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PHASE PORTRAITS OF THE HENON-HEILES POTENTIAL

Abstract. In this paper the Henon-Heiles potential is considered. In the second half of the 20th century, in
astronomy the model of motion of stars in a cylindrically symmetric and time-independent potential was studied.
Due to the symmetry of the potential, the three-dimensional problem reduces to a two-dimensional problem;
nevertheless, finding the second integral of the obtained system in the analytical form turns out to be an unsolvable
problem even for relatively simple polynomial potentials. In order to prove the existence of an unknown integral, the
scientists Henon and Heiles carried out an analysis of research for trajectories in which the method of numerical
integration of the equations of motion is used. The authors proposed the Hamiltonian of the system, which is fairly
simple, which makes it easy to calculate trajectories, and is also complex enough that the resulting trajectories are far
from trivial. At low energies, the Henon-Heiles system looks integrable, since independently of the initial conditions,
the trajectories obtained with the help of numerical integration lie on two-dimensional surfaces, i.e. as if there
existed a second independent integral. Equipotential curves, the momentum and coordinate dependences on time,
and also the Poincaré section were obtained for this system. At the same time, with the increase in energy, many of
these surfaces decay, which indicates the absence of the second integral. It is assumed that the obtained numerical
results will serve as a basis for comparison with analytical solutions.

Keywords: Henon-Heiles model, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (7,8, z) this
will be only a function of » and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be either isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

By the time Henon and Heiles wrote their pioneer article, there were only two known integrals of
motion: total orbital energy and angular momentum per unit mass of the star. It is easy to show that at
least two integrals are not isolated. It was also assumed that the third integral was also not isolated,
because no analytical solution has been found so far. Nevertheless, observations of stars near the Sun, as
well as numerical calculations of the orbits, behaved in some cases as if they obeyed the three isolating
integrals of motion.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space (x, ¥

, X, V). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

— 5 —
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Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [4-25].

The potential of the Henon-Heiles system is determined by the formula:

1 2
U(x,y)=5(x2 +y° +2x2y—§y3) (1)

Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

1
connected by the perturbing terms x” Y- E y3 .

Figure 1 - Closed equipotential curves for the Henon-Heiles model for different values of U

The basic equations of motion for a test particle with a unit mass (m =1) are:

. ou
X=———=—x—-2xp
ox 2
. oU 2, 2
Yy=—FT="Y— Xty
oy

Consequently, the Hamiltonian of system (1) has the form:
1 ) .2 1 2 2 2 1 3
H=—(x"+ +—(x" + +xy——y =h, 3
S(F 07 )+ (3 07+ Xty =2y (3)

where xand y are the momenta per unit mass, xand y are the coordinates of the system; 4 > 0 the

numerical value of the Hamiltonian, which is conserved. It is seen that /> (the Hamiltonian is
symmetric with respect to x — —x , and H also exhibits a symmetry of rotation at 2z / 3.
Below are the dependencies of the coordinates of the functions in time for the systems of equations

Q).
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Figure 3 - Dependence of the function x on time

Figure 4 - Evolutionary trajectories of the functions x, J, Py

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.
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To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To
construct the Poincaré section, those values that intersect the plane x =0 are chosen. Below are the
Poincaré sections for Henon-Heiles systems for different energy values: E=1/12, E=1/8,
E =1/6. With increasing energy, the structure of the cross sections is destroyed. The results obtained

are in agreement with other authors [1, 2].
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Figure 8 - Poincare sectionat £ =1/6.

Conclusion. Thus, the results obtained by the numerical method determine the oscillations for the
Henon-Heiles model and serve as the basis for a comparative analysis in determining the analytical

mapping.
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"MHcTrTyT TeopeTHueckoil 1 mprKIagHoil Mexannkn uM. C.A. Xprctnarosuda CO PAH, PO;
Kaszaxckuit Hanmonanbusiii Mccnenosatenbekuii TexXHUYECKAH VYuusepcurer, uMm. K.W. Carnaea, Kazaxcran

®A30BBIE IOPTPETHI IOTEHIIUAJIA XEHOHA-XEMJIECA

AnHoTanus. B nanHoi#t pabore uccnemyercs noreHuan XeHoHa-Xeineca. Bo Bropoit monosune XX Beka B aCTpOHOMHU
U3y4aJIUCh MOJEIU IBMKCHUS 3BE3J B LWIMHAPHYECKM CHMMETPHYHOM M HE 3aBUCSILIEM OT BpeMeHU noreHuuane. Ms3-za
CUMMETpUM IOTEHLMANa TpeXMEpHas 3ajada CBOJUTCA K JBYMEPHOH, TeM HE MEHECHAXOXJEHHE BTOPOrO HHTErpaia
MOJy4YEHHOH CHUCTEMBI B AHAJIUTUYECKOM BHJE OKAa3bIBACTCS HEpa3pellMMON 3ajaded Aaxke A CPaBHUTEIBHO MPOCTBIX
MOJMHOMUAJIBHBIX MTOTEHIMANOB. YTOOHI 10Ka3aTh CyIIECTBOBAaHUE HEM3BECTHOIO MHTErpaja, yueHble XeHOH 1 Xelec mpoBein
aHalIn3 HMCCIENOBAaHUI ISl TPAeKTOpHi, B KOTOPOM HCIHOJB3yIOTMETO/ YMCIEHHOTO MHTETPHPOBAHUS yPaBHEHUH IBUKEHMS.
ABTOpBI MPEIOKUIN TaMUIBTOHHAH CUCTEMBI, KOTOPBIA JOCTATOYHO MPOCT, YTO MO3BOJISET JIETKO BBIUHMCIATH TPACKTOPHH, a
TaKKe JOCTATOYHO CIIOXKEH, YTOOBI MOTyYEHHBIC TPACKTOPHH OKA3aJIHCh JAJIeKO HE TPUBHANBHBIMU. [IpH MambIX SHEprusx
cuctemMa XeHoHa-Xeiieca BBITISAUT UHTETPUPYEMOM, TaK KaK HE3aBUCUMO OT HAYaJIbHBIX YCIIOBHM, TPAEKTOPHUHM, NOJIyUEHHBIE C
MOMOIIBIO YHCIICHHOTO MHTCTPUPOBAHMS, JIeXKAT Ha ABYMEpPHBIX IOBEPXHOCTSX, T.€. TaK, KaK ecid OBl CyNIeCTBOBAJ BTOpPOH
HE3aBUCUMBIA WHTerpan. [ JaHHON CHCTeMBI OBUIM ITOJIyYeHHI SKBHIIOTECHIMAJIBHBIC KpPHUBBIE, 3aBUCHMOCTH HMITyJbca U
KOOpJIMHATBI OT BpeMeHH, Takxke ceueHue Ilyankape. B To ke BpeMs C yBeIMUCHHUEM SHEPIUU MHOTHE U3 3TUX MOBEPXHOCTEH
pacnajaroTcsl, 4YTO yKa3blBaeT Ha OTCYTCTBUE BTOpOro uHrerpaia. Ilpeamnosnaraercss uyTo, MOJIyuyeHHbIE YUCIICHHbIE PE3YJIBTAThI,
MOCITY’KaT OCHOBOH ISl CPaBHEHMS C aHAIUTUYECKUMH PEIICHUSIMU.

Knrouessble ciioBa: Mozens Xenona-Xeineca, ceyenue [lyankape, YlCICHHBIE pELLICHHUS.

VK 521.112/.116
E.A. Mankos', C.B. MoMbIHOB?

'C.A. XpHCTHAHOBHY ATHIHIAFHI TEOPETHKAIBIK JKOHE KONIAHOAB MEXAHHKA HHCTUTYTH,
Peceii FpuTBIM akazeMusicHl cibip Gemimi
K.J. CorbaeB aThIHAFb! Ka3aK YITTHIK TEXHUKAIBIK 3¢PTTEY YHUBEPCHTET

XEHOH-XEMJIEC IIOTEHIAAJBIHBIH ®A3AJBIK BEMHECI

Annotaums.Bepinren makanana XeHoH-Xeiiec MOJIeIbi KapacTeipbuiaasl. 20 FACBIPIBIH CKIHII KapTHICHIH/A KYIIABI3AAD
KO3FAJIBICHIHBIH LMJIMHIPIIK CHMMETPHSUIBI JKOHE YaKbITTaH TOYyeNCi3 IOTeHIMal MoJenbi 3eprrenii. I[ToTeHIMaNIBIH
CHMMETPHSUIBIFBl apKachIHAA YII OJLIEM/Ii €CenTi eKi oJIeM/al ecel peTiHae KapacTeipyFa Oonagsl, anaiiga GepiireH xyheHiy
aQHAJINTHKANBIK TYpIE eKiHIII MHTErpaiblH Taly, TINTi caJbICTHIPMANbl TYp/e KapanaifbiM MOJIMHOMHANBIBI TOTSHIHANAAP YIIiH
LICHTIIMEHTIH Mocene Oombin Tadbuianel. benricis WHTErpanaplH Oap eKeHiH AQJeNAey YIIiH, XeHOH MeH Xeiiiec KO3Fallbic
TEHJCYJCPIHIH CaHABIK HHTETpajiay oOIICiH MaiJalaHbIl TpaeKTOpHs OOWBIHIIA 3epTTeyiiep Kacaabl. ABTOpiap JKYHEHiH
raMIIbTOHHAHBIH YCBIHIBI, OJ ©T€ KapamailblM JXOHE TPACKTOPHSHBI €CEeNTey/Ai JKCHiIeTe[i, COHBIMEH Karap alblHFaH
TPaeKTOpHsIAp TPUBHAIABL €Mec Kypuedi Ooubin TaObUIafbl. DHEPTUsSHBIH TOMEH JeHreinepinne XeHoH-Xeilnec xyiteci
MHTEerpaiaHajpbl, eKiHIi Oenrici3 MHTeprpayisl 6ap Cekiami 0acTankpl MIapTTaplaH TAyesci3 JKYHEHIH TPaeKTOPHUSICHI CaHIBIK
MHTETPAIIBIK dJICIICH ICHILIIN, €Ki OJImeM/Ii KCHICTIKTe CHMAaTTalajbl. bepiireH xyiie YIIiH 3KBUIOTCHIIMAIIBIK KHUCBIKTAp,
UMITYJIbC HEH KOOPAMHATTHIH YaKbITTaH TOyeniaiiiri, conpaii-ak IlyaHkape kumachl anblHAbl. COHBIMEH KaTap, SHEPIUsHBIH
oCyiMeH, OChl OETTepAiH KOILIUIr bIAbIpaibl, Oy eKiHII WHTerpalAblH O0oiIMayblH KepceTei. AJIBIHFaH CaHIbIK HOTHXKEIep
AHAJINTHKANBIK IIENIIMICPMEH CANBICTBIPY YILiH Heri3 6onasl fen 0o/mKaHy 1.

Tyiiin ce3nep: XeHoH-Xeitnec Mmoaenbi, [lyaHkape KUMachl, CAaHIBIK IIEIIiMAEP.
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THE METHOD OF NUMERICAL SOLUTION OF NONLINEAR
VOLTERRA INTEGRAL EQUATIONS OF THE FIRST KIND

Abstract. When considering systems of differential equations with very general boundary conditions, exact
solution methods encounter great difficulties, which become insurmountable in the study of nonlinear problems. In
this case it is necessary to apply to certain numerical methods. It is important to note that the use of numerical
methods often allows you to abandon the simplified interpretation of the mathematical model of the process. The
problems of numerical solution of nonlinear Volterra integral equations of the first kind with a differentiable kernel,
which degenerates at the initial point of the diagonal, are studied in the paper. This equation is reduced to the
Volterra integral equation of the third kind and a numerical method is developed on the basis of that regularized
equation. The convergence of the numerical solution to the exact solution of the Volterra integral equation of the
first kind is proved, an estimate of the permissible error and a recursive formula of the computational process are
obtained.

Keywords: nonlinear integral equation, system of nonlinear algebraic equations, error vectors, the Volterra
equation, small parameter, numerical methods.

Introduction

The problem of solving integral equations arises as an auxiliary problem for solving boundary value
problems for partial differential equations and as an independent one in the study of the operation of
nuclear reactors, in solving the so-called inverse problems of geophysics, in processing the results of
observations, and so on. We confine ourselves to the case of nonlinear Volterra integral equations of the
first kind.

Questions about the numerical solution of linear integrated equations of Vol'terraof the first sort are
explored in two case, when source K(x,t) on diagonal doesn’t return zero in any points of a section and the
source on diagonal is identical zero, a derivative on x on diagonal doesn’t return zero in any points of the
section [4-7]. In this research we considered the case non-liner integrated equations Vol’terra of the first
sort with allocated source, which can return zero in some points of the section of the diagonal.

Formulation of the problem
Consider the nonlinear Volterra integral equation of the first kind:
f;c No(x, t,u(®))dt = g(x), (1

where No(x, t,u(t)) =K(,tu(t)+ N (x, t,u(t)) and known functions K(x,t),N (x, t,u(t)),
g(x) obey conditions:

a) g(x) € C?[0,b],K(x,t) € C**(D),D = {(x,t)/0 <t < x < b},

g®0)=0,i =0,1,k(x) = K(x,x),k(0) = 0,0 < k(x) vx € (0,b], k(x) — nondecreasing
function;

b) G(x) =dqi,G(x) =L(x,x)+Cigx),L(x,t) =C,K(x,t) + K, (x,t),0 < dq, Cy,C, = const;

— 10 ——
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¢) N(x,t,u) € C**1(D x RY),My(x,t,u) € C*%1(D x RY), My(x, x,u) = 0, My(x, t,u(t)) =
CoN(x, t,u(t)) + No(x, t,u(t)), for x>t (x,5),(ts) € D, (x,s,u), (x,5,w),(t,s,w),(t,s,u) €D x
Rthe following inequality holds true
[Mo(x,s,u) — My(x,s,w) — My(t,s,w) + My(t,s,u)| < Ly(x —t)|lu—w|,
0 < Ly = const.

The research and solution of the basic equation

We get Volterra integral equation of the third kind from equation (1) after applying

D + CiT + C;1, where 1 is an identical operator, D is an operator of differentiation with respect to x, 7 is

Volterra operator kind of (Tv) (x) = f x u(t)v(t)dt [1]:
k) + f G(Ou(D)dt = f M(x, 6, u(®)dt +C; f w(O)dt X

0 0
X

X f K(s,t)u(s)ds + C; f f N(s, t,u(t))u(s)ds dt + f(x), (1p)
where M(x, t,u(t)) =t —M, (x, t,u(t)) + (Lo(t,tt) — L(x, t))u(t), f(x) =Cg(x) + g (x).

Consider regularized equatlon with a small parameter
X

(& + k(x))ue(x) + f G(Ou(t)dt = f M(x, t,u.(t))dt + ¢ f u (t)dt x

0 0
X

fK(T t)u.(t)dt + C; f f N(T t, ug(t))ug(T) dt dt + u(0) + f(x), (2)

Transform equatlon (2) to the followmg form

B [ 6@ G(®)
ug(x)__e+k(x)0fexp _tfe+k(r)dr £+ k()

t
f M(t, T, ug(r))dr —
0

t

—fM(x,T,uS(T))dr— C; lf us(r)drjl((v,r) u.(v)dv +
0 0

N
X X

t ¢
+fu£(r)drfl((v,r) ug(v)dv—ffN(v,T,ug(T))ug(v)dv dr +

0 s

+ N(v T, us(r))us(v)dv dt
/]

1
+ f(t) — f(x)}dt+ +k()

X exp —Of%dr {Of M(x,t,u.(t)) dt+610fu£(t)dt><

X X X
x f K(r, £) ug(t)dr + f f N(t, t,ue (O))ue () dr dt
t 0t
Introduce a uniform grid wy = {x; = ih,i = 0..n,b = nh} on the [O,b] segment, n — natural

+ewﬁ+f@ﬁ. 3)

number and Cj, — space of grid functions u; = u(x;) with the following norm

Uu; = max|u;l.
” L”Ch Osisnl LI

Using the right Riemann sum and replacing u(0) to uy, = f;/(hGy + k1) , we obtain the next system
of nonlinear algebraic equations from equation (3):

11 =——
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i—1 .
1 h‘z hzl: G\ G
Yei = e+k; 4 exp i e+ks etk
j=1 s= ]+1
j
X hz (uss) Mls(uss —h z Mls(uss) ClhEuss
s=1 S= ]+1
i
x h Z Koy sttem — Coh Z Ue s h Z Ko stte m — Cthhx
m=j+1 s= 1+1 m=s+1
i i
X z Nms(uss)usm Clhzh Z Nms(“es)”sm"’fj—fi +
m=]+1 s=J m=s+1
1 Gs
kiexp _hZ£+k5 ZMl](u€J)+C1hZu£] z sjUes t
s=1 s=j+1
+Cthh Z S,j(ug_]-)uas+su0_h +fir,i=1l.n, (4)
j=1 s=j+1

where Mi'j(ug,j) = M(xi,xj,u(xj)),fi = f(xl-),xj =jh,j = 1l,l =1..n.
Introduce the notations

d,bT, h 2C,TyMbrd,h
= L C,L L (2— _1) _
q 4 (L + CoLy + Ly) €+e + die +
2Tyd,h
+C1b< o — )(MN + Kyr), M = max|K (6,0, lue ()] < 7.
1 1

L, = mglex(x, I, L, = mglexx(x, |, Ty = xrg[%l’alg]IG(x)I,

i-1 i i
Z Z € +Sk Z € +Sk

g p - s - s ’
j=1 s=j+1 s=j+1

My = max|N(x,t,u)|, Ky = max|N,(x,t,u)|,
v =max|N(x, t,wl, Ky = max|Ny (x, ¢, )

Theorem. If the conditions a)—c), ¢ < 1 and € = 0(h%) for all 0 < @ < 1/2 are satisfied, then the
solution of the system of equations (4) converges uniformly to the exact solution u; of equation (1) when

h — 0, thus we have the estimate

|lue; — wi|]| < Nyh® + Noh1=% + N3h, 0 < N; = const, i = 1,2,3.

Proof. Adding the quantity eu(x) to both sides of equation (1,), we reduce it to the form (3), where
u.(x) and euy, are respectively instead of u(x) and eu(x). Putting x = x;,i = 1..n in the obtained
equation, we use the formula of the right Riemann sum and consider the difference of the resulting system
of algebraic equations with the remainder term and the system of equations (4). Then, using the error

vector ng’i = u.(x;) — u(x;),i = 1..n, we obtain
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i

i-1 j-
1 G
h-:— — l —
Te.i £+kihzlexP h Z e+ kg £+k Z 15 (1te5)
]= =

s=j+1
i-1
_Mj,s(us) - Mi,s(ue,s) + Mi,s(us)] —h z [Mi,s(ue,s) - Mi,s(us)] -
s= ]+1
_Clhzus z Kmsnsm Clh 2 us 2 Kmsnsm
m= ]+1 s= ]+1 m= s+1
__Clhznss 2 Kmsum Clh Z nss Z K msUm —
m=j+1 s= ]+1 m=s+1
_Clhz Z Nms(us)nem Clh Z Z Nms(us)nem
s=1 m= ]+1 s=j+1 m=s+1
—Cthh Z Nm,s(us,s)_Nm,s(us)]um

s=1 m=j+1

_Clh Z h Z [Nm,s(us,s) - Nm,s(us)]um + g(uj - ui)

s=j+1 m=s+1

i-1
exp —hz:e K. hz[Mi'j (ue,) — M ()] +

+C1h2n£] Z uS+Cthu] X h 2 Ks]nss

s= ]+1 s=j+1
+Clhz Z N j(ug,;) =N j (u;)] us +
j=1 s=j+1
+Clhz Z S](u])nss+su0h u; ¢ —R;,i = 1..n, (5)

j=1 s=j+1

where R; is a remainder term. We have the following estimates from (5):

1 i-1 i G G j-1
1 |- hz —h Z s J hz M, -
) stk ¢ exp etk etk LUBCEY)
j=1 s=j+1 s=1
i-1
_Mj,s(us) - Mi,s(ue,s) + Mi,s(us)] —h z [Mi,s(ue,s) - Mi,s(us)] <
s=j+1
2d,bTyh
< “de (Ly + CoLy + LN)”??QL'”C’I.
Where Ll = maxDle(xi t)ll LZ = maxDlex(x; t)l ) TO = maxxE[O,b] |G(x)|l
d, = li h ZL: s h ZL: s ;
2 = SUp £ exp — &+ kg — &+ kg ’
Jj=1 s=j+1 s=j+1
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i

i-1 i
G Gs
- N
r" 2o\ ) | ZhZ L
]=

s=j+1 s=1 m=j+1

i— i
2C;ToMyd,bh
+h z h Z Nm,s(us)ng,m —%” ”

2)

crn’
s=j+1 m=s+1
where My = Ir)rg(c}zgglN(X, t,u)l;
i-1 i j-1 i
3) |- hz h Z Gs h) h z [Noms (
)£+kl- : exp K, £+k msuss
s= ]+ s=1 m=j+1

ms(us)ummz Z [V (1) = N5 ()T

s=j+1 m=s+1

2C1TOKNrbd2
—— &l ., K = maxINy (.t w)l;
i—-1 i
gieo( 3 ) e
+ki 4 exp i g-|_k £+k uS msnsm
J=1 s=j+1 m= ]+1
i-
ClTth Gk 1
+h Z Z n 4 < Z h Z y
us msnem 8+pl : exp ' £+ks g-|-k].
§= ]+1 m=s+1 j=1 k=j+1
i
% thuslh Z 1] + R Z g b Z Il b <
m=j+1 s=j+1 m=j+1
ClTOMbT'dZ

where M = mgxIK(x, t)l, lu(x)| < r;

i—-1 i j- i
5) Cih b z G Z Z K +
e+ k; £ exp £+k s+k m.s Uem
j=1 s=j+1 s=1 m=j+1
i-1 i i-1 i
u = ex -
. Ne,s m,sUem e+k; p e+ kg 5+kj
s=]+1 m=s+1 Jj=1 s=j+1
x hZIHQSIh Z [tem] + 2 nts| 2 tem] { <
m= ]+1 s=j+1 m=j+1

ClToMrdZ Z| ClToMbrdz
Nejl =

UL

i—1
6) g_l_k'exp _hzs+sks h' [M; (u&j)—Mi_j(uj)] <
s=1 j=1
d,bT,
< 2 0(L2+C2L1+LN)||77 ||

—— |4 ——




ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 5. 2018

i i— i

7 G Z
)e+kiexp 4

i i-1 i

exp Z h h [Ns,j(us.j) - NS,f(uj)]uf =

j=1 s=j+1
SR e,

C{Myb
R h Z Ney (upnts| < =57 Ikl

J=1 s=j

ClKNbr

On the basis of estimates 1) -8) for the error vector 77?,1‘ from (5) we obtain
Izl < allnzall, + leHewil + IRil, (6)

Missing the cumbersome calculations, note that the next estimate for R; holds true as in [2]:
IR;llc, < Nyh/e + N3h,0 < N,, N3 = const.

