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VISUAL MODELING OF THE MANIFESTATION
OF THE ESSENCE OF MATHEMATICAL CONCEPTS
AND METHODOLOGICAL PROCEDURES

Abstract. One of the ways to enhance the effectiveness of mathematical education of schoolchildren is to
actualize solutions to complex tasks by adapting modern science. This possibility arises in the identification of
"problem areas" of mathematics education and the construction of generalized constructs that are associated with the
"problem area". In this article, on the basis of the dialogue of cultures and means of mathematical and computer
modeling structured stages of adaptation and technological constructs of actualization synergy in training at the
study of the notion of limit of a function. Didactic mechanism of the development of the essence of this construct is
the implementation of the model cluster founding, are equipped with the motivation, applied learning situations and
tasks at different levels. Longitudinal study of problem areas allows us to effectively develop the intellectual
operations of thinking, intercultural communication, creative independence and self-organization of the schoolboy.

Keywords: mathematical education, dialogue of cultures, synergy, clusters of a founding, functional literacy
activities, computer simulations, solve complex problems, limit of a function.

Introduction. Young people of the modern world have become more intolerant of manifestations of
established stamps in education, lack of flexibility in teaching influences, have become pragmatic in
assessing the emerging circumstances of life, giving priority to building personal preferences and
prospects for their future life. At the same time, intellectual operations of thinking (understanding,
concretization, abstraction, generalization, modeling, analogy, associations, etc.), which underlie the
formation of universal learning activities of trainees, have ceased to develop effectively in school
education for various objective and subjective reasons. And in this process, the role of mathematical
education is lost as one of the most effective tools for personal development and development of social
experience of previous generations, including amidst grandiose applications of mathematics. Suffice it to
mention the achievements of fractal geometry (B.Mandelbrot, M.Feigenbaum, M.Barnslow, E.Feder,
V.S.Sekovanov, etc.), the theory of chaos and catastrophes (G.Khaken, E.Lorents, A.N. Kolmogorov ,
V.I. Arnold, G.G. Malinetskii, R. Tom, O. Ressler, etc.), the theory of fuzzy sets and fuzzy-logic (T. Zade,
A. Koffman, R. Ronald, etc.), theory coding and encryption (K.Shannon, D.Huffman, L.S. Khill, etc.), the
theory of generalized functions (L.Shvarts, L.V. Sobolev, .M. Gelfand, A.Martino, V.P. Palamodov,
etc.), etc. But it is under modern conditions of intensive application of mathematical methods in science,
in the humanities, in technology and related sciences, and even in conjunction with information
technology, these studies would certainly have to be reflected in the changing programs of school and
university mathematical education. First of all, there is a growing need for the actualization of generalized
constructions and relations in the content of school and professional mathematical education, connected
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primarily with the solution and research of complex problems by means of mathematical and computer
modeling. As S.L. Rubinshtein [2] "... the generalization of the relations of objective content is, and then
is realized as a generalization of the operations performed on the generalized substantive content;
generalization and consolidation in the individual of these generalized operations lead to the formation of
the corresponding abilities in the individual. " In such a paradigm, the teacher plays the most important
role in improving the quality of teaching mathematics in high school. For example, ideally the future
teacher should master the generalized content and methods of activity in the university so that when he
comes to school, learn the school subject together with the students at the level of a well-founded entity,
thus denying the so-called known "double oblivion" Klein.

Our concept assumes that the teaching of mathematics should take place in an informationally
saturated educational environment in the context of a dialogue between the mathematical, informational
humanitarian and natural science cultures and the integration of the didactic efforts of the teacher and
pupil in the direction of revealing the essences of the basic educational elements (established symbolic
forms, concepts, theorems, procedures, algorithms, ideas). And similar processes are directly related to
synergetic effects and mechanisms of perception of complex information by the student's personality, the
development of his mathematical abilities and creative independence, the construction of special
procedures for mastering mathematical sign forms, objects and phenomena. As a result of such cognitive
activity, the growth of educational and professional motivation, the development and self-development of
thinking, and the expansion of experience and culture in the context of applied and professional
orientation will be noticeable. Therefore, the alignment of stages and hierarchies in the process of level
identification of the essences of mathematical forms, concepts and procedures by means of visual
modeling is the most important mechanism to overcome the formalism in mastering the content of
mathematics and represents a serious and far from solved problem in the didactics of mathematics.

Methodology, theory and technology. The realization of the announced concept is connected with the
mastering of complex knowledge by the means of mathematical and computer modeling in a saturated
information and educational environment. An effective tool for mastering complex knowledge can be the
research and adaptation to the school or university mathematics of modern achievements in science that
are vividly and significantly represented in applications to real life, the development of other sciences,
high technologies and industries. The development of the philosophical concept of complexity (I.Kant,
G.V.Gegel, I.Prigozhin, G.Khaken, V.V.Orlov, 1.S.Utrobin, H.Alven, T.Vasilieva and others) is mediated
extensive experimental material, practice and interdependence of integrative processes in science,
technology, economics, social transformations and educational paradigms. Polyvalence, multiplicity,
multipolarity, unpredictability, emergence and disequilibrium of the modern world cannot be unrelated to
the categories of development of the essence of objects, phenomena and processes through the
manifestation of the regularities of transitions to higher levels of complexity as components of a concrete
general theory of development (V.V. Orlov, St. Bir, N. Winer, G. Neumann, and others). The researchers
conclude that complexity is an integrating characteristic of the ability to self-organization when certain
critical levels are reached. So French P.A. and Funke D. [8] define the RHC as a multi-step behavioral
and cognitive activity aimed at overcoming a large number of previously unknown obstacles between
fuzzy, dynamically changing goals and conditions. Psychological features of mastering complex
knowledge were studied in detail by A.N. Poddyakov [1]. We further explore the directions of
pedagogical support for mastering complex knowledge by students on the basis of adapting modern
achievements in science to school and university mathematics with the manifestation of synergistic
effects.

1. The basic notion of the presented concept is the concept of foundation as a philosophical category,
pedagogical technology and psychological mechanism of personality development [3]. What is the
phenomenon of foundation? Funding is the term used in phenomenology (and in other sciences) to
describe the relationship of ontological justification. E. Husserl defines the funding relation as follows: A
is founded by B, if for existence of A it is essential that B, only in unity with which A can exist. The
foundation ratio can be one-way (A is weighted in B) or two-sided (A and B are weighted into each
other). According to the phenomenological teaching, all complex high-level acts and objectifications are
grounded in the original simple acts and subjects. In pedagogy for the first time the concept of foundation
was introduced by V.D. Shadrikov and E.I. Smirnov in 2002 [4] as the process of creating conditions for
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the gradual deepening and expansion of school knowledge in the direction of professionalization and the
formation of an integral system of scientific and methodological knowledge as the process of forming an
integral system of professional and pedagogical activity. In connection with the revealed tendencies, the
authors proposed to deepen the theoretical and practical components of the mathematical education of the
future teacher of the natural-science profile by changing the content and structure of the natural-science
and methodological training in the direction of strengthening the school component of natural-science
education, with the subsequent establishment of the knowledge and experience of the individual at
different levels. The fundamental difference between the structure-forming principle of foundation is the
definition of the basis for a spiral scheme of modeling the basic knowledge, skills, and skills of subject
(including mathematical) preparation of students of higher pedagogical universities. School knowledge
will become a structure-forming factor, allowing to select theoretical knowledge from the higher-level
subject area, through which the knowledge of the school is born.

The problem, however, is connected with the fact that the generalized essence is complex,
multilayered, multifunctional and difficult to master by many students. It is clear that such situations in
the mastery of mathematics require the introduction of special procedures, stages and methods of
cognitive activity of schoolchildren for the maximum possibility of updating the order parameters in this
"chaos" of mathematical concepts. It is the dissection of the essence of the means of visual modeling of
such "problem zones" in mathematical education that is possible by designing a dialogue of mathematical,
information, natural and humanitarian knowledge with the manifestation of synergistic effects.

2. It is this mechanism that serves as a visual modeling [6] as an innovative construct aimed at
identifying the essence of mathematical concepts, procedures and situations based on modeling in
teaching mathematics, it is necessary to lead to understanding. The main element is the centering of the
student, the optimal inclusion of his perceptual, cognitive, reflexive, emotional-volitional, motivational
and creative structures in the development of mathematical knowledge. The main thing is the adequacy of
the a priori model and the results of students ' mental activity, conscious and leading to understanding.
Visual simulation is an interactive triad: the person model — understanding. Necessary attributes of a
visual simulation: the mutual transitions of sign systems: verbal, symbolic, figurative and graphic and
specific activity; stability of perceptions of mathematical knowledge; the adequacy of the a priori and
effective models; the selection and updating of basic educational elements; the sensitivity of the
modalities of perception; activity cognitive processes. It is necessary to know the peculiarities of mental
development of each student, types and hierarchy of models, means of optimization of logical structures,
laws of perception and operation of sign systems, means of diagnosis of personality and intellectual
operations, controlling and evaluating procedures, self-improvement and retraining of teachers. Therefore,
the actual problem is the organization of the process of learning mathematics, when the views arising in
the thinking of students reflect the basic, essential, key aspects of subjects, phenomena and processes,
including through adequate modeling of mathematical knowledge. It is the identification and formation in
the cognitive process of these nodal, supporting qualities of the object or the process of perception
(perceptual model), adequately reflecting the essence of the object or process, and is the essence of the
process of visual modeling. At the same time, the models fixing the procedure of mathematical actions in
the process of research activity acquire special significance.

Since the essence reveals its reality in the totality of the external characteristics of the object, in its
manifestations, revealing the essence through the philosophical categories of the internal, General,
content, cause, necessity and law, first of all, we determine the component composition of the content and
procedural characteristics of the manifestation of the essence. Content modus: symbolic, verbal,
figurative-geometric and tactile-kinesthetic manifestations; procedural modus: historical-genetic,
concrete-activity, experimental and applied educational situations and manifestations. Comprehension of
the subject matter by students in a certain categorical field of knowledge and methods of activity,
sufficient for the success and effectiveness of operating with it, does not necessarily coincide in the
content and severity of the essential links. Moreover, it is possible to attach additional links that, together
with the necessary links, create the integrity and hierarchy of the entity in this categorical field. This
variability and mobility of the subject matter requires updating the step — by-step progress to its cognition
and determines the third dimension of the essence-personal-adaptive in its characteristics, and determines
the three-component integrity of the subject matter as an object of cognition in the course of cognitive
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activity. Thus, we present the following structural and functional model of the essence of mathematical
learning elements (Fig.One):

Comep:kaTe bHBIH IIpomeccyansHbIH
KOMIOHEHT KOMIIOHEHT
IpOAB/IeHHA IIPOSIBJICHHA
Moayca Moayca
I~

3HAKOBBII HCTOpHKO-I’eHETH‘IEClﬂIﬁ

KOHKPeTHO-JeATEe/IbHOCTH bl

~
BepOANBLHBIH N N

") ~ "]
oﬁpaano—reomeTpnqemnn N JKCIePHMEHTAIBHBIH

OpHEKIATHOH

JIHYHOCTHO-ATANTAHOHHBI I
KOMIOHEHT N OABJIeHHA
Moayca (YPOBHH)

Figurel - Structural-functional model of the essence of mathematical learning elements

3. Dialogue of cultures is a methodical mechanism: within the framework of this work it is used as a
dialogue of cultures in its personal aspect (DCL), as communication of personalities of participants - DCL
(Yk - yuenwk; Y - yuurens), carried out by them on the basis of a work of culture (PC), arisen in a
certain facet of culture and / or represented in any of the possible incarnations, including the educational
text created, including in the process of the DC. First of all, the DCL presupposes the spiritual
communication of specific carriers of individual (personal) culture with the use of all the basic
components of each individual. In real execution, the DCL is implemented as a kind of a triad in the field
of meanings given by an ordered triple ( "culture of one participant"; "PC culture"; "culture of another
participant” ). In the educational process, the teacher (UL) and the students (UC) in their various
combinations (one - one, one - group, group - group, etc.) appear as participants in the DCL. The role of
the teacher is to organize and manage the DCL until its completion and / or transition to a new DCL based
on, preferably, those PCs that were created within the framework of the committed DCL. DCL in the
methodical sense is an art (and a kind of technology) of such an organization of learning, in which
dialogue participants need an outbreak of understanding, that is, "suddenly" a new (personally new)
understanding of the PC under consideration. In other words, the technology of DCL is based on
"dialectic as a dialogical art" (M. Mamardashvili), as the creation of own PCs; only then can we assume
that there is a "thawing" of dialectics as a dialogical art. In our understanding, the place of DCL (in any of
its variants) is the second stage of knowledge of a mathematical object.

It is believed that the DCL was held if, as a result, a new work of culture (PC,) appeared for the
participants, created in the process of communication as a result of a joint or individual transformation of
the original PC1. Since along with the change in PC1 there are some changes in the participants of the
DCL, the latter, if completed, makes sense to present the following scheme: ( U, - PC, - U, ) > ( U; - PC,
- Up". The pedagogical mechanism for the inclusion of students in the DCL is the learning situation of
"tension and success", organized, for example, on the basis of a personally perceived fragment of
educational material, which is a particular example of an educational PC.
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In literature, a broader concept is used - a dialogue of cultures, originating from the philosophy of
existentialism. In the domestic culture for the first time, the philosopher and philologist M.M. Bakhtin,
later - VS. Biblerom, S.Yu. Kurganov and others. Bakhtin defined the architectonics of the Palace of
Culture as a responsible act; according to Bakhtin, its structural elements are: I, Other, I-for-Other.
Naturally, in the methodological plan, all this acquires corresponding shades and forms of realization [6].

4.Cluster of generalized construct Foundation (for example, the concept of "function limit"):

1 the initial level of entity development - the limit of the function at the intuitive-visual level, the
functional stage of awareness and correction of functions, parameters and conditions of the limit
process,he area of polyhedral complexes, triangulations lateral surface of regular (layers the same height)
of the cylinder or "boot" Schwartz; the Koch snowflake, the Sierpinski napkin (perimeter and area as the
limiting constructs); the attractors and basins of attraction in piecewise-linear maps; multiple homothety
of the plane and space (the fixed point, polars, basins of attraction).

1 the area of polyhedral complexes, triangulations lateral surface of regular (layers the same
height) of the cylinder or "boot" Schwartz; the Koch snowflake, the Sierpinski napkin ( perimeter and area
as the limiting constructs); the attractors and basins of attraction in piecewise-linear maps; multiple
homothety of the plane and space (the fixed point, polars, basins of attraction).

Forms and means: resource and laboratory-calculation classes, work in small groups, lessons-
lectures, pedagogical software products, task banks, presentation trainings, ClassPad400, GeoGebra,
Web-resources.

5

- partial limits theorem about the coverage, the upper and lower limits of a function; area of
polyhedral complexes, triangulations of side surface irregular ( layers of different height) of the cylinder
or "boot" Schwartz; multiple homothety plane and space in the conditions of dynamic chaos ( the
Sierpinski triangle, the Cantor set, "sponge" Menger).

2. tree and Feigenbaum constant and transition from order to chaos; the fractal structure of the
functions of the van der Waerden (computer and mathematical modeling, approximation curve, continuity
and nondifferentiability of curve).

Forms and means: resource and laboratory and calculation classes, work in small groups, lecture
lessons, pedagogical software products, task banks, presentation trainings, ClassPad400, GeoGebra, Web
resources, Qt Creator cross-platform environment, project activities, interactive whiteboards.

S computer simulation e-8 of the Cauchy language; business game"Finding min N(g) for the
sound sequence"; variation of parameters and computational design of the spatial limit of a sequence;
computer design and variations of the fractal sets of Mandelbrot and Julia ( iteration, fixed point, the
variation of the polynomial n-th degree, the basins of attraction); the study of attractors of nonlinear
mappings (Bernoulli, Hainaut, display "Baker", "cat" Arnold, testoobraznaja function).

3 - strange attractors of the Lorenz and Henon; affine transformation andmaple leaf, Barnslow;
dust Sierpinski fractals and art.

Forms and tools: resource and laboratory and design classes, work in small groups, lessons, lectures,
educational software products, banks jobs, training presentations, ClassPad400, GeoGebra, Web
resources, cross-platform environment Qt Creator, projects, business games, interactive whiteboard.

4. computer-aided design and mathematical modeling of the neighborhood points on a plane
and in space for different metrics, universality of pointwise convergence and Euclidean metric; numerical
methods for finding the area of curvilinear trapeze ( rectangles, trapezoids, Simpson).

4 | computer and mathematical modeling: transformations Hutchinson, Seth, multifractal, the
limit in the Hausdorff metric.

— 10 —
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Forms and tools: resource and laboratory and design classes, work in small groups, lessons, lectures,
educational software products, banks jobs, training presentations, ClassPad400, GeoGebra, Web
resources, cross-platform environment Qt Creator, projects, business games, interactive whiteboard.

] : . . : .
- computer and mathematical modeling of a generalized solution of the wave equation;
computer design weird cross — attractors of affine transformations of the plane.

3 - generalized curves and the 6 - function Dirac (instantaneous impact and momentum,
generalized functions and the limit, the summation of divergent series); the Lebesgue integral (estrogenes,
advantages, applications); non-standard analysis by A. Robinson (estrogenes, axioms, theorems).

Forms and tools: resource and laboratory and design classes, work in small groups, lessons, lectures,
educational software products, banks jobs, training presentations, ClassPad400, GeoGebra, interactive
whiteboard, Web-resources, cross-platform environment Qt Creator, projects, business game.

Innovation: the potential of synergy is realized by visualizing the dynamics of functional
dependences of the parameters of a limit process by means of mathematical and computer modelling
(used ClassPad400 and MathCad for the study of the limit of rational and transcendental functions in one-
dimensional, two-dimensional and three-dimensional cases). This is the construction of polars, attractors,
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pools of attraction, fluctuation of initial parameters; finding min N (g) and the implementation of the
business game scenario in the research activities of small groups. The cluster of Foundation of the essence
of the concept of function limit with the continuity of the content, forms, means, methods and
technologies in the context of integration of computer and mathematical modeling of the processes of
synergy, actualization and unity of mathematical knowledge from different fields, motivic and applied
support of the processes of manifestation of the essence.

5. Technological stages of the development of complex knowledge-based implementation of concepts
of Tundrovaya experience of self, visual modeling of objects, processes and phenomena of the dialogue of
cultures and personalities of the generalized model of cognition suggest a synergetic attributes by means
of mathematical and computer modeling. Reliance on the identification of " problem areas "in
mathematical education and adaptation of generalized designs of modern achievements in science to
school and University mathematics as a means of manifestation of the essence of the" problem zone " is a
key idea to improve the quality of mathematical education and the development of intellectual operations
of students.

Results. The situation of chaos in the processes of mastering mathematical knowledge and
procedures by certain categories of students and students is not the last problem in education. This lack of
adequate solutions to this problem leads to a formalism of knowledge, a low level of educational and
professional motivation, an inadequate level of personal development of students, especially in the context
of self-organization and self-development of the individual. In the present study, this problem is proposed
to be solved by methods involving students in the dialogue of cultures, building and adapting the
generalized constructs of complex knowledge that underlie the "problem zones" of mathematical
education. These constructs are the samples of modern achievements in science: fractal geometry, fuzzy
sets theory, generalized functions, coding theory, chaos theory and catastrophes, etc., solved by means of
mathematical and computer modeling and adapted to the available level of mathematical competence of
schoolchildren and students. In this respect, the parameters of order in mathematics education are also
technologies of establishing the experience of the individual and visual modeling of objects, procedures
and phenomena, actualizing the aspect of theoretical generalization, building hierarchies and stages of
understanding the essence of mathematical concepts and procedures that promote the development of
intellectual operations and the manifestation of synergetic effects in teaching mathematics. Namely, the
concept and technology of mastering complex knowledge in the mathematical education of schoolchildren
and students on the basis of adaptation of modern achievements in science to school and university
mathematics were developed. The technologies of the identification of the experience of the individual
and the visual modeling of objects, processes and phenomena are clarified, characteristics and a structural-
functional model of the essence of mathematical educational elements on the basis of hierarchy are
developed. The graph of the coordination of the stages of manifestation of the essence in the "problem
zone" and stages of the manifestation of synergy of mathematical education as a didactic mechanism and
model of cognitive activity in the process of mastering mathematics with a synergetic effect is developed.
The pedagogical experience of the pilot implementation of the developed technology of mathematical
education shows its effectiveness in the growth of educational and professional motivation, the
development of intellectual operations, improving the quality of teaching math students and students.
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MATEMATHKAJBIK YFBIMIAPJBIH )KOHE OIICTEMEJIK ) KYMBICTAPJIBIH, MMANJA BOJY
KE3EHJAEPIHIH MOH-MAFBIHACBIHBIH KOPHEKI MOJAEJIAY

AHHOTamus. MeKTen OKyImbUIAphIHA MaTEeMaTHKAIbIK OimiM OepymiH THIMOUTITIH apTTHIPYIBIH OipXKOJBI Kypaeni
€CenTepli IIBIFPY >KOJJAapblH 3aMaHayd FBUIBIMHBIH JKETICTIKTepiHE JAMBIKTBI eTill KalTa XaHFBIpTYy. MyHnmail Mocene
MaTeMaTHKAIBIK OiTiM Oepyleri «mpoOiieMMalblK aiMakThIHY Maiga OOodysl MEH «IpOoOJeMaiblK aiiMakka» OalTaHBICTHI
JKAIMBUIAHFAH KOHCTPYKTap/Abl Kypy MYMKIiHAiri Oenrimi OosryblHa OaiyIaHBICTBI TyBIHIAIBl. bBysl mMakana (yHKIMSHBIH IIeri
YFBIMBIH OKBITY/Ibl 3€PTTEYJeC MHEPTUSHbI KalTa >KaHFBIPTYIarbl MaTeMaTHKAIIBIK JKOHE KOMIIBIOTEPIIIK MOJENACY Kypaiapbl
MEH TEXHOJOTHSJIBIK KOHCTPYKTTBIH OeifiMaeny Ke3eHIepiHiH AUajIor MSJCHHETI Heri3iHae KypbuiraH. MyHIarbl KOHCTPYKTHI
MEHTepyIiH INAaKTHKAIBIK MEXaHI3MiHIH MOH-MaFHACHI, MAaTHBAIMSIIBIK-KONAapOabIK OKY JKaFIail atapsl KeIIeHIH QyHAUpPICY
KJIacTep MOJEINi KOHE OpTYpii AeHreiimeri ecemrep Oomnpin TaObutaabl. «lIpobmemanblK aifMaKThD» JIOHTHTIOATIK 3epTTEyJIep
OKYIIBUIAPABIH TYIFAJbIK OMJIayblHAa, MOJCHHET apapajblK KOMMYyHHKAaIMsra, ©30eTiHIIe KacaMHa3[gblK MeH ©iH-e31
YHBIMAACTHIPYABI THIMII XKY3eTre achIpyFa MYMKIHIIK Oepei.

Tipek ce3aep: MareMaTHKaIBIK OutiM Oepy, IHOJIIOr MOIEHHWeETI, cHHeprus, (yHaupriey kinactepi, iC-opeKeTTiH
(YHKIMOHAIIBIK CayaTThUIBIFBI, KOMIBIOTEPIIIK MOCICY, KYpAeaecenTep i MbFapy, GYHKIMIHBIH IIeTi.
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HATJIAAHOE MOJAEJUPOBAHUE 3TAIIOB TPOSABJIEHUS CYIIHOCTH
MATEMATHYECKHAX MMOHATUN 1 METOJIUYECKHX IMMPOIETYP

AnHoTamus. OmHMM U3 MyTell MOBBINIEHUS >(P(PEKTHBHOCTH MAaTEMaTHIECKOTO O0Opa30BaHMS MIKOJIBHUKOB SBIIETCS
aKTyalH3alys CII0OCOOOB PELICHHs CIIOKHBIX 337a4 MyTeM aJalTallid COBPEMEHHBIX TOCTIDKCHHH HayKH. Bo3MOXXHOCTB 3TOTO
BO3HHUKAET TIPH BBIIBICHUU «IIPOOIEMHBIX 30H» MAaTEeMaTHYECKOro 0o0pa3oBaHUS M MOCTPOCHUH OOOOMIEHHBIX KOHCTPYKTOB,
CBSI3aHHBIX C «MPOOJIEMHON 30HOW». B maHHOW cTaThe HAa OCHOBE AMajora KyJlbTyp M CpEINCTBAMH MaTeMaTHUeCKOro M
KOMIIBIOTEPHOI'O MOJIEJIMPOBAHUS BBICTPOCHBI JTAllbl aJalTalUd ¥ TEXHOJIOTMYECKUE KOHCTPYKTHI aKTyalHu3allid CHUHEPIUU B
Oo0y4eHHH NpH HCCICIOBAaHUM IIOHATHS mpenena (GyHKUUH. [IMIaKTHYECKUM MEXaHH3MOM OCBOCHHS CYIIHOCTH TaKOIro
KOHCTPYKTa OKa3bIBAaeTCsl peajM3aliisi MOJAENU Kiactepa (YHIUPOBAHWS, OCHAIIEHHOTO KOMIUIEKCAMH MOTHBAILIMOHHO—
NPUKIATHBIX Y4eOHBIX CHTyallMii M 3afad pasHOro ypoBHs. JIOHIMTIONHOE HCCIENOBaHUE «IIPOOIEMHBIX 30H» IO3BOJSIET
3¢ }QeKTUBHO pa3BHBaTh MHTEIUICKTYaJbHbIE ONEPALMU MbILIICHUS, MEKKYJIbTYpPHbIE KOMMYHUKAI[UH, TBOPYECKYIO CaMOCTOS-
TENILHOCT U CAMOOPTaHHU3AIMIO IMIHOCTH IIKOIBHHKA.

