5_3’5+ 2) (102’ ) [E_E,E_Ej

This shows the fulfillment of the second necessary condition.

Theorem 3. In order for the system (13) to have a normal-regular solution of the form (9), it is
necessary for the pair (p, O') to be the root of the defining equations with respect to the (0,0)singularity
of the form (20) obtained from the auxiliary system (17) by substituting instead of the unknown
Z(x,y)=x"-y".

The existence of four pairs of roots (22) ensures the existence of four linearly independent particular
solutions of the system (20) in the form of generalized power series (12). Since, the values of p and o

are defined, it remains to find the unknown constants 4, , (,u,v = 0,1,2,...) with the help of a system of

recurrent sequences
SAY S prm— o+ n=v)(mn=012,.i =121,y =012,..).
Thus, the constructed particular solutions of (19) have the form of the

a+l B+l
<1)1(x,y)=x2y2 ~\P2(a;ﬂ+1—k,a+l,ﬂ+l;x,y

a+l 1= _
D,(x,y)=x2y" ~‘P2(a2ﬁ+1—k,a+l,1—ﬂ;x,y

l-a B+ _
CD3(x,y):x2 y ' ~\Pz(ﬂ2a+l—k,l—a,ﬂ+l;x,y

l-a 1B _ _
CD ('x y) y 2 \PZL a2 'B+1—k,1—0{,1—ﬂ,x,yj

Considering k = (a +p+2- 2/1)/ 2, these solutions are represented in the form
a+l B+l

q)l(x,y)szy ’ -‘Pz(—n,(x+1,ﬂ+l;x,y)

— 4y ——
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a+l 1=
CDZ(x,y):xTy ’ -Tz(—n—ﬂ,a+1,l—ﬂ;x,y)
l-a B+l

CI)3(x,y)=x2y2 -‘Pz(—n—a,l—a,ﬂJrl;x,y) (23)

l-a 1-8
(D4(x>y):x y .\PZ(_n_a_ﬂal_aal_ﬂ;x:y)
Hence, it is not difficult to notice that the system solution we are interested in (20):
atl g a+l g
q)l(x,y): x2*y ’ -‘I’Z(—n,a +1,ﬂ+1;x,y): x 2%y ’ -La”"f)(x,y) (24)

and the remaining solutions will not be considered in the future.

The fulfillment of two necessary conditions ensures the existence of a normal-regular solution (14),
dependent on the Laguerre’s polynomial of two variables (15). The theorem is proved.

The General solution of the system (12) on the basis of (6), taking into account formulas (23), is
presented as

U(x,y)z ClUl(x,y)—i-CzUz(x,y)+U3Z3(x,y)+C4U4(x,y):

=G exp(_g_gjq)l(st’)"' ¢, exp(_g_gjq)z(an’)""

+C, exp(—%—%)d% (x,y)+ C, exp(—%—%jdh(x,y),

where C, (i = 1,_4) - are arbitrary constants.

On the basis of the above reasoning, some statements can be made.
Theorem 4. The system (16) with respect to q)(x, y) , obtained from (13) by conversion

U(x,y)=expQ(x,y)- ®(x, ) (25)

has the same rank as the system (13).

Indeed, since the rank of the system (12) is equal to one, we present transformations (25) in the form
of (15) and obtain a system with respect to CD(x, y), where the rank is p =1. The proof of theorem for
the General case is given in the monograph [12].

Theorem 5. The system (13) for which p >0, m <0 has normally regular solution (14), which is
expressed through the generalized Laguerre’s polynomial of two variables and the right-hand side (14)
converges near the singularity (x =0,y = 0).

The system (13) is said to be related the system of the Laguerre type. As we have seen, its solutions
are also expressed through the degenerate hypergeometric function of M.R. Humbert ¥, (a, 7,7, y) in
the form of normal-regular series (14) dependent on the Laguerre’s polynomial of two variables (15).

Conclusion: Thus, using the transformation (12), we have established the form of a system of
Laguerre’s type (3) related to the main system. The application of the Frobenius-Latysheva’s method
allowed us to construct normal-regular solutions of the derived related system (13) near the singularity
(0,0). Generalized Laguerre polynomials also have representations through other hypergeometric
functions of two variables [14, p.358].

The limit transition formula is fair [15]

lim L@ X 1): 100 (2). L00(3).
al_l;l;lc m,n [a’a m (x) n (y)

Formula (24) can be similarly represented using the same limit transition as a product of Laguerre
polynomials in variables x and y .
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In the work [16, p. 6-17] the connection of considered systems with the overdetermined systems,
studied in the works of Tajik Mathematical School [17] - [18] - [19] was indicated.