Since according to [3]:
||8H£[ui]||ch < N,;&,0 < N; = const,
then we get estimate by the grid norm from (6)
2, < (1= @) (Nae + Noh/e + Nsh).

Taking into account that € = O(h%), we arrive at the estimate of the theorem, which was to be
proved.

Equation (4) is a system of nonlinear, therefore we obtain the following system of equations with
respect to U, ;

— - X
, “xp ~ €+ks etk exp e+ kg
j=1 s=j+1 s=1

i-1 i—-1
h z Ki,sus,s + h Z Ni,s (ue,s) us,i +
s=1 s=1

i

! hli Y % )G _,
e+ k; llexp e+ ks [et+k;
]=

s=j+1
J
Z o(tes) = My (ugs)] = h Z My (ues) - cthugs
s=1 s= j+1
i—
x h 2 Ko sttem — Cih 2 U s h Z Ko sttem — Cthhx
m=j+1 s= ]+1 m=s+1
i—1
X Z Nms(ues)uem Clhz Z Nms(ues)uem +
m=j+1 s=j m=s+1
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exp —hz TE ZM”(ugj)+C1hZug] Z K jues +

s=j+1

+C1h2 z s](ugj)ugs+eu0h+fl ,i=1.n, (7)

j=1 s=j+1

Estimate the expression
i

Gs
Ui_1(uq,...,uj_1) ={exp —hz Tk, +hZexp —h Z FT k.

s=j+1

Gj
><e+k s+k ZK‘SU“ + hZN”(u”

putting C; = Coh?,0 < Cy = const.

Then
Mr + My)Cih - (Mr+ My)Coh
Uis Gty ) < ST IGR | g ) I+ M) Coh
ed; d,
i-1 i i
d h Z h z Gs
2= oUP _ £+ k P &+ kg
J=1\ s=j+1 s=j+1
If
edq
h<——— (8)
Tod,bMrC,

then |U;_; (uq,...,u;_1)| < 1. If condition (8) is satisfied, the system (7) can be rewritten in the form

=

i— i

-1 h G G;
u&i = (1 - Ui_l(ul,...,ui_l)) - exp —h Z s J X

e+ k; et ks etk
j=1 s=j+1
J -1
X0 ) (Mo (es) = My (tes)] hz My (ues) - cthugs
s=1 s= j+1
x h z Ko stte — Cih z Ue s h Z Ko sttem — Cthhx
m=j+1 s= ]+1 m=s+1
i-1
X Z Nms(ues)uem Clhz Z Nms(ues)uem +
m=j+1 s=j m=s+1
exp —hz Tk, ZMU(ug})+C1hZuSJ Z s, jUss T

s=j+1

+C1hz Z S](ugj)ugs+eu0h+fl ,i=1..n, 9

j=1 s=j+1

It is not difficult to see that (9) is a recursive formula.

— 16 ——
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Results

This equation is reduced to the Volterra integral equation of the third kind and a numerical method is
developed on the basis of that regularized equation. The convergence of the numerical solution to the
exact solution of the Volterra integral equation of the first kind is proved, an estimate of the permissible
error and a recursive formula of the computational process are obtained.
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METOJ YACJIEHHOI'O PEHIEHHSL HEJUHENHBIX
HUHTEI'PAJIBHBIX YPABHEHUU BOJIBTEPPA ITEPBOI'O POJA

Annoranus. [Ipu paccMorpernn cucteM nudQepeHInaNbHEIX ypaBHEHHH C BEChbMa OOMIMMH KpPacBBIMH
YCIIOBUSIMH, TOYHBIE METOJbl PELICHHs HATAJKHBAIOTCSI Ha OOJBIINE TPYAHOCTH, KOTOPHIE CTAHOBSATCSI HEMpPEo0-
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JUMBIMH TP PAacCMOTPEHHN HENWHEHHBIX 3amad. B 3THX cilydasx NPUXOIUTCS OOpamaThCs K TeM WIH HHBIM
YUCIICHHBIM METOJIaM peIIeHHsI. BaXHO OTMETHTB, YTO MCIIONB30BAHUE YHCICHHBIX METOJOB 3a4acTYIO MO3BOJISICT
OTKa3aTbCs OT YIPOIIEHHOH TPAaKTOBKH MaTeMaTHYeCKOW MOJENH Tmporecca. B pabore m3ydaroTcs BOIIPOCHI
YHUCJIEHHOTO PEIleHUs] HEJIMHEHHBIX MHTErpalibHbIX ypaBHeHHU BosbTeppa nepBoro poaa ¢ muddepeHuupyemMbM
SIPOM, KOTOPOE BBIPOXKJACTCS B HA4dabHOH TOYKE IWAaroHaiW. PaccmaTpuBaeMoe ypaBHEHHE CBOIJUTCA K
HHTETPAIbHOMY YpaBHEHHIO BombTeppa TpeThero poaa W Ha OCHOBE PEryJIIpH30BaHHOIO YpaBHEHHS pa3paboTaH
YHUCIEHHBIH MeToA. J[oka3aHa CXOIUMOCTh YHCICHHOTO PELIeHHs K TOUHOMY PELICHUIO MHTErPaNbHOrO ypaBHEHUS
Bonbreppa mnepBoro poja, TOJNy4YeHHl OLEHKAa JIONYCKaeMOW IOTPElIHOCTH M PEeKypcuBHas —Qopmysia
BBIUMCIIUTENILHOTO TIpoLiecca.

KiroueBble cJI0Ba: HENWHEHHOE WHTETPAIGHOE YpaBHEHHE, CHCTEMY HEJIMHEHHBIX —alredpanyeckux
yYpaBHEHHI, BEKTOpa OrPEUIHOCTH, ypaBHeHUEe BonbTeppa, Manblil mapaMeTp, YUCICHHbBIH METO/,.
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BIPIHIIOI TYPJAEI'T CBI3BIKThI EMEC UHTEI'PAJIJIBI BOJIBTEPPA
TEHJAEYJEPIH CAHABIK INEITY 9ICI

AunHoramus. ubdepeHunanaplk TeHIeyaep KyHeciH eTe ajIbl MIEKapalblK IIapTTAPMEH KapacThIpFaH
Ke37¢, ChI3BIKTBI eMec MpoOieManapasl KapacThipy Ke3iHIe IICIITMEHTIH KUBIHIBIKTApFa alHAJIbIPYIbIH I
omicrepi. MyHnaii skargaiinapna Oenrimi Oip caHIBIK oxmicTepre XyriHy kepek. CaHABIK omicTepii KOJJIaHy,
MPOIIECTIH MAaTEeMAaTHUKAJIBIK MOIEINH OHAWIATHUIFaH TYCIHIIpyAeH Oac TapTyFa MYMKIHAIK Oepemi. AJFamIKel
TYpHEri CBI3BIKTBI emec Boibreppa HMHTErpainablk TEHICYJEPiH IHAroHAIbABl OacTankel HYKTECIHIE Here
KeNTipeTiH audQepeHnnanisl Iapo CaHOBIK MICIYIiH CaHABIK MoceJeliepi KapacThIphUIagbsl. KapacTBIpBLIBIIT
OThIpFaH TeHJIey BousibTeppa MHTErpaiiblK TEHJEYIH YIIIHII TYpre HeiiH a3alTa]bl jKOHE PETTENreH TEeHJACYIiH
Heri3iHae caHAabIK dic a3ipnenesi. CaHabIK HieliMHIH OipiHm Typaeri BonbTeppa MHTErpanblK TEHACYIHIH oI
HICIIIMIHE JIONENACHAl, PYKCaT eTUIreH KaTedikTi Oaranay »OHE ecenTey YAEpICIHIH peKypcuBTI (opmMyiacel
AIBIHJIBI.

Tyiiiaai ce3mep: CBHI3BIKTHI €MEC HMHTEIPANIIBIK TCHICY, CHI3BIKTHIK alreOpaiblK TEHICYJICP *KYyHeci, KaTelnik
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STEFAN PROBLEM IN ELLIPSOIDAL COORDINATES

Abstract. This paper presents the quasi-stationary Stefan problem in symmetric electrical contacts.The method
of the solution can be obtained from the suggestion that the identity of equipotential and isothermal surfaces in
contacts, which is correct for stationary fields in linear case, keeps safe for non-linear case as well. The idea
is,transform the system of problem which is given in cylindrical coordinates into ellipsoidal coordinates.The
analytical solution of stationary Stefan problem is found. Based on that decision was constructed the temperature
profile to the approximate solution of heat problem with Joule heating in ellipsoidal coordinates.

Keywords: quasi-stationary model, Stefan problem, integral method.

Introduction

Stationary temperature and electromagnetic fields in symmetric electrical contacts have been
described in [1]. Working with the scale of a mile second range, we think that every time the stationary
state manages to instantly achieve stationary. And therefore this solution is suitable for constructing a
temperature profile of the quasi-stationary problem.

Quasi-stationary nonlinear mathematical model of melting in ellipsoidal coordinates

The system of equations for the temperature 7,(7,z) and electrical potential @ (r,z) can be written

in the form

1
div(A gradT,) +— grad’®, =0
1
L1
div(— grad®,) =0
P
1
div(A, gradT,) + — grad’®, =0
2
1
div(— grad®,) =0
P>
where @,, A, p, are electrical potential, heat conductance and electrical resistivity respectively.
In cylindrical coordinates these equations can be written as

2 2 2 2
pi% % + @ +pi2’[A]—;‘+ % + % =0 (1)
dT; |\ or Oz or Oz
L g0 (00, 28 °
o dl" p’\ or or 0z 0Oz
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The index i =1 relates to the melted zone occupying the domain D (0 <z <o, 7 <r<r, (), and

i = 2 corresponds to the solid zone in the domain D,(0 <z <oo, 7, () <r <o0).
It has to be mentioned that this problem is essentially non-linear due to temperature dependence of
thermal conductivity A, = A,(7,) and electrical conductivity p, = p,(Z;) . The method of the solution can

be obtained from the suggestion that the identity of equipotential and isothermal surfaces in contacts,
which is correct for stationary fields in linear case, keeps safe for non-linear case as well. In linear case

these surfaces are ellipsoids of revolution.
Equations (1) and (2) can be transformed into ellipsoidal coordinates and using well known relations
among cylindrical and elliptical coordinates, if we suggest similarly like above that

D, =2(5), T=T(S), €)

2 2
é::\/S+«/S2+4I"O 2, s=ritz -,

then the equations (1) and (2) should be replaced by the equation

where

2 2 2
e A ! - “)
dT, \ d& dé& dé ry +¢& d&
d’®, 28 d®, 1dp, dT, do, 0 )
d&®  rP+& dé p dT, dé déE
D:0<r<o,0<z<o,z=0,U0<r<rn ,0<&<mw, 0<n<r, (6)
The boundary conditions are
dT, 0D
=0(£=0 —L=0 7 D, =0 8 ! =0 9
2=0(£=0) i 7N D, ® ©)
L=1,=T, (0) =0 (1)
z=o(t)(E=& (1) dT dT, 1 do 1 do
h—=h—r (12) ——F=——2% (13)
dé dé pdé  p, dS
U.
z=worr=o0(f=owo) T,=0 (14) D, = 2‘ (15)
while the solution for electric potentials
' I’p(T) : I’p,(T)
O/(@) =P @)= (16)
2r(ty+<&7) 2n(ty+<&7)
Putting (16) into (4) we get
2 2 2
ldﬂi_ dT, +d"l;i+dTi‘ 22§2+ 2];01. - (17
A4.dT, \dg ) ds” dg r+g An(p+e)

— 20 ——
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Let us introduce the new independent variable ¢ using formula and consider the case when thermal

conductivity doesn’t depend on temperature, E =0

¢ = arctané (18)

0

Taking into account that p, = p,,(1+ ¢, (1, =T ))), p, = p,,(1+,,T,)

I’ Lol
And using[2 iz =00
gl2] A,
then the equation (17) for melted zone can be reduced to the form
d’T o
_21+_1[1+0‘10(T1_Tm)]:0 (19)
a¢” o
The general solution of this equation is
A B . 1
I, =—tcosw¢ +—sinwd+T, —— (20)
23N o 23

and 4,, B, are arbitrary constants, which can be found from the boundary conditions (7) and (8)

From (7) and (10)
B =0
1
4 =
CoS @, —
Finally,

r =LLM+%TM—1]

o\ cosa g,

The equation (17) for solid zone can be reduced to the form

d’T, o
2+—[l+a,, T,]=0 (1)
d&”
the general solution can be represented
| .
L ) cos w,¢ +B, sinw,& 1 22)
194 T . T
20 CosSm, — Sin@, —
2 2

From (14) and (10) can be found A4,, B, and temperature 7, will be in the form

L= 1 {(1+Olonm)Smwz(g—C)-sinwz(im—C)—Sinwz(%—gm)}

. T
o,y sma)z(z—gm)
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Noting first that

ai|  _dt el __asnol,
dg E=£,(1) dg dg E=¢ (1) a,cosm s, 1y +En (D)
T
o, | (1+a,,T )cos| —— -1
an|  _anag 2[( ot Jeo( 3¢, } 5
ASlegyey 96 dSles Q,, Sin @, (Z—é’mj 7y + &0
from (12),
T
o (l+a,,T Jcosw,| —— -1
/1‘(01 Sina)lé/m —ﬂz 2|:( » m) 2(2’ é,mj j|
0(10 COS a)lé,m az() Sin 602 (Z_éfmJ
finally we get

¢, :iarctaHM{(Haonm)cot w, (%—ng—coseca)z (%—(mﬂ

@, Aoay,

Approximate solution of heat problem in ellipsoidal coordinates

Considering the problem from the class of Stefan type problem, in first stage of heating electrical
contact, where contact material is solid and temperature attains softening point. In this case we consider
the heat equation

ot 1y

subjected to boundary conditions

1

0 _a’ 4. |00 1
—za—2COS (é’){ag2 + @, (81 +;]:| 0<§<7T/2 (23)

¢=0:
26.0.9 =0 (24)
¢
$=n/2:
0,(x/2,t)=0 (25)
and initial condition
t=0:
6,(¢,0)=0 (26)
where

o = I po
1 27[7’02 ar

For the temperature distributiond, (£, ¢), let us assume that the temperature profile as given in the

form
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0,(¢,t) = A,(t)cos(w,{)+ B,(t)sin(w, )+ C,(t)in 0§ S% (27)

where the coefficients are in general functions of time.
Using conditions (24) and (25) we get
B (1)=0
(28)
A (t)cos(@ %) +C(1)=0

Integration equation (23) with respect to the space variable form ¢ =0to { = /2, noting first that

g TR RNl
jcos (;){ o (91 +;Hd§—cos (§)§

w2

+ | [12cos () +(@! ~16)cos (g)]edg

1 0

+46,cos’(O)sin()| +

0

3w
+ —_

then we have
2 7r/2

o[ Shag = j | 12¢05”(¢)+ (e =16)cos*(£) P d¢

When the integral on the left-hand side is performed using Leibniz’s integral formula, we obtain

372'0)1

zdtﬁz ;} Sy j[lzcos (©)+ (e ~16)cos*({) [d¢ 29)

(29) is called the energy integral equation for the problem considered here.

Substituting (27) and (28) the above into the energy integral equation (29) we obtain the following
ordinary for C,(¢)

i (z_ tan(e, a/z>j dC,(t) _ 3mar [ Lic (t)]
5 o dt 16a,

a

C,(0)=0

A (t)=—C,(t)sec (a)1 %j

The solution of equation

C,(t) = exp [g_tan(a)lﬂ/Z)J 3rnw’a ¢~ In( 1)J—

o, 16“1’”0 @

and

A4(t) = 1 exp {(% _ tan(e, 7/2) j 3me; aj t—In(e, )] sec (0)1 %J

a, o, l6a,r;
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Finally temperature profile

—1 5
0,(¢,t)= L—exp E_tan(a’l 77/2) RY/10)

2
a21 t—In(a,) sec(a)1 %j cos(w, &)+

a, 2 , l6a,r,
-1
t 2 3rwla) 1
+exp z_lan(o 7/2) 4! a2‘ t—In(e)) |——
, 16a,7, a,
Conclusion

The problem (23)-(26) is solved by integral method. All coefficients of temperature profile is found.
This method is useful to apply to solving the phase-change problem with moving boundary.
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IJVIMIICOUATTIK KOOPJTUHATTAPAATI'bI CTE®AH ECEBI

AnHoTanus. by Makanaga cuMMeTpHSIIBIK 3IE€KTpiik OaifnanbicTa kBazucrauuoHapislk Credan moceneci Gepin-
reH. EpiTiHAl ofici CBI3BIKTHIK KaFiaiiia CTalMOHAPIBIK epicTepre AyphIic 0OJATHIH KOHTAKTUIEpJE TEH MOTEHIHAJIbI
JKOHE M30TEPMUSUTBIK OCTTEP/IiH UACHTU(PHUKAMICH, COHali-aKChI3BIKTBI eMeC JKaFIaiiia 1a Kayinci3 O0TybIH YCHIHBICTICH
anyra Oosanel. Byn umes UWIMHAPIIK KOOpAMHATTApIA SJIIMIICOMATIK KOOpAMHATTapra OepiireH mpolsieMa >XyHeciH
e3repry Oounbin TabObuianel. CTedaHHBIH CTAalMOHAPIIBIK MOCEECIHIH aHAIMTHKAJIBIK IemiMi Ta0buiasl. Ochbl IIemiM
HETI31H/Ie JUTUIICOMITIK KOOpauHaTTapAa Koy KbUTyMEH XKbUTy TPOOJIeMaChIH JKYBIKTAIl LISy YIIiH TeMIepaTypajibIK
poduIIb KYPhUIIBL
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3ATAYA CTE®AHA B QJIVIMIICONJAJIBHBIX KOOPJIUHATAX

AlcTpakTHble. B HacTosmedl pabore mpeicraBieHa KBasuCTallMoHapHas 3agada CredaHa B CHMMETPUYHBIX
JNEKTPUYECKUX KOHTaKTaXx. MeTox pemeHHs MOXeT OBITh MONydeH U3 MPEAINONOKeHUS, YTO HICHTUYHOCTb
OKBUIIOTCHIUAJIBHBIX U U30TCPMHUUCCKUX HOBCpXHOCTCﬁ B KOHTaKTaX, KOTOpas NpaBujibHA UIsI CTAlUOHAPHOTO IIOJIA B
IVHEHHOM CIlydae TaKxke W Uil HeNMHHEHHOro ciydas. Vmes cocTomT B TOM, 4TOOBI mpeobOpa3oBaTh CHCTEMY 3ajad,
3aJaHHYI0 B HUWJIMHAPUYCECKUX KOOpAMHATAX, B JJUIMIICOUAAIIBHBIC KOOPAWHATHI. HOJ]y‘{CHO AHAJIMTUYCCKOC PCHICHUC
crannoHapHoit 3agaun Ctedana. Ha ocHOBaHHHM 3TOTO penIeHHs ObUT MTOCTPOEH MPOQUIb TEMIIEPATyPhl MIPHOIIKEHHOMY
PELICHHIO TEII0BOH 3a1auu ¢ J[XKOyIeBbIM HarpeBOM B JUIUIICOUIATBHBIX KOOPANHATAX.
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AN ALGORITHM FOR SOLVING A CONTROL PROBLEM
FOR A DIFFERENTIAL EQUATION WITH A PARAMETER

Abstract. On a finite interval, a control problem for a linear ordinary differential equations with a parameter is
considered. By partitioning the interval and introducing additional parameters, considered problem is reduced to the
equivalent multipoint boundary value problem with parameters. To find the parameters introduced, the continuity
conditions of the solution at the interior points of partition and boundary condition are used. For the fixed values of
the parameters, the Cauchy problems for ordinary differential equations are solved. By substituting the Cauchy
problem’s solutions into the boundary condition and the continuity conditions of the solution, a system of linear
algebraic equations with respect to parameters is constructed. The solvability of this system ensures the existence of
a solution to the original control problem. The system of linear algebraic equations is composed by the solutions of
the matrix and vector Cauchy problems for ordinary differential equations on the subintervals. A numerical method
for solving the origin control problem is offered based on the Runge-Kutta method of the 4-th order for solving the
Cauchy problem for ordinary differential equations.