KnioueBble cjoBa: MareMaTHdeckoe oOpa3oBaHME, [OHAJOT KyJNbTyp, CHHEprus, Kiactepsl (yHIupoBaHHS,
(YHKIMOHAJIbHAS TPAMOTHOCTH JIEATEIHOCTH, KOMIBIOTEPHOE MOJICIIMPOBAHHUE, PEIIEHIE CIOKHBIX 3a/ad, Ipeaer (GyHKIUH.
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EMBEDDABILITY OF m-DEGREES INTO EQUIVALENCE
RELATIONS IN THE ERSHOV HIERARCHY

Abstract. The paper is devoted to the study of equivalence relations in the hierarchy of Ershov. An equivalence
relation R on w is computably reducible to an equivalence relation S if there exists a computable function f(x) such
that for any xand y, the conditions xRy and f(x)Sf(y) are equivalent. In this paper we construct isomorphic
embeddings of semilattices of m-degrees into partial orders of equivalence relations in the hierarchy of Ershov with
respect to computable reducibility.

Key words. Equivalence relations, computable reducibility, hierarchy of Ershov, computably enumerable sets,
semilattice of computably enumerable m-degrees.

A set A is m-reducible toa set B (denoted by A <,,, B) if there is a computable function f such that
for any x € w the conditions x € A and f(x) € B are equivalent. Such a function f is called a reduction
function. A set A is 1-reducible to a set B (denoted by A <; B) if A <,, B and the corresponding
reduction function is injective. A formula A =, B means that A <,, Band B <,,, A. The m-degree of a
set A is denoted by d(A), i.e. d(A) = {B: A =, B}. We use the same notation <,, to denote a natural
ordering on the set of m-degrees:

d(A) <,, d(B) 5 A <., B.

A partial order L% = ({d(X):X is a recursively enumerable set and X # @, w},<,,) is an upper
semilattice and an ideal in the upper semilattice of all m-degrees. The supremum operation in LY, is
induced by the join of sets:

ADBBs {2x:x € AU {2x + 1:x € B}.

It is well-known that LY, contains the greatest and the least elements. For further definitions and
preliminaries on m-reducibility, we refer the reader to the monographs [1, 2].

Definition ([6]). A set A belongs to the class =" in the hierarchy of Ershov if there are computable
functions f(x,t) and h(x, t) such that for any x, t € w, the following conditions hold:

(1) A(x) = limg f(x,s) and f(x,0) = 0;

Q) h(x,0) =n&h(x,t+ 1) < h(x,t);

B)fl,t+1)# f(x,t) > h(x, t +1) < h(x,t).

If a pair of functions (f,h) satisfies the conditions above, then we say that (f,h) is a X,’-
approximation of the set A. A set A lies in the class I7,, in the hierarchy of Ershov if the complement of
A belongs to the class £, . A set from the class £, * (IT; 1) is also called a £, *-set (IT,; *-set). £ *-sets are
known as computably enumerable sets. A detailed exposition of results on these sets can be found in [3, 4,
5, 6].

—— |4 ——
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The classes £, * and I7,;* are closed downwards under m-reducibility. It is known [3] that each of the
classes contains a universal set. Moreover, the partial orders (Z,_l L Sm) and (IT,,",<,,) are upper
semilattices.

Proposition 1. A set A belongs to £, if and only if there is a computable function h(x, t) such that
for any x,t € w, the following holds:

(1) A(x) = rest(limg h(x,s),2);

(2) h(x,0) = 0 &h(x,t) < h(x,t + 1)& h(x,t) < n.

Proposition 2. A set A belongs to IT,," if and only if there is a computable function h(x, t) such that
for any x,t € w, the following holds:

(HAx) = @(rest(limS h(x,s), 2));

(2) h(x,0) = 0 &h(x,t) < h(x,t + )& h(x,t) < n.

We assume that all considered sets and equivalence relations are defined on the domain w. For a non-
zero n € w, Id,, is a computable equivalence relation which satisfies the following: xId,y if and only if x
and y are equivalent modulo n. By Id we denote the identity equivalence relation. For an equivalence
relation Eand a € w, [a]g denotes the E-equivalence class of the element a.

Definition. An equivalence relation E on w is called aZ, equivalence relation (a II,,* equivalence
relation) if the set E is a =, -set (IT,, -set).

An equivalence relation R is computably reducible to an equivalence relation Q (denoted by R <. Q)
if there is a computable function f such that for any x,y € w, the condition (x,y) € R holds if and only if
( feo, f (y)) € Q; i.e. there is an algorithm which transforms different R-equivalence classes into
different Q-equivalence classes. Equivalence relations R and Q and equivalent if each of them is reducible
to the other one. The family of all equivalence relations which are equivalent to R is called the degree of
an equivalence relation R.

It is clear that an equivalence relation E satisfies E <. Id if and only if E =, Id,, for some n € w.

Definition (A. Sorbi and U. Andrews). An equivalence relation E is dark if E is incomparable with
the identity equivalence relation under the reducibility <..

For an arbitrary c.e. set A, let Ry = {(x,y):x =y vV {x,y} € A}.

Proposition ([11]). Let A, B be non-empty c.e. sets.

1) Ryis computable if and only if A is computable.

2) A <; Bimplies that R4 <. Rp.

3) If Ry <. Rg,then 4 <,,, B.

The proposition implies that c.e. 1-degrees are isomorphically embeddable into the structure of c.e.
equivalence relations. It is well-known that c.e. 1-degrees do not form a semilattice. Hence, the structure
of equivalence relations under computable reducibility is also not a semilattice.

In this work we study embeddings of semilattices of m-degrees into structures of equivalences in the
hierarchy of Ershov. Results on embeddings of c.e. m-degrees into Rogers semilattices can be found in [7,
8,9, 10]. For an embedding of c.e. 1-degrees into structures of equivalence relations, the reader is referred
to[11, 12].

Embedding of semilattices of m-degrees into structures of equivalence relations in the
hierarchy of Ershov.

Theorem 1. For anyn >0, the semilattice(Zﬁl, Sm)is isomorphically embeddable into the
structure(Il, equivalence relations,<.).

Proof. We consider the following operator: for an arbitrary set X, we set

TX) = {(x,y):{x,y} cXvix,y}c Y}.

It is clear that for any set X, the set T(X) is an equivalence relation. We prove that the map X — T'(X)
induces an isomorphic embedding from the upper semilattice (2%, <,,) into the structure (IT;,
equivalence relations,<.). We also show that our estimate of the level in the hierarchy of Ershov is sharp.
In order to obtain this, we prove the following lemmas.




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

Lemma 1. If X € X,;*, then T(X) € 5.
Proof of Lemma 1. Suppose that a pair of functions {fy, hy) is a £ *-approximation of the set X. We
build an approximation of the set T'(X): for any x,y € w, set

f((xIY); t) = |fX(x:t) +fX(y't) - 1|r
h((x,y),t) = hy(x,t) + hy (¥, 0).

We prove that the pair (f, h) is a T, -approximation of the set T (X).

D f(CG9),0) = 1fx(x,0) + fx(,0) — 1] = 1; and

limg f((x,y),5) = |limg fy (x, s) + limg fy (v, 8) — 1| = [X(x) + X(y) — 1.

The latter equation implies the following: T(X)(x,y) = 1 if and only if X(x) = X(y). Therefore,
T(X)(x,y) = 1 ifand only if lim, f((x,y),s) = 1.

2) h((x, V), 0) =hy(x,0) + hy(y,0) =n+n=2n; and h((x, y),t+ 1) =hy(x, t+1)+
hy(y,t +1) < hy(x,t) + hy(y,t) = h(x,y).

3) Suppose that f((x,y),t+ 1) # f((x,y),t). Thus, either fy(x,t+ 1) # fx(x,t), or fx(y,t+
1) # f(y,t). Hence, either hy(x,t +1) < hy(x,t), or hy(y,t + 1) < hy(y,t). In turn, this means that
h((x, y),t+ 1) =hy(x,t+ 1)+ hy(y, t +1) < hy(x, t) + hy(y, t) = h((x, y),t).

Therefore, the pair of functions {f, h) is a IT;-approximation of the set T(X). Lemma 1 is proved.

Lemma 2. If F <, T(X) for a X, -set X, then F =, T(Y) for some X, -set Y.

Proof of Lemma 2. Suppose that for an arbitrary equivalence relation F, we have F <, T(X) via a
function f. Then the equivalence relation T(X) contains at most two equivalence classes. Hence, the
equivalence relation F also contains at most two classes. Therefore, if ¥ = f~1(X), then F = T(Y).
Lemma 2 is proved.

Lemma 3. X <,,, Yifand only if T(X) <, T(Y).

Proof of Lemma 3. Both reductions can be realized by the same function. Lemma 3 is proved.

Lemma 4. For any I1;,-set A, there is a X, -set B such that 4 <,,, T(B).

Proof of Lemma 4. Suppose that a pair of functions (fy, hy) is a Il -approximation of a set A.
Moreover, let hy be the function from Proposition 2. We build aZ;;* approximation of a set B as follows:

1,rest(hy(x,t),4) = 2;
0, otherwise.
0,rest(hy(x,t),4) = 0;
1, otherwise.

fo 2,0 = |
f2x+1,t) = {

{ hg(x,0) = n;
hg(x,t +1) = hg(x,t) — |fp(x, t + 1) — fp(x, )|

It is not difficult to see that a pair of functions (fg, hg) is a X, -approximation of the set B.
Furthermore, it is not hard to check that the reduction A <,, T(B) can be realized by the function
f(x) = (2x,2x + 1). Lemma 4 is proved.

Corollary 1. If X is an m-complete £, -set, then T (X) is an m-complete I1,, -set.

Proof. Let X be an m-completeX;, *-set. We prove that any I, -set Asatisfies A <, T(X). The proof
of the theorem implies that there is a £, -set Y such that A <,, T(Y). It is clear that T(Y) <, T(X).
Suppose that that the reduction T(Y) <., T(X) is realized by a function f; then the reduction
T(Y) <p T(X) is realized by the function

h((, ) = (F(0), fF()).

Since m-reducibility is transitive, we have A <,,, T(X).
Corollary 2. For any non-computable set X, the equivalence relation T (X) is dark.
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Corollary 3. The semilattice of computably enumerable m-degrees is isomorphically embeddable
into the structure (I1;* equivalence relations,<.).

Corollaries 2 and 3 areevident.

Question. Is it possible to isomorphically embed the semilattice of c.e. m-degrees into the structure
of c.e. equivalence relations?
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ON EXPANDING COUNTABLY CATEGORICAL WEAKLY O-MINIMAL
THEORIES BY BINARY PREDICATES

Abstract. In the present work, questions of preservation of model-theoretical properties at expanding a model
of a 1-indiscernible countably categorical weakly o-minimal theory by an arbitrary binary predicate are studied.
Questions of preservation of model-theoretical properties at expanding of countably categorical weakly o-minimal
theories by unary predicates had been before studied. Here thenotionofanequivalence-genera table formula
hasbeenintroduced: if R(x, ) is a p -stable formula for some non-algebraic 1-type p,then R(x,y)is called an

equivalence-generatable formula if every p -stable convex to the right or convex to the left formula formed from

maximal convex subsets of the set R(M ,a) for some elementa € p(M ) is equivalence-generating. In terms of

the introduced notion of an equivalence—generatable formula, a criterion for preserving the countable categoricity of
a l-indiscernible weakly o-minimal expansion by a binary predicate of 1-indiscernible countably categorical weakly
o-minimal structures having the convexity rank 1has been obtained.

Keywords: weak o-minimality, countable categoricity, 1-indiscernibility, expansion of models, equivalence-
generating formula, equivalence relation.

LetLbe a countable first-order language. Throughout this paper we consider L-

structuresandsupposethat L contains the binary relation symbol <, which is interpreted as a linear order in
these structures. The present paper deals with the concept of weak o-minimality, originally deeply studied

by D. Macpherson, D. Marker, and C. Steinhorn in [1]. A subset A ofalinearlyorderedstructure M is called
convexif for anya,b € Aand ¢ € M whenevera < c <bwe havec € A. A weakly o-minimal structure is
a linearly ordered structure M =(M,=,<,...)such that any definable(with parameters) subset of the

structure M is a union of finitely many convex sets in M . Recall that such a structure M is called o-
minimal if every definable (with parameters) subset of the structure M is a union of a finite number of
intervals and points in M . Thus, weak o-minimality is a generalization of o-minimality. Real closed
fields with a proper convex valuation ring provide an important example of weakly o-minimal (not o-
minimal) structures.

Let A, Bbe arbitrary subsets of a linearly ordered structure M . Then the expression 4 < Bmeans
thata < b whenever a € Aand b € B . The expression 4 < b means that 4 <{b} . We denote by A" (and,
respectively, A ) the set of elements b of the considered structure M with the condition 4 <b (b < A).

Definition 1[2] Let 7'beaweaklyo-minimaltheory, M be a sufficiently saturated model of the theory
T',and let ¢(x) be an arbitrary M -definable formula with one free variable.

The convexity rank of the formula @(x) (RC(¢(x)))is defined as follows:
1) RC(¢(x)) 2 1if @(M ) infinite.
2) RC(¢(x))= a+1if there exist a parametrically definable equivalence relation E(x,y)and an

infinite number of elements ,,i € @, such that:

— 18 ——
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* Forany i, j € @, wheneveri # j we haveM = —=E(b;, bj)

*Foreachie @ RC(E(x,b,))>a and E(M ,b,) is a convex subset of a set ¢(M )

3) RC(H(x))=0,if RC(¢(x)) = ax for allx < O (O is limit).

If RC(¢(x)) = & forsome o , we say that RC(¢(x))is defined. Otherwise (i.e.if RC(#(x)) > « for all
a ), we put RC(¢(x)) = 0.

Particularly, a theory has convexity rank 1 if there is no definable (with parameters) equivalence
relation with an infinite number of convex infinite classes.

In this paper, we investigate the problem of preserving properties for expansions of models of
countably categorical weakly o-minimal theories by binary predicates. Earlier in the works [3] — [5],we
have studied the problem of preserving properties for expansions of models of countably categorical
weakly o-minimal theories by unary predicates. As is known, in the work [6] Baizhanov B.S. proved that
an expansion of a model of a weakly o-minimal theory by a unary predicate that distinguishes a finite
number of convex sets preserves weak o-minimality of the expanded theory. However, in the case of
expandingamodel of a weakly o-minimal theory by a binary predicate that distinguishes a finite number of
convex sets for each fixed either the first orthesecond parameter, the expanded theory can lose weak o-
minimality (Example 4).

Recall some concepts originally introduced in [1].

LetY c M"™'be an & -definable set, letzz:M"" — M" be aprojection that drops the last
coordinate, and letZ :=77(Y). For each a € Z letY, :={y:(a,y) € Y} . Suppose that for eacha € Z the

setY_ is bounded above, but has no supremum in M. Let~ — be an J —definable equivalence relation on
M?"  defined as follovis: 3 B 3
a~b foralla,b e M"\ Z,anda ~b < supY, =supY;,ifa,b € Z.

LetZ =7/ ~,and for each tuple @ € Z we denote by[a ] ~-classofthetuple @. There exists a natural &
—definable linear order on M uZ , defined as follows. Leta € Z andc € M . Then[a ] < c ifandonlyif
w<c forallwe Y_.If it is not true that a ~ b , then there exists a certain x € M such that [a]<x< [l; ]Jor
[5 ] < x <[a], and therefore <induces a linear order on M uZ. We call such a set Z bysort (inthiscase,

(& —definablesort) inﬂ, whereMis theDedekindcompletion of the structure M , and consider Zas

naturally embedded in M . Similarly, we can obtain sort in M , considering infima instead of suprema.
Definition 2[1] LetM be alinearly ordered structure, D < M be aninfinite set, K < M,
f:D— K be a function. We say that f islocally increasing (locally decreasing, locally constant)on D if
for any x € D there exists an infinite interval J < D, containing X, so that f is strictly increasing (strictly
decreasing, constant) on.J .
We also say that a function f islocallymonotoneon the set D < M if f is either locally increasing or

locally decreasing on D .
Proposition 3[7]Let M be a weakly o-minimal structure, A M, pe S (A)be a non-algebraic

type. Then any function in an A -definable sort whose domain contains p(M)is locally monotone or
locally constant on p(M).

Example 4Let M :=(R,<) be alinearly ordered structure on the set of real numbersR . It is obvious
that M is a model of a countably categorical o-minimal theory. Expand the model M by a new binary
relation S(x, y) as follows: let M':=(R,<,S*) besuchthat S(x, y)is the graph of the following unary
function f*, defined as f(b) =2b for eachbh € Q and f(c) =—c for eachc e R\ Q. It is obvious that for
eachae M S(a,M)and S(M,a)are singleton sets, i.e. convex sets.Nevertheless, note that M is not




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

weakly o-minimal, since there is no decomposition of the setR into a finite number of convex sets, on
each of which the definable function f is locally monotone or locally constant.

Example SLet M :=(Q,<) be alinearly ordered structure on the set of rational numbers Q . It is
obvious that M is a countably categorical o-minimal structure. Expand the model M by a new binary
relation E(x, y) as follows:let M":= (Q, <, E*) be such that for any a,b € Q

E(a,b) < 2n—-DV2 <a,b<(2n+1)2

for somen e Z.

Then it is not difficult to understand that £(x, y)is an equivalence relation that partitions Q into
infinitely many infinite convex classes, and £ -classes are ordered by the type O +.

It can be proved that M is a weakly o-minimal structure, but 7/2(M") is not countable categorical.

Example 6LetM :=(QxQ,<,E’)be alinearly ordered structure on the setQ x Q, ordered
lexicographically.The relation £(x, ') is defined as follows:

foranya = (m,,n,),b =(m,,n,) € OxQ E(a,b) & m, =m,.

It is obvious that £(X, y)is an equivalence relation that partitions Q x Q into infinitely many infinite

convex classes, and the E -classes are ordered by the type Q .
Extend the universe Q x Q of the structure M by adding two elements to each £ -class, which are the
left and the right endpoints of the E -class.As a result, we obtain a new structure M':= (M',< E*).

Consider the reduct of the structure M to the structure M :=(M',<). It is obvious thatM"is a
countably categorical o-minimal structure. Its expansionM':=(M',< E*)is a countably categorical
linearly ordered structure, but 742(M") is not weakly o-minimal.

Definition 7[8] Let M be weakly o-minimal structure, A < M , M be| A|" -saturated, p € S,(4)

benon-algebraic.
(1) An A -definableformula F'(x, y) iscalled p -stable, if there exista, ¥,, ¥, € p(M)such that

FM,a)\{a} #Dandy, <F(M,a)<y,.

(2) A p -stableformula F'(x, y) is called convextothe right (left), if there existsaz € p(M)such that
F(M,a)is convex, « istheleft (right) endpoint of the set F'(M ,a) andax € F(M, ).

InExample 5 the formula F'(x, y): =y < x A E(x, y)is p -stable convex to the right, and the formula
G(x,y) =y =xAE(x,y)is p -stable convex to the left, where p(x):={x=x}e S,(J).

Let F{(x, ), F,(x,y) be p -stable convex to the right (left) formulas. We say that F,(x,y)is greater
than F,(x,y)if there exists & € p(M ) such that F;,(M,a) < F,(M ,x) .

Definition 8[9] Wesaythata p —stable convex to the right (left) formula F(X, ) isequivalence-
generating, if for any a, f € p(M)such thatM E F(f, @), the following holds:

M |=Vx(x2,8 - (F(x,a) HF(x,ﬁ)))(M I:Vx(xsﬁ* (F(x,a) <—>F(x,ﬁ))))

Lemma 9[9]. Let M beaweakly o-minimal structure, 4 < M, p € S,(A)benon-algebraic, M be

| A|" —saturated. Supposethat F'(x, y)isa p -stable convex to the right (left) formula, being an
equivalence-generating. Then

1) G(x,y):=F(y,x)is ap -stable convex to the right (left) formula, being an equivalence-
generating,

2) E(x,y):=F(x,y)Vv F(y,x)isanequivalence relation partitioning p(M)into infinitely many
infinite convex classes.
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Proposition 10[9]Let7 bea countably categorical weakly o-minimal theory, M |=T, Ac M,

p € S,(A4) benon-algebraic. Thenany p -stable convex to the right (left) formula is equivalence-
generating.
Example 11Let M :=(Q, <) bealinearly ordered structure on the set of rational numbersQ . It is

obviousthat M isacountably categoricall-indiscernibleo-minimal structure. Consider the expansion of the
structure M by a new binary relation R(x, y) : let M := (Q, <, R*) such that for any a,b € Q

R(a,b) < a<b<a+2.

It is obvious that R(a, M") and R(M', a) are convex for eacha € M. It can be proved that M isan
1-indiscernibleweakly o-minimal structure.

The formula F'(x, y) := R(,X)is p -stable convex to the right, where p(x) = {x = x} € S,(J). It is
easy to understand that F'(x, ») is not equivalence-generating.

Consider the following formulas:

R, (x,y) = 3t[R(x,) AR(%,¥)), R, (x,y):= 3[R, (x,0) AR(t, y)],n 22

For each a € M we have

R(a,M"Yc R,(a,M")c...c R (a,M") ...,

from which we obtain that 7/(M") is not countably categorical.

Let M be a weakly o-minimal structure, A M, p € S,(A4)be non-algebraic, R(x,))be an A -
definable formula that isp -stable, ie. for anyae€ p(M)there existh,,b, € p(M)such that
b <R(M,a)<b,.

By weak o-minimality of M theset R(M, a)is the union of a finite number of convex sets.

It is obvious that each of these sets is A\U{a} -definable. There exists a finite number of such
definable convex sets that are to the left of the elementa.Denote them by R/ (x, y),...,R!(x, ), we

assume that
R (M,a)>R' _(M,a)>...> R (M,a)>a.

Similarly, there exists a finite number of definable convex sets that are to the right of the elementa .
Denote them by R (x, »),..., R (X, ), we assume that

a<R (M,a)<R,(M,a)<...<R (M,a).

Perhaps there exists a definable convex set whose interior contains an elementa . Denote it by
R (x,y).Thus, if R“(M ,a) # D, then there exists b,,b, € R°(M ,a) such thath, <a <b, .
Define the following formulas:
F(x,y)=y<xAR(x,y)

G (x,y)=y2xAR(x,)
F'(x,y)=y<xAVt[R (t,y) > x<t],1<i<m

F(x,y)=y<xaAt[R (t,y) Ax<t],1<i<m
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/ — l .
Gi(x,y)=yz2xaAVt[R(t,y) >t <x],1<i<s

I* o i .
G, (x,y)=y2xaAdt[R;(t,y)At<x],1<i<s

It is obvious that F°(x,),F’ (x,y),F  (x,y),1<i<mare p -stable convex to the rightand
formulas G (x, y), Gj. (x,y), Gj.* (x,y),1< j<s,are p -stable convex to the left.
We say that the formula R(X, V) isequivalence-generatable, if every non-trivial formula in the set
. c r r* c l A . . .
A={F(x,y), Fxy), F &y, Gy, Gxy), G (xy)|1<i<ml<j<s}is
equivalence-generating.
Example 12LetM :=(QxQ,<)be a linearly ordered structure on the setQxQ, ordered

lexicographically. It is obvious that M is a countably categorical o-minimal structure.
We introduce the following two binary formulas E(X,y)and R (x,y)on the set QxQ: for any

a :(mlanl),b:(mzanz)eQxQ
E(a,b) © m, =m,

R(a,b)y & m =my, An <n, <n, +4/2

LetR(x,y):=y<xAE(x,y) A—R,(x,y)and M' :=(QxQ,<,R*)is an expansion of the model
M by binary predicate R(x, y) . It is obvious that for anya € M’ R(M',a)is convex anda < R(M',a).

It can be established that M'is a l-indiscernible weakly o-minimal structure, but T/h(M")is not
countably categorical.

Consider the following formulas:
Fi(x,y) = y < x AVL[R(t, ) = x <1]
F,(x,y)=y<xA3t[R(t,y)Ax<t]

Formulas F, (x, y), F,(x, y) are p -stable convex to the right, where p(x):={x=x}¢e S,(), here
F,(x,y)is equivalence-generating, and F(x,y)is not equivalence-generating. Hence, the predicate
R(x, y) is not equivalence-generatable.

Theorem 13 Let M be an l-indiscernible countably categorical weakly o-minimal structure of
convexity rank 1, M is an l-indiscernible weakly o-minimal expansion of the structure M by a binary
predicate R(x, ).