The research in this work can be extended to the case of three variables. The connection of the
generalized Laguerre’s polynomials of one and two variables with generalized hypergeometric functions
[20], [21] of many variables was considered in [14] - [15], [22]. However, for this case the main theorem
1 and theorems 2—5 presented here haven’t been proved yet. Also, the question of the computational
application of special functions of several variables, as in the monograph [23] hasn’t been touched upon.
Following [24], it is necessary to develop a numerical method for calculating the values of the degenerate

hypergeometric Humbert ‘¥, (a, 7,75 x, y) functions through the products of Laguerre polynomials in

variables and using our formula (24). The problem of the asymptotic expansion, given in [25], is also
important when studying the properties of special functions of several variables. We have obtained an

asymptotic expansion near the origin (0,0).

JK.H.Tacmamberos', H.PaxkaGos’, A.A.Mcenosa’

1K.>K¥6aHOB ateiHgarel AOMY, Axrebe, Kazakcran;
23T9>1<i1< YITTHIK yHUBepcuTeTi, lyman6e, ToxikcTan;
K.’Ky6anoB areinarsl AOMY, Axrebe, Kazakcran

JIATEPPA TEKTEC TYBICTAC )KYWEHIH IIEINIMIEPTH TYPFBI3Y

AnHoTanus. JKyMpICTBIH MakcaTbl — ['OpHHBIH TyBIHAQIFaH JKYHeciHEH mapaMeTpliepAi TiKenel TaHmay >MXoHe
9KCHOHEHIIMAN TYPJICHIIPY KOMEriMeH allbiHFaH Jlareppa TekTi KyleHi 3epTTey. MyH/aii eKiHI peTTi AepOec TYbIHABLIbI
eKi TeHJeylepJeH TypaTblH AuddepeHIuanibK TeHIbeyaep xKyhecin 0i3, Jlareppa TekTi Herisri xyileMeH TybICTac Jel
aTafplK. ATaiFaH >KyHenepli 3epTTeyIiH KHUBIHABIFBI MBIHAZa: erep xal anddepeHruaniblK TeHAEYIep KarmaiblHaa
Kymmepaiy Oip TyblHAaFaH TeHIEyl Oap >koHE OHbl KaHaraTTaHIBIPAThIH Oip FaHA TUNEPreOMETPHUSbIK TybIHIAIFaH
(dyHkuuscel 6ap Ooiica, oHIA €Ki aiHbIMaJbl kKarmaiibiHma 20 TyblHAANFaH JKydenep maiima Ooyafbl JKOHE OJapiibl
KaHaraTTaHAbIpaThiH 20 TybIHAANFaH TUIEpPreoMeTpUsIbIK GyHKIMsAIap Oenrini. O3ipre, Jlareppa TexTec KaHia xyienep
Oap eKkeH/ri oHEe oNapJblH TYBIHIANFaH KYHelep/iH KaichbichIMeH OaiinaHpicTa ekeHairi Oenriciz. XKammbira oprak
3epTTey ojici kOK. YCHIHBUIFAH JXYMBICTAa €Ki alfHbIManbIHBIH Jlareppa KeIMYyIIeNiriHe Toyenai KaJbINTHI-Peryisip
HIeuriMaep TYpPFbI3Y YIIOiH, €Ki aiHbiManbl xarmaidbiHa JK.H.TacmambOeroB »xanmnbuiaran ®poGenuyc-JlaTeimesa ofici
naiiianaHpuIa bl PaHT jkoHE aHTHpAHT TYCIHIKTEpiH MaiifaiaHbIN, epekile KUCHIKTapAbIH KIACCH()UKAIMACH JKacaaFaH
KOHE MYHJal KyHelnepAiH KalbIIThI-PEerysisip IIEMIiMACPIH TYpFbI3yFa KaThICThI HETI3r TYCiHiKTEep KenTipiiareH. Tept
CBI3BIKTBI-TOYEIICI3 lepOec miemiMaepin 6ap 60oIaThIHABIFbL Typallbl HEri3ri TeopeMa ganenjenred. On ngepbec memiMaep
JlareppanblH eki alHBIMANbIHBIH Kenmyiuenirine Toyenai M.IL.T'ymOepTriH TybIHIAIFaH THIIEPTeOMETPHSITBIK
(YHKIOUSACHL apKBUIBI ©PHEKTENIeH KaJBINTHI-PETYNSAp KaTap apKbUIBl aHbIKTadaibl. KOpPBITBIHABICBIHIA, 3EPTTENTCH
JKYHEHIH apTHIFBIMEH aHBIKTAJIFaH JKylelepMeH OailllaHbICHI oHe €Ki alHBIMaNbIHBIH Jlareppa KenmMyIIeniriniy kerdip
Gackalia epHEKTeNyi KeATipiIreH.