Key words: boundary value problem with parameter, differential equation, solvability, algorithm.
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In the present paper we consider the control problem for the linear ordinary differential equations
with parameter

%z ADx+B(u+ f(@t), x,ueR, te(0,7), (1
x(0)=x", x'eR’, 2)
x(T) :xl, xl ERn’ (3)

where the (72X 1) -matrices A(Z), B(t) and n-vector-function f(¢) are continuous on [0,7].
Let C([O,T ],R") denote the space of continuous functions X :[0,7]— R" with the norm
[, = max|lx ()}

1€[0,T]
Solution to problem (1), (2) is a pair (4", x"(t)), where the function x"(¢) € C([0,T],R") is

continuously differentiable on (0,7") and satisfies Eq. (1) with (£ = u " and additional conditions (2),
3).

Qualitative properties of problem (1), (2) and methods for solving boundary value problems with
parameters studied by many authors (see [1-16, 19,20] and references cited therein).

In the present paper problem (1), (2) is solved by parametrization’s method [17, 18].
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Given the points: 7, =0<t <...<ty <ty =T, and let A, be the partition of interval [0,T’)
into IV subintervals: [0,7") = Ll\j[tril,tr ).

By C ([0, T],A Vo R "N) we denote the space of function systems
x[t] = (x,(2),x,(t),...,x, (1)), where x :[t_,t)—>R" are continuous and have finite left-hand

limits 1im x, (¢) forall r = LN, with the norm [[x], = max sup)Hx )

r=1,N telt
Denote by x (¢) the restriction of function X(t) to the r-th interval [¢ _,,¢ ) and reduce problem
(1)-(3) to the equivalent multipoint boundary-value problem

izr::A(ﬂx,+-B(0ll+vf0), teft ,t), r=LN, @
x,(0)=x", )

tl—i}}%xzv (t) =x 5 (6)

limx ()=x,,(), s=LN-1, -

1—1,—0
where (7) are the continuity conditions of the solution at the interior points of the partition.

A pair (u",x'[t]) with W eR and
x'[t]=(x'(2),x.(t),....,x,(t) € C([0,T],A,,R™) is called a solution to problem (4)-(7), if it
satisfies the system of differential equations (4) and conditions (5)-(7).

Introducing the additional parameters ﬂ,l = U, ﬂp =X, (t o ), p= Z,_N , and performing the

substitutions u,(¢) = x, (1) —x', u (t)=x ()—A1, telt _.,t), p= 2,N, we obtain the

boundary value problem with parameters

% = At)(u, + x")+ B(OA, + f(1), telt,,t), ®)

u (t,)=0, ©9)

d;’; = A(D)u + A )+ B4+ f(), telt .t), p=2.N, (10)
u (@ )=0 p=2,N, (11)

A, +limu, (1) =x', (12)

x’ +,1§mu1(t) =1, (13)

A +limu (=4, s=2,N-1. (14)

Solution to problem (8)-(14) is a pair (Au[t]) with A= (/7,l ,/12 yeo '9/11\/) eR"™,
ult]= (u,(),u,(t),...,u, (t)) € C([0,T1,A,,R™). If (A,u[t]) is a solution to problem (8)-(14),
then the pair (4, X(¢)) with parameter £ and the function X(Z), defined by the equalities: s = A,
x(t)=x"+u (1), telt,,t), x(t)=A,+u, (1), telt, .t,), p=2,N,
x(T)=A2, + ng%u (), is a solution to problem (1)- (3). Conversely, if (£, X(¢)) is a solution to

— 26 ——
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problem  (1)-(3), then the pair (A, u[t]), with I = (@,3({),....5(, )
ult]=(x(@t)-x",x(t)—-x(,), ..., X(t)—X(t, )), is asolution to problem (8)-(14).
Let D(¢) be a fundamental matrix to the ordinary differential equation

dx
—=A(t)x, t<[0,T].
" (t)x, te[0,T]

Then a unique solution of the Cauchy problem for the system of ordinary differential equations (8)-
(11) at the fixed values A = (/7,1 , 22 yeees ZN) has the following form

u (t) = @) [ @ (£)B(r)dr - A, + D)D" (D)[A)x" + f(D)dz, telt,. 1), 15

u (1) = D) [O () A(r)dTh, +D(t) [® ' (0)B(z)dr - 4 +

+®@) [® () f(r)dr, telt, .t), p=2.N. (16)

Substituting (15) and (16) into (12)-(14) yields the system of algebraic equations for finding the
unknown parameters A, A,,..., A :

A, +(T) [0 () A(r)d A, +D(T) [ (2)B(r)dr- 4 +D(T) [ (2)f(2)dr =, (17)

IN-1 IN-1 IN-1

x’ + CI)(tl)lj(I)’1 (0)A(r)x"d7r + q)(tl)lfl(l)’1 (r)B(r)Adr + @(II)TQ’I (D) f(r)dr=1,, (18)

s=2,N-1. (19

s+1°

A, +D(t,) tjcp-l (o) A(T)A, + B(z)A, JdT + D(t,) tjcp-l (0)f()dr =2

s—1 ls1

Let Q, (A N) denote the matrix corresponding to the left-hand side of system (17)- (19). Then the
system can be written as

0.(A)A=-F(A,), AeR", (20)
where
F(A,)= (—xl L) [ (2)f ()T, x" + (1) X () A(D)x"dr + D) [ X' (2) f (2,

(¢, )j X (@) f (0)dr,..., 0, ) [O(7) f(r)dr}

IN-2

Lemma 1. The following assertions hold:
(a) The vector A" = (4;,4.,...,4,) € R"™, consisting of 4’ = 1" and the values of the solution

x"(t) to problem (1)-(3) at the partition points A° = x"(¢, ), 7=2,N, satisfies system (20).

(b) The pair (£,X(¢)) defined by the equalities 7 = /Tl, X(W)=u()+x", te [Z,,t,),
xX(t)= ﬁp (t)+lp, telt,,t), p=2,N, x(T)= IN + tlgl})ﬁ]v (¢) is a solution to problem (1)-
(3), where A= (ZI,ZZ,...,ZN) e R"™ is a solution to system (20) and the system of functions
ult]= (u,(0),u,(t),...,u, () e C(0,T],A,,R"™) is solution to the Cauchy problem (8)- (11) for
1 =u, A, =/Tp, p=2,N.
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Definition. Problem (1)-(3) is called uniquely solvable if it has a unique solution for any x’,x' € R"
and f(¢t)e C([0,T],R").
Theorem 1. Problem (1)-(3) is uniquely solvable if and only if the matrix Q,(A,): R"™ — R™

has an inverse one.
Proof. Necessity. Assume the opposite, i.e., that O, (A N) is not invertible. Then the homogeneous

system of equations
0.(A)A=0 (22)
has a nontrivial solution 1 = (Zl , /Tz yeees ) ) € R™ . In the case of a homogeneous boundary value
problem for the ordinary differential equation, i.e., for problem (1)-(3) with x’ =0, x' =0, f(¢) =0,
system (20) becomes (22). Therefore, by Lemma 1, the pair (£, X(¢)) defined by the equalities
=71, XO=u@+x", telt,t), XO=uO+4, telt .t) p=2N,

xX(T) = ZN + lim U, (), where the system of functions u#[t]= (u,(¢),u,(¢),...,u,(¢)) is solution to

following problem

%:A(t)l/ll +B(t)ﬂq: te[to’tl)’ ul(to)zo’

d
;’; = AOu, +2)+BOA, telt .t), u(t,)=0, p=2N,

is a nontrivial solution of the homogeneous boundary value problem (1)-3) (x* =0, x' =0, f(¢) =0).
Since, problem (1)-(3) has the trivial solution X (¢) = 0, z = 0. This contradicts to a unique solvability
of problem (1)-(3).

Sufficiency. Due to the invertibility of the matrix Q,(A, ), we can find unique solution of system

equation 20) A' = —[Q.(AD]"'F.(A,), A =(4,4,,...,4,) € R™. Solving Cauchy problem (8)-
(11) for A =4, I’IW we obtain the system of functions #[¢]= (&, (¢),u,(t),...,u,(t)).
According to Lemma 1, the pair (1 ,x (¢)) defined by equalities u" =A, x (#) =u, (l‘)+x0,
telt,t), xt)=A4 +u (t), telt, ,t), p= 2,N, x(T)=2X, +t1i¥13)u;(t), is a solution

to problem (1)-(3).
Establish the uniqueness of the solution. Suppose that the problem (1)-(3) has another solution

(,X(t)) except (14", x (¢)). Then the pair (/T,E[t]) composed by the parameter zZ and X(¢) is

also a solution of the boundary value problem with a parameter (8)-(14). By Lemma 1, A" and /T satisfy
the system of equations (20):

0.(A)X ==F.(A,), 0.(A)A =~F.(A)).
Invertibility of the matrix O, (A, ), yields: A" = 2. Unique solvability of the Cauchy problem (8)-
(11)  provides  fulfillment of  relationships  u (t) =1u (¢), telt_,t),r=1N,
tll;guN(t) =tli¥§)L7N(t). Therefore, f1" =i and x (¢)=X(t) for all £ €[0,T]. The proof is

complete.
The Cauchy problems for ordinary differential equations on the subintervals
dz —
o A(t)z+P(t), z(t )=0, r=1N (23)
t

— 28 ——
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are a significant part of the proposed algorithm. Here P(¢) is either (n X n) matrix or » vector,

continuous on [¢, ,¢, ), r =1,N .Consequently, solution to problem (23) is a square matrix or a vector
of dimension 7. Denote by a (P,t) the solution to the Cauchy problem (23). Obviously,

a (P,t)= () [O7 (0)P(D)dz, [t_.t), r=LN, (24)

1

where @(¢) is a fundamental matrix of differential equation (23) on the r -th interval.

We offer the following numerical implementation of algorithm for finding solution of problem (1)-
(3) based on solving Cauchy problems by the Runge-Kutta method of 4-th order.
I. Suppose we have a partition 0=¢ <t <...<t, <t, =T. Divide each r—th interval

[£_,,t),r=1,N, into N, parts with the step & =(¢#, —¢_ )/ N . Assume that on each interval
[t,,t), the variable 7 takes its discrete values: £ =¢_, f=t +h, .. t=t +(N -1,

{ = ¢, , and denote by {t o ,l‘r} the set of such points.
II. Solving the Cauchy problem for ordinary differential equations

dz

o AWz + A1), z(t_)=0, r=1,N,
% = A(t)z+ B(t), z(t_,)=0,r =1, N,
% =AMz + f(1), z(t )=0,r=1,N,

by using Runge-Kutta method of the 4-th order, we find the values of the (nx n)-matrix a (4, 1),
ay(B,f), and n-vector ar(f,f) on{t ,t}, r=1N.

III. Construct the system of linear algebraic equations with respect to parameters

O'(AA=-F'(A,), AeR"™, h =(h h,,...,h,). (25)

Solving the system of algebraic equations (25) we find A eR™.
IV. To define the values of the approximate solution at the remaining points of the set {z .,z }, we

solve the following Cauchy problems by applying the Runge-Kutta method of the 4-th order

d -

j); = A(t)x+BOA + 1), telt,,t), x(t)=x", (26)
dx . _ _
= ADOx+BOA + f(@), telt_,t), xt. )=A, r=2,N . 27)

To illustrate the proposed method for control problem (1)-(3) we consider the following example.
Example. Consider the control problem for differential equations with parameter:

dx

= Alt)x+BOu+ f(t), t 0], xe R?, (28)
x(0) = x", (29)
x(1) =x', (30)

t t+4 t+1 1 —t =4+ + 2t -1 1 2
where A(;): . ,B(t): * S = ! . ! tt +20-18 , x° = » x' = )
2t 7 t 2t -9 —9¢* +12r - 23 3 2

In this example, the matrix of the differential part is variable and construction of a fundamental
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matrix breaks down. We use the numerical implementation of the algorithm proposed. We provide the
results of the numerical implementation of the algorithm by partitioning the subintervals [0,0.5], [0.5,1]

with step hl = h2 =0.05.

Solving the system of equations (20) we obtain the numerical values of the parameters

e 1.9997698 e 1.500072
"1 5.000474 ) T (2.1249704)

We find the numerical solutions at the other points of the subintervals applying the Runge-Kutta
method of the 4th order to the following Cauchy problems:

d )

L= Ay, + BOA + 1), t{o, 1), x,(0) = x',

dt 2

dx, ; 1 N

= A(t)x, + BOA + £ (D), te[, 1} xz(jzgg.
dt 2 2
* * * 2
The exact solution of the problem (28)-(30) is a pair (& ,x (¢)), where u" = 5|
() rrl t0,1]
x'(t)= , tel0,1].
£ =2t+3

The results of calculations of numerical and exact solutions at the partition points are presented in the
following table:

. %, () £ %, (1) £
(numerical solution) ! (numerical solution) :
0.05 1.050012 1.05 2.900125 2.900125
0.1 1.1000233 1.1 2.8009992 2.801
0.15 1.1500338 1.15 2.7033727 2.703375
0.2 1.2000432 1.2 2.6079955 2.608
0.25 1.2500516 1.25 2.5156176 2.515625
0.3 1.3000587 1.3 2.426989 2427
0.35 1.3500644 1.35 2.3428599 2.342875
0.4 1.4000686 1.4 2.2639803 2.264
0.45 1.4500712 1.45 2.1911004 2.191125
0.5 1.500072 1.5 2.1249704 2.125
0.55 1.5500709 1.55 2.0663403 2.066375
0.6 1.6000679 1.6 2.0159606 2.016
0.65 1.650063 1.65 1.9745814 1.974625
0.7 1.7000563 1.7 1.9429532 1.943
0.75 1.7500478 1.75 1.9218265 1.921875
0.8 1.800038 1.8 1.9119519 1.912
0.85 1.8500272 1.85 1.9140803 1.914125
0.9 1.9000163 1.9 1.9289631 1.929
0.95 1.9500066 1.95 1.957352 1.957375
1 2 2 2 2
~ _ Ak ~
H, = ﬂ’n M, Hy = 112 iy
(numerical solution) (numerical solution)
1.9997698 2 5.000474 5

For the difference of the corresponding values of the exact and constructed solutions of the problem
the following estimate is true:

max ||u” - Ji|| < 0.0002,
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max
j=0,20

x(¢,)-%(t, ) < . &=0.000072.
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A.C. I[mymaﬁaenl’z, 3.A. Bakuposa'?, ’K.M. Kagup6aepa'?

'*MartemaTHKa XoHe MaTeMaTHKAIBIK MOJIENbICY HHCTHTYTHI, AnMaThl, Kasakcran;
% AKIapaTTHIK oHe eCeNTeyill TEXHOIOrHsUIap HHCTHTYTHL, Anvatsl, Kasakcran

IMAPAMETPI BAP JTUOO®EPEHIIUAJIIBIK TEHAEYJIEP YIIIH
BACKAPY ECEBIH HIEITY AIH BIP AJITOPUTMI TYPAJIbBI

Annoranus. IllexTenren apanbikra mapameTpi 0ap ChI3BIKTHI Kol audhepeHIHaNAbIK TCHILY YIIiH 0acKapy
ecebl KapacThIpbUIabl. ApPaJBIKTBI 06y MEH KOCHIMIIA MapameTpiep €HIi3y apKblIbl KapacThIPBbUIBII OTBIPFaH
CBI3BIKTBI Oackapy eceOi mapameTpsiepi Oap SKBHBAJICHTTI KOMHYKTENI INETTIK ecenke Kearipiuteni. Exrizinrex
napaMmeTpIiepi aHbIKTay YINiH HISNIMHIH IKi OeJlikTey HYKTENEpiHiH Y3UICCI3MIK IIapTTapbIMEH LIETTIK MIapT
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naiinananemanel. [lapameTprepain OexiTinreH MoHiHIE kol auddepernnanaslk Tegaeynep ymin Kommu ecenrepi
memnrireni. Komu ecentepiniy menriMaepid METTIK MapTKa )KoHE MISHIMHIH Y31UTICCI3OiK mapTTapblHa KOKO apKbLUTBI
SHTI3UITeH TapaMeTpiiepre KaTBICTBl CBI3BIKTHIK anreOpaiblK TeHAEyNep Kyheci Kypsuiamel. OCBl KYHEHiH
HIeMTiMIir 0acrankel Oackapy eceOiHiH memriMiHiH 6ap 6onyblH KamTamachi3 etelli. ChI3bIKTBIK allreOpasibik
TEHJIEYJIep JKYHWECIHIH HIenIiMi kol AudQpepeHIraIIbplK TeHaeyIep YUIIH 1IIKI WHTepBalJarbl MATPHLAIBIK KOHE
BekTopabK Komm ecentepiniy menriMaepi KeMeriMeH Ky3ere achlpbiiajibl. bacTankel 0ackapy eceOiHiH MIeniMiH
TaOynblH kol nuddepeHunanaplk TeHaeynep ymidn Komu ecenrtepiH mienmiyre apHajiraH TepTiHIII peTti PyHre-
KyTTaHbIH 9J1iCiHE HEri3/IeNITeH CaH IBIK 9J1iC1 YChIHBLIA bI.
Tyiiin ce3nep: napamerpi 6ap merTik ecer, TUPpPepeHIHANIBIK TEHACY, MEMUTIMALTIK, alTOPUTM.

A.C. I[mymaﬁaenl’z, J.A. Bakuposa'?, ’K.M. Kagup6aepa'?