Then Th(M') is countably categorical if and only if the following conditions are satisfied:

(1) R(x,y)and L(x, y) := R(y, x) are equivalence-generatable;

(2) For every & -definable equivalence relation E(x, ), generated by the predicate R(X,)), the set
of E -classes is densely ordered.

Proof of Theorem 13. (=) Suppose that ThA(M')is countably categorical.Consider the predicate
R(x,y). Due to the weak o-minimality of structure M’ for any a e M' R(M' a)and R(a,M") are
unions of a finite number of convex sets. By the Proposition 10both formulas R(x, y) and L(x, ) must be
equivalence-generatable.

Let E(x, y) be an arbitrary & -definable equivalence relation. By the 1-indiscernibility the set of E -

classes must be either densely ordered without endpoints, or discretely ordered without endpoints.
Whence by countable categoricity, the set of £ -classes must be densely ordered.
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(<) Let R(x, y) and L(x, y) be equivalence-generatable formulas.Consider an arbitrary & -definable
equivalence relation, generated by the predicate R(x,y). By the hypothesis, the set of E " _classes is

densely ordered. By 1-indiscernibility there is neither a leftmost £~ -class nor a rightmost £ " _class. Also,

by 1-indiscernibility, there is no £ " class having at least one endpoint (if every E " _class had at least one
endpoint, we would have a contradiction with the weak o-minimality of M").
By weak o-minimality of structure M’ for any a € M’ R(M',a) and R(a, M) are unions of a finite

number of convex sets. Therefore, there are only finitely many formulas of the form F“(x, y), F (x,)),
F"(x,y), G°(x,), Gi(x,y), G/ (x,y), 1<i<n,, 1< j<n,for some n,n, <. Since by the
hypothesis R(x, y), L(x,y)are equivalence-generatable formulas, then each non-trivial formula from the
listA:={F°(x,y), F'(x,y), F (x,y), G(x,), Gjl.(x,y) , Gj.*(x,y) [1<i<n,1<j<n,}
generates an equivalence relation. Thus, we obtain only a finite number ofJ -definable equivalence
relations generated by the predicate R(x, ).

Let{E (x,y), E,(x,¥),....,E (x,y)} be a complete list of (J-definable equivalence relations,
generated by the predicate R(x, y) . By 1-indiscernibility there is no, j such thati # j, 1<i, j <nand for
someaeM' E(a,M")C E (a,M"), supE,(a,M")=supE;(a,M") or
inf £,(a,M")=inf E,(a,M").

Alsothere donot exist suchi, j€{l,...,n}that for someae M’ E (a,M")\E (a,M")#Dand
E(a, M)\E(a,M") = Q.

Further, for any 1<i, j<nif there existsa € M'such thatE,(a,M')C E (a,M "), then for any
aeM' E(a,M") E, (a,M"). Thus, there is1<m <n (it is possible the situation when for some
i,je€{l,...n} E(a,M")=E;(a,M")) and possibly some renumbering of the existing equivalence

relations in such a way that for any a € M’ we would have
E(a,M"Yc E,(a,M"Yc...c E, (a,M").

Since, by the hypothesis, the set of £ -classes is densely ordered for each J -definable equivalence
relation £(x, y), then E, -subclasses of each E,

.., -class are densely ordered without endpoints, where
0<i<mand

Ey(x,y)=x=y, E,  (xy)=x=xAy=y.

Further, it can be established by standard methods that 74#(M ") admits elimination of quantifiers up to
atomic formulas and formulas E,(x,y), 1<i<m, whence we obtain that7h(M')is countably
categorical.
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C.C. Baiizanos', B.III. Kyinemos >

'Maremartika 5oHe MaTEMATHKANBIK MOJIE/IbIEY HHCTHTYTHI, AnMathl, Kasakcran;
*XaJbIKapaibiK aKIapaTTHIK TEXHOJIOTHsANAp yHUBepcuTeTi, AnMarsl, Kazakcran

BUHAPJIBI IPETUKATTAPMEH ECENITIK-KATEIOPUSJIBIK BOCAH
O-MUHUMAJIIABIK TEOPUSAJIAP BAUBITY TYPAJIbBI

AnHoTanusi.OChl )KYMBICTa K€3 KeJI'eH OWHAPIIbI IPEAUKATIICH |-aHBIKTAIMAIIbI €CEeNTIK-KaTeropHsIbK 00CaH
O-MHHUMAJJIbl KYPBUIBIMAAP OalbITy Ke3iHIe TeOPHSTHKAJIBIK-MOJENBAIK KAaCHEeTTep/l CakTally Cypakrapsbl
3eprreneHeni. OCBIHBIH aNJbIHIA YHApibl MNpPEJIMKATTapPMEH ECeNTIK-KaTeropusIblK 00caH O-MUHHMAIIIbI
TeopusUIapbl  0albITy Ke3iHAE TEOPHUSATHKAJIBIK-MOJENBAIK KACHETTepAl CakTally CypaKTapbl3epTTEeNeHII.
DKBUBAIEHTTIK-KAIBINITACKaH (BopMynia TyCiHiri edrisinmi: erep R(X, V) — keilbip anreGpanbik emec 1-tum p

yuin p -crabunbai Gpopmyna 6osca, onna R(X, Y) SKBUBAIEHTTIK-KalbINTaCKaH (OPMyJia [€N aTalajbl erep Ke3
KeNreH P -cTa0uiibIi OH JKaKKA Kapail JeHeCTi Hemece COoNl jKakka Kapail menecti ¢dopmymnacet R(M,a)
KUBIHTHIFBIHBIH MAKCUMAIIIbI IOHEC MIEKAPAChIHAH KAJIBINTACTHIPbUIFaH Keilbip @ € p(M') skBUBaTIEHTTIK-OPHEKTI

Oomaznpl. EHri3iireH SKkBHBaJEHTTIK-KaJiblNTacKaH (opMyna TYCiHIK TepMHHIEPMEH JeHecTik panrici 1 1-
aHBIKTAJIMaJIbl €CENTiK-KaTeropusUIbIK 00CaH O-MUHUMANIbl KYPhUIBIMIAP/bl 1-aHbIKTaIMalbl 00CaH 0-MHUHUMAJIJIbI
0alBITHIH/IA €CETITIK KATerOPUSUIBIKTHI CAaKTay KPUTEPUI1 abIHIbI.

Tipek ce3aep: 0ocaH O-MHHHMAaJJIBIK, €CENTIK KaTETOPHSUIBIK, l-aHBIKTAIMAyIIbUIBIK, MOJENbAED OalbITy,
9KBUBAJICHTTIK-OPHEKTI (JOPMYJIa, SKBUBAJICHTTIK KATHIHACHL.

C.C. Baiizkanos ', B.I1I. Ky/memnios 2

'"MHCTHTYT MaTEeMATHKH H MATEMATHYECKOIO MOJIEIUPOBAHMS, AIIMATHI;
*MexyHapOIHbIil yHUBEPCUTET HH(POPMALMOHHBIX TEXHONOTHH, AJIMAThI

Ob OBOT'AINIEHNA CYHETHO KATEI'OPUYHBIX
CJABO O-MUHHMMAJIBHBIX TEOPUU BUHAPHBIMHU ITPEJUKATAMUA

AnnHoranus. B HacTosmel paboTe UCCIEAYIOTCS BOMPOCH COXPAHEHUS TEOPETUKO-MOMEIBHBIX CBOWCTB IpPH
oOorameHusx |-Hepa3IMYMMBIX CYETHO KATETOPHYHBIX CJNab0 O-MHHUMAJIBHBIX CTPYKTYpP IPON3BOJIBHBIM
OuHapHBIM TpeaukaToM. PaHee ucClIeZOBamMCh BOIPOCHI COXPAHEHHsS TEOPETHKO-MOJEIBHBIX CBOMCTB IpH
00OraIIeHUsIX CYETHO KAaTErOPUYHBIX CJ1a00 O-MHHMMAIBHBIX TEOPUH YHApPHBIMU NpeIuKaTaMu. BBeleHO moHsATHE

SKBHBAJIEHTHOCTb-TeHepupyemMoii  popmynel: ecim R(X,y) — p -crabunbHas ¢opMyna sl HEKOTOPOTO
neanreOpanueckoro 1-tuna p ;10 R(X,)) HasbiBaeTcs 9KBUBAICHTHOCTh-TEHEPHPYEMON (HOPMYJIOi, ecin mobas
P -cTabmibHas BEIMYKIIasl BIIPABO WIIH BIICBO (opMyiia, 00pa3oBaHHAs H3 MAKCUMAIIBHBIX BBITYKIIBIX ITIOJIMHOXKECTB
muoxectBa R(M,a) mns wexkoroporo a € p(M') sBnsercs >KBUBaJIEHTHOCTh-TEHEPUpYHOLIEH.B TepMunax

BHOBb BBEJICHHOTO TOHSTHS 9KBUBAJIETHOCTh-TE€HEPUPYEMOi (pOpMyIbl MOIydYeH KPUTEPUil COXpaHEHHs CUETHOM
KaTerOpUYHOCTH 1-HepazmnyuMoro ciabo o-MHHUMAaJILHOTO o0oranieHust OMHApHBIM NPEANKATOM |-Hepa3nun4nMbIX
CYETHO KaTEeTOPUYHBIX CJ1a00 0-MUHHUMAIIBHBIX CTPYKTYP paHra BBITYKIOCTH 1.

KiroueBble cioBa: ciabasi 0-MHUHUMAJIBHOCTb, CUETHAss KaT€rOpPUYHOCTb, |-HEpa3lIn4uMOCTbh, oOoraimieHue
MoJieTiel, SKBUBAJICHTHOCTh-TeHEpHUpYIomas (hopMyIia, OTHOLIEHHE SKBUBAJTEHTHOCTH.

—— 4 ——



ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X

Volume 1, Number 317 (2018), 25 — 33

UDC 539.3

Zhumakhanova A.S.l, Nogaybaeva M.O.z, Askarova A.3,
Arshidinova M.T.?, Begaliyeva K.B.>, Kudaykulov A.K.?, Tashev A.A.}

'Kazakh agrarian-technical universitynamedafter S.Seifullin, Astana, Kazakhstan;
*Institute of Mechanics and Engineering Science named after academician U.A. Dzholdasbekov;
*Institute of Information and Computing Technologies CS MES RK
zhuldyz tm@mail.ru, kzldkz@gmail.com, kmiraj82@mail.ru

AN ANALYTICAL SOLUTION TO THE PROBLEM OF THE
THERMOMECHANICAL STATE OF A ROD OF LIMITED LENGTH
WITH SIMULTANEOUS PRESENCE OF END TEMPERATURES
AND LATERAL HEAT EXCHANGE

Abstract.This article deals with the problems of numerical study of the thermomechanical state of rods. On the
basis of the fundamental law on the change in the amount of heat, an equation of the established thermal
conductivity for a horizontal rod of limited length and a constant cross section is constructed through a fixed cross-
section in a time Ot. In this case, different temperatures are set at the two ends of the investigated rod, and heat
exchange with the surrounding medium takes place through the lateral surface. In addition, the investigated rod is
made of thermal protective material ANV-300. The determining law of the distribution of temperature, of all the
corresponding deformations and stresses, and also of the displacement along the length of the investigated rod. The
values of the thermal elongation and the resulting axial force are calculated.

Keywords:temperature, rod, thermal energy, algorithm.

In a complex thermal zone, bearing components of reactive and hydrogen engines, nuclear and
thermal power stations, processing lines of processing industries, as well as internal combustion engines
operate. The reliable operation of these structures will depend on the conditions of the thermoelectric
power of the bearing components. Therefore, this study is devoted to a numerical study of the state of the
thermoelectric power of the structural components in the form of rods of limited length, bounded at both
ends.

The proposed computational algorithm is based on the principle of energy conservation. In this case,
all types of integrals in the functional energy formulas are integrated analytically. In this case, the
numerical solutions obtained will have high accuracy.

1. Statement of the problem

We consider a horizontal rod of limited length and a constant crossed section which area isF (cm?).
The axis ox of the rod is directed from the left to the right which coincides with the axis of the rod.At the
left end of the rod, the temperatureT; [c®], is given, and the direction T,[c°]. In this case T; > T,. Through
the lateral surface of the rod, heat exchange takes place with its surrounding medium. In this case, the heat
transfer coefficient h [%], and the ambient temperatureT,.[c®]. The calculation scheme of the process

is shown in Fig. 1
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Figure 1 - The calculation scheme of the problem

It is required to determine:

1) The law of temperature distribution along the length of the investigated rod.
2) The amount of thermal elongation of the test rod.

In case of pinching the two ends of the rod, it is necessary to determine:

3) The arising axial forces.

4) The field of distribution of the components of deformations and stresses.

5) The field of distribution of displacement.

The physical and mechanical properties of the material of the rod under investigation are

[th

characterized by the coefficients of thermal conductivity K, ] thermal expansion « [ ] and elastic

k . . .
modulus E [ﬁ] If we take into account that the investigated process of the rod material is much larger

than the cross-sectional area, then it is possible to neglect the temperature gradients in the directions
perpendicular to the axis of the rod without significant error, and take the temperature constant at each
point of the cross section perpendicular to the axis. With this assumption, a temperature with a function of
only one independent variablex, and the field of temperature distribution along the length of the rod can
be described by an ordinary differential equation.

According to the fundamental law of thermophysics, the amount of heat passing through the time dt
through the cross sections of the rod at a distance of x [cm] from its left end will be

—KyxFZ-dr (1)
whereT (x) — is the temperature distribution field, which is still unknown.

At that time, the amount of heat passing through the time dt through the cross section, located at a
distance x + dx[cMm] from the left end of the rod, will be equal to

K (S + dx) dr @)

In addition, the portion of the rod enclosed between the sections spaced from the left end of the rod at
a distance of x and x + dx[cm], due to the thermal conductivity process, acquires during the time dt the
amount of heat equal to the difference of the indicated quantities (1) and (2) e.

In addition, the portion of the rod enclosed between the sections spaced from the left end of the rod at
a distance of x and x + dx[cm], following the heat conduction process, acquires in the time dt the
amount of heat equal to the difference of the indicated amounts (1) and (2),

dT
KxxFﬁdT (3)

It should also be noted that during this same time, a heat loss is equal to

hPdx(T — T,.)dt 4)
where P[cm] is the cross sectional.

— 26 ——
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But since the process we are investigating is steady-state, i.e. stationary, then the from (3-4) we have
azT
KxF —— dxdt = hPdx(T — T,.)dt (5)

From this, for the problem under consideration, we determine the equation for the steady-state heat
conductivity

d’T _ hP(T—To)

dx? KyxF (6)
For convenience, we introduce the notation
2 _ hP
ac = KoiF @)
considering that the ambient temperatureT,. = const,0 < x < [, then we have
d(T-Too) _ dt
dx T dx (8)
hence we also obtain
d?T  d?(T-T,)
— =X <x<
dx? dx? 0sxsl ©)
Taking (7) and (9) into account, we rewrite (6)
dz(T_Toc)
— 2= —at(T-T) =0 (10)

This equation is an ordinary differential equation with constant coefficients. Then its general integral
will be

T—Ty=Cie™* +Che ™™, 0<x=<I (11)

whereC; andC,are constants of integration. Their values are determined from the boundary conditions
at the ends of the rod.

T(x =0) = T;[c°];T(x = 1) = T,[c]; (12)
T,—-T,,=C,+C
1~ loc all 2 _al} (13)
TZ - TOC - Cle + Cze
From these systems, the valuesC; and C,.
C — (TZ_TOC)_(TI_Toc)e_al
1=
ZshEal) (14)
C — (Tl_Toc)ea _(TZ_TOC)
2 2sh(al)

Substituting (14) into (11), we determine the field of temperature distribution along the length of the
rod under consideration, taking into account the operating conditions [2]
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T(x, h, Kxx, P, F, TOC) — TOC + (TZ—ToC)Sh(aX;Z((Z;,)_Toc)Sha(l_x) , 0 <x< l (15)

On the basis of the fundamental theory of thermal physics, it is possible to determine the elongation
of the rod under consideration if it is pinched by one end and the other is free

Al = [aT(x)dx = & T(x)dx = (T, 1 +[(T, - T, Nch(al)~1)/ a (T, = T, )(1 - ch(al) | @)}/ sh(al)} ~ (16)

In the event that both ends of the rod are clamped, an axial compressive force R is produced in it,
which will be directed along its axis ox. Its value is determined by the corresponding Hooke law [3]

N,EF  oEF
l

R=

(T J+(% -1 NcHal) 1)/ a—~(T -T, )1-cHal)/ a)|/ sKal)} (17,

In this case, according to the length of the investigated rod, the distribution law of the thermoelastic
component of the voltage t can be determined according to the generalized Hooke law

o= == E LI [ T Neal) 1) a- (G ~T, )0~ clab/ @) sha)) )

Then the distribution law of the corresponding thermo-elastic component of the deformation is also
determined according to Hooke law

£= % = —% T 1+((1, =T, Neh(al)=1)/ a— (T, =T, )1 - ch(al)/ @))/ sh(al)} (19)

Further, according to the theory of thermal physics, the law of distribution of the temperature
component of deformation

(5~ T, )shax) +(T, - T, )shal —x)
sh(al)

Then the temperature component of the voltage is already determined according to Hooke law

gx)=—al(x)= —0!{]; .t },0 <x</ (20)

(7, =T, )sh(ax) + (T, =T, )sha(l - x)
sh(al)

GT(x)zEgT(x):—aE{Z)c+ },OSxSl (21)

After this, according to the theory of thermo elasticity, it is possible to determine the law of
distribution of the elastic component of deformation

e.0=¢ ~&()=-LI+ (I ~T, NeHal) 1) a~(1; ~T, )1~ chal)/ )/ shad) +

) ~ ~ (22)
a{T (LT )9 + (5~ T, yshatl x)},ogxg

oc shal)
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Then, according to Hooke law, we can determine the law of distribution of the elastic component of
the voltage

01~ B5,(9) =009 = T+ {T =T, Yetlal) 1) (G ~T,)A~cHab) @ sHab) +

(23)

OE{T ' (BT, JsHa9 +(T =T, )shdl —)

. 0<x</
shal)

Finally, we can determine the law of distribution of the displacement of the cross-section of the rod.
ItisdeterminedfromtheCauchyrelations

gx(x):g—u;:Uzjex(x)dx+C (24)
X

Here the value of the constant C is determined from the pinning conditions U(x=0)=0. Then we have

U= T+ o1 o7 Y v ad Tt (@~ T )ehar— (T~ T,)]
alshal ashal
(25)
+—2 (T -T,)chal—(T,~T,)]
ashal

Bt 1.

c0’

Then we have /=100cm, Ky, = 100 h=10
T,=600°C; T,=100°C; r=1cm.

T, = 20°C; a=125-10" =; E=2-10"%L.
cm

cm2c0’

Then we get the results shown in Figure-2. In Figure-2, a) the law of the distribution of temperature
along the length of the rod is given. The resulting law of distribution of deformation components is given
in Figure-2, b). It can be seen from the figure that the thermo-elastic component of the deformation €-is
constant along the entire length of the rod.

At that time, the elastic component of the deformation £,(x), on stretches near the jamming, has a
stretching character. In the middle section of the rod, &€,(x) has a compressive character. The temperature
component of the deformation Er(x) along the entire length has a compressive character. Its maximum
value corresponds to the highest temperature.

The nature of the component stresses is similar to the corresponding deformations. This is clearly
seen from Figure-2, c). In Figure-2, d) the distribution field for the displacement of the cross-sections of
the rod is given. It can be seen from the figure that the cross-sections of the rod in section 0 < x < 6,9
are moving in the direction of the x axis. At that time, the largest displacement Umax1 = 0.0043092 cm
corresponds to the coordinate cross-section of which x = 8 cm;

The cross sections of the rod located in the section 70 <x <l = 100 cm move against the direction of
the axis ox. Here, the largest displacement U,,,>=-0,0016472 cm corresponds to a cross section whose
coordinate is X = 94 cm. Moreover, [U,,q 1/l U a2 =2,61639;
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c) voltage
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Figure - 2. The laws of distribution of temperatures, strains, stresses and displacements
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AnHotanusi. byl Makanana e3eKTiH TepMOMEXaHMKAIBIK KYHiH CaHIBIK 3€pTTey IpobiieManapbl Kapac-
TBHIPBLIA/IBL.

KenTeren enpipic opbIHIApbIHIA HETI3r KYPBUIBIM 3JEMEHTTEepi KYpAETi JKbUTy Ke3lepi dCepiHAe TYPaKTHI
JKYMBIC JKacaiimel. OHIIPICTIH Y3IIKCi3 KYMBIC Kacaybl OpHHE COJ AJIIEMEHTTEPIiH CBHIHBIN KajlMayblHA TiKeJeu
OaiinanbicTbl. COHJIBIKTAHAA aJJBIH — ajla HEeri3ri KYPBUIBIM JJIEMEHTTEpPAIH Op TYpJl KbUIy Ke3lepi ocepiHie
KaH/ail TepMO-MeXaHHKAJbIK JKaF/iaiia OONybIH TEPEeH 3epTTey OHMIPICTIH Y3IIKCi3, TYpakKThl, camaibl )KYMbIC
’Kacay TYPFbICBIHAH ©Te 03eKTi Maocere OOJIbI TaObUIaIbI.

Ot yakpITTa TYPaKThl KOJJCHEH KHMa apKbLIbl ©TETiH JKbUIy MOJIIEPiHIH e3repyl Typaibl ipreii 3aHHBIH
HETI31H/e IIEKTi Y3BIHIBIKTHI KOHE KMMAChl TYPAKThl KOJJICHEH ©3CKTIH JKbUTy OTKI3TINITICIHIH TEHICYIH KYpyFa
Oonanpl.

Byt xarnaiina KapacThIpbIIFaH ©3€KTiH €Ki YIIBIHIa SpTYpJli TeMneparypa OenrijeHeni, ajl KopiaraH OpTaMeH
JKBUTYy aJMacybl OyHipiik Oer apkbuibl eteni. CoHbIMEH Karap, 3eprreneTiH e3¢k ANV-300 TepMUsUIBIK KOPFaHbIIIT
MaTepualiblHaH JKacaJFraH. bapiiblk OopbelH anaTelH aedopmaiysuiap MEH KepHeynepre OaiaHBICTBI, COHAal-aK
3epTTENreH O3CKTiH Y3bIH/BIFbI OOMBIHIIA KO3FATy KE3iHAEr TeMIlepaTypa TapalnyblH aHBIKTAWTHIH 3aH. JKbUTyIIbIK
Y3apTyIbIH KOHE OCBTIK KYIITIH MOHIEPi ecenTenei.

PeakTHBTI jk0HE CyTeri KO3FalITKBIIITAPHIHBIH KOMIIOHEHTTEPI, SIPOJIBIK KOHE XKbUTY SJIEKTP CTAHIIMSIAPBI,
OHJICY OHEPKICIOIHIH OHIeY JKeliiepi, CoHAai-aK IIIKiI jKaHy KO3FAJITKBIILTAPbl 0ap KypIell >KbUly aiiMarbIHIA
KyMbIc icreiini. Ochl KYpbUIBIMAAPbIH CEHIM/II KYMBIC ICTE€YI MOMBIHTIPEKTEP KOMIIOHEHTTEPIHIH TEPMOAIIEKTPIIIK
KyarbiHa OaiiiaHbicThl Ooianpl. Jlemek, Oyi1 3epTTey eKi jKarblH/a IIEKTEJIreH HICKTeYNi Y3bIHIBIKTAFbl ©3eKTep
TYpIHJET] KYPBUIBIMJIBIK KOMIIOHEHTTEP/IIH TEPMOAJIEKTPIIIK KyaThIHBIH Xal-KYHiH CaHIBIK 3epTTeyre apHajFaH.

— 3 ——
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AHAJIMTUYECKOE PEHIEHME 3AJTAYN O YCTAHOBUBIIET OCs
TEPMOMEXAHHUYECKOI'O COCTOSIHUSI CTEPKHSI OTPAHUYEHHOM JJIMHBI
P OJHOBPEMEHHOM HAJIMYUHU KOHIEBBIX TEMIIEPATYP U BOKOBBIX TEIINIOOBMEHA

AHHoTanms. B naHHOI cTathe paccMaTpuBarOTCS MPOOJIEMBI YHCICHHOTO H3YYEHHS TEPMOMEXaHHYECKOIo
cocrosHus cTepkHell. Ha ocHoBe ¢yHIaMeHTanIbHOroO 3aKoHAa 00 M3MEHEHUM KOJIMYECTBAa TeIUla, NpoLIelee 3a
BpEMs quepe3 q)HKCHpOBaHHOFO CCUCHUA CTPOUTCA YPAaBHCHUC YCTAHOBJIMBLUICTOCA TEIIJIONPOBOAHOCTH JJId
TOPHU30HTAJILHOTO CTEP>KHS OTPaHMYECHHOHN JIMHBI U TOCTOSIHHOTO ONEPEYSHHOTO CEYEHHS.