Tyiiin ce3mep: TybicTac, xkyie, Jlareppa tekri xyiie, ['opH Kyiieci, KaIbINTHI-PEryJsap WICIIiM, epeKIle KUCBIKTAp,
paHT, aHTHPAHT, apTHIFBIMECH aHBIKTAIIFAH.

VK 517.946:517.588
)K.H.TacMaMﬁeTOBl, H.PazmcaﬁoBz, A.A.Hcenopa’

"APTY um. K.XKy6anoBa, Axto6e, Kazaxcras;
2 TaKUKCKHI HAIIMOHABHBIA YHUBEPCUTET, TakukucTaH, Jymanoe;
SAPT'Y nm. K.’Ky6anoBa, Axrobe, Kazaxcran

IOCTPOEHMUSA PEIIEHUSA POJICTBEHHOM CUCTEMBI TUIIA JIATEPPA

AHHoTanus. Llenpio paboTel sIBISETCS U3ydeHHE CUCTEMBbI TUNa Jlareppa, MOIy4eHHOH U3 BBIPOXKJICHHON CHUCTEMBI
I'opHa HEMOCPEACTBEHHBIM MOAOOPOM IapaMeTPOB, a TAKXKE C MOMOIIBI0 IKCHOHEHINANBFHOTO Ipeobpa3oBanHus. Takas
cucTeMa, cocTosas U3 IByX AU depeHanbHbIX YPaBHEHUH B YaCTHBIX IIPOU3BOAHBIX BTOPOTO MOPSIIKA, HAMU Ha3BaHa
POACTBEHHOH ¢ OCHOBHOM cucteMoll Tvna Jlareppa. TpyaHOCTH M3yY€HUS COCTOST B TOM, YTO €CIM B OOBIKHOBEHHOM
Cllydae MMEET MECTO OJHO BBIPOXKJIEHHOE ypaBHeHHEe KyMmepa M TONBKO OJHa BBIPOXKIEHHAs I'MIIEPreOMETpHUYECKast
(YHKIOUS, yOOBIETBOPAIONIA €My, TO B CIIydae ABYX IIEPEeMEHHBIX HOSBIAOTCA 20 BBIPOXKAEHHBIX cucTeM u 20
BBIPOXKACHHBIX MIIEPreOMEeTpUYEeCKUX (PYyHKIUH ABYX NEPEeMEHHBIX yIOBIETBOPAIOMUX UM. IIoka He U3BECTHO, CKOJIBKO
CYLIECTBYIOT cucTeM Tuma Jlareppa, u ¢ kakuMu u3 20-TH BBIPOXKAEHHBIX CUCTEM OHM CBs3aHbl. OTCYTCTBYET OOIIUii
METOA HWCCIenoBaHHsA. B maHHON paboTe ATA TOCTPOCHHS WX HOPMAIBHO-PETYISPHOTO PEHICHMS, 3aBUCAIIETO OT
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MHorouileHa Jlareppa AByX I€peMEHHBIX, IpUMeHeH o0000meHHbld Ha 3T0T ciydail JK.H.TacmamOeToBbIM MeTOZ
®pobennyca-JlaTemreBoif. lpuBeneHa kmaccuuKanuss OCOOBIX KPHBBIX C IIOMOINBIO paHTa M aHTHPAHTa, a TaKxKe
OCHOBHBIE CBEJICHUSI 00 0COOEHHOCTSX IOCTPOCHUSI HOPMAJIbHO-PETYIAPHBIX PEIeHUH Takux cucteM. Jloka3zaHa OCHOBHas
TeOpeMa O CYIIECTBOBAHMU YEThIPEX JIMHEHHO-HE3aBHCUMBIX YACTHBIX PELIEHUH, KOTOPbIE OIPENEIAIOTCS uepes
BBIPOXKACHHYIO Tunepreomerpuueckyto ¢pynkuuo M.ILI'ymGepTa B BUIe HOPMaIbHO-PETyISPHBIX PSJOB 3aBUCALIUX OT
MHorouseHoB Jlareppa 1Byx nepeMeHHbIX. B BbIBO#aX yKa3aHa CBS3b TAKUX CHUCTEM C IIEPEONPEAEIEHHBIMU CUCTEMAMU U
HEKOTOPBIMH IPE/ICTaBIEHUAMH MHOrowIeHa Jlareppa IByX IepeMEHHbIX.

Karouesbie ciaoBa: PoncreenHas, cucrema, cucrema tumna Jlareppa, cucrema I'opHa, HOpMajbHO-peryJsipHOE
pelieHue, ocoOble KpUBbIE, PaHT, aHTUPAHT, TIEPEOIPEAEICHHbIN
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