"“HHCTHTYT MaTeMaTHKH M MATEMATHYECKOTO MOJETHPOBaHus, AnMathl, Kazaxcran;
" HHeTHTYT HHOPMALIMOHHBIX 1 BHIYMCIIMTEIBHBIX TEXHONOTHI, AnMaThl, Kazaxcran

Ob OJHOM AJI'OPUTME PEHIEHUSA 3AJJTAYH YIIPABJIEHUSA
JJISI AN ®PEPEHIIMAJIBHBIX YPABHEHU C IAPAMETPOM

AnHoranusi. Ha orpaHuueHHOM OTpe3ke paccMaTpHBaeTCs 3ajaya YIpaBieHHs JUisl  JIMHEHHOTO
00BIKHOBEHHOTO UG (DEPEHIINATHFHOIO YPaBHEHHS, COMIeprKaIlero mapamMerp. PazdoueHneM WHTEpBaJia U BBEICHHEM
JIOTIOJTHUTEIBHBIX I1apaMeTpoB paccMaTpuBaeMas JIMHEIHas 3ajava yNpaBiIeHUs CBOAUTCS K OSKBUBAJICHTHOM
MHOTOTOYCYHON KpaeBoi 3amaue ¢ mapamerpamu. Jis omnpeneneHus BBEICHHBIX apaMeTpOB HCIOIb3YIOTCS
YCIIOBUSI HENPEPHIBHOCTH PEUIEHHs] BO BHYTPEHHHUX TOUYKaxX pa3OMeHHst U KpaeBoe ycnosue. [Ipu puxcupoBaHHBIX
3HAYCHUAX I1apaMeTpoOB pelarorcs 3agayd Komm st OOBIKHOBEHHBIX JH((GEpeHIUATbHBIX YpaBHCHUH.
[MoxcTaBisis penieHus 3axad Koy B KpaeBoe yCIIOBHE M YCIIOBUS HENIPEPHIBHOCTH PELICHHS COCTABIISIETCS CHCTEMa
JTUHEWHBIX anreOpandecKuX ypaBHEHHH OTHOCHTEIHFHO BBEACHHBIX IapaMeTpoB. Pa3pemmMocTh 3TOW CHCTEMBI
o0ecrieunBaeT CyIIECTBOBaHHE pEIICHUS MCXONHOW 3agaud ynpasieHus. HaxoxaeHue cHCTEMBl JHMHEHHBIX
areOpanyeckux ypaBHEHUH OCYLIECTBIISETCS C IOMOLIBIO PELICHWI MAaTPUYHBIX M BEKTOPHBIX 3amad Komm s
OOBIKHOBEHHBIX AU(depeHIanbHbIX ypaBHEHUH Ha MOXuHTepBanax. [Ipennaraercs YMCICHHBIA METOX PELICHUS
WCXOJHOM 3a7ia4M yIpaBJIeHHs, OCHOBaHHBIH Ha Meroje PyHre-Kyrra uerBeproro mopsika [uisi pelieHus 3aaad
Ko 00bIKHOBEHHBIX T depeHIHanbHbIX YpaBHEHUH.

KaloueBble cioBa: KkpaeBas 3azada ¢ mnapamerpoM, auddepeHnnansHoe ypaBHEHHE, Pa3peLIMMOCTb,
AITOPUTM.
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WELL-POSEDNESS OF A NONLOCAL PROBLEM
WITH INTEGRAL CONDITIONS FOR THIRD ORDER
SYSTEM OF THE PARTIAL DIFFERENTIAL EQUATIONS

Abstract. The nonlocal problem with integral conditions for the system of partial differential equations third-
order is considered. The existence and uniqueness of classical solution to nonlocal problem with integral conditions
for third-order system of partial differential equations are studied and the method for constructing their approximate
solutions is proposed. Conditions of an unique solvability to nonlocal problem with integral conditions for third
order system of partial differential equations are established. By introduction of new unknown functions, we have
reduced the considered problem to an equivalent problem consisting of a nonlocal problem with integral conditions
and parameters for a system of hyperbolic equations of second order and a integral relations. We have offered the
algorithm for finding approximate solution to investigated problem and have proved its convergence. Sufficient
conditions for the existence of unique solution to the equivalent problem with parameters are obtained. Well-
posedness of the nonlocal problem with integral conditions for third order system of partial differential equations are
established in the terms of well-posedness to nonlocal problem with integral conditions for system of hyperbolic
equations second order.

Key Words: third order partial differential equations, nonlocal problem, integral condition, system of
hyperbolic equations second order, solvability, algorithm.

1. Introduction. In recent years, there has been a great interest to a nonlocal problems for third order
partial differential equations and systems. Such problems are appeared in the mathematical modeling of
various natural science processes [1-9]. A lot of many works devoted to the investigate of various
problems for third order partial differential equations with two independent variables, bibliography and
analysis can be see in [1, 2, 5, 7-9]. The third order system of partial differential equations began to be
studied relatively recently [5, 7-9].

In the present paper we consider the nonlocal problem with integral conditions for third order system
of partial differential equations at a rectangular domain. We investigate the questions of existence and
uniqueness of the classical solution to nonlocal problem with integral conditions for third order system of
partial differential equations and its applications. Some types of initial-boundary value problems for third
order system of partial differential equations are considered in [7-9].

Methods. For solve to considered problem we use a method of introduction additional functional
parameters [10-32]. The original problem is reduced to an equivalent problem consisting from nonlocal
problem with integral conditions for system of hyperbolic equations second order, containing functional
parameters and integral relations. Sufficient conditions of the unique solvability to investigated problem
are established in the terms of unique solvability to nonlocal problem with integral conditions for system
of hyperbolic equations. Algorithms for finding of approximate solution to the equivalent problem are
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constructed. Well-posedness to nonlocal problem with integral conditions for third order system of partial
differential equations are established in the terms of well-posedness to nonlocal problem with integral
conditions for system of hyperbolic equations second order.

2. Statement of problem. At the domain Q=[0,7]x[0,@w] we consider the following initial-

boundary value problem for the special system of partial differential equations

O = A(t, ) O 2+ B, )82

+C(t, x)—+D(t )%JrE(t,x)quf(t,x), (t,x)eQ, (1)

otox”
16, )Md —p(x). x[0,0]. @
0 u(t,0) =y, (1), t €[0,T], 3)
jP(r 5)%5 v (1), t[0,T], @)

where u(t,x) = col(u,(t,x),u,(t,x),...,u,(¢,x)) is unknown function, the nxn -matrices A(Z,x),
B(t,x), C(t,x), D(t,x), E(t,x) and n-vector function f(#,x) are continuous on €, the nxn -
matrix L(¢,x) is continuous and continuously differentiable by xon Q, the n-vector-function @(x) is
continuously differentiable on [0, ®], the nxn-matrix P(¢,x) is continuous and continuously
differentiable by ¢ on Q, the n-vector-functions y/(¢#) and y,(¢) are continuously differentiable on
[0,7].
ou(t, x)

A function u(z,x)e C(Q,R") having partial derivatives p e C(Q,R"),
X
2 2 3
Mt o, RM, %e c@.ry, 24ED g rry, 8@? ) ¢ CQR") is called
x t e

a classical solution to problem (1)--(4) if it satisfies system (1) for all (¢,x) € 2, and integral and initial
conditions (2), (3) and (4).

We investigate the questions of existence and uniqueness of the classical solutions to nonlocal
problem with integral conditions for system of partial differential equations of third order (1)--(4) and the
approaches of constructing its approximate solutions. For this goals, we applied the method of
introduction additional functional parameters proposed in [10-32] for the solve of nonlocal boundary
value problems for systems of hyperbolic equations with mixed derivatives. Considered problem is
provided to nonlocal problem with integral conditions for system of hyperbolic equations of second order,
including additional functions and integral relations. The algorithm of finding the approximate solution of
the investigated problem is proposed and its convergence proved. Sufficient conditions of the existence
unique classical solution to problem (1)--(4) are obtained in the terms of unique solvability to nonlocal
problem with integral conditions for system of hyperbolic equations second order.

3. Scheme of the method and reduction to equivalent problem.

ou(t,x)

We introduce a new unknown function v(z,x)= and re-write nonlocal problem with

integral conditions (1)--(4) in the following form
o0%v
Otox

:A(t,x)%+B(t,x)%+C(t,x)v+D(t,x)%+E(t,x)u+f(t,x), (t,x)eQ, (5

J-L(r, xv(r,x)dr =p(x), x [0, o], (6)

— 34 ——
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j P(t, &V, E)E =y, (1), 1 €[0,T], ()

ou (t x)

u(t.x) =y (0 + j Wt E)dE, V() + j Mgg e ®

Here the condition (3) is taken account in (8).
A pair functions (v(z,x),u(t,x)), where the function v(z,x) € C(€,R") has partial derivatives

2
XY R, av(aft;x) e C(Q,RY), &;’x) € C(Q,R"), the function u(z,x) € C(Q, R") has
X
2
partial  derivatives oult, x) e C(Q,R"), out, x) eC(Q,R"), % e C(,R"),
X t X
2 3
% C(Q,R"), 0 u(t x) € C(Q,R"), is called a solution to problem (5)--(8) if it satisfies of
tox

the system of hyperbolic equatlons (5) for all (¢, x) € 2, the boundary conditions (6), (7), and the integral
relation (8).
At fixed u(¢,x) the problem (5)--(7) is the nonlocal problem with integral conditions for the system

of hyperbolic equations with respect to v(,x) on €. The integral relations (8) allow us to determine the

. . . ... ou(t,
unknown functions u(#,x) and its partial derivative % forall (z,x) e Q.
t

4. Algorithm for finding of the approximate solution to problem (5—(8).
The unknown function v(¢,x) will be determined from nonlocal problem with integral conditions for

ou(t,x)
ot
will be found from integral relations (8). If we known the function u(z,x) and its partial derivative

ou(t,x)

system of hyperbolic equations (5)--(7). The unknown function u(z,x) and its partial derivative

, then from nonlocal problem with integral conditions (5)--(7) we find the function v(,x).

ov(t,x)
0

Conversely, if we known the function v(¢,x) and its partial derivative

ou(t, x)
ot

, then from integral

relations (8) we find the function u(#,x) and its partial derivative . Since the functions u(z,x)

and v(¢,x) are unknowns together for finding of the solution to problem (5)--(8) we use an iterative
method.

The solution to problem (5)--(8) is the pair functions (v'(z,x),u"(¢,x)) we defined as a limit of
sequence of pairs (v<k)(t, x),u(k) (t,x)), k=0,1,2,..., according to the following algorithm:
ou(t, x)

ot

nonlocal problem with integral conditions (5)--(7) we find the initial approximation v (t,x) and its

Step 0. 1) Suppose in the right-hand part of system (5) u(t,x) =1, (?), W, (t), from

partial derivatives for all (¢,x) € Q;

2) From integral relations (8) under v(¢,x) =v* (£, x), , we find the functions

ov(t,x) v\ (¢, x)
ot ot

ou'®(t,x)

u'”(t,x) and forall (¢,x) e Q.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

ou(t,x) _ ou'”(t,x)
ot o
from nonlocal problem with integral conditions (5)--(7) we find the first approximation v(l)(t,x) and its

partial derivatives for all (¢,x) € Q.

Step 1. 1) Suppose in the right-hand part of system (5) u(t,x) =u'"(t,x),

, we find the functions

ov(t v (¢
2) From integral relations (8) under v(¢,x) = v (¢,x), V(a; *) =& (¢, %)

ou (t,x)
ot

u(t,x) and forall (¢,x)e Q.

And so on.
Step k. 1) Suppose in the right-hand part of system (5) u(t,x)=u""(t,x),

ou(t ou V(¢
ut,x) _ou” (tx) , from nonlocal problem with integral conditions (5)--(7) we find the k-th

o at
approximation v*)(¢,x) and its partial derivatives for all (,x) € Q:
2™ ) v(k) ukD
P = A(t, x) + B(t, x) +C(t, x)vY + D(t, x) +Ex)u* "+ f(t,x), (t,x)€Q, (9)
jL(r,x)v“”(r,x)dr:(p(x), xe[0,0], (10)
0
[P@,ew P, 6)de =y,(0), te[0,T]. (11)
0

ov(t,x) v (¢, x)
ot ot

2) From integral relations (8) under v(z,x) = v (¢,x), , we find the function

ou™ (t, X)

u®(t,x) and forall (z,x) e Q:

u (6,3) =y (0)+ j W gyag, 2D

k=123,....

5. The main result.
Consider nonlocal problem with integral conditions (5)-(7) at fixed u(¢,x). Then nonlocal problem

with integral conditions for system of hyperbolic equations can be have the following form

X A,(0)
0(t)+j%d§,(t,x)e§2. (12)

0

;;; - A(r,x)% + B(t,x)% +C(t, X)W+ F(t,x), (t,x)eQ, (13)
'[L(r, x)v(r,x)dr =p(x), x €[0,w], (14)
[P, 6)dE =y, (), te10,T], (15)

where n-vector function F'(¢,x) is continuous on Q.

The following theorem gives conditions of feasibility and convergence of the constructed algorithm
and the conditions of the existence unique solution to problem (5)--(8).

Theorem 1. Suppose that

i) the nxn-matrices A(t,x), B(t,x), C(t,x), D(t,x), E(t,x), and n-vector function f(t,X)
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are continuous on Q) ;
ii) the nxn-matrix L(t,X) is continuous and continuously differentiable by xon Q; and the n-

vector-function @(x) continuously differentiable on [0, @],
iii) the nxn -matrix P(t,x) is continuous and continuously differentiable by t on Q ; the n-vector-

Sunctions y,(t) and y (t) are continuously differentiable on [0,T];

iv) Nonlocal problem with integral conditions for system of hyperbolic equations (13)--(15) has a
unique classical solution.

Then equivalent nonlocal problem for system of hyperbolic equations with integral conditions and
parameters (5)—(8) has a unique solution.

Proof. Let the conditions i) - iv) of Theorem 1 are fulfilled. By the algorithm, proposing above, on

0™ step we have
82 (0) (0) av(0>
ton Alt, ) + B(t, x)

+C(t, x)V + D(t, X)Wy, (t) + E(t, X))y, () + f(t,x), (£, x) € Q, (16)
IL(T, v (z,x)dr = p(x), x€[0,w], (17)

[PV (1,6)dE =y, (1), te[0,T]. (18)

Since condition iv) is valid, problem (16)—(18) has a unique classical solution y (t,x) and the
following inequality holds

max{max rnax”av( 't x)” ”6\}(0) (t,x)”j <
(t,x)eQ) (z x)eQ) ox H (t, x)eQ ot
< K(x) max( tInOa])"(”l//l xe[0,0] r;n?)g(z‘ ) ’

where the function K(x) is continuous on [0, @], positive and independent on functions f(¢,x), w,(¢),
@(x), FO(t,x) = D(t, )y, (t) + E(t, x)y, ().
ou'®(t,x)
ot
ou'’ )(t x)

Initial approximations u® (t,x) and are determined by the following form

(0)
0(t)+_[%d§, (t,x)eQ. (19)

u®(t,x) = %m+j@a@ﬁ

ou'®(t,x)

Then functions #'” (¢, x) and satisfy the estimate

ou'” (¢, x)
ot

max

max(maxu Oz, x)|,
te[0,T]

t€[0,T

,g[loa};<]||l/?o(t)||j+

J < max(trel[loa,l;(]”t//o

v (,€)
ol

For kth approximations determined by relations (9)—(12), we have

G5 [N S x>||]<

o | = N

tel0,T teOT

+jfmax[max” O, &), m

, max
(t x)eQ

ma){ max|v
(2,x)eQ
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<K(x) maX(({l}% /0], maxy, (0], max ()], max ) (20)
max max” ©(t, x|, maxM <max(max|| max” (t)||)
1€[0,T] t€[0,T] ot 1€[0,T Vo Vo
x Je ® .
+Jmax(gloazzi‘ “(t,&)|,m max - 8(; g)H}d@ 21)
0

ou* (¢, x)

where F*7(¢,x) = D(t,x) +E@t,x)u" " (t,x).

v (¢, x) B v (¢, x)

Let A (8, x) =vE (1, x) v (8, x), AV (8, x) =
ox ox

v (1, x) B v (t,x)

AV (t,x) = , AuP(t,x) =u V(@ x) —uP (8, x)
V(1 x) Py Py (t,x) (t,x) (t,x)
(k+1) (k)
Aub (g = O _uT X oy
ot ot

Then, for differences Av'¥(¢,x), A v®(t,x), Av® (t,x), Au® (¢,x), Au®(z,x) are valid the
following inequalities

max( max | Av* , max|A v , max ®, x)”) <
(t,x)eQ (t x)eQ) (t x)eQ]
< K(x) max( max , max * D, x)”j , (22)
(t,x)eQ (t,x)eQ]

(k) (k) (k) (k)
rnax(g[l()a;(HAu (t,x)|, 2[102173”A u(t, x)‘D Imax(trenoa;(HAv @), trer[l()a%‘ (t, 5)”)0’95. (23)
From estimates (20)—(23) is follows
max(maXHAu”‘)(t x)|, max ®t, )H) < [Kx (max Av(o)(t,x)‘ max ||A,v ),
t€[0,T t€[0,T] (t,x)eQ (t,x)eQ

where K = max K(x).

xe[0,m]

. . 0 8u(k)(t,x)
Hence, we obtain the uniform convergence of the sequences {u (t, x)} and T to

. ou"(t,x )
functions u” (¢, x) and #) on Q| respectively, as k — o,

v (t,x v (t,x
Then the sequences {v“‘)(t,x)} ) {% , and # also will be convergent to
X

ov' (¢ ov' (¢
V() ()

ox ot
The uniqueness of solution to problem (5)—(8) is proved by contradiction.

Theorem 1 is proved.

From equivalence of problem (1)—(4) and (5)—(8) follows the following assertion.
Theorem 2. Suppose that the conditions i) - iv) of Theorem I are fulfilled.
Then nonlocal problem with integral conditions for third order system of partial differential

functions v* (¢, x), on Q, respectively, as k — o .
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equations (1)--(4) has a unique classical solution.

Conditions of Theorem 1 are sufficient of the well-posedness to nonlocal problem with integral
solutions for third order system of partial differential equations (1)—(4).

Funding. This results are partially supported by grant of the Ministry education and science of
Republic Kazakhstan No. AP 05131220 for 2018-2020 years.
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YIK 517.951
MPHTU 27.31.15
A.T. AcaHOBal, B.K. A1uxanosa’ , K.)K.Ha?sapolaa2

'MHCTHTYT MaTeMaTHKH i MaTeMaTHYECKOr0 MoIenupoBanus, Anmarsl, Kasaxcran
*Mexaynaponusiii Kazaxcko-Typeuknit yausepcuter uM. X.A Sccasu, Typkecran, Kazaxcran

KOPPEKTHAS PASPEIIMMOCTD HEJTOKAJIbHOM 3AJIAYM
C UHTET'PAJIBHBIMH IS CACTEMBbI IU®DEPEHIIUAJIBHBIX YPABHEHUI
B YACTHBIX ITPOU3BOJHBIX TPETBEI'O ITIOPAJKA

AHHoTanus. PaccMaTpuBaeTcs HeNOKaJIbHAS 3a/ladya C MHTErPAIBGHBIMU YCIOBUAMU IJIsL cucTeMbl 1uddepen-
[IUAJIBHBIX YPAaBHEHHH B YacCTHBIX NPOU3BOAHBIX TPEThEro Hopsaka. MccrmenyroTcss BONPOCH! CYLIECTBOBAHHSA U
€/INCTBEHHOCTH KJIACCHYECKOI'0 PEIleHHs] HEJIOKAIbHOM 3ajauu Uil cUCTeMBbl Au(epeHIUaIbHbIX YpaBHEHUH B
YaCTHBIX IPOU3BOJHBIX TPETHETO IMOPSJIKA M IPEIJIAraroTcsi METOJbl MOCTPOSHUSI MX NPHOJIMKEHHBIX pPEIeHUH.
YcraHOBIIEHBI YCJIOBUSI OJAHO3HAYHOW Pa3pelIMMOCTH HEJIOKAIBbHOW 3a/1add Ui cUcTeMbl JTuddepeHmanbHbIX
YpaBHEHUH B YaCTHBIX NPOWU3BOJIHBIX TPEThEro mnopsaka. IlyremM BBeneHHMs HOBOM HEW3BECTHOH (yHKUIMH
uccienyemasl 3ajada CBelEeHa K DKBUBAJICHTHOM 3ajade, COCTOALIEH M3 HENOKAIbHOW 3a/1aud Uil CHCTEMBI
rUNepOOINYECKUX YPaBHEHUH BTOPOTO MOPSIKA ¢ HHTEIPATGHBIMU YCIOBHAMH U (DYHKLIHOHAIBEHBIMU NTapaMeTpaMu
U MHTEIPAIBHOTO COOTHOIICHUA. [IpeyioxkeHbl alropUTMbl HAXOXKICHUS MPUOIVKEHHOTO PELICHHsT HCCIe yeMOon
3aJ1a4d M JJOKa3aHa MX CXOOMMOCTb. [10JydeHBl JOCTAaTOYHBIC YCIIOBHUS CYLIECTBOBAHMS CJHMHCTBECHHOTO PELICHHS
SKBHBAJICHTHOW 3aauul ¢ Iapamerpamu. KoppeKkTHas pa3pellMMOCTh HEJOKaJbHOW 3aJadd ¢ HHTErpajJbHBIMU
YCIOBHAMH I CHCTEMbI Ju(depeHInanbHBIX YPAaBHEHHH B YACTHBIX POU3BOAHBIX TPETHETO MOPSAKA IONY4YEHbI B
TEepPMHUHAX KOPPEKTHOM pa3pelIMMOCTH HEJNOKAJbHOW 3alaudl C HMHTErPajJbHBIMH YCIOBHSAMH JUII CHCTEMBI
THIIEpOOJIMUECKUX YPAaBHEHHH BTOPOTO HOPSIKA.