IIpn 3TOM Ha NBYX KOHIIAX HCCIEIYEMOTO CTEpXHs 3aJaHbl pa3sHble TEMIIEpPaTypbl, a yepe3 OOKOBOH Io-
BEPXHOCTH IIPOUCXOUT TEIUIOOOMEH C OKpY’Karollei ee cpemoil. Kpome Toro, nccienyemslii CTep>KeHb BBITIOJIHEH
n3 Tepmo3ammrTHOro Matepuana ANV-300. Ompenensromiics 3akoH paclpelelieHusl TeMIepaTyphl, BceX
COOTBETCBYIOLIMX JedopMalMi M HANPSOKSHUH @ TakKe IEePEeMEeIICHUS MO UIMHE HCCIENYyEeMOro CTEepIKHS.
BBI4ucnsroTCS BETMYMHBI TEPMUYECKOTO YATHHEHHS 1 BOSHUKAIOIETO OCEBOTO yCHIIHS.

B cnoxHol TepMmueckod 30HE pabOTAalOT IONIUMITHUKOBBIE KOMIIOHEHTHl PEAKTUBHBIX M BOJOPOIJHBIX
JBHTaTeJIe, aTOMHBIX U TEIUIOBBIX JIEKTPOCTAHLMH, TEXHOJIOTHUESCKUX JINHUH IepepadaThIBaOIIUX IPOU3BOACTB, a
TaKKe JBUraresieil BHyTpeHHero cropaHus. HanexHas pabora 3THX KOHCTPYKUIME OyleT 3aBHCETh OT YCIOBHii
TEPMO3JAC KOMIIOHEHTOB IMOJUIMITHUKA. H03TOMy 9TO HUCCJIICAOBAHUE MOCBAIICHO YUCICHHOMY U3YUYCHHUIO COCTOAHUSA
TEPMOJJIC HECYIIMX KOMIIOHCHTOB KOHCTPYKIHI B BHJE CTEP)KHEH OTPaHUYCHHOU JJIMHBI, OTPAHUYCHHBIX C 000UX
KOHIIOB.

[IpennaraeMplii BBIMUCIUTEIBHBIN alTOPUTM OCHOBAH Ha IMPHUHIMIIE COXpPaHEHUs SHepruu. [Ipu 3ToM Bee THITBI
MHTETrpajJioB B (DyHKUMOHAJBHBIX (OpPMyJIax SHEPrHMH HHTETPUPYIOTCSA aHaJIMTHYecKH. IIpum 3TOM moydeHHbIE
YHCJICHHBIE PEIleHUs OyIyT HMETh BBICOKYIO TOYHOCTb.
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ON THE PERIODIC SOLUTION OF THE GOURSAT PROBLEM
FOR A WAVE EQUATION OF A SPECIAL
FORM WITH VARIABLE COEFFICIENTS

Abstract. In this work the task of Goursat in a characteristic quadrangle for a wave equation of an express view
with variable coefficients is solved. The spectral impression of the decision not traditional for such Voltaire tasks is
gained. For this purpose as a vvvspomogoalny task the spectral task for the equation is used with we
otklonyashchitsya by an argument. It is shown that the oprator of a type of Su(x)=u(1-x) plays a role of the operator
Schmidt BcTpeuaronmeecs in decomposition of Voltaire operators.

Keywords: Volterra operators, indefinite metric, Goursat problem, similarity operators, spectrum, spectral
decomposition, Fourier method, orthogonal basis, the Hulbert-Schmidt theorem.

1. Introduction. The investigations of the Dirichlet problem for the string vibration equation in a
bounded region go back to J. Hadamard (Filler) who first noted the uniqueness of the solution in the
rectangle. D.Burgin and Duffin [2] considered the Dirichlet problem for the equation u,, = u;in the
rectangle { 0 <x <X ; 0<t<T}. It is shown that the un uniqueness of a solution in a certain space appears if
and only if X / T is rational. The existence theorems for a solution in classical spaces are established, and
the smoothness of the solution is as greater as the smoothness is larger of the boundary function and as
worse the number X / T is approximated to the rational numbers. Also the Neumann problem considered.
Later these results were refined and generalized by various authors (see, for example, [3], [4], [5], [6]).
Sobolev [7] constructed an example of a well-posed boundary value problem in a rectangle for a
hyperbolic system of equations, Yu.M. Berezanskii [8] constructed a class of regions with angles, a
change in the domain inside which leads to a continuous changing of solution of the Dirichlet problem.
For regions with a smooth boundary in smooth spaces, only the question of the uniqueness of solution of
the Dirichlet problem was studied (see, for example, the work of RA Aleksandryan [9]). In work [3],
Arnol'd, applying his results on the maps of the circle into itself, refines the results of [2], indicating that
the proof of theorems on the existence of classical solutions of the Dirichlet problem can be carried over
to the case of an ellipse. Row of investigations T.Sh. Kalmenov and M.A. Sadybekov’s are also devoted
to boundary value problems of hyperbolic equations [10] - [12], the results of these researches are
summarized in the monograph [13].

In [14], using the new general method, the properties of solutions of the Cauchy problem, are
researched as well as of the first, second and third boundary value problems in the disk for a second-order

— 34 ——
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hyperbolic equation with constant coefficients are investigated. The application of this method to higher-
order equations can be found in [15]. A new and relatively simple method for constructing a system of
polynomial solutions of the Dirichlet problem for second-order hyperbolic equations with constant
coefficients in the disk is proposed in [16], and it is also proposed to construct a complete set of
eigenfunctions for the Dirichlet problem for the string oscillation equation. The eigenfunctions
constructed in this paper coincide with the eigenfunctions constructed earlier by RA Aleksandaryan [9].
The analysis of the contents of these studies has shown that the spectral properties of these boundary-
value problems depend on the geometry of the region, in particular, on the group of motion of the region.
A non-equilateral triangle does not have a symmetry group, so we abandoned the characteristic triangle
and began to consider boundary value problems inside the characteristic quadrangle. In this case,
equations with deviating arguments appear naturally, which deserve a separate investigation [17] - [24].

1. Let- Q be the characteristic quadrangle of the wave equation,

wge — gy + 4 (52) (e + 1) + 2 (52) (e —w) + 0 () a (D w=r &m0

with the sides AB:§ +1n =0,BC:§ —n=2,CD:§+n=2,DA:{—n=0
(see Pic.1).

ATl

Pic. 1

Suppose that the right-hand side of equation (1) is a periodic function with some periods. The
question is whether equation (1) can have a periodic solution for the corresponding behavior of the
coefficients. It is known that a periodic problem is poorly posed for the wave equation because of the
presence of an infinite eigenvalue at the point A = 0. Therefore, we consider the Goursat problem for
equation (1) and study the possibilities of periodic continuability of the solution of this problem to the
whole (&, n)plane.
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Formulation of the problem. Find the periodic solution of the Goursat problem for the wave
equation

uge — g+ (F570) (e ) 40 ((50) (e~ ) + 0 () a (5 )u = rEm )
ulap = 0,ulgc = 0(2) (2)

To solve this problem, we make a variables of change. Assuming,

+ —_
X = an,y = Tn,we have

E=x+yn=x—y;ul¢,n) =ulx+yx—y) =ixy);

[N

1
uf=ux-x§+uy-y§=ux-z+uy-§=§(ux,uy);

~

1 1
ugg— [uxx Xg + Uyy " Ve + Uyy " xg + Uy, - yg] [uxx-§+uxy-z+uyx-§+uyy-E]

7 [ + 20y + 1y |

Uy = Uy xy + 0y, -y =ux-5—uy-§=§(ux,uy);

1[1A1 1 1

1
unn=§[”xx'xn+uxy'yn_qu'xn Ty - ¥y] = 5 | e 5 Ty 5 T Uyx s Uy o) =

1. - .
=12 [uxx — Zuxy + uyy];

Ugg — Uy = Ty
After the replacement, equation (1) takes the form

flyy + GO + POD, + PG A(x, y) = f(x, ).

After releasing the caps after the transformation, we get

[% + p(x)] : [;—y + q(x)] ulx,y) = f(xy).

This is a wave equation of a special form. Now let us consider the boundary conditions, and the

region of variation of the new variables x, y. The mapping x = =—, y =& n maps the domain € to the

domain D (see Pic.2).
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y
A
B(0,1) C(1,1)
» X
A (0,0) D (1.0)
Pic.2
Consequently, our original problem takes the following form
[Z+p0)]- [&+q@)] utey) = Fxy), (x,y) D (3)
ox p ay q 4 y ’ y 4 4 y
u|x=0 = 0,u|y=1 = 0. (4)

The aim of this paper is to solve the Goursat problem (3) - (4) using the methods of the spectral
theory of differential equations with deviating arguments [17-24], and the proof of the periodicity of the

obtained solution.
2. The researching methods

First we study the corresponding spectral problem:

{y'(x) +q@)y(x) =21-y(1—x),x € (0,1), Q)
y(0) = 0. (6)

where ¢g(x) —is a continuous function.
Question: under what conditions on g(x) the operator of problem (5) - (6) is similar to the operator of
problem

{y'(x) =21-y(1-x),x€(01), (5)
y(0) =0. (6)
Lemma 2.1. IfH=L(0,1) and
q(x) +q(1—-x) =0,

then the operators
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d
A=—DA) ={y(x) € w3, y(0) = 0}

B = :—x + q(x),D(B) = {z(x) € W4, z(0) = 0}

are similar to each other.
Proof. We seek the transformation operator in the form

2(x) = Ty(x) = elo 104 .y (),

Then we have z(0) = e° - y(0) = Ofory(x) € D(A). Hence the operator T takes the domain of the
operator A to the domain of the operator, that is, T: D(A) — D(B).

Further,
Z'(x) = y'(x) - el 1O 4 g(x) - y(x) - elo 9O = T[y'(x) + q(x) - y(x)] = TBy(x).
Consequently

Az = z'(x) = TBy(x) = ATy(x) = TBy(x),Vy(x) € D(B),T~*AT = B,

it was required to prove.
Lemma 2.2. If H=L,(0,1), and

(D gx)+q(1—-x)=0;
(2) Sy(x) = y(1 —x),Vy(x) € L,(0,1),

then the operators SA and SB are similar to each other, where

d
A=—,DA)={yx) e w3,y(0) = 0}

B = % + q(x),D(B) = {z(x) € W}, z(0) = 0}

Proof. Let
Ty(x) = el 94 . y(x),

then, by Lemma 1, we have AT = TB,Vy(x) € D(B). Acting using the operator S on this equality we
obtain

SAT = STB.

To prove the lemma it suffices that the operators S and 7" commute. Let us verify that when the
condition, q(x) + q(1 — x) = 0, is satisfied, the operators S and 7" commute.

STy(x) = Sek 10U - y(x) = e 9O y(1 — ),
TSy(x) = Ty(1 —x) = elo 9Ot . y(1 — x),

X 1-x —_
If STy(x) = TSy(x),10 ko 104 = lo a0 (X q(pyde — [ q(t)dt = 0.

Differentiating the last equation, we obtain

q(x) +q(1—x) =0.
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The previous equality follows from the last equality. In fact, if
q(x) +q(1-x) =0,

Jya@®adt — [y q(1 —tdt =0, %
fraa-ode =3 T A = - 1 a©ds = 1 a©ds = [} a@de - [} q(0des ®)
[a@ae =577 f = - at - g = a1 - 9de = o1 -9 = ~a(©)] =
= [y q(®d¢ = — [ q(®)dt, = [ q(t)dt = 0. )
It is obvious that (9), (8), and (7) imply the equality
pa 1-x
f q(t)dt—f q(t)dt = 0.
0 0

From the last equality implies the equality ST = 7S. The lemma is proved.
Lemma 2.3. Let

H = LZ(O: 1),
q(x) +q(1—x) =0,
and
d
A=—-D(A) = {y(x) € W},y(0) = 0}
B = :—x + q(x),D(B) = {z(x) € W4, z(0) = 0}

Then the spectra of the operators S4 and SB coincide.
Proof. By Lemma 2, we have the equality

SAT = STB,= SA = TSBT 1,

where
Ty(x) = elo 104 . (),

Then

SA—AU=T(SB—AD"Y= (SA—-ADN"=T(SB—AD"T™ 1.
Consequently, the resolvent sets of the operators S4 and SB coincide, so their spectra also coincide.
Now we investigate the spectrum of the operator SA, in view of their importance for applications, we

give detailed calculations.

Lemma 2.4.1f

H=Lx(0,1), Sy(x)=y(1-x),
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d
A=—,D(4) = {y(x) € W3,y(0) = 0},
that the operator S4 has an infinite set of eigenvalues
1
L= (D" (nr+5),n=0,4142,...
and their corresponding eigenfunctions

T
U, = V2sin (nﬂ + E) x, B, = const,

which form an orthonormal basis of the space H=L,(0,1).
Proof. Let then Au = uSu, therefore, we are dealing with a generalized spectral problem:

u'(x) = p-u(l—x),
{ 1(0) = 0. (10)

Differentiating equations (10), we obtain
W =—p Q-0 =p-pul)=—p* uk),>

{u"(x) = u? - u(x), (11)
u(0) = 0, (1) = 0. (12)

The general solution of equation (11) has the form

u(x) = Acosux + Bsinux, A, B — const (13)

Substituting (13) into the boundary conditions (12), we obtain

u(0) = A =0,u'(1) = [~udsinux + uBcosux]y—, = u - Bcosu = 0.
Since, B=0, then the eigenvalues of problem (11) + (12) are found from equation

A(u) = pcosux = 0, (14)

The trivial solution u (x)=0 corresponds to the value =0, therefore it is not an eigenvalue. From the

equation, cost =0, we find the eigenvalues of problem (11) + (12).

o =nT+2,n=0,11,%2, .. (15)

The square of each eigenvalue of problem (10) is an eigenvalue of the Sturm-Liouville problem (11) -
(12), and the corresponding eigenfunctions coincide. But problem (11) - (12) can have other eigenvalues
and corresponding eigenfunctions, so it is expedient to directly verify the eigenfunctions obtained.

Substituting the eigenfunctions, u,(x)=B,sinu,x, B,-const into equation (10), we have

— 4) ——
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urll(x) = UnBncosuyx,
un(l —x) = By - Sin.un(l —x) = Bn- Sin(.un - .unx) =

T
= B,, - siny, - cosy,x — cosy, - sing,x = B, - sin (nn + E) X - cosuyx = By, - cosnm - cosp,x =

= (—1)"B,, - cospu,x.

Consequently,

u;l(x) = (_l)n#nun(l - x):
Where

Up =N + g,n =0,+1,+2, ...

Let us show the completeness of the system of eigenfunctions obtained. Suppose that for some,
f(x) € L,(0, 1), the equalities

1
ff(x)un(x)dx =0n=12...
0

are exist. Then
1

ff(x)sm(nn+ )xdx—On—O +1,42,.

0
1

s
ff(x) sin (—nn +§) xdx =0,n=0,%+1,+2,....

Adding these two equalities, we have

1

X
ff(x) COSTSinT[xdx =0,n=0,+1,+2,...

Hence, in view of the completeness of the system of functions {sinnm x} in the space L,(0,1), we
obtain f(x)cos nz—x = 0 almost everywhere, hence f(x) = 0 almost everywhere.
The orthogonality of the resulting system is verified by direct calculation
1

fsin (nn + g) X+ sin (mn + g) xdx =

[cos(n —m)mx — cos(n + m + 1)mw x]dx =

NID—\
[ — o

1
= 0,npun # m.
0

1 [sin(n—-m)mx sin(n+m+1)nx]
2L (n-m)m (n+m+1)w

Calculating the norm of the eigenfunctions, we have
1

1
llu, I =2 - fsm nm + xdx = f[l — cos(2nm + m)x]dx = 1.
0 0
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Lemma 2.4 is proved.
Now we are able to prove the following theorem.
Theorem 2.1. If H = L,(0, 1) andq(x) is a continuous real function satisfying the condition,

q(x) +q(1—-x) =0,
then the eigenfunctions of the boundary value problem

{y'(x) +q@)y(x) =yl —x),

y(0) = 0 (9

form a Riesz basis in L, (0, 1).
Proof. Let u, (x) be the eigenfunctions of the boundary-value problem (10), then the functions

Yn(x) = e~ Jo a0ty ()

will be the eigenfunctions of problem (14). In fact,
Y (x) = u}l(x)e‘fch“)dt — q(x)un(x)e—f;CQ(t)dt’ N

Ya(6) + yn () q(x) = up (x)e o 4O,

Operating the operator Sy(x) = y(1 — x) by this equality, and taking into account the conditions of
the theorem, we have

s[7a00) + 3] = up(@)e ™o 1O =y (e o 1O = iy, (0, =
Y () + yn (0)q(Y) = pnyn(1 = 2),y,(0) = 0.
It remains only to note that the operator
Tu, (x) = P NIOLE 1, (x)

linear bounded, and invertible operator in the space L,(0,1). The theorem is proved.
We now proceed to the solution of the problem posed earlier, for this we first solve the spectral
problem

[z + P 55 + a0 uey) = 2@ - x,1-y)

(15)
Uly=o = 0,uly=y = 0.
(16)
We seek solutions of this problem in the form
ulx,y) =v() - wy). (17)

Then from the boundary condition we have

Uly=0 = v(0) - w(y) = 0,= v(0) = 0;
uly=1 = v(x) - w(1) = 0,= (1) = 0.

Substituting (17) into equation (15), we have
— 4) ——
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gz P v [g5+a0)]

= A
v(l—x) w(1-y)
Dividing the variables, we obtain two spectral problems:
I {v'(x) +p()v(x) = pr(1 —x),
' v(0) = 0.
1 {w'(x) +q(e®) =vol -y),
’ w(1) =0.
If u(y) is a solution of the spectral problem
u'(y) =vul —y),
{ u(1l) = 0. (18)
uq(y) + q(1 —y) = 0, then the function
1
0@ = el 1%y (y)
is a solution of the spectral problem II. Indeed
1 1
0' () = u (el 1% — g1y O%u(y), =
1
©' B + @) =u (e O,

Let Sy = y(1 — x), then
S['®) + awm)] = e 1O%Y A — ) = e 1O% . 21— y) = A0 (),

' +q®) = 1wl —y).

Further, u(1) = 0 implies w(1) = 0, so that it remains for us to solve the problem (18)

{u'(x) =vu(l —x),
u(l) =0.

To use the results already known, we make a change of variable, assuming
v =u(l-x),v () =—u(l—-x),—v(1-x)=u,

{—v'(l —x) = vw(x) R {v'(l —x) = —vv(x),
v(0)=0 v(0) = 0.

From Lemma 4 we know that

Up(x) = By, - sin (nﬂ + g) x,therefore,
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Up(x) = v, (1 —x) =Bn-sin(nn+g)(1—x) =Bn-sin[nn+§—(nn+§)x] =
=B,, ' cos (nn + g) x+cosnmt = (—1)"B,, - cos (nn + g) x

We compute the eigenvalues

v, =B, (nn + %) * coS (nn + g) X,

v(1—-x) =B, sm(nn+ )(1—x) = (-1)"B, Cos(nn+2)
U, (nrr + )( 1)nvn(1 —x)=-— (m.[ + )( 1)n+1v (1-x),=
U, = (=)™ (nn + g)

Thus, the solution of the spectral problem (18) is the function

u, (y) = cpcos (nﬂ + )y,

but by the eigenvalues of the number: v, = (—1)"*1 (mr +§), where c,- are the normalization

coefficients. Let us calculate these coefficients

lu, lI? = |cn|2f cos (nn+ )ydy lcnlf [1+ cos(2nm + m)yldy=

_enl? sin(2nm + )y
2 y 2nm+m

2

|c;| -

0

For complete certainty, we verify the orthogonality of these eigenfunctions
1

(U, uy) =2 f cos (nn +
0

A

E)y-cos(mn+ )ydy—

cos mr+ +mn+g)y+cos(nn+g—mn——) dy =

o%’_‘

1

= f{cos (n+m)m + ]y + cos(n —m)my}dy =

_ [sm(n+m+1)y sin(n— m)rry” — 0, npu n # m.

n+m+1

We have proved the following Lemma 2.5.
Lemma 2.5. The eigenfunctions of the spectral problem

{w'(y) +q)w®) =vo(l -y),y € (0,1)
w(l) =0,

—— Y4 ——
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q)+q(1-y)=0
is a function

1 T
w(y) = 2efy 1@)E ., os (nn + E) y,n=0+14%2,..
and eigenvalues are
vy = ()™ (4 o), n = 0,41, 42, .
n 2 L L

Theorem 2.2. If H = L,(0, 1) and g(x)-continuous real function, satisflying condition.

qx) +q(1—-x) =0,

then the eigenfunctions of a boundary value problems

{y'(x) +q)y =vy(1—x),
y(1)=0

form a Riesz basis of the space L, (0, 1).
The proof of the theorem follows in an obvious way from Lemma 2.5. We summarize the results of
the lemmas obtained [2.1-2.5], in the form of the following theorem,

Theorem 2.3. If
H=1,00,1)mu
p(x) +p(1—x) =0,

q»)+q(1-y)=0
then the spectral problem

0 0
5+ 2|55+ 0] ux ) = 2utt - x,1- )
Uly=o = 0,uly=y =0

has an infinite set of eigenvalues:

1 1
Apm = m2(—=1)ntm+l (n + E) (m + E),n,m =0,+1,+2, ..

and the corresponding eigenfunctions:

1 X
Upm (X, y) = 2ely a®at-fyp®dt (nn + g) X cos (mn + g) y,
which form a Riesz basis of L,(D).
3. Results of the study Now we return to the original problem (3) + (4). Working Operator

S:Su(x,y) = u(1l — x,1 — y) on equation (3), we obtain

5 [f)a_x + p(x)] [% + q(Y)] ulx,y) =Sf,y)=f1-x,1-y). (19)
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Expanding the function u(x,y), and f(1 —x,1 — y) in the eigenfunctions of the spectral problem
(15) + (16), we have

f(l—x,l—y)= Z fnmunm(x:y):

nm=-—o

u(x, 3’) = :l_,OT(’)n=—OO Onm unm(xr Y)- (20)

where f,,m, @nm- are the corresponding Fourier coefficients. Substituting (20) into (19), we obtain

+o0 +o
z Am Qam Unm (X, ) = Z fam Unm (X, ¥), =
nm=—ow nm=-w

_ fam
Anm = _ﬂ. .
nm

Consequently,

u(x,y) = z ;n_munm(x':)’)-

nm=—wo

Theorem 3.1. If H = L,(0,1) and

(@)p(x) +p(1—x)=0,(b)q(y) +q(1 —x) =0,

then the Goursat problem

[;_x + p(x)] [% + q(y)] ulx,y) = f(x, ), (x,y) €D

u’lx:O = Olu|y=1 = 0

is strongly solvable in the space L,,(D)with weight, and for the solution u(x,y)we have the
representation

fnm

‘LL(X, }’) = ;%:—wmunm(xr 3’);
Upm (X, y) = 2exp [fyl q(t)dt — f;p(t)dt] - sin (nn + g) X ' cos (mn + g) y,

1 1
Apm = m2(—1)ntm+l (n + E) (m + E),n,m =0,+1,+2, ..

where f;,,,-are the Fourier coefficients of the function f(1 —x,1 —y) in the system {u,,,}.The scalar
product in the space L, ,(D)has the form

1 1 1 X
(f.9) = f f exp [ f q(O)dt - f p(©)de | £ (r, )9 (e y)dxdy.
0 0 y 0

Many people know the following lemma; nevertheless, for the sake of completeness, we
give its proof.

— 46 ——
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Lemma 3.1.
Let q(x)be a periodic function with period 1, that is, g(x + 1) = g(x).Then in order for the function
X

0 = [ aae
0
was a periodic function with a period equal to 1-c is necessary and sufficient that

1
fq(t)dt =0.
0

Proof.
(a) Necessity. Let Q (x) be a periodic function withperiod equal to one;

Q (x)=Q (1 +x). Then

[ q®de = [ q®)de = [ q®dt + [T q()dt;
1+x X

| awae =] L] = [ ac+ pae - f q(©)dt.
1 0 0

CregoBaTeabHO
X 1 X

[awae = [ q@ac+ [ a©as

0 0 0

Hence it is obvious thatfo1 q(t)dt = 0.

(b) The sufficiency. Assume that the following equalities hold: g(x) = q(x + 1), fol q(t)dt = 0.
Then

1+x 1 1+x
Q(1+x) = j q(t)dt = jq(t)dt + f q(t)dt =
0 0 1
1+x X X

= f q(t)dt = |tdjizgj :qu(1+f)df =qu(f)df = Q(x).

1

and it was required to prove.
Corollary 3.1. If p (x) and q (y) are real continuous functions satisfying the following conditions:

p(x) +p(1—-x)=0,q(y) +q(1—-y) =0,

functions
x 1

P(x) = j p(®)dt,Q(y) = f q(0)dt

0 y

are periodic with periods equal to one.
Proof. Lets show that if condition (1) is satisfied, we have
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1

fp(t)dt =0.
From condition (1), we have ’
1 1 1 f=1-t 0 1
[p@ac+ [pa-0ae=0; [ pa - oae =g = ae| = - [ p©at = [ p©at,
0 0 0 t=1-¢ 1 0
Consequently,

1 1
Zb’.p(t)dt= 0 :!p(t)dtz 0.

Further,

1 y y
Q) = fCI(t)dt+fq(t)dt = —fq(t)dt.
0 0 0

Corollary 3.2. The eigenfunctions of the spectral problem (15) + (16) are periodic with period T = 2.
Proof.

1 x
Upm (X, y) = 2exp f q(t)dt — f p(t)dt| - sin (nn + E) X cos (mn + E) y,

2 2
y 0

1 x
Upm(x + 2,y + 2) == 2exp f q(t)dt — f p(t)dt| - sin [Znn ++ (nn + g) x] .
y 0
cos [Zmn + T+ (mn + g) y] =

X

1
= 2exp jq(t)dt —fp(t)dt - sin (nn+z)x-cos (mn+z)y = Upm (X, ¥).
2 2 e
y 0

We now state the resulting final theorem.

Theorem 3.2. Let, H = L,(D),and p(x), q(y¥), f (x, y)be real continuous functions. If the following
conditions are true:

(@) p(x) +p(1—-x) =0,
b qly)+q(1-x)=0,
() f(x,y) € Co(D);

then the Goursat problem

0 ]
[+ 90 [@ +qO)|uy) = fG0), o) €D

ulx:() = Olu|y=1 = 0

has a unique periodic solution, with a period T = 2.

—— 48 ——
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4. Discussion. The incorrectness of the Dirichlet problem of the wave equation Uy, — Uy, = Oin

region D [see Pic.2] is well known, from the operator's point of view the wave operator has a continuous
spectrum, that is, zero is an infinite eigen value, the periodic problem has an analogous property, so we
have a periodic problem turned their attention to Goursat's problem.

5. Conclusions. Wave equations describe wave processes: propagation of sound, electromagnetic
waves, waves on water, radio waves, etc. There are cases when waves of small amplitude form giant
waves. This phenomenon is due to the duration of the wave propagation process, therefore the problem of
stabilizing the solutions of the wave equation as t — +oois of great practical importance. One of the signs
of wave stabilization is their periodicity. We have established that if the external perturbation is localized,
i.e. is finite, and the coefficients of the wave equation are periodic and odd, then the solution of the
Goursat problem admits a periodic extension to the whole plane of independent variables.
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ANALYSIS OF MAGNETOTELLURIC SOUNDING

Abstract: 1. Critical analysis of geophysical method's way of geology on magnetotelluric sounding for the first
time in more than 60 years of its existencewas carried out.

2. The analytical conclusions that had never been expressed earlier have been published. As a result of
analysis of the notions such as skin-effect, quasi-stationary approximation, impedance, electric induction current,
aconduction current, applied to the cosmic variations of magnetic perturbation theory as the basis of the method
conclusions have been done that “their application for the purpose of geologic prospecting is not justified”.

Keywords: earth interior, geophysics, electrometry, skin-effect, impedance, quasi-stationary approximation,
electric induction current, conduction current.

In the middle of the last century, the proposal of the scientists to utilize the space sources of natural
electromagnetic waves (NEMW) as a power that seemingly were necessary for geological prospecting for
mineral resources would have been not less than offering a miracle. Butto bring that idea to practical
implementation it was necessary to prepare its theory, then bring to existence the instruments for
registration of NEMW, develop amethodology of the field work and obtaining information and data, the
ways of processing and interpretation of the latter.

In the late 50-s of the 20™ century, all was ready for this end, and planned works were included in the
government production plans of the USSR and work started nationwide.

The registering instruments having been developed, in the process of production works, theabsence of
the NEMW that supposed to have period lengths from the initial tens minutes to days and longer in nature.
We have been informing the persons responsible for production on that since 1977. But neither before,
nor after us (since 1986) no one of experts anywhere and ever produced a sound on the matter. None the
less, the geologic prospecting work by the method of magnetotelluric sounding (MTS) is continued till
now, and huge funding of our peoples was spent for it in the recent 60 years.

Such a situation (absence of long period waves) pushed us from the very beginning to independently
seek its causes. As the result of the long lasted and wide-scale analytical studies, in 1985, wearrived to the
final conclusionthat there is no long period NEMW in nature. The previous paper covers this matter in
details.

The further analysis of the condition (theoretical bases) of MTS method revealed other aspects of the
theoretical construction not meeting the reality, too. In the present paper, we publish the results of
thecarriedanalysis.

The theory of MTS is based on a number of physical and mathematical categories, i.e. physical laws,
phenomena, and conceptions. The following concepts are used in the MTS: ionosphere sources of
electromagnetic waves (EMW), skin-effect, impedance, Fourier transformation, aconduction current,a
displacement current, etc. In the present paper, we define the place of some of MTSthose categories that
had not been discussed earlier.

The theorist suggests the used the following beliefs:

1.The variation of the magnetic field originating from ionosphere are natural electromagnetic waves,
indeed, otherwise, waves needed for the MTS could be constructed of them;
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2.1t must be beyond any doubt that those cosmic variations of magnetic field may be used for
prospecting the earth interior;

3.displacement currents may not be taken into account in the cosmic electromagnetic wave processes
considering them absent in the waves;

4.In the applied quasi-stationary conduction currents feature wave properties and its wave number

(k = \/iwuo)has its necessary place of application in the method;

5.The Earth may be conditionally considered as a medium that does not feature magnetic properties,
or these properties are weak. Then, the wave number is expressed as (k = \/iouce™ %), respectively.

Below, taking into account all these listed factors for multilayered structure, we remind the shortest
essence of the theoretic bases of MTS, the main of magnetotelluric methods [1: p.p. 17-21, 12: p.p. 219-
2207].

In MTS, the characteristic impedance of the medium to the electromagnetic field (EMF) is found
first, i.e. scaled impedance of the material that the medium (the part of Earth under question) consists of.
For the homogeneous (h; = o, R,, = 1)structure impedance: Z,(0) = —iw/k; = wuy/k,. Taking into
account the two last formulae, in-impedance is found:|Z;| = (p,/2T)'/2. Here, Z,(0) is impedance at the
border of atmosphere and the Earth. Further, we term the impedance defined at the Earth surface in-

impedance. Resulting from that, p; = 2T|Z|?, OfPeff = |Zeff|2/(w,uo)[12: p. 220].

For multilayered structure, in-impedance is Z;(0) = (wpug/k1)R,[6: p.150]. Under these conditions,
the given formula defines an effective parameter, which has the meaning of seeming impedance. It is

marked as pr: pr=2T|Z|?=2T |Ex/Hy|2. In practical units it is pp=02T|Z|?,
[s.(mv\km.nT1)*].The impedances that have the same meaning are termed respectively: p; — impedance of
the first layer, and p.ss — effective specific impedance. Only, impedance here is defined as ratio of
electric and magnetic fields (EMF) intensity. Taking into account R,and conditional non-magnetism of
multilayered medium p} = p;|R,|?is found. Here, nis number of the layer in multilayered structure, [12:
p- 220]. For such conditions, the depth of underground conductive layer is found in the field (practical)
measurement units: hy; = ,/10p,T,/8,9 = 0,1592 T Z, [1: p.p. 26-30]. Here, pyand Tare intersection
coordinates of prior computed theoretically graphs of these two parameters on a special palette.
Sometimes, this latter formula is called an effective depth, too. [3aBagckas T.H. Hexotopsie cBoiicTBa
kpuBbix MT3, I[lpuknannas reodmsuka, Beim.40, 1964; SxosneB I'.E. u nmp.,1975r; Anumenko [.H.,
1963].

When solving the electrometry problems, electric and magnetic fields that are members of Maxwell
equation, need to be considered separately. Such problem can be solved to the medium with constant
physical parameters. Differential equations emerging at the solution of such problem are termed telegraph
equations. The telegraph equations represent theprocess of propagation of EMW within the homogeneous
transmission line, through which information is transmitted. The equations are as follows:

AE — us d?E/dt? — uyo dE/dt = 0; AH — ue d*H/dt? — yo dH/dt = 0.

Here in both formulae, the second members are elements of displacement current and the third
members are elements of conduction current. As it has been said, as the MTS uses parameters that are
considered elements of super long waves, as well as quasi-stationary approximation, displacement
currentpresent in the first Maxwell equation is dropped off in its theory. Then, the remaining parts of
formulae, if solve themfor one direction of the Laplace operator only, will turn into diffusion
formulae:AE — uyc dE/dt =D - AE — dE/dt =0; AH—uocdH/dt =D -AH —dH/dt = 0,~i.e. into
the second A. Fick law.Here, D = 1/uo— diffusion factor. At this quasi stationary approximation to EMF
it becomes independent on dielectric permittivityof the medium. Now, if, willing to attach wave meaning
to the formulae, to introduce wave numbers into them, then they, in a new form, will turn into Helmholtz
equations for standing waves:AE + k?E = 0; AH + k?H = 0. Here, for vacuum k? = w?eu/c?. The
wave number for conductive medium is imaginary number: k? = w?&*u/c?. Such wave equations, where
right sites are equal zero, are equations for standing wave, not that for the (running) processes of their
movement. It means that a wave in the process of its progress must preserve (not loose) its energy, and
other processes, filling losses of continuously running EMW.For this to take place, such a wave needs to
have unexostable source of power.Thus, the Helmholtz equations for stationaty waves are equations for
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standing waves. Their solutions are spatial constant values of the EMF components in the EMW active
zone.As one can see, such conditions can be satisfied neither by the wave itself, nor by the cosmic source
of NEMW. In addition, we would like to say the coming from the space are not EMW, rather variations of
magnetic field.

But the developers of MTS by means of replacing these formulae with formulae of vertically falling
(i.e., along z axis only) of monochromatic flat EMW on parallel layered media in geology, obtained one
dimension differential Helmholtz equations of the second order: % = i—l;% = kZE,; H, = %%
(the latter equation may be obtained from the Maxwell equations). The both formulae have been derived
for the plane waves propagating in the opposite to each other directions in dielectric medium: E, =
Ape*m? + B ethm?; H, = —(ky,/iw)(A,e *m? — B, etkm?). Here,Ap, B, are presented as
constantsconnected with structure parameters and wave frequency, [1: p. 19]. Indeed, they are presented,
in MTS, as the amplitudes of wave falling from the space ( A,,)and reflected(B,,)waves, and exponents
e kmZ ande*kmZrepresented as sum (or standing wave process) of flat homogeneous waves falling from
the space and reflected upwards from internal layers of entrails of the earth.

As a result of their solution, electric component of EMF in a geologic medium isdE,/dz = 0. But
wheno # 0 longitudinal electric component of wave E,(z) = E,(0)exp(—t/ty)dies out with time [4:
p.p- 32-33].

In reality, there are no reflected waves at all.The cause for that is that at quasi-stationary
approximation, the EMW subordinates to diffusion equations only, to telegraph or wave ones EMW
subordinates to diffusion, but not to telegraph or wave ones, therefore, the name EMW is present here in
symbolic terms [6: p. 30-, p.p. 34-35]. As you know, the reflection phenomena is not present in the
process of diffusion, it means that there are no reflected waves. For the clarity of problem, let us to
consider two cases that correspond MTS. The first oneis the case mentioned by A.A.Kovtun.In this case,
as on the Earth surface amplitudes of the folling and reflected waves are equal, total magnitude of the
field components is doubled at the surface [1: p.p. 19-24].1t means that the reflection factor is 1, thephase
shift is absent, the reflected wave is standing one, i.e. waveabsorption in the Earth medium is absent
completely.Such situation can take place while the wave is reflected from a medium without penetration.
If the wave does not penetrate into the medium in question,then no induction current is generated from the
wave.The second cade — only falling wave is present, the reflected wave is not present.This complies with
theroutine geologic situation, i.e. the wave is absorbed in the medium completely. Below, we consider
versions of the second case to resolve a geologic problem.

The MTS developers borrowed the basic notion of the method, i.e. impedance, from the paper of
American scholar G.A.Stretton on the theory of electromagnetism [9]. In this paper, impedance was
adjusted for the long lines (or elements of thealternating electric circuit), which EMW propagates
along.But, ten years prior to that paper by G.A.Stretton, in1938,the expressions for impedance of the
surface situating in monochromatic EMW developed for theory of antennas more meeting the goals of
electrometry were developed in the papers of another scholar from the USA S.A.Shchelkunov [13;14] or
in the paper of M.A.Leontovich, the Soviet scholarof1948[7].Had the MTS developers have proceeded
from those latter papers, maybe the solutions and proposed expressions could be different.

Skin-effect

While geologic problems are addressed, the MTS method developers, considering the variations of
magnetic field as NEMW coming from the outer space using skin-effect as a tool for deep penetration into
entrails of the earthexplained the theory of method as follows: the source of NEMW is located at the
height from the Earth surface, more precisely, in ionosphere,approximately at the height of 80-115 Km(at
present the more accurately defined this height is 60 Km at day time and 90 Km at night time); the depth
of its penetration into the entrails of earth depends on the wave frequency. It means, according to the
theory, knowing the frequencies of NEMW used in MTS, one can determine electric parameters of all the
layers from the Earth surface till the depth of their penetration.The depth of penetration of variations
coming from the outer space into the entrails of earth was called skin-depth and described it as follows:

§ =107%/2/(wueo) = J107pT /21 .
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Here we talk about multikilometer waves — hundreds, even thousands of kilometers — depths of
entrails of earth for their geological prospecting.The theory reads that receiving sensors of waves located
on the Earth surface receive all the NEMW that bear information from those depths. By processing that
information, an analyst can find depths of electric conducting layers and their electric parameters.

In reality, the variations ofthe space magnetic field (VSMF) that are registered on the Earth surface
are source ones, i.e. just arrived from the space. In order to obtain necessary geologic information, they
must have been visited the entrails of earth. The variations, at the place of their fall, losing their energy, is
subject to full decay.And science studied penetration of waves (!), not that of variations. It means that
generation of secondary (i.e. reflected in the Earth interior) wave from VSMEF is not possible in the skin-
depth. It is not possible not to understand this truth.

But while resolving a geologic problem, the actual depth of bedding and geometry of the
underground objects are the main ones.It is not an easy task for electrometry. In this case, thenecessity of
synchronic registration of primary (falling from the space and penetrating into entrails) VSMF and
secondary (reflected from the underground layers and reached the Earth surface) ones must be
understandable. Unfortunately, magnetic fields do not travel in the underground, as we said above,they do
not have ahabit to return.

The reflection factor of EMW is:R = (Aref / AO)Z,hereAref andA%are amplitudes of the reflected and
falling waves respectively. The ration defining relative index of reflection of two media is equal:
sini/sinr = n,/n,; = n,,(Snellius law),where:n; andn,indices of refraction of the first and second
media;istands for reflection angle;rstands for refraction angle.For reflection of wave,the condition

n, > n, ,i.e.ny; > lmustbesatisfied.For the medium with no ferromagnetic propertiesn,; = {/€,/¢&4,[11:
p.p- 304-305].If the inequality is opposite n, < n; , in means refraction of wave on the border.In highly
conductive media indices of reflection and refraction are approximately equal.

Any flat EMW remains flat only if it propagates in the medium without absorptions, for instance, in
the outer space or atmosphere. And reflection index for low-frequency waves propagating in the medium

with absorption is an imaginarynumber: n(w) =~ /l% = ng (1 —1i). Here its imaginary part is
0 0

incomparably larger than one, i.e.Im n(w) = fj >» 1. Therefore, strong absorption of waves takes
0

place in conducting layers at low frequencies.It means that they do not reflect [7].

Here, it is necessary to specify absolute refraction index, it isn = c¢/v . Here, cis speed of EMW in
the vacuum, vis phase speed of wave in a medium.For such a case (in dielectric)~ /e .The last equation
in called the Maxwell's equation, some times[8: p. 219].There is no dispersion here, dissipation depends
of frequency. For the media with no ferromagnetic properties(u =~ 1), = Ve,[11: p. 304].

In electrometry, in order to ease solution of the problems for complex media(for instance:
anisotropic, linear etc.), sometimes, sought parameters are replaced by new ones, more efficient for the
case.Then, new notions are called in a new fashion:for instance, the specific electric resistance of layers is
termed ‘effective resistance’, impedance is termed ‘effective impedance’, depth is called ‘effective depth’
etc.Then,in accordance with the content of new parameters new meanings defining them must be
explained.For instance, anew understanding of ‘effective impedance’ is explained —independence on
theazimuthal geometry of anisotropic media, as well as for ‘effective depth’ — sum thickness of layers till
underground highly conductive bedding rock in the entrails. The new coined notion in electrometry must
exactly correspond to thedefinition in the applied electrodynamics. Indeed, ‘effective depth’ in the
electrodynamics is the depth where wave energy is intensively absorbed and completely attenuates. How
the wave attenuated in the depth and not having come back to surface can yield information on sum
thickness of layers till marker? The theory of MTS does not say even a word on that.

For the waves used in MTS, skin-depth has too large magnitude. Therefore, as you feel, the efficient

depth must be smaller than skin-depth.It, for theconductive homogeneous medium in the entrails has been
A ) Z

22~ V2 = —iwlg

calculated as: horr = . And the effective depth in Niblett transformationh,sr = py -
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) fef Mfor the 'Tiknonov-Cangiar’ model to resolve geological problem has been adjusted as:
f

0 P(hef )
herr = [px/ (@pe)1Y? = [pcT/(2mp)1/2,[6: p.p. 209-210].

In our opinion, the basics of thetheoryis the same for all types of waves (electromagnetic, elastic and
others even).If approach from this point of view is taken, still there are a multitude of not solved problems
of resolution of waves and disturbance interference even in the man-made seismic waves that have
penetrated the entrails for sure and came back, as well as while extracting useful geologic information
from them as well. Seeing that, is it possible to believe in the MTS statements and calculations that with
no problems we will obtain desired information using space variations that are not described by wave
laws?

The conductive layers in the entrails are absorbing and dispersing always. Any magnetic disturbances
getting into such a medium can generate, on its surface, so-calledtelluric surface alternating earth
inductive currents. Those currents converting into Joule warmth onlyserveto warmingof that medium.

Unfortunately, there are no harmonically shaped long period EMW of natural origin.The natural
sources (ionospheric ones) propagate not waves, rather weak magnetic variations of random shape. It is
known in the science and practice.In MTS, many situations are not duly taken into consideration,including
absorption of EMW by the earth layers. It means that even the most ideal EMW are not suitable for the
purposes of deep (even thousand kilometers deep, with regard of which MTS has ambition)
electrometry.Moreover,it is known, that their ionospheric sources and recording instruments on the Earth
surface are located in different moving inertial coordinate systems.Even this circumstance alone is
sufficient to reject any trust in this method.

Just because of that study of the Earth interior by means of skin effect, leave it alone, by means of
EMW non-existing in the nature is not possible. If even harmonic EMW existed, then utilization of skin
effect in prospecting with MTS does not yield any result.Now, let us clarify this. As there are no NEMW
in the nature, it is necessary to study thepossibility of using artificial EMW for MTS.Radio waves belong
to this type.

In the second half of the 20" century, within the framework of long-term secret project,beginning
from the 90-s of the last century, while developing extremelylow-frequency generators of any type, it
became clear that it was not possible to achieve the targets.Due to thesecrecy of the research topics, the
results of theresearch have not been published.As it is known that for therealization of such venturous
ideas enormous financial, material, and intellectual resources of peoples have been spent.

As the results of secret research projects did not support in practice penetration of ELF waves through
earth and water (dekameter waves —3 +30 Hz), are not convincing calculations on possibility of their
application in the reality, too (it is said that for sustaining radio comnection with submarines in
underwater position as well as underground radio communication!!!). These papers experimentally
established penetration of the longest EMW no more than 20 meters of water depth in a condition not
suitable for radio communication.Information on these research works, not supported by documents, are
published through the media in a blurred shape [3].Below, based on that information, we provide our
conclusions.

For this case, the developers of ELF or ULF (ultra low frequency) generators, with regard of their
uncomparable wavelength and ultralow efficiency factor demonstrated absolute e of theuselessness of the
task they face in the closed projects as well as for the MTS theory, among all.

In the second half of the last century megameter ELF wave — 82 Hz, A = 3656 Km, T=0.012 s was
developed for operation of the Soviet «ZEVS» system, and 76 Hz, A = 3944.64 Km for the American
system«Seafarer».The lengths of waves those generators produce are comparable with the Earth radius.
For them to operate, megawatt power stations were needed. But to register the waves they generated
dipole antennas of the length of not shorter than a half of the wave length had been built, and this
happened to be anunresolvable problem.Therefore, if at any time in the future it is possible to build
generators, they cannot be mobile ones, i.e. to be compact and capable of prospecting interior of the Earth.
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As in can be understood from the above, it is not possible to build and use in the reality even more
clumsy long period EMW that are considered trivial ones that even feature periods one second to 24 hours
and longer.Even there had been ant ideal ionosphere EMW with diurnal period it would be wave
lengthwise by 7 million times longer than ELF wave from «ZEVS». And we leave thecalculation of
wavelength with aperiod of 24 hours.

Therefore, we remind below how other frequencies of radio waves are created.

The sources of low frequency radio waves which range in the ELF (dekameter waves — 3 +30
Hz),ULF (megameter, 30300 Hz), infralow frequencies (ILF,hectorkilometer,0,3+3 KHz), very low
frequencies (VLEF, myriameter, 3+30 KHz),and long waves (LW, kilometer, 30--300 kHz),are generators
of alternate current.

Generators of ratio frequencies are sources of radio waves with frequencies 3'10° +3-10'*Hz, UHF
generators, mass radiators, andtube oscillators.

Heated bodies are sources of visible light and infrared waves.

Atoms excited by means of irradiation through thecollision of accelerated charged electrons and
photons are sources of X-Rays and ultraviolet rays.

As you see, it so happens that there is no any single method and equipment even for generating of
radio waves used in practice.The properties of these EMW with different frequencies are totally different
as well. Among those groups, generators of alternate current are the closest to MT sources range wise.

Now, let us tell in more detail about skin effect. The characteristics of skin effect for free electrons
can be obtained by means of asolution of kinetic Maxwell equation. Here, while solving these equations it
is necessary to be up to establish aconnection between current and EMW.

For thefirst time, the skin effect was revealed by O. Heaviside, and English scholarin 1885-1886 in
the form of condensation of alternating electric current in the thin surface layer of a conductor, and in
1886, his compatriot J.Hughes detected it in an experiment.The connection between the frequency of
current and thickness of the surface layer where alternating current accumulates in this effect had been
established.

Later, a similar case — penetration of EMW to adifferent depth in correspondence with frequency was
discussed.The both depths were called skin depth. For the second case, skin effect is a condensation of
alternating EMF in the thin surface layer of conductive medium corresponding to its frequency.This layer
is termed as skin layer and its gage (8) is called skin depth. The effect is revealed when current
(induction), excited by free electrons in a conducting medium, metals, plasma, in ionosphere (on short
waves), degenerate semiconductor, as well as in other media that feature sufficiently high conductivity.

And here, skin depth depends on frequency (f) of the generating EMW, conductivity (o) of the
medium, dielectric(¢)and magnetic(u)transmittivity as well as flatness of the medium surface.The effect
for cross waves and alternating currents is observed in nearsurface shape. As it is known, the EMW are
cross waves only.

In order to obtain thedesired result in non-ideal (absorbing, dissipating, dispersing etc.)media, energy
loss connected with condition and content of the medium must be taken into account, as the amount of
energy spent by the wave may be insufficient for useful work to be produced by the wave in the interior.
—e+/e2+(6010)?

> )

wher: wstands for circular frequency; c is length velocity; Astands forthe wave length; ais electric

conductivity of the medium; estands for dielectric permittivity of the medium (dielectrical constant).
Ific = 1, then energy of EMW is subject to complete absorption in the Earth [7].

The energy (W) of EMF in a volume unit of themedium is equal to sum of the energy of field in

vacuum and energy of medium charges movement in the wave field. And heat(Q) emitted in a unit of time
we'|Eg|?

8T

For this purpose,absorbance index may be calculated according to the formulax :%

is equal to work of forth of friction.The formula to find magnitude of heat is as follows: Q =

B

4nNe?vw

m[(w%—w2)2+w2v2]

where: €' = is imaginary component of the complex dielectric permittivity; Nis
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volume concentration of micto particles in the medium in question; mstands for the mass of electron; e is
elementary charge; v stands for frequency of collisions of the charge with micro particles.

Unfortunately, it is not possible to express energy through dielectric permittivity. Whenv = 0,
e =0, andQ = 0,as well (i.e. such a situation correspond to the outer space),in other words, for a case,
when, as a result of wave process the wave travels through the medium without delay, its energy is found

2
via the following formula:W; = Eol” 4(99) Here you will see that EMW cannot penetrate in the Earth

16w dw
interior, [4: p.p. 94-97].

At low frequencies, when the dispersion frequency may be neglected and eynot be taken into
Cc

account,skin depth will be equal: § = N = i , Wheren = /2ma,/w— refraction factor comparable
0

with the wave’s phase velocity.

Now let us itemize our conclusion to what depth the EMW can penetrate depending on the
physical(including accountof u) properties of the medium. Therefore we introduce tangent of the loss
angle: tg § = 4na/(we). For strongly decadent wave(tgd >» 1):~ x = /(ue/2)tgé = \/2nuc/w.We
see from that that magnitude of loss and phase velocity depend on frequency as well (dispersion
phenomenon).But in this case the wave process does not come to being, as the wave fades on very short

distances: § = ¢/(wn) = 1/(2nr) = /1/(271,/271110/(») = A/(Zm/uaT) = iw/T/(,ua), [4: p. 34].