KnaioueBbie ciaoBa: nuddepeHnuanbHOoe ypaBHEHHE B YAaCTHBIX IPOW3BOJHBIX TPETHEro IOpsKa, HeEJo-
KaJlbHasl 3a/la4a, MHTErpaJIbHOE YCIIOBHE, CHCTeMa TUIepO0IMYECKUX YPaBHEHHH BTOPOTo MOPsAKa, Pa3pelIMMOCTb,

— 4) ——
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'Maremartika 5KoHE MaTEMATHKANBIK MOJ/ICY HHCTHTYTHI, AnMaThl, Kasakcran
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YIITHIT PETTI AEPBEC TYbBIH/bL/IbI JU®PEPEHIUAJIIBIK
TEHAEYJIEP )KYUECI YHIITH AHTETI'PAJIIBIK IHAPTTAPBI BAP
BEWJIOKAJI ECEIITIH KOPPEKTIJII IHEINIJITMALJIITT

AnHoTanus. YIIiHII peTTi nepOec TYBHABUIB U GEepeHINaNAbIK TeHACYIep KYyHecl YIIiH HHTETPaabIK
mrapTTapsl Oap Oeiyiokan ecen KapacThIpbUTaAbl. YIIHIN perTi AepOec TysIHABUTE OudQepeHInanIsK TeHIeyIep
Kyitecl yiuiH OeisIoKall ecenTiH KJIACCHUKAIBIK IISIIIMIHIH 0ap OO0Jybl MEH >KaJFbI3/IBIFBl MOcelelepi 3epTrelie/i
MOHE OJIAPJIBIH JKYBIK IISIIIMAEPIH TYPFbI3y dJicTepi YChIHBUIA/bI. Y UIIHIIN perTi aepOoec TybIHAbUIB quddepeH-
LUAJIBIK TEHJEYJIep Kyiecl YUIH HHTerpajblK MIapTTapbl Oap Oeiiokan ecenTiH OipMOH/I MICHIITIMIITiHIH
mapTrapsl TaradbiHaanraH. JKaHa Oenrici3 (yHKUMsSI €HIi3y apKbUIbl 3€pPTTENINl OTBIPFAH €Cell T'MIepOOoJIalIbIK
TEHJICYJIEp XKYHeCl YIIH MHTerPaIBIK MapTTaphl KOHE HapameTpiiepi 6ap OCHIOKan eCenTeH KOHE MHTEIPAIIBIK
KaTbIHACTaH TYpPAThIH Iapa-liap €celKe KeNTipiareH. 3epTTeNil OTBIpFaH €CeNTIH JKYBIK INeIiMiH Taly
AITOPUTMICP] YCHIHBUTFAH JKOHE OJNap[blH >KUHAKTBUIBIFBI JonenneHreH. [lapamerprepi Oap mapa-map ecenTiH
JKQJIFBI3 LIENIMiHIH Oap OOJyBIHBIH JKETKUIIKTI NIapTTaphl ajiblHFAH. YIIHII peTTi JepOec TyBIHIBLIBI
mupdepeHIMaNabK TEeHACYIep dJKyieci YIIIH WHTETPaNOBIK IIapTTapel Oap Oeiiokam ecenTiH KOppEeKTiT
MISIIUTIMAIITIHIH [MapTTaphl eKiHIII PeTTi TUMepOOIalbIK TCHALYIep KYHeci YIIiH WHTeTpaAblK MIapTTapsl 0ap
OeiIoKal ecenTiH KOPPEKTUTl MEemiTIMIUTIT TEepMUHIHAE ATBIHFAH.

Tyitin ce3mep: yuwinmii perrti aepbec TybIHIbUIbI quddepeHnnanapK TeHaey, Oeinokan ecen, HHTerpalAbIK
LIAPT, eKIHIII PETTi TUIepOOIaIbIK TEHISYNIEp Kyiecl, HIEMTIMIUTIIK, alrOpUTM.
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THE PROBLEM OF THE OSCILLATION
OF THE ELASTIC LAYER BOUNDED BY RIGID BOUHDARIES

Abstract: In the case of harmonic oscillations of a cylindrical shell, the phase velocity is expressed in terms of
the frequency of natural oscillations freely supported along the edges of the shell, and therefore, the study of waves
in plane and circular elements has the most direct relation to the problem of determining its own forms and
oscillation frequencies shells finite length. Below let us consider some problems of oscillation of an elastic layer
bounded by rigid boundaries under the influence of a normal or rotational shear stress. The solutions of the problems
under consideration are obtained by using integral transformations by the coordinate.

Key words: harmonic oscillations, cylindrical shells, phase velocity, frequency, eigenvibrations, Bessel
function, wave, anisotropic, layer.

First we consider the problem for a half-space under the assumption that the half-space z >0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axisz),  and the surface of

which at the moment ¢ = 0 impulse voltage applied &, = —f (r,t).
Because of the symmetry of the mechanical properties of the medium relative to the axis z of the
unique nonzero component of the displacement vector U, (r,z,t), only the voltage &, and &, the ones

determined by formulas

or r

oU 6]

-C 0

é:zO 66 62

The equation of motion reduces to one
0&, 050 26, _ 0T,

r + r + r0 2
o e r Per @

Substituting the expressions for &, and &, from relations (1) into equation (2), we bring it to the

form:

0V, 10U, U, .0U,_ 12U,
o’ ror 1 oz b or

3

where

— 4y ——
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b? :ﬂ- },2 — %
P Cu
If the half-space is isotropic, then ¥ =1 and b = \/Z .
Yo
The boundary conditions for U, have the form:
Eo=—f(rt)atz=0, >0 4)
Uy—>0atz—> (5)

The initial conditions of the problem are zero, i.e.

_9U,
ot

U, =0 at 1=0 (©6)

The solution of equation (3) for the boundary (4) - (5) and the initial conditions (6) will be sought, by
applying the Laplace transform#. Assuming that

o0

U(r,z,p) = IUO(r, Z,t)ef‘"dt, Rep>0 7

0

Obviously, for the function U (r, z, p) we obtain equation

o°U 10U (1 p° , 0°U
—— =+ U+ =0 8
or* r or (rZ b’ 4 oz’ ®)
Moreover, U must satisfy the boundary conditions:
LU 7 GY:) S ©)
0z Ces
Uy—>0atz—> (10)
Where
folrp)= [ (role " a
0

The general solution of equation (8) is sought by the method of separation of variables (the Fourier
method) and has the form:

2 -z a2+p—2 z ozz+p—2
U(r,z,p)=J‘a Ala,ple 7V P +Bla,ple’’ P U, (ar)da. (11)
0

where A(a, p) and B (a, p) are determined from the boundary conditions (9) - (10) and from (10) it
follows that
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Bla, p) =0 (12)
Using the boundary condition (9), to determine A(a, p) we obtain the integral equation:

o 2
[ad(a, p)a + 2o (ar)da = f,(r, p) (13)
0 b C66

o0

Jo(r.p)=[afi(@, pV,(ar)da (14)

0

Suppose

Then

(e, p)

A(a,p)=—2 (15)
Ceer| @’ +Zz

Substituting expression (12) and (15) into formula (11), for U (r,z, p), we obtain the following
expression:

0 _Zz a2+L2
Ulr,z,p)= ’ j o\(a.p) J(arle "V ¥ da (16)
Cos o \/ : P
a’++-
b
Let us consider a special case, when
S p)= 242) (17)

In the case (17), the function

and (16)
IR AN (o S TR U (N | M Y E
U(F’Z’p)_CéG! o e Jy(or)dor= 66(00(17)1;[ {yzw yﬂl(i%[ }/2+r +7/H

where K|,/ is the Bessel function of the imaginary argument. Using the representations of the functions

2 2
Il(é’) and Kl(é'), for U(r,z, p), we find that

2 2

_r= e
U(r,z,p):b%—w e —eV (18)
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Turning expression (18) to p , for the sought quantity U, (r,z,t), we obtain expression

Uy(r,z,t)= Wiriﬁ(t—g){H(g—%j—H[g—% /;_iHZJ dé (19)
Where
1) =21

The resulting expression for U, (r,z,t) consists of two terms, the first term corresponding to a plane
wave propagating in a half-space with a velocity b and parallel to the plane z =0, and the second term
to a diffracted wave having the form of a semi-ellipsoid of revolution (hemispheres at ¥ =1) and in

contact with a plane wave on the axis of rotation at z = bz .
In addition, it follows from (19) that U, (r,z,t ) decaysin r as 1/r.

If the acting function f (r, t) is arbitrary, then we represent it in the form of a Schlemmich series:

rt %jz:;a] f’T(t) (20)
Where
. AR
(O==[110,0)+U[—2—aclqUu
wll)= [\ 100U —tds
AR
aj(t)=%J.Hcos(jU !ﬁdg dU;j=12,.. @1

For f (r,t)the form (20), the function f, (a, p) in formula (16) is equal to

@.p)= 2> a, (P () @

Where
ajo(p):jaj(p)ef‘”dt. (23)
0
Therefore,
N
0 o V4 »
U(r,z,p)—LZajo(p) ¢ - J (ar)da (24)
Cos 720 0 | 2
i P
b2

Turning (24) to p and applying the convolution theorem, we obtain
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U, (2, p) = chiémz:y’t_ﬂhzg) 25)
where
T(rz8)= bTJ(m)J[ b 2—%:|da 26)
y 7

We generalize the problem for an anisotropic layer of thickness 4. For z = A there can be two types
of boundary conditions:

1) r.,=—F(r,t) at z=nh
2) U,=0 at z=nh

If F (r, t) = 0, then condition (27) means that surface z =/ is voltages -free.

First we consider the problem when the boundary condition (27) is given for z =h.
The general solution of the problem still has the form (11), and

Ala, p)= B(a,p)+CLf1(a,p)

66

e
:2g fila,ple 7V —zfz(a,p) 29)
* sl{h a2+[72]
4 b

where f(a, p) is determined from equation (13), and £, (a, p) is determined from equation

F(r,p)= [ afs(a. pV,(ar)de (30)
0
Suppose
Fy(r,p)=0,
ie. fy(a,p)=0 and f(r,t)= f,(r.t).
Then
R P
o) bZ b2
Ulr,z,p)= ! %(p)z x : - +ehy — J,(ar)dex
2. P 2. P
ot [t | S
b
or

© ®© _z+2nh | 5 p M P
Uz p)=——3 2(p) 2 r+e Pt J(er)da @D
0

Calculating the quadratures by o in (31) and then reversing by p , for U, (r,z,t) we obtain the

expression:

— 46 ——
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Uy(rozt) = —2—3 jﬁ@—iﬁ{é—i%@ﬁki—

C66 n=0 | o

- [ nG-¢)Hm 5—%—r2+(iiﬁﬂLJ déb o
0 V4

+~4L—f{fﬂ@—fm{§+z‘2“+””ﬁ§—

vb

—Iﬂe—éﬁff—l—rﬂ+(z‘2%+1”J a¢ (32)

where
’1:{z+mm} Il:{—z+2@+&%}
1 wt |7 i
[§ ] is the integer part of the number &.

Formula (32) contains all flat and diffracted incident and reflected waves.
Similarly, the problem for the layer under boundary condition (28) is solved and we have

Uo(r,z,t): Z(—l) “f,(z_g)H[ Z+72nh }dg—

66n0

—jﬂ@—:ﬁf&—%-r2+(ii§ﬂj ag -
0 v

(33)

S (1) {ffl(f g 222 s 0y

r7/C66 n=0 ]/b

__[f1(t_f)H 5_% ,ﬂ2+(z_2(y$l)hJ dé
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A.XK. Ceiitmyparos', C.III Tiney6aii', C.K. Tokcanosa',
H.K. l/lﬁpaFI/IMOBaz, B.A. Z[ocmaﬂonl, M.K. Aiitnmos’

'KopxpiT ATa aTbinaarsl KbI3bLI0pa MEMIIEKETTIK YHHBEPCHTETI;
«bonamaky» yrusepcuteti, Koi3punopaa

KATAH INEKAPAJIAPMEH INEKTEJITEH CEPIIIM/II KABAT TEPBEJIICI KAMJIBI ECEIT

AnHotamms. [luimHnipmik KaOBIKMIATapIblH TapMOHHUKANBIK TepOermici sKarmalibiHaa (a3aublK KBUIIAMIBIK COJ
KaOBIKIIATap IbIH MICTIHE PKiH OCKITIITeH ©31HAIK )KHUITIK TCHICY1 apKbUIbl OPHEKTENC i, COHIBIKTAH JKAJIAK JKOHE aliHaIMAaIbl
AJIEMEHTTEPIH TEepOCNiCiH 3epTTECy TYNKUIIKTI Y3bIHJBIKTAFbl ©3IHIIK MINIHIEpI MEH TepOemic JKHUilire Tikeleil KaThICTHI.
Bepinren TeMeHaeri ecenTe KalbIThl HEMECE aiHaIMaibl Kepily KepHeyi jkariaiblHAa, KaTaH Ierapaga UIeKTeIreH ceprimi
KabaT TepOetic TeHACY Iepi KapacThipbliaabl. KapacThIpbulaThiH €CenTi LISy MaceleIepail enimMaepi KoopanHaT OoibIHIIa
HMHTETPAIIABIK TYPJICHAIPY 9AICTEPiH KOJIAHY apKbUIbI albIHBI.

Tyitin: rapMOHHKaNBIK TepOeric, MMINHAPIIK KaObIKIIanap, (a3zanblK >KeUIIAMIBIK, KHALTK, ©31HOIK Tepoemic, beccenp
(YHKLUSCHI, TOJKBIH, aHH30TPOITHI, KAaTHAp

AJK. Ceiitmyparos', C.11I. Tuaey6aii', C.K. Toxcanosa',
H.K. I/IﬁparnMOBaz, B.A. I[ocmanonl, M.K. Aiitumos'

]KI;I3I>IJ'IOpIII/IHCKI/II71 rocynapcrBeHHbIl yHuBepcuTeT UM. KopKbIT ATa;
‘Yuusepcuret «bonamaky ,r.Kei3suiopaa

3AJAYA O KOJIEBAHHUMU YITPYT'OI'O CJI0S1 OTPAHUYEHHBIE )KECTKUMHU T'PAHULIAMU

AnHoTamus B ciyuae rapMoHMYecKHX KoJeOaHWH IMIMHIPUYECKOH 00070UKM (pa3oBasi CKOPOCTH BBIpaXKaeTcs depes
YacTOTy COOCTBEHHBIX KoyeOaHmii CBOOOZHO ONEpTOH IO KpasM OOOJOYKH, W IMOITOMY, HCCIEHNOBAHHE BOJH B IIOCKHX H
KPYTOBBIX DJIEMEHTaX MMEET caMoe NpPsSMOE OTHOIICHHE K MpoOJieMe ONpeAeNeHns] COOCTBEHHBIX (OPM U YacTOT KoyeOaHMi
000104eK KOHEYHOH JUIMHBEL. Huke paccMaTpuBalOTCS HEKOTOpBIE 33a1a4yd KOJIeO0aHHs YHIpPYroro CJos OrpaHHYeHbIE )KECTKUMU
IPaHMIAMM TIPU BO3JCHCTBMM Ha HEr0 HOPMAJIbHOTO MJIM BPAILATENbHOTO KacaTebHOTO HampspkeHus. Pernenus
paccMaTpHBaeMBbIX 3a/1a4 MOJIy4YeHBI C UCIIOIb30BaHUEM HHTETrPAIBHBIX NIPe0Opa30BaHUi 110 KOOPIMHATE.

KuroueBble cj10Ba: TapMOHHYECKas KojeOaHMs, IUIIHHAPUIECKIE 000JI0UKH, (a3oBasi CKOPOCTh , YacTOTa, COOCTBEHHAs
kosrebanust, GyHKIus beccens, BoJIHa, aHU30TPOIHBIN, CIOH.
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VERIFICATION OF RELIABILITY TECHNICAL DEVICES THROUGH
RESOLVING PROBABILITY OF FAILURE AND FAILURE

Abstract. This article describes the basic concepts and definitions of reliability theory and its applications to
problems of probability theory. Probability theory makes it possible to take into account the random nature of events
and processes occurring in the system, to form the mathematical foundations of the theory of reliability. The
problems on the probability of failure-free operation of the element are considered.One of the main tasks solved in
the course of operation and maintenance of technical devices is to ensure their reliable operation. The importance of
this problem is due to the complexity of modern technical devices and high values of operating loads (temperature,
pressure, humidity, etc.). Reliability refers to the ability of technical devices to perform specified functions,
maintaining their performance within the specified limits for the required period of time or the required operating
time in certain operating conditions.Reliability as a qualitative characteristic has always been taken into account
when solving various issues of operation and maintenance.

Keywords: failure, probability, technical devices, information system, reliability.

The functional quality of technical devices, including information systems, largely depends on their
reliability.

Information system is a complex software and hardware system, which includes ergatic (man-
machine) links, technical or hardware and software. Speaking about the reliability of the information
system, it is necessary to take into account its two components: the reliability of hardware and software
reliability. If the methods of research and ensuring the reliability of the technical (hardware) component
of information systems are similar to the corresponding activities of other technical devices, the software
differs from such a methodology. Thus, the study of these structures refers to the reliability of the
information, its correctness, correctness of its interpretation. We will note that further, speaking about
technical devices, we will mean, including, and hardware components information systems (computers,
the peripheral equipment, the switching equipment, the cable equipment, etc.).

These categories do not exclude, but complement each other, because in a complex system such as
information systems it is possible to provide the necessary level of reliability only taking into account the
peculiarities of its components. The most advanced initial technical characteristics of technical devices are
necessary, but insufficient conditions of high operational qualities of these devices. Initial characteristics
of technical devices show its potential technical capabilities. Important is the ability of technical devices
to maintain these characteristics throughout their life cycle or during operation [1].

The ability to maintain its original technical quality during operation is called reliability. This ability
depends both on the properties that were incorporated in the technical devices during the design and
manufacture, and on the intensity of operation, correctness and timeliness of maintenance.

Therefore, the physical meaning of reliability is the ability to maintain these properties, to resist
aggressive operational factors.

Reliability can act as an independent operational characteristic, and serve as a component of other
operational characteristics.
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One of the main tasks solved in the course of operation and maintenance of technical devices is to
ensure their reliable operation. The importance of this problem is due to the complexity of modern
technical devices and high values of operating loads (temperature, pressure, humidity, etc.).

Reliability refers to the ability of technical devices to perform specified functions, maintaining their
performance within the specified limits for the required period of time or the required operating time in
certain operating conditions.

Reliability as a qualitative characteristic has always been taken into account when solving various
issues of operation and maintenance. Quantitative determination of reliability appeared with the
emergence of the theory of reliability. Mathematical platform of reliability theory is probability theory
and mathematical statistics.

Indeed, failures in technical devices occur at random at unexpected times. This is typical even for
many similar devices manufactured at the same plant and put into operation at the same time. Despite the
single project, the same production technology-each of them has an individual ability to maintain its
original quality. Initially it seems that there is no regularity in the appearance of cracks. However, such a
pattern exists. It manifests itself when not one but many technical devices in operation are monitored.

As the main quantitative measure of reliability of technical devices, characterizing the regularity of
occurrence of failures in time, adopted the probability of failure-free operation.

The probability of failure — free operation is the probability that during a certain time of operation of
technical devices and in specified operating conditions failure does not occur. Since the occurrence of a
failure is a random event, the time of its occurrence t0 - is also a random event. Therefore, the probability
of failure-free operation:

p(t) =p(ty =1t)

where t is the specified operating time.
The probability of failure is the probability of the opposite event:

q(t) =p(to <1t)

But the event of failure and the reliability of event — opposite the essence of the event. Therefore,
according to the probability property of opposite events, it is possible to record[2]

p() +q() =1

In practice, estimates of these probabilities are determined. Let N - be the total number of the same
type of technical devices operated during time t . During this time N (t) the technical device worked
smoothly, and n(t ) — refused. Thus:

N = N(t) + n(t)

that is, after a time t the total number of both serviceable and failed technical devices is equal to the
original. The statistical probability of failure-free operation is determined by the expression

N(t)
* t) = —=
p*(t) N
a failure rate
n(t)
* t —
q*(t) N

Find the sum of these frequencies:

N(t) N n(t) _ N(t) +n(t) _ N

N N N oL

p’ () +q(0) =
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that corresponds to the theoretical conclusions. For the transition from p*(t) and q*(t) to p(t) and q(t) need

to take the limit relations of frequencies:

PO = m 5y
n()

10 =N

As N—oo cannot be achieved under this Declaration into practice can mean the whole Park is set on

the operation of the same technical devices.
It is obvious that over time the total number of failures in technical devices increases. Consequently,

q(t) increases and, hence, p(t) decreases. The curves that determine the nature of these changes are as

follows:

prel. git)

Puc. |. Xapakrep H3MeHeHHA KpHswx i) w g(t)

In practice, it is often necessary to determine the reliability of technical devices for some time interval
from ta to tb (for example, during the period of operation of this device), provided that it has already been
in operation for some time tb. The TDB of technical devices during the time (tb-ta), provided that it has

worked smoothly for ta hours, is determined by the conditional probability[3]

(tb_m)— ta > th
2 —— = p(ta = tb)

This conditional probability is numerically equal to the probability p (g) Indeed, the probability that

an object has not failed during the time (tb-ta), provided that it has run smoothly for ta hours, consists of
the probability of failure during ta hours and the probability of failure during the hours from ta to tb.