In good conductors, absorbance index (x¢—speed of wave amplitude decrease in the direction of
propagation) and refraction index(n — determining phase velocity) are approximately equal=n > 1 .
Thus, the depth of penetration of EMW into conducting medium (thickness of skin layer) must be shorter
than the wave length: § <« A,[4: p. 35].

Now,for the ideal radio waves in the terrestrial conditions, we find through formulaeé =

c/+/2nwuc = c/ (271,/ uo/ T)the physical parameters resulting from skin phenomenon, [2: p. 308]:

If T=1s, u=1, 6=103S/m, thend =1,510 Km, hey=1,067.7 Km;

If T=1s, u=1, 60=10°S/m,thens =47,728 Km, hey=33,749 Km;

IfT=1s, u=1, 6=1073S/m, thend =94,866km, hey=67,079 Km;

Such an EMW for MTS exists neither in nature, not in technology. Had it even existed, as you see the
depth of its penetration, it is of no use for addressing geological problems?

For the ZEVS wave frequencyf = 82 Hz, if:

p=1, 6=103S/m, thend =167Km; hey=1,273 Km;

u=1, 0=10°S/m, then§ = 5,270 Km; h.;=3,726.8 Km;

p=1, 0=1073S/m,thend =166,667 Km; h.;= 117,850 Km.

ZEVS generator producing such wave cannot be wused for addressing geological
problems. Therefore,let us consider similar case for the radio waves with higher frequencies.If:

f =300 Hz, p=1, 6=103S/m, then8 =87.14 Km; h,;=61,62 Km;
f =300 Hz, p=1, 0=10°S/m, Torna & =2,756 Km;h 5= 1.948 Km;

f =3 KHz, p=1, 0=103S/m, then§ =27.5738Km; h;=19.5 Km;
f =3 KHz, p=1, 6=10°S/m,then8 =871.39 Km;h.;=616.2 Km;

f =30 KHz, p=1, 6=103S/m, thend =8.7139 Km;A,;=6.16 Km;
f =300 KHz, p=1, 6=103S/m,then§ =2.757 Km;h.;=1.94 Km.

As one can see, ifat these conditions, formulae for finding the skin depth and effective depth are good
for application, thenfor electrometry, it happens,it is possible theoretically possible to use radio waves for
which generators are already available.

In compliance with the theory, the most remote sources of radio waves are applied for this end.The
cause of that is quasistationary approximation, i.e. in necessity of many fold longer wavelength as
compared to the distance to its source.This case corresponds to the condition of radiating far field region.
Then|k,|r>>1,0rr/§> 3-5, where: k,stands for wave number of homogeneous medium; ris distance from
ionospheric source of EMW to receiving MT station on the Earth surface.Only when this condition is
57
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satisfied, i.e. at this distance necessary EMW will have time to take shape till the point of registration on
the Earth surface.This condition corresponds to the following case: at the height of NEMW source
r = 60 =+ 90Km, for the condition to be satisfied,ifwe takep, = 1000 [Q * m], thenskin depth must be
within the range ofd = 18 -+ 30Km.This basically corresponds to the frequency range 1+3 KHz, and the
frequency,in compliance with the medium conductivity, may increase till 300 KHz.

That said, it willbe usedelectric induction current instead conductivity current, i.e. abandon
quasistationary approximation.Moreover,in the theory employed,the power of the wave source is not
taken into account as in quasistationary approximation the wave does not have wave properties. Through
“waves” with to wave properties, it is not possible to reveal physical properties of the medium in question.

Indeed, anelectric induction current is just alternating electric current in conducting medium and/or
alternating electric field in atmosphere(as well as in ionosphere). Ifdisregard this, thenconductivity
current remains only. In this case, MT theory will forfeit all the rights to use the laws of wave process
including all the consequences it entails (i.e.wave equation, wave number, skin effect, skin depth,effective
depth, impedance etc.).At the harmonic changes of electric field amplitude of electric induction current
density in dielectrics exceeds the amplitude of conductivity current density. In compliance with definition
of electric induction current density the following condition is satisfied in dielectrics: weE > oE,
orwe/o > 1.The meaning here-the medium resists travelling of the electromagnetic field through it in
compliance with its frequency (in direct ratio).This resistance may be called reactance. Thus, depending
on the wave frequency the same matter may appear as both dielectric and conductor.It corresponds to
boundary condition of near-field zone, i.e. |k, |r << 1, orr/§ < 0.5,whered = 503,29,/p,Tis thickness
of skin layer in homogeneous earth.Thereat, components of electric field depend on electric conductivity
of earth but do not depend on frequency of the field, and the magnetic component does not depend on
anything. It means that EMF is similar to the field of direct current, and skin effect does not work
thereat. Therefore, for such a case, it is not possible to use such a field generated by the conductivity
current.

According to the boundary condition, for the MTS method that uses radio waves within the depths
ranged = 120 + 180Km, the wave frequency may decrease to 3 KHz. It meanssuch cases must be
experimentally checked mandatorily.Under refusal from thequasi-stationary field and taking into account
electric induction current actual depth of study will fall down up to 1000 times.

Ifwe take into consideration such data and approach from the assumption of linearity of medium for
ordinary waves in the MT-method almost whole geologic medium happen to be linear.Therefore, in its
initial theory, it will be appropriate in the formula of wave number to not include conductivity current but
include the electric induction current [5].

But in the practice, attempts to apply radio waves never stopped. The first effective attempt was
undertaken by Sweden in 2001. In the University of Uppsala, a generator was developed emitting EMW
in the frequency range of 1 KHz+ 10 KHz. This controlled source of EMW was developed for
MTS.Therefore, this method was called “radio MTS” (RMTS). At present sophisticated version of the
method is being developed under name RMT-K.EMW of the frequency range is 1 KHz+ 1 MHz.The
depth of study at such high frequencies does not exceed 50-60 meters, 100 m the largest. This is the depth
that allows opportunity to check results of the method.At present, as we have mentioned above, the
method of RMT-K is appliedupon introduction electric induction current into the theory instead of
conductivity current. Ithere the results obtained are real ones and experimentally corroborated, thenthis
method is worth respect [10]. From the very beginning,the work on MT methods had to be started from
the situations available for corroboration. Nothing lasts forever in this world. As time passes, the MT
methods merits and their types as well change beyond recognition. We have achieved this at the minimum
cost.

Impedance

The term impedance was coined by the British scholars O. B. Heaviside and O. Lodge.The US
scholar S. Schelkunoff introduced the notion of field impedance in 1938.0n the skin effect, there are
notions of impedance of the alternating current electric circuit impedance and impedance of conductive
surface in the monochromatic EMF (field impedance and surface impedance).
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The complex (full) resistance of element of electric circuit [Z] = VR? + X? is termed as module of
its impedance,whereRis active resistance (fo direct current),andXis reactive one (fo alternating current),
i.e. frequency depending and imaginary resistance.Here impedance is measured by unit of electric
resistance om in the international system SI, and in the Gauss (SGC) system it does not have unit of
measure. In SGC, impedance is a proportionality factor between EandHcomponents of field, and does not
have any physical meaning. Butifwe want to recognize it in SGC as resistance of medium, thenit will
featureunit ofreverse speed.Nonetheless, such a definition would be not quite correct. Therefore, to solve
geological problems, first we will consider impedance as reactive (inductive) resistance of medium to the
current excited in one by monochromatic EMF. Therefore, we take impedance effectively describing
ordinary absorption of the wave energy in conductors, as approximate connecting factor between
tangential component EandHof the harmonic flat EMFat the boundary «vacuum-metal»:

E,=7-H, = \/? [H,V], [SI], wherev — unitary vector, vertically (along normal line) falling on the
2

division border.Here, EMW moves according to right-hand rule. At such conditions, according to
Leontovich boundary conditions, refraction index (n) on the boundary must satisfy the following
requirements: |n,| » ny, § < L, where: n,is refraction index of the conducting layer; n;is refraction
index of empty space; dstands for skin depth; Lstands for the thickness of conducting layer.Here, one talk
about transition of EMW from vacuum in metal (in our case — from the outer space in the Earth).Here,
along the movement direction of wave, the atmosphere is considered the first, and the Earth surface is the
second layer [7].Ifthe boundary surface curvature R* > §, thenLeontovich boundary conditions are
effective,[5]. Indeed, impedance may be calculated for any surface with known electric
parameters(i.e. &y, Uy, 0). Impedance calculated this way on the boundary surface«aer-metal» is termed
surface impedance. The physical meaning of impedance does not change. In the case in question,
impedance matches characteristic impedance(resistance) of the second medium, extending like
homogeneous long metal. At not so high frequencies, for the medium with flat surface and high

conductivity, we obtain the following: Z = (1 + i) /%, wherecstands for specific conductivity with

regard of direct current.S.Schelkunoff was pioneer to publish this solution in 1938,[13;14]. Later, in 1948,
Leontovich found the most precise expressionfor impedance obtained for homogeneous metallic
conductor with the flat surface[7]. Impedance of the empty space is calculated by the
formulaZ=E,/H,=120n [€], and it is sometimes called characteristic impedance of vacuum.According to
the MTS, for hight electric conductivity,the equivalent formula of the specific electric resistance of layer
in the SI will look as follows: p, = 0,2 T Z2,[Q*M]. The both correspond to the above original. But the
matter is different. This Leontovich boundary condition is called impedance condition in the applied
electrodynamics, besides, it can used when the structure of field in the second conducting medium is
known in advance only. In the case of concrete problems, the equivalent boundary conditions are
approximate only and have conditions of applicability on their own. While solving them,these conditions
must be many times and very accurately checked again and again in advance.

The meaning of the Leontovich boundary conditions: it is possible to find impedance on the boundary
with the first medium (the empty space) through physical parameters of the second conducting medium.
In the MTS, in contrary to the said, an attempt has been undertaken to find electric parameters of the
second internal medium(the Earth) through found impedance outside (on the Earth surface).The field
impedance in question has been introduced by S.Schelkunoff and Leontovich for use in the theory of
antennas.It means,knowing in advance electric properties of the antenna material, it was important to
derive necessary information through themagnitude of energy proper to the transmitted radio signal and
the part of it absorbed by theantenna.The EMW energy had not lost,the field impedance would have
themeaning of the real value.Thenit can be considered wave resistance.But, while solving geological
problems, loss of own energy of EMW happens to be unlimited.

In geology, ifnot for specification of the lower boundaries (geometry)of the layer coming out to the
daily surface, ans HaxoxneHus ero ¢gusnyeckux cBoiicTB, there is no need to carry out electrometry
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work.Here,the sought parameters are the physical parameters and geometry of the objects inside the Earth.
The simplestcut of the Earth is cut with horizontal layer. Therefore, we consider application of the method
of themetallic antenna in the empty space using impedance for solution of problems notappropriate way
for searching underground objects in the interior, their physical parameters, and geometry.In the case of
metallic antenna, there are two media — the empty space and metal, but in geology, there are the empty
space (atmosphere) and the set of infinitely absorbing earth layers.Here, the most important is balance
between energy of EMW and volume of absorbing medium, i.e. for the first case — with limited volume of
the antenna material, and for the second case —with unlimited volume of the Earth layers. Finding such a
balance, by means of measurement, of energy of refracted radio waves and limitedvolume of the antenna
material is solved problem in the theory of antennas. Given the infinite volume of geological layers, there
is no any possibility of finding such a balance.

In the conditions of MTS, which corresponds to falling of the wave along normal, the set of three, i.e.
E,,, Hy, and the Poynting vector on positive direction to the Earth interior along vertical z axis forms the
right-hand screw.As impedance appearing at the intromission of the wave into the medium is the full
resistance of the medium, at its zero value such a medium has ideal conductivity and strong absorption.
Then, when there is such an absorbing layer on the bottom, H E, = 0 on the surface of the medium. The
reflection index found by the amplitudes of fields and expressed through impedance
(Z @ -z (1)) / (Z @4z (1)) = ['corresponds to such a situation.This Fresnel formula.Ilt mean that the
energy of EMW is fully absorbed by the underlie Earth layers that are infinite volume.

For estimation of electric situation in the geologic object in question, such a phenomenon(E, = 0)
can serve as asign for approximate estimation of electric conductivity of underlie layer.Ifthe conductivity
in this layer is high but finite, theninsignificant tangent component E,, appears on the surface of
discontinuity.Exactly this strength determines power flow inside the conductor spent for its heating.

Ifthe current is connected with the medium conductivity and J = J,,,, then, to calculate the power of
heat lost, the following formula may be usedpy = J,,E = o|E|* . This is Joule-Lenz lawin a differential
form,where],,,stands for conductivity current, andostands for the medium conductivity. The above
mentioned is known in technology.

For the plane wave, let us find relation between magnitudes of electric and magnetic fields strength
on the boundary «air-Earth».For this end, using the second Maxwell equation(rotH = 4”TUE ),exponential
law of electric waveE = Eyexp (+kz)in the direction of falling on the Earth along normal(z) and

characteristic depth of the skin layer(§ = ¢/,/2mwua), let us compose the equation E = (1 + i) 47:6 5 H x

m.From that, we find impedanceZ = (1 + i) ¢/4no§ = (1 + i)/ pw/8mo. This formula gives the full
expression for the surface impedance(for the day time surface of the Earth). Here,mis unitary vector, Kis
the wave vector directed along the axis (z) of the wave fall, cis the light velocity,ostands for the static
conductivity of the strongly conductive medium at low frequencies, [2: p. 308].

For plane waves in homogeneous isotropic mediumE = —,/p/e[Hm]and impedance corresponding

to one is equalZ, = m . This relation is true for any point of the medium including the surface. Here
vectors E, H,ma right orthogonal trey of vectors. This relation is termed impedance of the medium and
considered the Leontovich boundary condition,[4: p. 33].

For the cases of normal and abnormal (except &) skin-effect, the surface impedance (Z) has the most
precise quantitative meaning. At the normal skin effect for low frequencies, impedance is equalZ =
2nw/c?0yand decreases along with temperature(T°) as gyincreases.

In order to resolve the problem correctly through this relation, components of electromagnetic
fieldE(t) andH(t) must be measured directly in the Earth interior, i.e. in the medium in question, at the
depth, by instantaneous values (i.e. not by the wave amplitudes or variations). Only thenimpedance
corresponds to its definition. Had we were able to carry out such measurements, thenthere would be no
need for electrometry with the MTS method.

Mathematicaltechniqueshave been derived to find the bedding depth of interior layers of the Earth




ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

and their electric parameters. In geophysics, such operations are called theinterpretation of the processed
data of field materials.

Given the above, any new method offered, prior to introduction to practice, must be submitted to
comprehensive theoretical examination to the council of scholars in the field,experimental testing,in the
prior studied testing ground,in natural conditions(full-scale modeling),and only approval of the usefulness
by the experts it may be approved for utilization in production.

Study of interior electric currents of the Earth and magnetic fields by means of full-scale only will
give accelerated, explosive growth and invaluable contribution to the development of the fundamental and
applied research (including solution of the geology as well as seismology problems).Therefore, we believe
that such studies will develop the theory of electrodynamics of complex mediaand advance it
immensely.Such multidisciplinary full-scale studies must be carried out in thecomplex along with drilling
ultra-deep wells.

As in is known, in ultradeep well in the Kola Peninsula (Murmansk oblast), where drilling was
completed in late 1982 at the depth of more than 12 Km, MT variations were registered only once at the
depth of 6 Km. As we know, thenit happened «the Kola well management guarding it even stronger than a
spaceshipby a narrow margin agreed to lower the probe of MT instrument to the depth of 6 Km
only».Now, the data registered by the instruments developed for that purpose especially in the early 2000-
s,filled the ranks of «archive valuables». By present, both the Kola ultradeep well and its dedicated site
are annihilated and the special instruments lowered in the well as about to be annihilated.

To develop such equipment for well studies and their application at the Kola well, we put together
and proposed special research project, in 1990. At that time, the leaders of research academic institutions
that possessed power and influence did not give full play to the project.If our proposals had introduced at
that time, all that problems would have been studied and resolved 28 years ago, already.

We would like to believe that natural earth electric currents exist at all levels of depth. It can be
checked and proven by the interior observation in deep wells. But the causes for such current to come
existence may be various. For the time being, the science tells that in the Earth interior, stray voltage,
man-caused, electrochemical, thermoelectric, convection currents, and other types of electric currents are
present, besides the Earth currents.For all that,only the results of real interior observation in the deep well
may provide exhaustive answers to almost all these questions. But even at presence of any type of the
above electric currents and EMW, the matter of their utilization for electrometry or any other purpose is
open and exceeding efforts of scholars are needed.
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MATHUATOTEJLTYPJIBIK 30HJIBLITAY O IICTHIH KAFTAWBIH TAJJIAY

AnHoranus. 1. JKep KoifHaybIH reOJOTHSHBIH T€OPU3UKAIBIK OapiayblHIaFbl MATHUTOTEIUTYPIIBIK 30H IbLIAY
omicine, oHBIH 60 XKBUIAH acTaM TapUXBIHIAFEI OMIpIHIe, aJIFall PeT TalIaMalbIK ChIH KapHsIaHy1a.

2. Maxkananga inrepi aWThUIMaraH Taugay KOPBITHIHIBUIAPHI KapusulaHyda. HoTmkeme, MarHUTOTEILTYPIIBIK
30H/BIIAY OMICIHIH HETi3i pPEeTiHAe FaphINTHIK AICKTPOMATHUTTIK aybITKyJapFa KOJJAHBUFaH CKUH-KYOBUIBIC,
KBa3HUCTAI[OHAPIIBIK KaHACY, UMIIEJAHC, )KBUDKBIMAIIBI TOK, OTKI3TIII TOK TYCIHIKTEpPi TANKBUIAHBII, OJap T€OJIOTHSI-
JBIK Oapiray MaKkcaTBhIHAA OPBIHCHI3 KOJJAHBUTFAaH JA€TeH KOPHITBIHIBLIAP IIBIFAPBIIFaH.
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AnnHoranus: 1. BnepBeie myOnuKyeTcss KpUTHIESCKUN aHAIH3 COCTOSIHHS Te0(PH3NIECKOTO METOa TEOIIOTHH 110
MarHUTOTEIUTYPHYECKOMY 30HANPOBAHUIO, 32 Tepro] Ooiee yeM 60-1eTHel HCTOPHH €ro CyIIeCTBOBAHMS.

2. B crarbu myOMMKYIOTCA paHEe HE BBICKA3aHHBIC AHAIUTHYECKHE 3aKIIOUCHUsA. B pesynbrare anammsa
MOHATHH, TaKMX KakK CKHH-3(Q(EKT, KBa3UCTAIOHAPHOE MPUOIIDKCHNE, WMIIEJAHC, TOK CMEIIEHHs, TOK
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NONLINEAR HOOKE LAW IN THE THEORY OF ELASTICITY
OF INHOMOGENEOUS AND ANISOTROPIC BODIES

Abstract. Directly from the physical connection with the nonlinear Hooke law, the components of the stress
tensor of a rigid deformable body and new nonlinear equations of the theory of elasticity with an asymmetric stress
tensor are derived, as a special case we obtain equations with the linear Hooke's law. The Lame hypothesis and
Lame's equations do not have a physical connection with Hooke's law, this is their falsehood. Lame took as a basis
the approximate formula of the incomplete differential and suggested in his hypothesis the proportionality of the
stress tensor components to the symmetrical half of the given incomplete differential of displacement, and the
antisymmetric half of the differential is discarded, which is the result of the false symmetry of the Lame stress
tensor. The new nonlinear equations are approximated by an explicit scheme, with the use of which the elastic state
of a flat bar is numerically calculated with the normal and tangential stresses acting on the upper face. The same
scheme is applied to the Lame equations. The obtained patterns of displacements distribution clearly demonstrate the
difference in the solutions of the comparable systems of elasticity equations, as well as the discrepancy between the
solution of the Lame equations for a given state of the deformed body. The falsity of Lame's equations is confirmed
theoretically and physically.

Keywords: tensile, tangent, normal, stress, tensor.

1. Tangential stresses according to the generalized Hooke's law

Hooke's law is an assertion according to which the deformation arising

in an elastic body, is proportional to the applied force. It was discovered in 1660 by the English
scientist Robert Hooke.

It should be kept in mind that Hooke's law is satisfied only for small deformations. If the
proportionality limit is exceeded, the relationship between stresses and strains becomes nonlinear. For
many media, Hooke's law does not apply even for small deformations. The derivation of dynamic
equations with an asymmetric stress tensor according to Hooke's linear law is given in [1]: F =ku, k>0,

F =uiF, =vj F,=wk, u= ui + vj+wk — vector of displacement, where F=F, +F, +F,— external

force that causes displacement.

In inhomogeneous media composed of bodies with various elastic properties or in anisotropic bodies
whose properties depend on direction, Hooke's law can be nonlinear

F=ku™i+k v™j+k w™Kk, k,>0,k, >0k, >0 (1.1)
For exponents of 1 and k =k =k =k, (I.1) becomes Hooke's linear law for an isotropic

medium, hence the exponents must be odd numbers [2], which will be confirmed below by the properties
of hyperbolic equations of anguish. Suppose that on the plane y; force is associated with the movement
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under the generalized law F, = k ju"*i> similarly force F, =k, ujyvi on the surface y, =Yy, Ty,

oy >0.

The increments of forces and displacements between layers are equal:
oF =F, -F =k u)*i—k u™i=k ou™i, su™ =u}* —u™ >0.

, in this case the force increment is directed along the x axis: SF ™1 i.

Let |F2|>|F1
Y m
k B -
, E,=k,U,"i
‘.2 — T =
) oF =F, -F
5y 2 =Py
Y.L L -
<1
— u
F ku i
1
X
P 4

Linear density is introduced f = SF /&S y, oF =o6yf - By definition, the average tangent stress
vector Pyav = F parallel and equally directed with a force that causes this voltage p,,,, ™ OF,
z

Po TTF.

By the introduction of the proportionality coefficient, the following bonds are formed:

f=k'p,..k>0, Syf =k'p .Sy, p,.. 1T,
K, Sy=k, Su™i

This expression is multiplied scalar by the unit vector i :

(K'P, 0, 5Y5i)=(k , Su™ i, i)

As result

(k'pyxavé‘Y’i):k"pyxaV 5y’ (kué‘umu i’ i) = kué‘umu

5y|i| cos0”=k'p,,,

k, ou™
Equalities k'p,,,, 0y =k 0 u™, P :E Sy in the limit give a tangential stress

~ lim k,ou™  ou™ _k, 20
Pk oy My Tk
Tangential stresses in other directions are obtained analogously:
o™ ou™ ow™ ow™ o™
= E— ’pxz = _ ,p = _ ’p = B —

nyzﬂvgapzx o

The asymmetric shearing stress formulas are derived for causing stretching of the body of an external

force F=F, _|_Fy +F -

— (4 ——
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X
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The elastic force in the deformed body according to Newton's third law is equal to the external force
with a minus sign F,=-F. Consequently, the linear Hooke law for elastic forces will have the form

F, =—ku,F, = —kui—kvj—kwk. A similar representation for Hooke's nonlinear law
F,=-ku™i-k v™j-k w™k
Suppose that on the plane y1 the force is connected with the displacement along the nonlinear law
F.=k uulm”i , similarly acts force F,,, = k u3*i onsurface y, =y, + 0y, oy > 0.
The increments of forces and displacements between layers are equal:
oF=F,, —-F_ =k ui+k u*i=-k du™i,

ou™ =uy* —u >0.

Let |F2| >|F1 , in this case, the force increment is directed against the x axis: §F 14 j. Linear
density is introduced f = §F / 5y, SF = Syf -
iy oF
By definition, the average tangent stress vector Py =—,00 = 0X0OZ parallel and equally

directed with a force that causes this voltage

Py ™ OF, Py ™.
The input of the proportionality coefficient formed a bond:
f=kp,..k>0, 5yf =k'p .0y, P, Vi, kp , dy=k su™i

yxav ?

This expression is multiplied scalar by the unit vector I

(K'P 0, Sy,i)=-(k, Su™1, i)

As aresult
(K'P o OYA)=K|P | Sy [i] cOS180°=K'p,, , Sy, -(k,Su™i,i) = —k,5u™
Equalities
k, ou™
kp.. oy=k ou™, =t
pyxav y u pyxav k, §y
in the limit give a tangential stress
p _1im55umu_ qu™ _£>0
X0 K Sy Ho oy Ho k'
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Similarly, tangential stresses are obtained in other directions:
o™ ou™ ow™ ow™ o™

R A T i

In this way, the stress formulas for external forces coincide with formulas of the action of elastic
forces, therefore further conclusions are made only for external forces.

2. Relation of Normal Stresses to Hooke's Law

A similar argument establishes the formula of the component pix normal Voltage
p, =Adiva i+p], .

Let the external forces be equal: F; = kuuin“i on surface X; and F, =k uj"i on surface
X, =X, +0x,0x > 0.

The increments of forces and displacements between layers are equal:

— _ — IIlu°_ mys __ m, 5 m, _ mu_ m,
oF=F, -F =k u,"i-ku™i=k ou™i, sSu™ =u,* —u™* >0.

. o oF
By definition, the average stress vector P, :5—,55 =0yoz parallel and equally directed
(o}
with a force that causes this voltage OF TT1, F,|>|F|.
Through the linear density §_— @ ,OF =6xf, = k"po equalities SF =k" 5Xp0
X xxav xxav?

" 0 _ m, e
k"oxp,.., =k, ou™i
This expression is multiplied scalar by the unit vector i :

(k"5xp°.. i) = (k,Su™i,i)

xxav?
: o .
Vectors are parallel in structure Do ™ i
Therefore, they occur in scalar products

(K'Sxpl, 1) =K' Sx|pl, | fil-cos0” =K'Gupl,, (k,Su™i,i)=k su™.

k, ou™
s 1! 0 m, 0 _u )
The result is K 5prxav —ku§u , whence Pixav K ox
In the limit, the formula for the component of the normal stress
o _pp K, ou™ o™ k,
= lim — = =—.
P Tox M M T
The same reasonings also show the components of normal stresses in other direc
tions:
ou;™
o__ i | '_1 2 3 — — — — — —
Pi=H x H _Eal_ o5 U EWU, EVU; =EWX) =XX) SY.X; =2

1
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The same formulas for normal stresses are obtained for the elastic forces in a solid deformed body

Thus, the nonlinear Hooke law corresponds to an asymmetric stress tensor in a solid deformed body:

my

: out ..

=6 Adiva+ ps,, &; = g‘,u:l,zﬁa 2.1)
j

u=u 1i +u, J +u 3k - the vector of displacement. In normal stresses ﬁgjidivu by Lama is preserved,

5ji - the Kronecker symbol.

3. On falsifications and inapplicability of Lame's equations in the nonlinear theory of elasticity
of anisotropic bodies

Linear equations of the theory of elasticity of a solid deformable body

2

gu_
pO 6t2

constructed according to the hypothesis of Lame on the symmetry of the stress tensor

P F + (A + p)graddivu + pAu 3.1

ou,
= Ao diva+2ue;, & :2(6x o —),p;; = p;i=1,2,3, (3.2)
A, u— the Lame coefficients.

The Lame hypothesis is that the elements of the strain tensor ¢ should be equal to the doubled
symmetric strain rate tensor, that is, doubled the first half of the artificial formula

3 1 auj 1 8u auj .
N o iy =123, 33
Z 2 8X.) [ Ox ! 3-3)

i i

(the second antisymmetric half of (3.3) is ignored [3-11]).
The formula (3.3) is formed from the incomplete differential of displacements

3
_ Z aui 1Xj,i:1’2’3’ (34)
OX

j=1

3
(Here is the total differential: du =— d Z = E Y 4t + du ).

j=1

Thus, in [3-12] the Lame stress tensor (3.2) does not correspond and does not follow from Hooke's
law. Obviously, already by construction, it is not suitable in anisotropic media, especially in the nonlinear
Hooke's law.

The above physical method of the author of constructing the stress tensor of an elastic body according
to Hooke's law is the opposite of the Lame hypothesis and exactly follows the definition given by
Timoshchenko in [3]: “The main task of the theory of elasticity is to find, according to the external
forces acting on the solid body, those changes in shape that the body undergoes, and those internal
elastic forces that, with these changes of form, arise between parts of the body."
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To compare Lame's equations (3.1) with new equations with asymmetric-a tensor of stresses in an

isotropicbody #, = 1, = H, = 1
o’u .
Lo gy = p,F + Agraddivu + pAu (3.5)

displacements in a square deformable bar measuring 0.1 m by 0.1 m have been calculated.
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The vector of external force Py =Py + P,y =Pyl +P,J is directed at an angle to the upper plane

of the bar. In Fig. 1 and 2 there are the fields of displacement vectors W = ul+ vj> in Fig. 3 and 4
transverse velocity diagrams on the upper side of the bar, all at time t = 121.38 s. Body density
Py = 7800xr/m” - Specifically laid pyy=-1H/’, p,=10 H/™M’. The other edges of the bar are rigidly
fixed, the displacements on them are equal to zero. The Lame coefficients are chosen equal to A =1
Kke/(c*m), 1 =100 kg/(c*m). The two-dimensional Lame equations (3.1) and the new equations (3.5) are

realized by explicit schemes [2] on a 100x100 grid with a time step equal to 0.0005s. A clear difference
between the numerical solutions, especially the vertical displacements on the upper side of the bar in Fig.
3 and 4.

0 IMV new equations %ZIH/ME e}-:_lH/M- 0.1, the Lame equation B 1H/ :_1H/M
A e
B T nenanattAAAA SRS N RS NN —————
\\\\\\\\\\ R A AN B AR R NN BN
I S A St AR R B B

0.08 *\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ Pt A A BN
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u=0 0.02 v=0 004 0.06 0.08 0.1m 0.02 4=0 0.04 y=() 0.06 0.08 0.1m
Figura 5 Figura 6

In Fig. 4, the movement of particles of the upper side of the bar y = 0.1 m occurs downward, which
is confirmed by negative values of the transverse displacement v with respect to the new equations. In Fig.
3, Lame equations have positive values for the transverse component of the displacement, which
contradicts the direction of the action of the external force.

In Fig. 5 the displacement field for the new equations; Fig. 6 the field of displacements by the Lamé
equations. Stresses act on the entire upper side of the bar. The results of FIG. 1 £ 6 practically confirm the
falsity of the Lame equations with a symmetric stress tensor.

4.Equations of nonlinear anisotropic theory of elasticity according to the generalized Hooke's
law with an asymmetric stress tensor

u. ..
Leaving from Hooke's linear law [1], the elements of the strain tensor & ;; = 8—1 ,1,]51,2,3 are
X .
j
directly equal to the coefficients of the incomplete differential (3.4).
The asymmetric stress tensor of the generalized Hooke's law
m,

i

SO Adivat g, 5 =S i=123 @

1
j
in the equations of the dynamics of a continuous medium in stresses
o’u, op;
Li=1,2,3
Po Q=72 ot = pK ; 5XJ
— 69
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form non-linear equations with exponents in accordance with the generalized Hooke's law

52 o . .
e —=pF+4 levu + uAui=1,2,3
i
5. Rationale for the oddness of entire exponents of degree

Equations (4.2) with Cartesian coordinates
3 2. .m;

82u 0 !
F +A—divu+ —)—1=1,2,3
a T2 IOO a 1 ﬂl; a)Cf
are represented in a differentiated form
o’u, 0 o ,oul
E+A—divu+ uy — 1=1,2,3,
Po—=72 ot = Po ox, H ox J ( X, )>
ou’™ o Ou.
where i —mu™ i
0x, o,

Obviously, the equivalent equations

82u 0 .
E +1—divu+ g —(mu™ - 04, ,1=1,2.3
2 - Ph ox, o ox, ( j)

for odd exponents of

Po s

are equations of  hyperbolic type only
=1;3;5,7;9 u mo., m; =m,,m, =m_,m, =m,, foralways mu™"'>0.

6. Explicit diagram of the equations of an anisotropic nonlinear theory of elasticity

The Cauchy-Dirichlet problem for the new equations
o*u m
p0_2:p0Fx +ﬂ’@+ﬂuAu "
ot ox

o’v op

Po =7 P = Pk, +ﬂ“5+ﬂvAV s
oO’w op m
Po¥=00F2+/1§+ﬂwAW "

ou ov  ow
p = + +
ox oy oz

with the initial conditions:

=d,(N),w],,=d, (),

= d, ).y

ou ov ow
_t=0= o r'1‘_t=0= v r’ t=0= wwW r
\d()at\dmat\d()

and boundary conditions on the boundary §' .
V= 0,0, wl=q, (1),

u‘sz q,(r),
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In the integration region, a uniform grid is defined

Q = {x; =ih,,y; = jh,,z, =kh 0 =i =N ,0 =j=N_,0 =k =N}, and a time grid
Q ={t, =nz,n=0,1,.,N_}.
Notation of grid functions: f, =f(x;,y;,z,,t,)-
Initial conditions are specified in internal nodes: U.9 = duijk,V%k = dvijk,W%k = dwijk,
= dyy + 7 Ve = dy +7d =d. +ud
I=i=N_-LI=j=N_-Ll=k SNZ -1
Explicit difference scheme:
(:2?“ . [( 1_]k)rrh 2( 1_|k)rrh +( Jrl_]k)mu ( _|1k)nh 2( 1_|k)n11 +( ﬁlk)mu +
ijk hi hy
(ui}k-l)m“ - 2(u5k)mu + (uﬁkﬂ)m
+ hz
( 1Jk)mV Z(VEk)mv +( 1+1Jk)mV L(Vg.lk)mv _2(\75?1()mv +(V§+lk)mv n
i 5
n (ng-1)mv - 2(ng )mv + (ngﬂ)mv
2
hZ
(Wnuk)Inv 2( Uk)mv + “}iiljk)% i(“}i}-lk)% _2(“’;}1()% +(W§+1k)m”
hi | hf, +
(Wi )™ = 2w )™ + (Wi, )™
jk-1 ijk ijk+1
+ h2 + PoEi I,

z

uijk vijk vvijk s W wijk wwijk 2

PoFi I;

anijk = [—

OFyijk I,

qujk =4[

T ’
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This scheme has a second-order error in all variables O(7°)+O(h
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Fig. 7 shows the displacement field according to Hooke's linear law m =1,m =1 jj an anisotropic

body, in Fig. 8 in an isotropic body.
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0.01m [

ur’ZO
0.005m |-
/=0
0
Figura 9 - Displacement field u = ui + vj
by a nonlinear Hooke law of degree 3
0.0]m u=-7410"m = -7¥10"m
V///////W/fﬁ“{/’?@/ﬁ//ﬁéf =
=S I )
0 OO]m u=7'*10 S ‘,=7$10m 003m 0041;1

Figura 10 - Displacement field by a linear Hooke law

Fig. 9 shows the displacement field in an anisotropic body by Hooke's non-linear power law

m, =3,m, =3. On the horizontal sides of the bar are given the Neumann boundary conditions are put on

the lateral sides

M _0. Yo
Ox OX

Lame coefficients in an anisotropic bar:

A=104.4xg / (c’m). 1, =80kg / (c'm). 11, = 40kg / (c*m)

In Fig. 10 shows the displacement field in an anisotropic body according to Hooke's linear law
m,=lm, =1

CONCLUSIONS

The physical conclusions of the normal and tangential stresses prove the asymmetry of the stress
tensor in a solid deformed body both for the isotropic Hooke's law and for an anisotropic, including
nonlinear one. Concrete examples of numerical calculations of the state of an elastic body show the
inadequacy and inconsistency of the hypothesis of the symmetry of the stress tensor of a continuous
medium and, accordingly, of the equations of the Lame elasticity theory.

The asymmetry of the stress tensor opens up wide possibilities for the modeling of displacements in
a solid deformed body, which is shown by the application of Hooke's law in the anisotropic body of Fig. 7
and Hooke's nonlinear law of Fig. 9.
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K. b. ’Kakpin-reri

KP BFM Marematuka skoHe MaTeMaTHKAJIBIK MOJIEIeY HHCTUTYThI, AnMaTel, KazakcTan
On-Dapabu aterHnarel Kaz¥y

CBI3BIKCBI3 I'YKTBIH 3AHBI BIPTEKTEC EMEC
KIOHE AHU3OTPOIITHIK JEHEJIEPAIH CEPIIIVIIMAIK TEOPUACBIHIA

Annoranusi. Tikenel ChI3bIKCHI3 ['YK 3aHBIMCH KATThl MaWbICKaK JCHEJCPAIH KEpHEYJep TCH30PBIHBIH
KOMIIOHCHTTEPI IIbIFapbUFaH. JIaMeHIH eKiHIII eceNieyIIiHiH OaFbITTaH TOYEIAUITi ecenteiareH. MalbICKaK KaTThl
JICHCHIH CEpIUTIMIIK TEOPUSCHIHBIH KEepHEYJep TCH30PBIHBIH OeTTecrereHiri nonenneHreH. OcbIFaH Ccoikec
MaMBICKaK KaTTHI JICHEHIH CHI3BIKCHI3 CEPIUIIMIIIK TCOPHSCHIHBIH TCHICYNEpi xkacajblHFaH. JlaMe rumorte3achiHia
TONBIK eMeC KBUDKY Iu(QepeHInanbHpH OeTTeCKeH XapThICHl KaHa TNalJalaHFaHBl KOPCETUIreH, eKiHII
AHTHOETTECKEH JKApPTHICHl JIAKTHIPBUIBIHFAH, COHBIH caljapbiHaH JlamMe KepHeyliep TeH30pPbIHBIH OeTTeCKEHIIr
weikkad. JKana TeHaeynep yiriH 2 perTi HaKThUIBIFBI 0ap aiiKbIH CXeMa KaCallbIHFaH, COHbI MaiiIalaHbIN JKa3bIK
JKOJIAKTBIH CEPIUTIMAIK KYHI CaHallFaH, YCTIHI1 )KaKTaybIHbIH OPTACBIHBI )KaHaMa KepHEyJep XOHE TIK KepHeylep
acep erkenne. Jlon conpmait cxema Jlame TeHneynepiHe e KosimaibiHraH. CaHaFaH JKbUDKYJIAPIbIH YJIECTIPYIIIK
CypeTTepi CaJbICTBIPBIHBIN KATKAH TEHJACYJIePIiH alblpMaIlIbUIBIKTapbiH OcitHeneiini xone Jlame TeHuey- nepiHin
MaibICKaK KaTThl ICHEHIH KYHiHe colikec eMecTiriH kepcereni. Jlame TeHaeysepiHiH )KalFaHIbIFbl TEOPUSUIBIK JKOHE
(u3uKanbIK TYpriaTTa OeKiTiireH.

Tipek ce3mep: aHU30TPONTHLIBIK, CO3BLTY, KEPHEYJIEP, TEH30D, TCHICYJIEP.

YK 539.2/.6
K.B. Ixakynos

WucTtuTyT MaTeMaTHk 1 MareMaTtryeckoro moaenupoannss MOH PK, Anmartsl, Kazaxcran
Kazaxckuit Hanmonanbubiii YHEBEpCUTET HM. ATTb-Dapabu

HEJIMHEWHBINA 3AKOH I'YKA B TEOPUM YIIPYTOCTH
HEOJHOPOJHBIX U AHU3O0TPOIIHbIX TEJI

Annoranus. HenocpenctBeHHO U3 GU3NIECKON CBSI3U C HEMMHEHHBIM 3aKOHOM ['yKa BEIBOISITCS KOMITOHEHTHI
TEH30pa HaNpsHKCHUH TBEPAOTO Ie(GOpMHUPYEMOTO Tesla M HOBHIC HENMHEHHbIC ypaBHEHHS TEOPUH YHPYTOCTH C
HECUMMETPUYHBIM TEH30POM HAIPSHKEHUM, KAK YacTHBI Cloydail MOTy4arOTCsl YPaBHEHHs C JIMHEHHBIM 3aKOHOM
I'yka. 'unore3a Jlame u ypaBHenust Jlame He umeroT Gu3nuecKoi CBsA3M ¢ 3aKOHOM ['yKka, B 3TOM 3aKJIFOUaeTCsl UX
¢anpmmBocTh. Jlame B3sin 3a OCHOBY HpHONMKeHHYIO (Gopmyiy HemosiHOro nuddepeHirana 1 MpeArnoaoKuI B
CBOCH THIIOTE3€ IPONOPLHOHAIBHOCT KOMIIOHEHT TEH30pa HANpPSUKEHUM CHMMETPUYHOW IOJIOBHHE JIaHHOIO
HernoJyHoro auddepeHnrana CMEIeH s, TpUYeM aHTUCHUMMETPUYHas ToJIoBHHA auddepeHnrana oTopacsBaercs,
CJIE/ICTBMEM 4Yero spisiercst (anbuivBas CHMMETPUYHOCTh TeH30pa HampsbkeHuit Jlame. HoBble HenuHeiiHbIe
YpaBHEHMs aNMpPOKCUMHUPYIOTCS SBHOW CXEMOM, C IPUMEHEHHEM KOTOpPOH YHMCIEHHO PacCYUTaHO YIPYyroe
COCTOSIHHE IUIOCKOTO OpycKa NpH JCHCTBYIOIIMX HA BEPXHEH I'paHW HOPMAJIBHOM M KacaTeJIbHOM HAaIpSDKEHHSX.
Takas xe cxema npuMeHeHa Ui ypaBHeHHH Jlame. IlomydeHHbIe KapTHHBI paclpeAeieHUsl CMEIIEeHU HarIsagHO
JIEMOHCTPUPYIOT pa3ivyle PEIIeHUH CPaBHUBAEMBIX CHUCTEM YPAaBHEHHH YNPYroCTH, a TaKXKe HECOOTBETCTBHE
pemieHust ypaBHeHui Jlame naHHOMY COCTOSIHMIO JedopMmHupyeMoro Tena. TeopeTHueckw M (DU3MUECKH IOATBEp-
JKIeHa QarbIIBOCTh ypaBHEeHUH Jlame.

KioueBble cj10Ba: pacTsHKEHUE, KacaTelbHOE, HOPMAIIBHOE, HAMTPSKEHH S, TEH30D.
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MULTIDIMENSIONAL PROBLEMS OF SOILS’ CONSOLIDATION
WITH MODULUS OF DEFORMATION, VARIABLE IN ITS DEPTH

Abstract. In unconsolidated condition, the tension applied to the soil is perceived both by a skeleton of soil
and pore fluid. Wherein speaking about the one-dimensional case the pressure on the elementary area consists of the
tension on the soil’s skeleton and the pressure in the water. Sometimes the tension in the soil’s skeleton is called
effective, the pressure in the water is called neutral, and the unit pressure applied on the whole soil’s surface is called
total.

All problems in this article are directed to the definition of neutral pressure. Subsequent values are calculated
easily. Consequently, it is necessary to find the pore fluid pressure. This pressure must be figured out in order to
determine it.

The filtration theory of consolidation states that compression curve is taken as the main rheological equation of
soil’s condition, and phases’ interaction is described by the equation of equilibrium, according to which the unit
pressure, applied toward the soil is made up of an efficient and neutral pressure. And here the air movement obeys
the law of Boyle-Mariotte, which explains the relationship between pressure and volume, and the gas, dissolved in
water, obeys the law of Henry. This model allows us to simplify the mathematical formulation of the problem and
makes it easier to determine the solution of soil consolidation problems.

The compaction of soil is mainly determined by its compressibility. Compressibility of the base depends on the
soil type and the nature of the tension. The phenomenon of the soil’s compressibility is very important in the design
of engineering structures on a consolidated basis. Wherein this soil compression deformation occurs mainly due to
the convergence of solid particles together and is evaluated by the change in porosity coefficient when the
compressive pressures in the soil skeleton are changed. The determining of the relationship between porosity
coefficient and compressive tensions in the soil skeleton is usually performed in the laboratory in compression
devices.

Below we consider the process of compaction of heterogeneous saturated soil’s layer which has capacity h, and

which lies beneath a sandy pillow. At the initial time (=7, ) the soil’s layer immediately gets a distributed tension
with the intensity q (z, t). Then the mathematical formulation of this problem is as follows: it is required to
determine the pressure in pore fluid P (z, t), the tension in the soil skeleton O (Z ,1 ) and vertical movement of the

upper surface S (t) (the sediment) of the compacted soil base.

The paper also studies the flat compaction of soil, which is mainly determined by its compressibility. The
spatial problems of the deformed solid’s mechanics are also considered by the authors.

Key words: Evaluation, equation in integral form, the process, compaction, soil, rectangle, pressure, basis,
foundation, boundary conditions.

During estimation of different kinds of soil consolidation, it is necessary to identify the nature of the
change in time of constructions and bases’ sediments. Preliminary it is needed to determine the dissipation
of pore pressure arising upon application of tension to the soil and the amount of the main tensions
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exerting on the soil skeleton; i.e. it is necessary to evaluate the bearing capacity of soil foundations, which
are in an unstabilized condition.

We should mention that in unconsolidated condition the tension applied to the soil is perceived both
by the soil’s skeleton and pore fluid. Wherein speaking about the one-dimensional case the pressure on
the elementary area consists of the tension on the soil’s skeleton and the pressure in the water. Sometimes
the tension in the soil’s skeleton is called effective, the pressure in the water is called neutral, and the unit
pressure applied on the whole soil’s surface is called total.

Thus, the soil consolidation is determined not only by physic-mechanical properties, but also by the
size of the compaction area as the dissipation speed of pore pressure depends on the length of filtration
path.

In the calculations of consolidation it is necessary to identify the nature of the change in time of bases
and constructions’ sediments, which are determined by the gradual soil’s compaction with decreasing
pore pressure. Then, the resulting value of sediment is compared with the limit value, i.e., [11].

S, <8,

After that, it will be possible to talk about the strength of the entire construction’s system - soil.

Currently, there are three main estimating models of consolidation theory, i.e. filtration consolidation
theory, the theory of body forces and osmotic theory, which are used in the mechanics of elastic and
elastic creeping soils’ compaction, depending on the used species of the equation of condition, describing
the relationship between the tensions in the soil skeleton and its deformation, and description of the nature
of the phases’ interaction.

The compression curve is taken as the main rheological equation of soil condition in the filtration
consolidation theory, and the phase equilibrium interaction is described by the equation, according to
which the unit pressure applied to the soil is made up of an efficient and neutral pressure. And here the air
movement obeys the law of Boyle-Mariotte, which explains the relationship between pressure and
volume, and the gas, dissolved in water, obeys the law of Henry. This model allows us to simplify the
mathematical formulation of the problem and makes it easier to determine the solution of soil
consolidation problems. The filtration consolidation theory was formulated by K.Terzaghi and further
developed in the works of Soviet scientists. This theory is sometimes fairly called the theory of Terzaghi-
Gersevanov-Florin, because N.M.Gersevanov [6] and V.A. Florin [4] not only received partial solution of
problems of this theory, but also could formulate a general statement for the two- and three-dimensional
cases.

The compaction of soil is mainly determined by its compressibility. Compressibility of the base
depends on the soil type and the nature of the tension. The phenomenon of the soil’s compressibility is
very important in the design of engineering structures on a consolidated basis. Wherein this soil
compression deformation occurs mainly due to the convergence of solid particles together and is
evaluated by the change in porosity coefficient when the compressive pressures in the soil skeleton ¢ are
changed. The determining of the relationship between porosity coefficient and compressive tensions in the
soil skeleton is usually performed in the laboratory in compression devices. In addition, the deformation
properties of soils, in general, vary with the point’s coordinates, and the assumption on their homogeneity
is the idealization of the real conditions of earth massives’ compaction. In this respect, theoretical and
experimental researches of B.N. Barshevskyi [2], L.A. Galin [6], G.K. Klein [7] and other researchers
have shown that the soil, on which constructions are built, is heterogeneous for its mechanical properties,
and this soil’s heterogeneity varies in depth according to the law:

E(z)=E,z", (1)
where FE, is a module of soil deformation at depth z=1; index m in most cases ranges in limits
0 <m <2 and is connected with a Poisson coefficient y,, i.e.

Uy 2+m)=1.

G.K. Klein [7] has worked out the method of calculation of beams lying on the soil base, the
deformation modulus of which varies according to the law (1). He has derived the following formula for
the determination of the half-space’s surface’s sediment:
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P
Wm = D m+l1
T, m ¥

" _ characteristics of

*

a
heterogeneous half-space’s rigidity; » — distance from the place of application of force P to the point of
the half-point’s surface, where the sediment is determined by:

a_3+m 1 3
2 \1+m )

On the basis of these studies, in contrast to (1) herein in order to study the compaction process the
soil deformation’s module is the following

E=E (+p)" (o>0, E, >0, a+pz>0), )

where P — the concentrated force applied to the surface of the half-space ; D, =

where £, , ,m are the parameters of an experience.
The parameters £, ,f,m, in (2), can be determined, if we know three values E|,FE,,E,of

deformation modulus for three different values z,,z,, z;.

One-dimensional problem. Below we consider the process of compaction of the heterogeneous
saturated soil’s layer, which has capacity h, and which lies beneath a sandy pillow. At the initial time (=

7,) the soil’s layer immediately gets a distributed tension with the intensity q (z, t). Then the
mathematical formulation of this problem is as follows: it is required to determine the pressure in pore
fluid P (z, t), the tension in the soil skeleton ’(z,?) and vertical movement of the upper surface S (t) (the

sediment) of the compacted soil base. Wherein we assume: the possibility of the part of the tension for
highly compressible saturated clay soils at the initial time, tension g, instantly applied to the soil, which is
equal in magnitude of the structural strength of the compression p., immediately perceived by soil
skeleton. The soil is structurally heterogeneous, i.e. soil heterogeneity may be conditioned by continuous
increase in its density, and therefore in rigidity by the depth under the influence of its own weight. This
means that the properties of the soil are not constant, but vary depending on the position of coordinates.
And the soil, deformation modulus of which increases continuously with depth, is called continually
heterogeneous; the soil bases deform under the tension in a vertical direction; the earthen surroundings are
water saturated, i.e. it consists of solid soil particles and fills its pores with water; the viscous nature of the
clay soil deformation is not expressed clearly enough, so in some cases the skeleton creep phenomenon,
simply can be ignored. Water filtering, extracted from the strongly compacted water saturated clay soil,
passes according to the generalized Darcy's law.