According to the concept of conditional probability,

th - ta th p(tb)
P(Foa )= v ()=
ta ta p(ta)

But p(tb, ta) is numerically equal to the probability that the technical device will run smoothly for tb

hours:
p(tb, ta) = p(tb)

Then
(Q) _ p(th)
ta)  p(ta)
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In private, this formula will take the form of

()~

Since
N N(tb
p'(ta) = ) =

Using the probability of failure p(t), it is possible to estimate the average number of elements or
devices of information systems (for example, computer networks or its periphery) n(t), which may fail
during the time interval At at the known operating time t[4]:

n(t) = Np(t) — Np(t + At)

where N — number of serviceable elements of information systems at the beginning of its operation.
Example. Reliability function
Reliability function R (t) is a function that determines the probability of failure of the element during
the duration of't:

P(T<t)=e™

A - is the failure rate (the average number of failures per unit time.
An example of solving the problem of the probability of failure of the element:
The duration of the uptime of an element has exponential distribution

F)=1-¢"""(t> 0).

Find the probability that during the duration of t=50 h:
a) the item will be denied;

b) element will not refuse,

c)find the reliability function

Task solution

a) Since the distribution function

F (t) = 1-e-0.01 t determines the probability of failure of the element during the duration of t, then
substituting t = 50 in the distribution function, we obtain the probability of failure:

F(50) =1 - "= 0,394,

b) events "element will refuse" and "element will not refuse" are opposite, so the probability that the
element will fail P = 1-0, 394 = 0.606.

The same result can be obtained directly using the reliability function, which determines the
probability of failure of the element during the duration of t:

R (50) =" = 0,606.

c) reliability function
R (1) ="

Example 1.1.0n a test set of 1000 of the same type of electron tubes. For 3000 hours refused 80
lamps. It is required to determine the probability of failure-free operation and the probability of failure of
electronic lamps within 3000 hours.

— 50 ——
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Decision. By formulas (1.1) and (1.2) we define

Ny —n(t) _1000—80

P(3000) = =0,92
N, 1000
~ n() 80
3000) = —~ =—— =0,08
Q(3000) N, 1000

or

0(3000)=1- P(¢)=1-0,92 = 0,08

Example 1.2. The test delivered 1000 of the same type of lamps. For the first 3000 hours of work
refused 80 lamps, and for an interval of 3000 h — 4000 h refused 50 more lamps. Determine the frequency
and failure rate of electronic lamps in the interval 3000 h-4000 h[5].

Decision. By formulas (1.3) determine the failure rate

G(3500)= A0 30
NyAt 10001000

=5-10 (1/h)

Determine the average number of working items in the interval

At.

N N; + Ny _ 920 +870

=895 (PC
Cp 2 ( S)

By the formula (1.5) we find the failure rate

N,,At  895-1000

Example 1.3. The test was 1000 samples of the equipment beyond repair. The number of failures was
recorded every 100 hours of operation (h). Data on failures are given in the table. 1.2. It is required to
calculate quantitative characteristics and to construct dependence of characteristics on time.

=5,6-107 (1/h)

Table 1.2 - The data on failures for example 1.3

0-100 50 1000 - 1100 15 2000 —2100 12
100 — 200 40 1100 - 1200 14 2100 —2200 13
200 —300 32 1200 — 1300 14 2200 —-2300 12
300 — 400 25 1300 — 1400 13 2300 — 2400 13
400 - 500 20 1400 — 1500 14 2400 — 2500 14
500 -600 17 1500 — 1600 13 2500 — 2600 16
600 — 700 16 1600 — 1700 13 2600 - 2700 20
700 — 800 16 1700 — 1800 13 2700 — 2800 25
800 — 900 15 1800 — 1900 14 2800 —2900 30
900 - 1000 14 1900 - 2000 12 2900 - 3000 40

Decision. The equipment belongs to the class of non-renewable products. Therefore, reliability

indicators are P(t), a(t), A(t), ]:-'O'
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Calculate P(¢). Based on the formula (1.1) we have

P(100) = Ny —n(100) _ 1000 -50 0095,
N, 1000
B(200) = No=7(200) _1000-90 _
N, 1000
B(3000) = Mo ~n(3000) _1000-575 _ o
N, 1000
To calculate the characteristics @(¢) and A(Z) apply the formulas (1.3) and (1.5), then
a(50) = mA) S0 5 (1/h),
NoAt  1000-100
G50y =" _ 40 4104 o),
NoAt  1000-100
52950y =8 40 404 ),
NoAt  1000-100
T(50)= A0 _ >0 =5,13-107* (1/h),

N, At 100.(1000+950j

n(Ar) _ 40
N, At 100.(950;910)

=9.10"%(1/n)

1(150) = =43-10"* (1),

N,,At 100.(465 + 425)

The values ﬁ(t), a(t), A(t), calculated for all At; are shown in the table. 1.3, and their

dependence on time on rice. 1.3 and 1.4.
Calculate the average uptime, assuming that the test were only those samples that failed.

t, 3000

The calculation is carried out using the formula (1.11), given that ;=" =3(0and

At 100

m

Z n; tcpi

Ny =575 have T, = i 50-50+40-150+32-250+ ..+ 30-2850+ 40-2950
N, 575

=1400(h).

— 54 ——
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The mean value obtained before the first failure is underestimated, because the experiment was
terminated after the failure of 575 samples out of 1000, put to the test.

Table 1.3 - Calculated value ﬁ(t) , &(l‘) , Z(z) for example 1.3

At;.h P(t) at)-107*, am A(t)-107, (1)
0-100 0,950 5 5,14
100 —200 0,910 4 43
200 — 300 0,878 32 3,58
300 —400 0,853 2,5 2,89
400 — 500 0,833 2 2,38
500 -600 0,816 1,7 2,06
600 — 700 0,800 1,6 1,98
700 — 800 0,784 1,6 2,02
800 — 900 0,769 1,5 1,93
900 — 1000 0,755 1,4 1,84
1000 - 1100 0,740 1,5 2
1100 - 1200 0,726 1,4 1,91
1200 — 1300 0,712 1,4 1,95
1300 — 1400 0,699 1.3 1,84
1400 — 1500 0,685 1,4 2,02
1500 — 1600 0,672 1,3 1,92
1600 — 1700 0,659 1,3 1,95
1700 — 1800 0,646 1,3 2
1800 — 1900 0,632 14 2,2
1900 — 2000 0,620 1,2 1,92
2000 — 2100 0,608 1,2 1,95
2100 — 2200 0,595 1,3 2,17
2200 - 2300 0,583 1,2 2,04
2300 — 2400 0,570 1,3 2,25
2400 — 2500 0,556 1,4 2,48
2500 — 2600 0,540 1,6 2,9
2600 — 2700 0,520 2 3,76
2700 — 2800 0,495 2,5 4,9
2800 — 2900 0,465 3 6,24
2900 - 3000 0,425 4 9
P
1
0.9
0.2
o7
0.6 E—
0.5
0.4
e
0.z
o,1
1]
u] S00 1000 1500 000 2500 000

Rice. 2 - The dependence of P from t to example 1.3.
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oM

1
0.9
0.2
o7 f
0.6
0.5
0.4
0,3

0.z p-1l—-c-=l-=--=!h.=-x!=IH'A'fF ~1’fm

0.1 L e S S

i t

o 00 1000 1500 2000 2500 2000

Rice. 3 - Dependence « and A from t to example 1.3

Example 1.4. For some time, the operation of one copy of the radar station was monitored. During the
whole observation period, 15 failures were recorded. Before the beginning of the observation, the station
worked for 258 hours, and by the end of the observation, the operating time of the station was 1233 hours.

You want to determine the mean time between failures 7 .
Decision. Operating time of the radar station for the observed period is equal to

t=t,—t;, =1233 -258 =975 (h)

n
By accepting zti =975 h, according to the formula (1.13) we find the mean time between
i=1

n
Y 975
failures: T = =1— = 2= = 65 ().
n 15

Example 1.5. The work of three copies of the same type of equipment was monitored. During the
observation period, the first copy was recorded 6 failures, the second and third — 11 and 8 failures,
respectively[6]. Operating time of the first copy made 181 h, the second — 329 h and the third 245 h. it is

Required to define operating time of the equipment on failure T.
Decision. Let's define the total operating time of three samples of the equipment:
N nj
ty =2 D t; =1814+329+245="755(n)
j=li=1
Determine the total number of failures:

N
ny :an =6+11+8 =25 (refusal).

j=1
Find the mean time to failure by the formula (1.14)
l;;
7
= - t 755
T={" =2 ="""23020.
nzz 25
an
j=1
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Example 1.6. The system consists of 5 devices, and failure of any one of them leads to failure of the
system. It is known that the first device refused 34 times during 952 hours of work, the second -24 times
during 960 hours of work, and other devices during 210 hours of work refused 4, 6 and 5 times
respectively. It is required to determine the time to failure of the system as a whole, if the exponential law
of reliability for each of the five devices[7].

Decision. To solve this problem, we use the following relations:

1 — 1
A =>YAT,=—.
c E i 0 /IC
Determine the failure rate for each device:
1 =22 _00357am) A _ 2% 0.0250m)
' 9s2 2960 ’
~ 44645

=—=0,07141/n).
Aas 210 (1/h)

The failure rate of the system is equal to

Ao =25 =X+ Ay + A5 45 = 0,0357 +0,025+0,0714 = 0,1321(1/h)
i=l1

Mean time to system failure

1

T, -—
°7

c

= =7,57 (h).
0,1321

Example 1.7. During the observed period of operation 8 failures were recorded in the equipment.
Recovery time was t1 = 12 min, t2 =23 min, T3 = 15 min, t4 = 9 min, T5 = 17 min, T6 = 28 min, T7 =25

min, T8 = 31 min. Determine the average recovery time of the equipment 7 B-

Decision.
n; 8
t t
= é ; 600 _ 5 nim
= = = = min).
B 8 8

Example 1.8. The instrument had an average MTBF of 65 hours and the average recovery time of
1.25 h. it is Required to determine availability[8].

Decision. By formula (1.17) we have

K= T 65

T+T, 65+125

b

Example 1.9. Let the time of the element to failure is subject to the exponential distribution law with
the parameter 4 = 2,5 107> 1/h.
You want to calculate the quantitative characteristics of the reliability of the element P (t ), a(t ),

T, if t=500, 1000, 2000 h.
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Decision. Use the formulas for P(¢), &(t)and T, 0» shown in table.1.1.

Calculate the probability of failure-free operation:
-5
P(t) — e—ﬂ,'t — 6—2,5~10 ~l“

P(500) = e~ 25107500 _ ) 9875 .
P(1000) = ¢~2510711000 _ g 9753 .
P(2000) = ¢~ 251072000 _ () 9577

Calculate the failure rate:

a(t) = A(t) P(t)=2,5-1075 . ¢ 231071

2(500) = 2,5-1075 . ¢~ 25107500 _ 5 5.10-5.( 9875 = 2,469 -10~° (1/h);
a(500) =2,5-1075 . ¢ 251071000 _ 5 5.10=5.0.9753 = 2,439 -10~> (I/h);
a(500) =2,5-1075 . ¢ 251072000 _5 5105 .0 9512 = 2,378 -10"° (1/h).

Calculate the mean time to the first failure:

— 1 1
ITop=—=——"—""=5
A 2,5-10

Example 1.10. In the operation of the system was n = 40 failures. Distribution of failures by groups of
elements and time spent on recovery are given in table 1.4. It is necessary to find the value of the average
recovery time of the system[30].

Decision. We determine the average recovery time of the equipment by groups of elements.
For semiconductor devices:

=40000 (h).

n 8
t t
= g; : E{ " 600 .
Ty = = = =75 (min)
n

Likewise:

- for resistors and capacitors 76 min;

- for relays, transformers, chokes 113 min;

- EVP for 50 min.;

- for other elements 120 min.

Calculate the average recovery time of the system by the formula:

~ m
Tpe =Dty -1y,
i-1

Where #,; average time of restoration of elements of the i-th group; m; the weight of failures on
groups of elements.
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Table 1.4 - The number of registered failures in groups for example 1.10

Groupofelements Number of failures per | The weight of failure in the | Recoverytime

group 71; n; Z;, vun
group M; =

n
SPT 8 0,2 80
59
110
91
45
43
99
73
Resistorsandcapacitors 10 0,25 61
73
91
58
44
112
82
54
91
94
Relays, transformers, | 4 0,1 102
chokes 98
124
128
EVP 14 0,35 60
64
56
36
65
44
42
33
32
23
86
75
61
23
Otherelements 4 0,1 125
133
115
107
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IMPOBEPKA TEXHUYECKHNX YCTPOUCTB HAJIEXKHOCTH
YEPE3 PEHIEHHUE BEPOSITHOCTHU HEMCITPABHOCTH U HEUCITPABHOCTH

AHHOTanus.B 3TOi cTaThe ONMMCHIBAIOTCS OCHOBHBIC NOHATHSA M ONPEAEICHHUS TEOPHUH HAASKHOCTH U €€
NPWIOXKEHUS K 3a/adyaM TEOpUH BepoATHOCTEW. Teopus BEpOSTHOCTEH MO3BOJISIET YYECTh CIIy4alHBI Xapakrtep
MIPOUCXOAIINX B CHCTEME COOBITHI M TpoIeccoB, CHOPMUPOBATH MATEMATHIECKHE OCHOBBI TEOPHH HAIEKHOCTH.
PaccmoTpensr mpoGiieMsl ¢ BEpOATHOCTEIO 0e30TKa3HOU paboTh anmeMeHTa. OIHOM W3 OCHOBHBIX 3aad, PeIIacMbIX
B TIpOllECcCe IKCIUTyaTallMk M TEXHHYECKOTO OOCITYKMBAHUS TEXHHUYECKHX YCTPOWCTB, SIBISETCA OOECHEYCHHE MX
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HaJIeX)KHON paboThl. BakHOCTBH 3TOM MPOOIEMBI CBsI3aHA C CIIOKHOCTBIO COBPEMEHHBIX TEXHHYECKHX YCTPOWCTB H
BBICOKMMH 3HA4YeHUAMH pabO4MX HArpys3ok (Temmeparypa, AaBieHue, BIaxsHocTh W T. J1.). Hanmexsocts - 31O
CIIOCOOHOCTD TEXHUYECKHUX YCTPOICTB BBINOIHATD OIpe/ieNieHHble (YHKINH, TOANEPKHUBas UX PabOTy B yKa3aHHBIX
npenenax Ha TpeOyeMmbld IepHol BpeMeHH Wi Tpedyemoe BpeMs pabOThl B OIpPENENICHHBIX YCIOBHSIX
sKcmyatanuu. HaneXHOCTh Kak KauecTBEHHAas XapaKTepPUCTHKA BCETZla YYUTHIBAJACH NPU PEIICHUH Pa3IMuHBIX
BOIIPOCOB JKCILTYaTalUH U OOCITy>KHUBAHHUSL.

KiroueBble cj10Ba: 0TKa3, BEPOATHOCTh, TEXHUYECKHE YCTPOHCTBA, MHPOPMAIIOHHASL CUCTEMa, HaJJeXHOCTb.
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TEXHUKAJIBIK KYPBIJIFBIJIAPJBIH KAYAIIKEPIIIJIIKTI
KOHE ATAJIFAH MYMKIHJIKTEPAI TUIMAIJIIKTI APKbLJIBI

AnHoTtanusi. byn Makanmama CEHIMAUTIK TEOPHSICHIHBIH HETI3ri YFhIMIAaphl MEH aHBIKTaMalapbl >KOHE
BIKTUMAIIABIKTAD TEOPHSCHIHBIH MoceJeNnepiHe KOJIaHBUIYbl CHIATTanfaH. bIKTHMAIbIK TEOPHACHI JKYHemeri
OKHFaJlap MEH IPOLIECTEePIiH Ke3/IeHCOK CHMAThIH €CKEepil, CEHIMIUIIK TEOPHACHIHBIH MaTEeMAaTHKAJbIK HETi3[AepiH
KaJIBINTACTBIPYFa MYMKIHAIK Oepeli. DIEMEHTTIH COTCI3 JKYMBIC iCTey BIKTUMAJIBIFBI MOceseci KapacThIpbLIabl.
TexHUKaNbIK KYPBUIFBUIAPABI MaiiilaaHy MEH KYTY IpOLECiHe IIENIIeTiH 6acThl MiHAETTepiH Oipi olapabiH
CeHIMJII YMBICBIH KaMTaMachl3 €Ty OOJIbI TaObuia/ibl. bysl nmpo0eMaHbIH MaHbI3IbUIBIFBl 3aMaHAYH TEXHUKAIIBIK
KYPBUIFBLIaPABIH JKOHE JKYMBIC KYKTEMENEPIiHIH jKOFaphl MOHICPIHIH (TeMIeparypa, KbICBIM, BUIFAIABLIBIK KOHE
1.0.) Kypaenuiirine OainaHblcTbl.CEHIMIUTIK - TEXHHUKAJBIK KYPBUIFBLIAPABIH Oenrimi Oip  (yHKUMsIapab
OpbIHZAYBI, Oenrini Oip yakpIT imiHzae Oenrimi Oip JUMHUTTEpAE JKYMBIC icTeyiH HeMece Oenrimi Oip naimanany
JKarIainapbiHIa Tajgar eTUIeTIH )KYMbIC YaKbIThIH cakTay KaOinertiniri. Cananbl cunat peTiHie CeHIMIUTIK dpTypi
Moceesepi ey Ke3iHae opKalllaH ecKepiie/i.

Tyiiin ce3xep: 6ac TapTy, BIKTUMAIIBIK, TEXHUKAIBIK KYPBUIFBUIAP, aKIAPATTHIK XKYHe, CCHIMIITIK.
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MATHEMATICAL MODELING OF THE PROBLEM OF OPTIMAL
CONTROL OF ELECTRIC POWER SYSTEMS

Abstract: The problems of optimal control of nonlinear ordinary differential equations systems are considered
in this paper. The considered mathematical model describes the transient processes in the electric power system. And
the problem of optimal control of electric power systems is considered in more detail. Numerical experiments have
shown that the control found is optimal for the given problem.

Keywords: mathematical model, electric power system, optimal control.

1 INTRODUCTION

The proper functioning of electric power systems (EPS) as an important component of large energy
systems forms one of the successful development foundations of the country's economy as a whole. The
presence of not only technical but also economic aspects of reliability predetermines the complexity of
studying the above objects and their interaction with other components of the economy and the social
sphere in order to determine the best control actions to achieve economic benefits and to maintain a
constant readiness of the energy systems to overcome the threats to their normal functioning arising in
periods of economic, political crises, in case of catastrophes, disasters, etc.

The importance of the problem of optimal control of processes in various fields of science and
technology is well known[1-6]. It also has great importance for electric power systems. Without a reliable
solution to this problem, reliable and high-quality supply of electricity to consumers in virtually all sectors
of the national economy is impossible.

2 Mathematical model of unsteady processes in the electrical system

One of the mathematical models that describes unsteady processes in an electrical system is the
following system of differential equations[1-3]:

do,
—t=s,
dt
ds, 1y . : .
H, Ttl =-D,S, —EY, sina, — — P.sin(0, —a,) - ZPH sin(0; —a;)+u, (D
j=Lj#i
6;,=06,-6,, b =EUY,, . B, =EE)Y,;

where — angle of rotor rotation of the i-th generator concerning some synchronous rotation axis; - slide of
the i-th generator; - the inertia constant of the i-th machine; mechanical power, which are brought to the
generator; - EMF of the i-th synchronous machine; - mutual conductance of the i-th and j-th branches of
the system; U=const - bus voltage of constant voltage; - characterizes the connection (conductivity) of the
i-th generator with the buses of constant voltage; - mechanical damping; — constant values that consider
the effect of active resistance in the stator generator circuits. .

Let the state variables and control in the steady-state post-emergency condition have the following
values:

— 62 ——
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S, =0, 5i:5if’ ui:uif’ i=1,1

2
In order to obtain a perturbed motion system we proceed to equations in deviations, assuming
u, =u +Au,,8,=6"+A5,,S, =AS,,i=1,1 3)
Further, for convenience, we again denote by and use the formula
sin(é'ij—aij ) = Cos ; $ino ;—sina ;€083
from the system (1) we obtain
do,
d
as. 1
—t=—(=DS, = f/(8) =N, (&) + M,(6) +u,)
dt H ; 4)

i=1,te[0,T]
Where
f(5)=P [sin(5 +6/ —a,)-sin(5] —a,))

N,(5) = ZF [sin(s, + 5y —sin(51)}

Jj= 1t¢]

M.(0) = ZF [cos(5 +5;)—cos(5; )],
j=Li#j
I',=P,cosa,,I'; =P;sina,,
Note thatsince P, = P, then

Ji?
1 1 2 2
ri=r,,r:=r:.
Controls u,,i =1,/ are chosen so as to compensate for the non-conservative term - M,(5),i =1,/

1.€.
u, =v,—M,(0),i=1,1 (5)

2.1 The problem of optimal control of electric power systems
We consider the following problem of minimizing the functional:

;] T
J0) = T v) = 0.5Y [ (w, 82 4w, v2) * *exply thde + A(S(T), S(T)), ©)
i=1
under conditions
do,
d "
ds,
H,— p” =-D.S. - f,(6,)-N.(5,)+V,, @)

5=(5,..6).8=(S,,5,,...5,)

where

7.(8) = Psin(8, + 7 —a,)—sin(6" —a,)} N,(5) = ZP cosa, [sin(8, + 1) —sin(87)] and
J=Li#j

wg ,w, - positive constant weight coefficients, F,(5,)—27z periodic continuously differentiable

functions, N,(6)-2x 0. , with respect to

Periodic continuously differentiable functions with respect to ~#
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the summand NV, () the integrability condition is fulfilled
ON,(6) ON ,(9)

(Vi # k),
00, 00, ®)
T - the transient period is considered given.
The equations system (7) is supplemented by the initial conditions
0,(0)=06,,, S,(0)=S,, i=1L..,L 9)

Terminal values 6(T'), S(T) are not known in advance, so they are also subject to definition.
The following theorem is valid.

1

Theorem 1. In order that the controls V! (S,) =———35., i=1,/ and the corresponding solution of
w

Vi

the system (7)-(9) be optimal, it is necessary and sufficient that

A(8(T),S(T)) = K(6(T),5(T)),
wg (£) =2D, +L >0, izﬂ,
w

Vi

Where

19 19

K(5,8) =~ H.S? + 2 [ £18)dE + Y [N(800s5,15 8,150,
2 o o

J>i

the Bellman-Krotov function, and

J(VO)ZminJ(V)ZK(é‘O,SO). (10)
Proof. For the continuously differentiable function K(0(#)),S(d(¢))the functional (6) has the
representation:

T
J() = J(S(2), S0),v(®) = [ R[50, S(0), v(©) ldt +m (5(0)S(0)) + m, (S(T)S(T)) (1D
0
Where
; 1 2 2
R(5,8,v)=Y {K&Si + HLKSL(—D,.S,. — £(8) = N,(8)+v,) +} + E(WsiSi +w,vi)] (12)
oK oK
K, =—, K, =— 13
%86, S a8, ()
m,(5,8) = K(5,5), m,(3,5)=—-K(3,5)+A(3,S).
We use the Cauchy-Bellman problem to find the Bellman function K (9, S) :
inf R[5,8,v]=0, tel0,T]
Y (14)

K(6(T),S(T) = A(S(T),S(T)).

From the necessary condition of extremum of the function R(5 .8, v) we obtain:

1 J—
R\j EFKSI- T WV, = 0,i= l,l

1

— (4 ——
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1
Y
Hw,

Kg,i=11, (15)

We find the function K(J,S) and weight coefficients wg, ,w , from the condition (14) i.e.

. !
R=minR(o,5.,v) = YK, S~ K (DS, + (0)+

i=1

1
+N,(8)) ~———
:(9)) H

1 Vi

K;i +%W§'Si2)=0 (16)

For this, we set

K¢
K5, =7‘<ﬂ(5i>+N,-<5)),i =1,/

1.€.

S, Ky = [,(8)+N,(6),i=11 (17)

1

K, =H
Then taking into account (17), we obtain from (16) that

l I o 1 2
-DS ——8 +—wgv;, |=0
i-1 w 2

Vi

or

L,/ (18)

w, =2D, +L>O,ww > 0,1
‘ 2w,

In addition, from (15) we find that the optimal controls vl,o ,i= 1,_1 have the form

v(S)=——35,i=11 (19)

1
o
2.2 Numerical solution
The implicit Adams method (Adams-Moulton) has been used for the numerical solution of the
differential equations system (7)-(9).

Table 1: Adams-Moulton formulas in different orders

Order Formula Errororder
2
! Y1 = Y +hfn+l _%yvv(q)
2 h h3
yn+2:yn+1+5[fn+2_fn+1] _Ey ()
3 h P
yn+3 :yn+2 +E[5j;1+3 +8.f;7+2 _.f;wl] - ﬁyﬂ) (77)
4 h
yn+4 = yn+3 + ﬂ[gﬁﬁé& + 19];1+3 - B 19h5 y(s)(n)
720
- 5fn+2 + fn+1]
5 h 300 6
yn+5 _yn+4 +ﬁ)[25 1fn+5 +646fn+4 - @y (77)
—264f,,.,+106f, ., -19/,,]
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We have used the Adams-Moulton method of the 4th order to solve this problem:
h
Vora = Vs + ﬁ(9f(tn+4’yn+4) + 19f(tn+3’yn+3) -

19
_Sf(tn+2’yn+2)+f(tn+1’yn+1))_%h5(n)'

And we also have used the Runge-Kutta method of the 4-th order:

Vi1 = Va +%(k1 + 2k, + 2k, +k4)
where

kl :f(tﬁy)a
h

h k.
k,=f(t+—=,y+—),
, = f( 2y 2)

h hk
ky=f(t+—,y+—2),
3 =S( 5 y 2)
ky=f(t+hy+hk).

0185 = |

4
0.1
0.05

== -0.05

=0.1

-0.15
0.2 =

-D.26 -

1 L 1 1 1 L L
200 400 SO0 200 1000 1200 1400
T

Figure 1 - Angle of rotor rotation at 1 = 15.

L I I L I L
200 400 600 200 1000 1200 1400
T

Figure 2 - Generator slide at 1=15.
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0.0025
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0.0015
0.001
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Figure 3 - Angle of rotor rotation at 1=30.
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0.004 =

\
\ )
0.002 |- 4 |
-0.002 . S ’{
/
0,004 - |
o 200 400 00 200 1000 1200 1400
T

Figure 4 - Generator slide at 1=30

T

3 CONCLUSIONS

The process of optimal control of complex electric power systems is described in this paper. The
continuous Bellman-Krotov function, that has continuous partial derivatives everywhere by all its
arguments, has been found. The numerical solution of this problem is obtained at 1 = 15 and 1 = 30. When
solving it the implicit Adams method (Adams-Moulton) has been used.
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PROBLEM FROM THE THEORY OF BRIDGE EROSION

Abstract. In this paper, we represent the exact solution of a two phase Stefan problem. Radial heat
polynomialsand integral error function are used for solving bridge problem. The recurrent expressions for the
coefficients of these series are presented. The mathematical models describe the dynamics of contact opening and
bridging.

Keywords: radial heat polynomials, Stefan problem.

Introduction

In considerence the heat transfer, the shape of the liquid bridge plays an important role. The
overwhelming majority of researchers proceed from the fact that the visible part of the bridge has the
shape of a cylinder whose axis is directed perpendicular to the plane of the electrodes [1]. In the general
case, in the result of the action of surface tension and the pinch effect, the bridge takes the form of a
certain surface of revolution about the z- axis. In this problem, we consider a symmetric model of the

bridge, where the shape of the bridge is described by a surface y(z,t) = z? . For a liquid bridge in we
consider the generalized heat equation for and for solid contact we use the spherical Holm model [2].

Preliminaries
The fundamental solution for the equation

06 , 0%0 v o0
== +—== 1
Ot ¢ (8x2 X Gx) M

can be obtained by the solution of this equation with the initial condition containing delta-function using
the Laplace transform in the form [3]

C P v—1 B
G(x,y,t)zz—;(xy) Pe 1, (%j, ,327, C,=2"T(B+1) ()

If we consider the corresponding heat potentials for this solution

0,, (60 =27 T(B+1)" [Glx, y,0)p""" dy 3)
0

and integrating by parts we obtain the explicit formula for the heat polynomials

N A2k n!l'(B+1) 2n-2k Lk
Q”’V(x’t)_,;z K- Brltn—k)

“4)
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It is more convenient for applications to multiply both sides of this formula by

Then R, (r.f) = MQW (x,1) = anzzk

rp+1

rg+1

2n-2k ,k

n!C(B+1) t

K\ (n—k)T(B+1+n—k)

I(B+1+n)

(%)
Mathematical model
The heat equations for each zone are
2
96 _2[ 29,09 ) yiy<x<o ©)
ot ox~ x Ox
00, ) 8292 206,
= +— <r<p(t 7
ot (8;’2 r or oy <r <A 2
00, 2 8293 2 00,
= +— t)<r<ow 8
ot (67”2 r or POy <r ®
with boundaryandinitialconditions:
a(0)=0, 5(0)=r, 6,(0,0)=6,(r,0)=6,, 6,(r,0)= 1 (r), f(r,)=0, ©)
e 022 = 00) (10)
x=a(t)
6,(0,1) =0,(r,,1) (11)
A 06,(0,¢) 24, 00,(7,,t) (12)
ox or
0,(p(),1) =0, (13a)
6,(B(0),1) =6, (13b)
The Stefan’s condition
06, 00 d
N =—A -3 + L;/—ﬂ (14)
Or |-pa) Or |,-pa dt
6, (0,1)=0 (15)
Method of solution
We represent solution of the problem (6)-(15) ii the form
9(xt)—ZA zg xR
(16)
P Qao! f O o 1) o (P
O,(r,ty=>» C, 2 ¢,  ,x" ¢ —— (" erfc—————i""erfc ) (17)
’ HZ:(; R z 2al\/; 2611\/;
S . (2a2\/7)2n+l 20+l —(r=r)  o.m (r—rn,
O,(r,)y=Y E, ¢, "+ G —2—— (" erfc——2—i""erfe ) (18)
0= 3 b 36,55 2ot yand:
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22kn!r[V2_1+n+1j 22"n!r6+nj
1 and é/n,k,Z = 3 >
j k!(n—k)!F(2+n—kj

V —
k!(n —k)!F(2+n +1-k
andcoefficients 4,,C,,D,,E ,G have to be determined. Free boundary [(¢)represent in the form

4 p0)= X fi".

Using the boundary condition (10) we get

Where &, =

2 4, 2  Cux(n=kya(@y" 7t = F (1) (19)
where
4
P - - Q0
2A7a’” (t)
Taking into account that «(#) is given and using properties of raising the power series to a power[5]
)" = T pla),t” (20)
Where coefficients £, (o) determined by
,BO (a) — 2n 2k-1
1 i
@), =— % [2m(n-k)-i]a,f(),,, i>1
o, m=
Substituting the formula (20) into (19) we obtain
L 4,20, (n=k I fa)," =F() 1)

F(t) is given, can be expanded in Maclaourin series thus to derive 4 , we take both sides of (21), /-

times derivative at¢ = 0 we have

2 An+1h + 2 An+1h —Z.F;l (22)
where
!
; é/n+1 lﬁ(a)l—i,il!(n - l + 1)
hl,n = g’é/ﬂlﬂ(a)l lll (n_l +1)
from (22) we can find 4, .
Satisfying the boundary conditions of conjugations of temperature (11) and heat flux (12) we get
;0 Ané/n,ntm E C z gn k, 2 02” 2ktk (23)
E_:O C, ,Eoé’ x, 2r02n *t 2 Dn (Zal\/_)zn *erfc0 =0 (24)

from taking the m - times derivative of (23) and (24) we get

Amgm,m lz C gl 2" o (23*)

— 70 ——
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5 ot (1) = - D, (20," " erfc0
: "o (25)
From expression (13a) when we put 7 = ﬂ(t) we have
£C, 5 £, B+ L Qaa)  erfel— ()~ erfe (1) = O,
n=0 " §=0 0 B(1) 26)
where 7 =~/f and pO=h _ 1 > VoaT"
2a,t 2a, n=0

Multiplying both sides of (26) by S(7) we get
5C, 3 G 0B, T + 3D,y (" erfel—y(0) - erfe () = 6,6) @)

To comparing coefficients in (27) we applyLeibniz, Faa Di Bruno’s formula and Bell polynomials.
Using Leibniz we have

o [(2a1)2;1+1 T2n+1i2n+l€7’fC(7)]|
or'

0 , for [I<2n+l

= (2a1)2n+ll! 20+l
0 (1—2n—1)![l erfe(®) ]

(I-2n-1)

Using Faa Di Bruno’s formula and Bell polynomials for a derivative of a composite function we have

al—Zn—l

[1-2n-1

— {i2n+lerf‘c(i5)} — Z_ (i2n+1€]’fc(i5))(m) Bliznil,m
82’ =0 m=1 5=0
where
((-2n-1! ;
lanm_Z ; 51]§2 §3 G
.]1 -]2 .]l 2n—m '

and j,, j,,...satisfy the following equations
St Tttt s, , =m
g2+ +U-2n-m)j,, , =1-2n-1
by taking both sides of (27) [ -times derivative at 7 = 0 we get
. . &
Zo C, Z():gn,i,zn(ﬂ)l—Zi,i,z + Zl C Zgn,i,zn(ﬂ)l—%,i,z +
n= i= [E

(28)
22n+ll| [-2n-1

(Z EETe ( 2 n+1— merfc( 7/1) + (- 1)2n+1 " erfc(j/l)jﬂlznl’m = ﬁml!ﬂ,

from (28), (23*) and (25) we can findC, and D, .
By the properties of Integral error functions [6] and condition (9) we get
2

2 i el
nZO{E r (2n+l)' }_f( )

: f(")(O)

Suggesting that the initial function can be expanded in f'(r) =

we have
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2 _/™0) )
"@Qn+1)!  2n!

From condition (13b) we have

g:o E, éo é/n,k,2 B( z_)2n72k 72 +§o G, %( 2n+1 erfe(-E(r)) — 2, re( 5(2_))) 0 (30

where

(0 =L2
a2

As previously by taking by both sides of (30), / — times derivatives at 7 = 0 by using Leibniz, Faa Di
Bruno’s formulas and Bell polynomials we have

A .
2 2 0B siin + 2, By D ol B)rasia +

3]
22n+1 l' [-2n-1 el N
G Ty & (e E) 4 GO o)) B, =O1F D

c m=1

From expression (29) and (31) we can find £ and G,

Satisfying Stefan’s condition (14) and substituting \/— =17 we have

4 {ZC Zémﬂ(f)z” - e )ZD (2a, 7)™ (" erfe(~(7))
i erfe(y (1)) - mZD (2a,7)"" (i*"erfe(-y (7)) + zz”erfc(j/(z')))}

__/1 {ZE Zgn“ﬂ(z_)zn 2k-1 2k_IB ( )ZG (2a T)Z"H(Z”Herfc( 5(2_))_

(32)
—i""erfe(£(z)) ) + —ZD (22, 7)"" (" erfe(-&(z)) + i erfe(£(2)) ) } + LyB'(7)

If multiply both sides of (32) by ﬂ(f ) and using conditions (13a), (13b) we have the following
expression

24 3°C, Y €@ = 43D, a ) (Perfel-p (7)) + Perfe(y(7)

=AY B, Y B = 1Y G, (Cae ) (P enfe(-£(0) 4 erfe(E(0)

+H(A4 —4)6, +Ly'w(r) (33)

where

w(r)=ﬁ’(7)ﬁ(7)=%d%ﬂ2 )

— 72 ——
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(B@) Zﬂ(ﬂ) '

1B =P, H(p), = m—2(3k —m)f - (), m=1

0 k=1
Previously by taking both sides of (33)/ — times derivatives 7 = O and for 7 > 1 we have
[l} ! 22nl' [-2n 5 2
24 z Cant Y Co, —mmZ( "Merfe(=y,) + (<"1 erfe(7,) By
- * m=l1
i ﬂ
b
2271[! & 2n—-m m +2n—m
:_21 Z E ZZln + Z E Z2n - ﬁ’ZGn mZ(l e’/fc(_gl) + (_1) l erfc(é:l)) [-2n,m
n=0 - * m=l

I‘l**

2

=L 1N pu(B),,, (34

For / =0 we have

0, —D, (e’”fc(_%) +erfc(y, )) - 2icn§n,o,2r02n = %(em -G, (e’”fc(_é) +erfc(S )) - 2iEn§n,o,2roznj

where
!z
B
n Eo gn,i,2u(ﬁ)l—2i,i,2
n
Xin = EE) é’n,i,2u(ﬂ)l—2i,i,2

From this recurrent formula we can express ,Bn .

Conclusion
To summarize, the coefficients A ,C ,D ,E ,G are determined from equations

(22),(23%),(28),(29),(31) and (25), the moving boundary ﬂ(t) obtained from equation (34). For the

convergence of temperature functions 8,6, , 6, , it is possible to follow the idea proposed in [6].
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KOIIIP 3PO3USACBIHBIH TEOPUS ECEBI

Annoramms. Ocpl Makanazga 6i3 eki ¢asanbik Credan MaceneciHiH Aon wwenriMiH ycbiHambl3. Kemip Macenecin menry
YIIiHpaAHAIAb! KBUTY MTOTMHOMBI )KOHE MHTETPANIBIK KaTenuI)yHKIUACH Konganeuaasl. OChl KKTapaapAbH KodhUIueHTTepi
YIIiH KaHTalaHaTBIH ©pHEKTEeP YCHIHBIIFaH. MaTeMaTHKANbIK MOJAETIbAep OalaHBICTBHIH alIbLILy JKOHE KOMIpPIIiKTi AMHAMHKACHIH
CHIATTaN bl
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THE SPECTRAL DECOMPOSITION OF CAUCHY PROBLEM’S
SOLUTION FOR LAPLACE EQUATION

Abstract: The spectral decomposition of Cauchy problem for Laplace equation is obtained in Krein space, and
is made a regularization of a problem, using the resolvent of the corresponding operator.

Keywords: spectrum, spectral decomposition, equation with deviating argument, Hilbert-Schmidt theorem,
Cauchy Problem, Laplaceequation, incorrect, r ange.

1. Introduction.

Currently, there are different approaches to the solution of Cauchy problem for elliptic equations,
which is a classic example of an ill-posed problem. All approaches basically can be divided on two large
groups. One group consists of methods based on the introduction of the problem into the class of
correctness by Tikhonov [1] - [3], the other are the methods using the universal regularizing algorithms,
obtained by means of the parametric functional of Tikhonov [4].

It should be noted that the second group of methods received the most spread and major
achievements in the practical application. In this approach, are used different variants of regularized
algorithms that reduce the problem or to the solution of integral equations of the first kind, or to the
representation of the desired field in the region beside or to the construction of finite-difference
regularized algorithms [4] — [6].

In view of a great importance of the problem, which has applications in many fields of science and
technology, and constantly rising requirements for the reliability of the results, the search for other
approaches to its solution is continued. Iterative methods in recent years are becoming more widely used
in the practice of solutions of various ill-posed problems of mathematical physics [7] - [9]. These
methods have a number of undoubted advantages, which include simple computational schemes, their
uniformity for applications with linear and nonlinear operators, the high accuracy of the solution, and so
on.

An important advantage is the fact that they allow simple accounting of the essential restrictions for
tasks on the solution directly in the scheme of the iterative algorithm (e.g., restrictions on non-negativity
of solutions, monotonicity, and so on). In [10] was proposed a new method for solving the problem in
question, based on the alternating iterative procedure, which is a consistent solution of the correct mixed
boundary value problems for the original equation.

It is prooved the convergence of the method and its regularizing properties. This method is general
and can be extended to a wide range of similar ill-posed boundary value problems of mathematical
physics. The weak point of the method is the requirement for the smoothness of the boundary, which is
not always fulfilled, in particular, in our case. In this paper we propose a spectral method [11-14].

Let Q=[-1,1] x [0, 7] be a rectangle with sides

AB:y=0,-1<x<1;BC:x=10<y<mCD:y=mn,—-1<x<1L;DA:x=-1,0<y<m

(see fig.1)
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Fig 1.

Let’s consider the following Cauchy - Dirichlet problem for Poisson's equation in the region Q:

Lu = uxx - uyy = f(x;y'): (1)

uly:() = Op uly:ﬂ_’ = OJ (2)
d

Uly=ma =0, 3| =0, 3)

wheref (x,y) € L2(Q). This problem has been investigated previously in [11], [12] and is found that
inverse operator L™! exists, but is unlimited, in particular, it was shown that the "smallest" eigenvalue of
the operator A = SLhas asymptotics

Amo = 4m?e~2™[1 4+ 0(1)], m - o,

where the operator S has the form Su(x,y) = u(—x,y).
This work complements and refines the results of these studies.

2. Research Methods
The main idea of the method belongs to T.Sh. Kalmenov [11], and consists in the following. The

operator A = SL is symmetric in the space L?(Q), so with the original problem the boundary value
problem is studied

SLu = Sf, (1)
u|y=0 =0, u|y=71: =0, (27
ou s

w1, 3 =0, (3)

where the operator S has the form, see [13] - [15].

Su(x,y) = u(=x,y),

and resembles an involution of M.G. Krein, see [16].
The following spectral problem corresponds to this boundary value problem (1) - (3")
Au = Au,
Uly=0 =0, uly=r =0,
du

ulx——lr 5 )
- 0xly—
x=-1

where

— 76 ——
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A=SIL,
or in expanded form

Uy T Uyy = Au(—x,y), 4)
Uly=0 =0, uly=r =0,

ueeos, 5| =0, )
We solve this spectral problem (4) - (5) using the method of separation of variables, assuming

ux,y) = v(w(y),
and as a result we get two spectral problems
a) —w'(y) = uw(y), (6)
w(0) =0, w(m) = 0; (7
b) v'(x) — pv(x) = Ww(—x), ®)
v(—=1) =0,v'(-1) = 0. )
The solution of (6) - (7) is well known and has the form w,,(y) = sinmy, m = 1,2 ....,; an analogue

of the spectral problem (8) - (9) was investigated in detail in [14 ], however, we will give a full and

detailed study of this problem in the fourth section of the article. As a result, we have

Ay = AmnUmn, m=12,..; n=012,..
where{up,}, m =1,2,...; n=0,1,2,..is complete and orthonormal system of functions in the space
12(Q).
Further, from the equation (1') we have
Au = Sf,

Where 4 is a closure of the operator A in the space L?(Q).
Hence,

w= (A)ISF = ) ((A)SF ) tmn = 1CA)" = A1 = (SF, (D) "ttt

- - - _ Umn
Amn = dpnUmn, = Almn = Amnlimn, Ac A= (4) 1umn =

" " Amn
B Z (Sf, umn) _ Z [f) wmn]
= Unn = Umn,
Amn /‘Lmn
mn mn

where[f, Umn] = (S, Umy) is the inner product of Krein's space , and (.,.) is the usual inner product of

the space L?(Q), i.e.,

(f.g) = j fQ (0 y) - 9, y)dxdy.
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Therefore, we need to show a closability of operator A, an essential self-adjointness: A = A*, and
reversibility: ker A = {0}, because all of these properties are used in derivation of the last formula

u(x,y) = Z Lf, ] Umn (X, Y).

Amn
mn

In addition, it is necessary to examine the spectrum of the operator A.
3. Results of research.

Let D(A) is a domain of definition of operator A, and R(A) is a domain of its values, kerA is a
kernel of the operator 4, where

A=SL
Lu = uxx + uyyl Su(xl }’) = u(_x, }’);
D(A) = {u(x,y) € C2NC @) tlyo =0, tlyr = 0,ulye_s,

We denote through A the closure of the operator A in the space L?(()).
The following theorem holds

ou
0x

x=-1

Theorem 1.

(a) A is closable, i.e. its closure exists;

(b) A is essentially self-adjoint in the space L?(Q), i.e. the equality holds (4)* = 4;

(c) A is invertible, i.e. kerA = {0}, but the inverse operator (A)~! is unlimited, and has the form

] C (S hn A
uGey) = @ isfley) = Y mdy e yy 2 Sl ey,

where{u,,,},m =1,2,...;n=0,1,2,... are the orthonormal eigenvectors of A, and A,,are the
corresponding eigenvalues;

d) R(A) = H = L*(Q) # R(A);

i.e. the operator equation

Au = Sf
is densely solvable in the space L?(Q), but not everywhere solvable. The following theorem 2 reveals
the spectral properties of the operator A.

Theorem 2. The spectrum of operator A consists of four parts
a) The negative part:

T\ 2

—m? — (nm)? < Ay < —M? — (nn + Z) , mn=12,..;
b) the "zero" part:
mze—zﬁmcosuo(mz) < AO(mZ) < 2(1 + \/E)mze—zﬁmsinuo(mz)’
where
up(m?) = ug(1) > us(1) >0,

and

s
lim uy(m?)=—; m=12..
m-—oo 4
¢) the positive part
m? + (nm)? < Ak, <m?+ (nm + g)z, mn=12,..
d) the limit part, i.e. point 2 = 0 belongs to the limit spectrum of the operator 4, i.e. the equality
holds

{Amn} 3 {0}
g) theinequalities hold 4,,, # 0, m =1,2,...; n=0,1,2, ...
78
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Theorem 3. The boundary value problem
Uxx + uyy = Au(_x, 3’): x € (_151]; Y(x; T[)
Uly=0 =0, uly=r =0,

| Jdu _
Ha=-v 0xly=—1 '
has a complete and orthogonal system of eigenvectors:
Umn (X, ¥) = sinmy * v, (x), m=12,..;n=01.2,..

VUmn (%) = K [ch\/ M2 + A Shym? — Appxshym? — A, chy/m? + Amnx],
m=12,.;n=0,1,2, ...
whereK,,,,, are the normalization coefficients, andA,,;,, are the roots of the equation

VmZ =1
thym? — Athym? + A = —,
Neoryy
for each fixed value m = 1,2,

All the eigenvalues are simple, real and not equal to zero.

4. The proofs and discussion.

4.1. On the solvability.

Lemma 1. If the eigenvectors of a symmetric operator T, corresponding to non-zero eigenvalues,
form an orthonormal basis of the Hilbert space H, then

a) this operator is essentially self-adjoint;

b) the operator T is reversible;

¢)R(T) = H;
d) R(T) = R(T),
if and only if the inequality holds

Al =e>0n=1.2,..

wherel, (n = 1,2, ...) are the eigenvalues of the operator T acting in a Hilbert space H.
4.2. On the spectrum of the operator B.
Consider in the space L?(—1,1) the following spectral problem
v (x) —puv(x) = Alv(—x),x € (—1,1] ®)
v(-1) =0, v'(-1)=0 )
where p is a fixed real quantity, A is a spectral parameter.
Let B = SL, where
Lv =v"(x) — pv(x), Su(x) = u(—x),

then the spectral problem (8) - (9) takes the form
Bv = Av; v(-1) =0,v'(-1) = 0.
Notice that
D(B) = {v(x) € €?(-1,1) n C[-1,1]: v(-1) = 0,v'(—1) = 0}
Obviously Cy’(—1,1) € D(B). In addition, the equality holds
(Bu,v) = (u, Bv), Vu,v € D(B)

If A = 0,then v(x) = 0 by virtue of the uniqueness of the solution of Cauchy problem, so kerB =
{0}, i.e. the inverse operator B~! exists, which has the following form

v(x) = B () = [, O e,
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for any continuous function f(x) € C[—1,1]. By means of the extension theorem (see [19]., C.154),
we will continue this operator on the whole space L?(—1,1) as a continuous operator

BTf(x) = j" shy/u(x — t)Sf(t)

. i dt, Vf(x) € L*(-1,1).

It is obvious that the operator B-1is completely continuous and self-adjoint in the space L2(—1,1).
By the formula,

B-1=(B)!
we have that the operator B is reversible. Operator (B) ™! is completely continuous and self-adjoint in
L2(-1,1).

By Hilbert-Schmidt Theorem (see [17], p. 226), for any f(x) € L?(—1,1) the formula holds

BYf = DAY .o Yot ) = ) (F, (B) M0 (15000 (1)
=1 n=1

n=
0

D ULFT v ) v ) = [Bw, = B,

n

=1
> 4F i )
n=1

_ (%)
Zn (1)
o (15 %)
2n ()

whereA,, (1) are the eigenvalues of the operator B, and v, (; x) are the corresponding eigenvectors.

If (f,v,(u; x)) = 0, for n =1,2,.., then (B)"1f = O,hence f = 0, i.e. the system {v,(u;x)},n =
1,2, ... is complete and orthogonal in the space L?(—1,1). We formulate the obtained results as following
lemma.

Lemma 2. If y = [, i.e. it is a real value, then

a) the operator (B)~! is completely continuous and self-adjoint;

b) the spectrum of B is discrete, i.e., it has no the condensation points;

¢) the normalized eigenvectors of B form the orthonormal basis of the space L?(—1,1).

Let's find the eigenfunctions of the problem (8) - (9). The general solution of equation (8) has the
form

v(u, A;x) = a(u, A)shyfu — Ax + b(u, chyu + Ax, (10)

wherea(y, L), b(u, A) are arbitrary constants.
Indeed,

v'(u, ;%) = a(u, D)/p — AchyJu — Ax + b(u, D/ + Ash/u + Ax, (11)
v (%) == a(u,)(u — Dshyfp — Ax + b, ) (u + Dchyfp + Ax

= pA(u, 4 ) [—alu, Dshyfu — Ax + b(u, DchJu + Ax|A = po(p, 4; x) + w(y, 4; —x),
= v (w4 %) — o, 4 x) = Wy, 4; —x).

Substituting (10) - (11) into the boundary conditions (9), we have

{ —ash/u — A+ bch\/ju+1=0

*
a\/u—lch\/,u—ﬂ—b\/,u+/15h\/,u+/1=0()

This system of equations has a nontrivial solution only if its determinant A(u, 1) equals 0, where
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—shu—21 chu+ 21
Ju—Achyyu—21 —/u+ Ash ,u+ll

Expanding this determinant, we obtain

A(u, A) =

A(p, A) = \Ju+ Ashy/p + Ashyfp — 2 — \Ju — Ach\Jp — Ach\Ju + 2 (12)

If A = 0, then
A, 0) = VEsh?Vii — VAch* Vi = —JH[ch? Vi — sh*i] = —VE.

If in addition u = 0, then from (8) - (9) we have that v(x) = 0. Consequently, the value of A = 0 is
not an eigenvalue of the problem (8) - (9).

If A = u, then A(u, u) = 0, therefore, the value of A = u is probably the eigenvalue of the problem
(8) - (9), to which the following eigenfunction corresponds

v(p, u;x) = b(u, wchy2ux.

But this function satisfies the boundary condition (9) only when the b(u,u) = 0, so there is no
eigenvalues of the boundary value problem (8) - (9) in the segment [—, 0], u = 0.

Assuming p > 0 for definiteness, let us study the distribution of zeros of functions (12).

Lemma 3. If 4 > p,, then the function F (¢, u)has a unique simple zero ug, located in the interval0 <
Uy < Uy < %, where

oF
1—\2uethy2uy = 0, %' =g, = 0.

Lemma 4. If z = u a real quantity, the

a) for 0 < u < py segment [—p, u]no eigenvalues;

b) when u > pin interval (0, ) will be exactly one eigenvalue A{ (1), which satisfies the estimate

e e—2V2u cosup() /13-(#) < 2#(1 + \/E) .72 Zusinuo(u)'

where
T
uo(u) >ug(p) >0, Yy > o, ﬂl_i)rgw uo(u) = 7
oF
% u=u2‘) = 0, 1- 1/2#0th 2#0 = 0.
a) 0<u<ug
—00 + | | A
—u0 +u
0) u>po>0
—oo)g I + o I )
—u0 +u
fig 5.

Consequence.Forall u > 1, the inequality holds

pee W < A5 (u) < 2u(1 +V2)e~2/2ksinup(1)
where
ou .
%l u=u$(1) = 0, up(1) > 0.

Lemma 5.
a) If 0 < p <y, , then the eigenvalues of the spectral task
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v'(x) —puv(x) = Av(—x), x € (—1,1] ®)

v(-1) =0, v'(-1)=0 )

consists of two series: negative

- [;1 + (nn + g)z] <A, <- [,u + (nn + %)2], n=012..
and positive

s
pu+ ()2 < i) <u+ (nm+ 5)2, n=012..

b) If u > p, then the third "zero" series will appear, that lays in the interval (0, i), for which a two-
sided estimate is valid

‘u_e—z 2pcosuo(i) /1-6-(#) < 2#(1 +\/§)€_2 2u sinug(u)

where
i T
uo() > ug(u) >0, VYu>py, ulgpoouo(ﬂ) =32
oF
il =0, 1—2uthy2p =0
ou n=ug

b) we will name the quantity p, the threshold, it is the root of the equation

c)
1—/2uth\/2u=0

for it the assessment holds: 0,5 <u_0 <0,72, see. ([18].,p.33)
From the system of equations (*) and formula (10), see. P.10 assuming

a, = Kychyu + A, b, = Kpshyu — 4y,

we will find the eigenfunctions of the boundary value problem (8) - (9)

U (, A, %) = Kp[ch/pt + Anshyi — Aux + shyfp — Anchy[p — A,x].

Lemma 6. If ¢ > 1, then the spectral task

v (x) —uv(x) = w(-x), x€(-1,1]

| (8)
v(-1) =0, v(-1)=0 ©)
has complete and orthogonal system of eigenvectors:
U, An, %) = Kp[chy/pt + Anshyu — Aux + shyfp — AnchJu — 2],  n=012,..,
corresponding to the real eigenvalues A,(x), n=0,1,2,.., which are distributed as follows:
a) negative:

T Y 2
-[u+ (nm + 5)2] <A;(u) < — [,u + (nn + Z) ] n=0,12..
b) zero:

‘u_e—z 2pcosuo(i) /1-6(#) < 2#(1 +\/§)€_2 2u sinug(u)
where

— g2 ——
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uo(u) > ug(u) >0, Vu>py, lim,,, o ug(u) = %(monotonically)

JoF
— =0, 1—2thy2mg =0, 0,5 < pg < 0,72
Wu=u5(w)

c) positive:
T
u+ )2 <) <u+ (nmw+ 5)2, n=12..
g) the interval [—u, 0] remains free of eigenvalues where yu = 0;
4.3. The proofs of theorems.

Let's start with Theorem 3. Assuming
Umpn (X, y) = sinmy - v, (x), m=12,...

We divide the variables of the equation
Uy +Uyy = Au(—x,y), x € (=1,1], ye(0,m)

result for u,,, (x, y) we obtain the spectral problem
V' — mzvmn(x) = Amnlfmn(_x); m=12,..
vmn(_l) =0, v mn(_l) = 0.

By virtue of the proven Lemma 6, eigenfunctions of the spectral problem :{v,,(x)}, m =
1,2,..,n=0,12,.. form a complete orthogonal system in the space L?(—1,1). Therefore, after
normalization, they form an orthonormal basis of the space.

Lemma 7. If the system {@,,(y)}, m = 1,2, ... is an orthonormal basis of the space L?(0, ), and the
system {Y,,(x)},m=12,..; n=0,1,2,.. for each fixed value of m is an orthonormal basis of the
space L2(—1,1), then the system

umn(x:Y) = l/)mn(x) ' (Pm(y')' m= 1,2, N = 0;1;2;

is an orthonormal basis of the space L?(Q), where Q = [—1,1] x [0, 7r]. See the proof [14].
In our case,

2
om(y) = \/;sinmy, Yyin (@) = Ky * Vg (@), m=1,2,....;n=0,1,2, ...,

whereK,,,,, are the normalization coefficients, hence eigenfunctions
Umn (X, V) = Ky Sin my v, (%), m=12,..;n=0,12,..
of the boundary value problem

Upy + Uyy = Au(—x,y), x € (-1,1], y € (0,m)
u|y=0 =0, ulyzn =0,
du
u|x=—1J a_ =0,
x=—1
After normalization form an orthonormal basis of the space L?(). Theorem 3 is proved.
Theorem 2 is a consequence of Lemma 6, when u = m?, m = 1,2, ... Theorem 1 follows from Lemma 1
and Theorem 3.
5. Conclusions.
The operator A has a spectral hatch
(=g, 0), where0,5 < uy < 0,72;
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1) If f(x,y) € L2(Q), then the solution of (1) - (3) exists if and only if

2
) 0 +00 2
Z I(Sf umn)l

< +oo,
Xy

o

m=1n=
whereSf (x,y) = f(—x,y).

2) There is regularizing family of tasks, which has the form
Au+pu =Sf,rne 0 < pu < py.

Proof of paragraph 3). ~
Let 0 < u < po, we estimate the resolution of (4 + ul)~1. It's obvious that
Aty + Pmn = (Apn + W Ump.therefore(A + pul) ™ Tupy,, = %

u, (x,y) = [A+ pl]7'Sf
= z ([A + ‘ul]_l.gf, Umn)Umn

(Sf, tmn) umn)
-+ [+ lmn

mn-

- Z (Sf A+ 1] ™ U tmn =

Next, we estimate the distance from the point —-u  to the spectrum of the operatorA.
a) For the negative eigenvalues of the operatord thefollowing inequality holds

n
—-m? — (nm)? < A, < —m? — (nmw — E)Z,m,n =12,..

Therefore
—00 + ©

v

—00 4+ o0

Tom=1= Q)P —1=po—u 0

since, 0 < 4 < pg < 0,72,then 0,72 < —py < —u < 0;

- TEZ TEZ T[Z TEZ
Wn + 1 > |1 = G2 +u > |1 = G + | = [1 4+ G2 o] = 1= o + )%

b) to "zero" eigenvalues A, > 0, we have
|=p = Anl > |=p = O] = [—ul = > 0;

For positive eigenvalues the following inequalities hold

T
m? + (nm)? < A}, <m?+ (nmw + E)Z, mn=1,.2,..

—00 + ©

l ! } } } n‘ I

—1—pg—u O 1 1+m? An

|—u—utpl =p+ 4, >u+1+72>1+n2

— 84 ——



ISSN 1991-346X Cepus ¢usuxo-mamemamuueckas. Ne 5. 2018

Based on these inequalities, we estimate the resolventofA, at A = —p.
From the equation,

(A+ pDuy, = Sf,

we have
u, (x,y) = [A+ pl]71Sf
(Sf, ttmn)
4 A +p
(Sf, Umn) S tnn)tmn | _ " Ftm)
T L hm ""‘+z T Tl At
I RNIC} Unn)? O (S Umo)? (Sf, thn)?
el = mnu;m ¥ u)z = D+ 107 L (i + 12
ZI(Sf tl
[1 —uo+ | &
+ = Z |(SF, tmo) 12 < K2(e)lIsfII? < K2(e) - IFII2,
where =

K(s)=max{ L = 1}.

1-po+()?" &2’ 14n?

Assume that for a given f € L?(Q) there exists a solution of equation

Au = Sf.
then

tm [~ ]| =0,
Indeed,

1 142 2
G — ue | = Z (zm—w‘H) (SF ) < Zml(sz%umn)lz

2

Z(A el “’”")'2+Zu Ty O )

+Zm|(sf umn)l2

|5, umnl |5, umnl2
< —
T (2) Z Com)® L+ n2)2 Z

+ |(Sf, umo)|? <
zw +6) (o)’ ’

m=1
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) 1 + 1
2] (1 +m2)?
[1 Tt (7) ]

M2|(Sf umOl2 < 2 _ n Z _ |(Sflum0)|2
m= 1(7‘ 0) (o + 1) [1—H -|-( ] m=1 (7»;;0) Xm0+u)

lI£112

/1;0 > A;O > cee > AI“\"O
< 1
- —_—<1
Ao + 1
2u?
<- — I
T
1=no + (7) ]
N

MZ
g D (SE o)
(W) 4=
1686 umo)I?

(k o)’

2u I1£112 u?

) Nl
[1 ~1,+(2) ] N
|(Sf umo)l 2 2 *® |(Sf:um0)|2
Z < (XN)Z 1A + ZNH—%O)Z -

N+1

7 Il

. Sf, 2 .
By our assumpnonZ;';l:ll(f—moz)l < 4o, therefore for any € > Othere exists a number N (&)such

AMno)
that for all M > N (¢) the inequality holds
+oo | SEumo)l? _ €%
M ()\;} 0)2 2"

Then, at a fixed N (¢), there exists a number § > Osuch that for all 0 < u < §the following inequality
holds
3ptllfII> &

b2 2

Consequently, for any € > 0 there exists § > 0 such that
2 . .
||uﬂ - u|| <e?ie. ||uﬂ - u|| < eforall 0 < u <4, as required.
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