Then the value of the pore pressure p(z,¢) at =7, is equal to [1]

p

t=1 - q(Z,t) “Pewp =490 (Za t), (3)

i.e. the part of the tension, which is equal to the value of the structural strength of the compression p,,, is
immediately accepted by the soil skeleton. The rate of change of porosity coefficient £(z,¢) has the form

o «k 0
o =5 ey azﬁ’, 4)

where ¢ , - the average coefficient of porosity; k - filtration coefficient, y, - volumetric weight of water;

If the soil is deformed only in the vertical direction, then according to the filtration consolidation
theory, the amount of excess pore pressure p(z,f) and the effective tension in the soil o(z,?)at any given

time is equal to the external tension, i.e.
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p+o=gq (5)
In the linear soils’ consolidation theory the compression dependence for heterogeneous soil has the
following form

&(z,t) =¢,—a(z)o(z,t) (6)
Here, the compressibility coefficient for heterogeneous compacted soil a(z)depends on the
coordinate z, i.e. the depth of the studied point’s location of the compacted soil massif; & - initial rate of
porosity.
Using (3) - (6), the equation (4) leads to the following form:

op 62p
= =C, A+2)" , 7
81 lv( ) 822 ( )
where
_ k(1+e&.,)
v 7@a0 .

Boundary conditions in laminar Darcy law will take the following form

04

=0. 8
o, ®)

The second boundary condition applies to the depth h, the filtration does not occur below it. Thus, the
solution of the studied problem reduces to the solution of differential equation (7) at the edge (3) and (8)
conditions.

The solution (7) with the boundary conditions (8) is the following

0 Z—J )
D=\1+4YCV, |v,(l+ ) 2 |e ™, ©)
i=0 2-m

where m # 2;

g r, 2
[ (o +b2)22 7, {v (1+ ) }
C- — 1 2-m

, o " (10)
[z [vi(n Br) 2 }dz

1 2-

Wherein the function V| (x) depends on the value .If it is even, then

2-m —-m
2-m 2-m 2-m
1 [ (1+ pz) 2 }: | [v(1+,6’z) 2 }Yl V) -J , WY, [v(l+,6’z) 2 } (11)
2-m 2-m 2-m E ﬁ
When it is fractional , then
—-m

m

v, [V(Hﬂz)i’”}Jl { (1+,Bz)z} - le[ v+ ) LI(V). (12)
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where J | , Y | - Bessel functions of the first and second kinds correspondingly. And the parameter
2-m  2-m
vin (9) - (12) is of the following transcendental equation:

for the even index

2—m

(v)Y [(l+ﬂh)zm}— 1(v)Jm[ (1+ﬂh)zm} 0, (13)

1
2— 2—-m 2—-m 2

for fractional index

(v)Ym;][ v(l+ ph) * |- Y ), {v(l + ﬂh)zzm} =0. (14)

2—m 2-m 2-m 2—m

2-m
2

Equation (13), (14) using concrete numbers m have countless varieties of material radicals v .
Due to the expression (9) and (5) the tension in soil o(z,¢) at any given time is equal to

0 277’” 2
o(z,t)=q,— 41 +ﬂzZCiV1{vi (1+ ) 2 }ec“'“, (15)

i=0 2-m
From (9) and (15) we can obtain the solution of the problem for soil, the deformation modulus of
which will vary depending on coordinate, i.e. on the depth. To do this, you must assume that # =1 and

1
m = 0. Then the index of the Bessel functions is equal to 5 .

2-m

Due to the fact that the exponential function e " rapidly decreases at higher values of the index, then

(9) is limited to only the first member of the series. Wherein the solution of the problem relatively to pore
pressure according to (9) can be written as follows:

24 el
pz.)=C, 1+ﬂZV1{2_‘,’n(l+ﬂz) ’ }e o (16)

2—

Equation (16) describes a dispersion of the pore pressure in time and depth. This expression is a
generalized result of M.Yu. Abelev [7] and K.Terzaghi [8].
The tension in the soil skeleton comes from the coefficient (15), i.e.

2—m
o(z,t)=q-C, a"'IBZVl|:Vo(a+ﬁz)2:|e_qviot: (17)

2-m

The obtained expressions (16) and (17) respectively allow to determine the pressure changes in the
pore fluid and tensions in the soil skeleton for any point of the considered heterogeneous two-phase soil’s
final area of compaction, having an elastic property. After the specified tension in the skeleton of
compaction heterogeneous soil massif, we can calculate vertical displacements of the points of the soil
compacted layer’s upper surface (sediment).

Indeed, if a certain vertical tension is applied to the surface of soil layer, then the corresponding
sediments S(7) can be determined by formula [3], i e.

S(6)= j mACLYS 18)

+80

where /& - capacity of heterogeneous compacted soil massif. Since & (r 1)— g(z,t)=a(z)o(z,t), then
(18) takes the form
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h

Ia(z)a(z, t)dz (19)

09

S (1) =

In (19) instead of o(z,¢) by substituting (17), we find

2-m

S0 = j(1+ﬁz) {q- 1+/3le Vo (1+ ) 2 Je ' 1dz

2-

from whence

S (1) = T [a+pm -1~
(1) = O{ﬂ(l_)(+ﬁ) ]

][( L+ )" —1]- (20)

_ Ve [1
pA—m) ﬂ(2

—j(l+ﬁ>‘ "V v+ )

2—m

2m
2

] —Cy Aot }dZ

With ¢ — oo from (20) we have

g _ ay 1+ 80" —1]-
() ,6’(1+80)(1—m) tala+ 1]
21)
=7 1= (1+ )" ~
] S
From (21) for a homogeneous soil we obtain
SO =y @)
l+e¢,

Equation (22) depends only on the thickness of the compacted layer, tension compressibility
coefficient and does not depend on heterogeneous soil parameters.

Thus, the expression (16), (17) and (20) make it possible to determine the numerical values of
pressure in pore fluid, tensions in the soil skeleton and sediments of the compacted heterogeneous soil.

Two-dimensional problem. With the construction of facilities on the sandy soils its sediment,
mainly, stops in the end of the construction season. Absolutely diverse thing happens when the
construction takes place on clay soils, which often lead to difficult situations, causing deformations and
sometimes even crashes of erected structures on them.

This is due to underestimation of their more complex nature and uniqueness of the interactions of
these soils’ solid particulates. Therefore, in this respect we need to provide the models with calculations,
considering the compaction of clay soils, which in advance would allow setting the strength and stability
of the structures being built on these grounds.

In this regard, we consider the process of two-dimensional compaction of heterogeneous water
saturated soils at their heterogeneous boundary conditions. The compacted soil heterogeneity is expressed
through the module of its deformation, which varies according to the depth of the soil massif
exponentially, i.e.,

E:Eoe“, O<a<l, ze€[0.h], (23)

where Ey, « - experimental data.
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G.Ya.Popov [8] has formulated and solved the concrete problem of elasticity theory.
Thus, if we choose the modulus of compacted soil massif in the form (23), then the equation of

compaction (7) takes the form
2 2
ot ox~ Oy

o _ k(1 + gcp)-(l +¢)
’ 2ay,

Let’s consider the process of water permeable soil massif’s compaction in the form of a rectangle,
thickness h, having a waterproof bounding walls by the sides and a waterproof layer at a depth h. Suppose
also that evenly-distributed tension of intensity q is applied at a certain part of the rectangle’s top surface
at the time =1,.

At the boundaries of the studied soil rectangle we have the following boundary conditions:

24)

where

%) %)
lim Lo 0, 1imZo o,
x>l Ox y—0 8);
y y 0 (25)
yllir}}po_pv y/?l}{n po_ .
a<xst

Besides (25) due to the symmetry po must be even with respect to x, i.e. p, (X, y) = p,(=x, ). In

order to determine the pressure in the pore fluid, corresponding to the initial moment of time, it is needed
to solve the differential equation of the following form

2 2
0Py TPy, (26)
ox oy
This solution will in the form of
w San— ch [ ]ﬂ-j
Do(x,y) = 94 | 2qz . .g cos?% x. (27)
LA ch(fgr}h !

The expression (27) fully satisfies the boundary conditions (25) of the problem. The abovementioned
soil massif’s strained condition for the time =7 is studied in [9].

According to the condition of the studied problem the boundary conditions with respect to the pore
pressure p(x, y, t) are heterogeneous:
p=0 mpu y=h a<x</!{ n —(<x<-a,

p=x(t)% mpu y=h —-a<x<a u 0>x(t)=0,

28
a—p:O npu x ==/, 2%
ox
p
—=0 mpu y=h —-I<x</.
oy
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Solving the equation (24) at (28), we obtain the following calculation formula for estimating the pore
pressure in the compaction of heterogeneous soil massif, which has elastic properties.

. hma
( ) Sll’li o
POyt == =24 2q() 2 ————cos——+
niw
o o )2 (1) 2 e ;
-Cp 2z (t-11) Aj(1=7) Y 7
+> > d;e ! IQU(T) e “dr |-w, pie 2 |-cos—x, (29)
i=0 j=0
where
Y i 2y |
. ir 5
1 sin "¢ ICh / yW, ue dy
A a m-f : i —Er (30)
2 27 ch—h
0 — -
It should be noted that the expression (30) at # — oo will be equal 0, as &(t) — 0.
The sum of the main tensions in the soil skeleton is defined by the formula
nrwa
» Sin -
O(x, 1) = [1 2(t)]+2q - Z U cos «
nr 14
h
ch ﬂy CV 2 (t-1)) C(l)/l2 (1)
— — . i .
x &(t) qzz j Q,(r)-e dr |x
i=0 j=0 7
-y i
xW | ue? |-cos—x. (31)
14 J /g

The vertical movement of the top surface’s points, i.e. sediment of the compacted soil layer will be
defined by the formula (18).

Substituting (31) into (18) we find

sin—mta
a,qh o / p—
Sxt———l ®(t)]—2(t cos —
(x,2) e f[ ®]- ()Z:: — ’
(f 1) 0 *Cl(/l)/%--(tfz') —%y i
_ZZ J.Qy(f)'e dr|W,| e cos—x. (32)
i=0 j=0 7

The obtained expressions (29), (31) and (32) at (33) give us respectively an opportunity to calculate

pressure in pore fluid, the amount of main tensions and sediment of compacted heterogeneous soil massif,
possessing elastic property.

Three-dimensional problem. Let’s consider the compaction of the soil massif in the form of a
parallelepiped with a confining layer at a depth of 4 and waterproof walls 2¢; and 2¢, . Evenly distributed

— g2 ——
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tension with intensity q is applied instantaneously on top of the surface of the parallelepiped with sides 2a

and 2b.
For this problem, the range of variation of the independent variables is the parallelepiped formed by
planes

0; z=h.

According to the problem, the boundary conditions at ¢ = 7, will be:

x:iﬁl; y:ifz; zZ=

: q npu |x|<a, |y|<b
lim p, (x,7,2) =
z—h 0 npu |x|>a, |y|>b umwm
lx|>a, |yvI<b wm |x|<a, |y|>b (33)
% :0’ % =0, % =0.
ax x=i£1 ay y:ifz aZ z=0

Also because of the symmetry function p, (x,y,z)must be an even with respect to x and y

— p(—x,y,z)
p(x,y,z) - {p(x’_y’z)}

separately, i.e.

(34)

In order to determine the distribution of instantaneous pressures in the pore liquid in the indicated
layer of soil, it is necessary to solve a differential equation of the following kind

82po n 82po n azpo ~0
oyt 6zt '

Here, the function p,(x,y,z) is dependent on spatial coordinates. The solution of equation (35) at
(33), (34) was studied in [9]. Solving (35) under the conditions of (33), (34), we obtain

(35)

b 2b&
po(x,v,2)=q- @ =2 amch[ﬂzJ cosﬂx+—2b h(—zjx
= l l £y 5a
xcos—y+4 ZZambmcmnch{ﬂhJ-ch(ﬂhJ-cosﬂx-cosﬂy-chamnz} (36)
m=1 n=1 El gz 1 EZ
where
. mma
sin
2
a, = ;
mﬂ-ch(mﬁhj
2
. nub
sin ——
b, =—-—F2——;
nﬁ-ch[th
’62
¢! =cha,, h;
2 ) 1/2
mmx nw
amn = - + - *
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Then the solution of equation

a_p:C(?a)ewz. 62P+62P +82P

: (37)
o ox? oyt oz’
where
O - k(1+¢,,)-(1+28)
' 36107/13
It will look like:
. mm . nnb
b b si ; ) sin——
= p(x,y,2,0)=@(t)q +| ——+ 2 Locos My 24 > 2 cos™Z
el lywo mrx > (o nrw l,
mia nmb
. OosmT sin—— I P
+4> > ! 2 cos % xcos 2y + DT, (OW, | pe? |x
m=1 n=1 M7 nzw 1 2 m=0 n=0 k=0
mru nr
X COS——XCOS— ). (38)
1 2
where
D2 ey e er
T,.0)=C,.e & i t7) +Iank(T)-e AT (39)
7
flah 0* * -2, m nrw
4]” —+p |—e®t)p,, (xyh1)|-W,| ue ? |cos—xcos— ydxdy
c 0003 t, t,

h _a,
0O [W,| e * |dz
0

The sum of the main tensions will be calculated by the formula [9]. Knowing the amount of the main
tensions, we determine sediment of the compacted soil massif, presented in the form of a parallelepiped
having an elastic property. Wherein the modulus of its deformation is considered variable in its depth.

Using these data, numerical values of pore pressure, the amount of the main tensions, and also the
value of the compacted massif’s sediment can be calculated. Analysis of the curves shows that the values
of pore pressure for biphasic soil ground in the initial period is almost two times smaller than the values
for the three-phase ground. The values of the sediment for the three-phase soil are much more than for the
two-phase soil base.

It should also be noted that recently the impact of the variability of the filtration coefficient in the
compression process is considered in the following works [3], [12].

REFERENCES

[1] M.Yu. Abelev. Contruction of industrial and civil constructions on weak water-saturated ground. M.: Contruction
publishing, 1983. p.247.

[2] B.N.Barshevsky. Determination of the characteristics of the deformable axis of ground, considered as a continuous
inhomogeneous environment on depth// Basics, Foundations and mechanism of Soil. 1969. Nel. p.46-58.

[3] A. D. Dasibekov, A. Asibekov, G. Makasheva, G. A. Takibaeva. The variability impact of coefficient of filtration of
module deformation on consolidation process / Works of Int. scientific — method. Conf. at University of Friendship of Nation.
Shymkent, 2006. Part 1.

— 84 ——



ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

[4] V.A Fljrin. Fundamentals of soil mechanism.-M.: State Construction Publishing. Part 1.2. 1959. P.357.: 1961-P.543.

[5] N.M. Gersevanov. Collected Works.-M.: Construction and Naval Publishing. 1948. Partl. 2. P.644.

[6] L.A.Galin. Contact problems of the theory of elasticity for bodies with variable elastic modulus// Procrrdings of the All-
Union Meeting on implementation of methods of theoretical physics to the problems of mathematical physics. Tbilisi, 1961.
p.123-138.

[7] G.K Kelin. Analysis of beam on a solid basis, which is continuously inhomogeneous on depth// Contruction,Mechanics
and design: Collected works MIITS Moskoww City Executive Committee. 1954. No.3. p.131-137.

[8] Ya. A. Macheret. Distribution of instant push and pressures in soil mass caused by the instantaneous thrust / Works
VIOS. 1934, Ne 4. p. 65-121. p. 228-232.

[9] G. Ya. Popov. By the theory of bending of plates on elastic inhomogeneous halfspace. // Constrution and architure.
1959, Ne 12. p. 11 —19.

[10] G. A. Takibaeva. Three- dimensional task of mechanics of consolidated sil mass at a pressure which is depending on
the filtration coefficient // Pub. NAS of RK. Part “Physics and Mathematics” . 2006, Ne 1. p. 54-57.

[11] N.A.Tsytovich. Soil Mechanics.-M.; Literature on construction, architecture and construction materials.-1963.-P.633.

[12] K.Tertsaghi. Structural Mecanism of Soil. M. : State construction publishing., p. 1933. 510.

0OX 624.131+539.215
AA IOHyc0133, A. I[acnﬁelconz, B.H.Kopran6aes', A.A. IOHyCOBa4, 3.A. A6uuesa’, H. KocnanGeosa®

IXaﬂblKapaﬂblK I'ymanuTapibiK —TeXHUKAIBIK Y HHBEPCHUTETI.
(160012, .1IsmMkenT,. A .baiirypceioBa 80 , Kazaxcran PecnyOinuikacer);
?M. Ay»3308 atbiagarst OKMY. (160012, . Illsivkent, Tayke-Xana 5,
Kazaxcran Pecnybimkacst), e-mail Yunusov1951@mail.ru;

3 KHIXY (160012, Ilsmvkent , Tone6u-32), Kasaxcran Pecry6Gankachr;
*Eypasus ryMaHMTapIIbIK HHCTHTYTI. ActaHa.K. Kasaxctan Pecry6iukacs!

TEPEHJIIK BOMBIHIIA ATHBIMAJIBI JE®OPMALUASI MOAYJIJII TPYHTTEP
KOHCOJIUJIALASICBIHBIH KOIIOJIIEM/II ECENTEPI

AHHoTamMsi: ['pyHTKa >KYKTENreH Harpy3ka KOHCONMAAUMSUIBIK €MeC JKardaiiia TPyHT CKeJleTiMeHIe
JKOHEKYBICTBIK CYHMBIKTBIKIIEHIE KaObuinaHanbsl. bynna, Oip enmemui skarmail yIIiH 3ieMeHTap allaHOarbl KbICBIM
TPYHT CKeJleTiHe HalpsDKeHUsIaH JKOHE CyJarbl KbICBIMHAH Kypajanbl. Jleiijie TpyHT CKeJeTiHe TYCeTiH
HarnpspKeHUCHI 3 (EeKTTi, Cyaarbl KbICHIMIBI HETPAJb , aJl IPYHT O€TiHE KbIMbUIFaH MEHIIIKTI KbICBIMIBI-TOTAJIBIK
JIETT aTalIbl.

BapnbikecenTep HeWTepainb KbICBIMABI aHBIK Tayra kentipureai.Kemeci mamanap sxail taGbutanel. Jlemexk,
KYBICTBIK CYHBIKTaFbl KbICBIM/IBI Ta0Y KaskeT. OHBI aHBIKTAY YIIiH OYJI KBICEIM/IBI Ta0y KaxeT.

KoHcompauustHelH QUIBTPALMSIIBIK TEOPHUACHIHAA TPYHT JKaFIalbIHBIH HETI3Ti pealorHsUIblK TSHACY peTiHIe
KOMIIPECCHSIIBIK KHUCHIK KaOBUITaHABI, ai (a3amapIblH e3apa opeKeTTecyl Teme-TeHMIKTIH TeHICYIMEeH Ka3blIalbl,
OCHIFaH COMKeCc TPyHTKa KOMBUIFaH MEHIIIKTi JXYK 3(EeKTTi jkKoHe HEWTpaih KbICHIMIApIaH Kypamaapl. MyHna aya
KeIIIyi KbICBIM MEH KeJIEM apachIHAarbl OaiIaHBICTHI TaFalbIHAANTEIH boitn-MopHoTT 3aHpIHA OaFBIHAIBL, Al CYAaFbI
epirer ra3 ['eHpu 3aHpiHA OarbiHAgbl. By Mofmens ecenTiH MaTeMaTHKAIBIK KOWBUTYBIH BIKIIAMIAyFa MYMKIHIIK
Oepeni ykoHe TPYHT KOHCOJIMIAIMSCH! €CeOIHIH MICHIIMIH aHBIKTAY bl )KEHUIETE 1.

['pyHT TBIFBI3INTYbI HET131HEH ©31HIH CHIFBUTYBIMEH aHbIKTanaabl. Heri3iH ChIFbUTYBI TPYHT THITIHE, COHal-aK
KYK XapakTepiHe OaiylaHbICTBL. ['pyHTapAbIH CBHIFBUTY KYOBUIBICHI KOHCOJHMJAUMSUIAHFAH HETI3Zer] MHKEHEpIIiK
KYpJbIcTap/bl yxo0asayia aiTapiblKTail YIKeH MaHbI3Fa ne. MyHaa rpyHTTap/bIH ChIFbUTY JIeopManuschl Heri3iHe
KaTTbl OeJIIEKTepAiH e3apa >KaKbIHIACybl caljJapblHaH 00Ja/bl J)KOHE I'PYHT CKJICTIHIE CHIFYIIBIHBIH ©3repyiHeH
KYBICTBIK KO3(Q(HIEHTTIHIH ©3repyiMeH OaraysaHaipl. ['pyHT CKJICTIHIET]1 CHIFYIIBI JKOHE KYBICTBIK KO3((HIEHT
apachlHIarbl  OalJIaHBICTBI ~ AHBIKTAY OJETTE Ja0OPaTOPUSUIBIK JKOJIMEH KOMIIPECCOp  KYPBUIFBUIAPBIHIA
Kyprizinemi. ToeMeHae KyM/IbI )KacTHIK acTBIHAA JKaTaThIH h KyaTTHI cyFa TOiFaH OipTeKTi eMec TPYHT KaOaThIHBIH
THIFBI3NANY MPOIECIH KapacThIpaMbl3. bacTamkpl yakpIT (t=C2 ) MOMEHTiHAE TPYHT KaOaTblHma Oip coTTe
WHTECHCHUBTINITI (z,t) TapairaH KYK KOMbUTamsl. By skarmaiia oChl €CenTiH MaTeMaTHKAIBIK KOUBUTBIMEI Kellecire
KEeNTIpiei: KybICThIK CYUBIKTaFbl P(Z,t) KbICKIMIbI, TPYHT CKiIeTiHeT] ((2,t) )KOHE ThIFBI3IANIbII KATKaH TPYHTTHIK
HETI3/IiH jKOFapbl OETIHIH BEPTUKAII KOLIYl aHBIKTAY TaJal eTiIe/l.

Heri3ziH ChIFBUTYBI TPYHT THITIHE, COHJIal-aK KYK XapakTepiHe (CHIaTbiHa )OaiyiaHbIcThl. JKyMbICTa )KoHE e
nedopManrsIaHFaH KaTThl ICHEIep MEXaHUKACHIHBIH JKa3bIK KOHE KEHICTIK €CeNTepiH 3epTTEreH.

Tipek co3: nnTerpaibaaii GopMyachl, TONBIPAK, TIKTOPTOYPHILI, HETi31, [IeKapabIK HIapT.
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MHOI'OMEPHBIE 3AJAYN KOHCOJIMJALINA
I'PYHTOB C IEPEMEHHBIM I10 I''1YBUHE MO YJIEM JE®OPMAIINU

AHHOTanusi: B HEKOHCONMMAMPOBAaHHOM COCTOSIHUHM HAarpy3ka, IIPUIOKEHHAs K TPYyHTY, BOCIPHHUMAETCS Kak
CKEJIETOM TPYHTa, TaK M MOPOBOM >KUAKOCTBIO. [Ipy 3TOM, AJIsI OHOMEPHOTO CiIydas JaBJICHHE HA 3JIEMEHTApHOU
IUTOIIAIKE CKIIaJbIBACTCS] U3 HANIPSDKEHUS B CKEJIET IPYHTA U JaBlICHUSA B Boze. VIHOTja HanpspKeHne, IpUXoIsIee B
CKeJleTe TPyHTa Ha3bIBalOT 3()(EKTHUBHBIM, JaBICHHE B BOJE HEUTPaIbHBIM, a yAeIbHOE AABICHUE, IPUI0KEHHOE B
1CJIOM Ha MOBEPXHOCTH I'PYHTA - TOTAJIbHBIM.

Bce 3amaun 31ech cBOAATCS K ONpPEAEICHUIO HEHTpanbHOro gasieHus. Ilocienyromue BEIMYMHBI HAXOIATCA
npocro. CienoBaTeabHO, HEOOXOMMO HAXOAUThH JABIEHHE B TIOPOBOH XKMAKOCTH. UTOOBI €ro ONpenenuTh cieayer
HAXOJAUTh 3TO AABICHHUE.

B ¢dunpTpannoHHON TeopHM KOHCOJIMIALUMHM B Ka4eCTBE OCHOBHOTO PEOJIOTHUECKOTO YPaBHEHHS COCTOSHHS
TpyHTa NMPUHUMAETCS KOMIIPECCHOHHAsI KpUBasi, a B3aMMOJEHCTBHE (a3 OIMCHIBACTCS ypaBHEHHEM PAaBHOBECHS, B
COOTBETCTBHHM C KOTOPBIM IIPWJIOXKEHHAs K TPYHTY YZAEIbHAas Harpyska CKIafpIBaeTcss M3 3(PQPEKTUBHOTO H
HeWTpanpHOro JAasieHud. IlpuueM 3aech mepeMelleHHE BoO3Ayxa NOMUMHsAETCS 3akoHy boiug-Mapuorra,
YCTaHaBIMBAIOIIEMY CBSI3b MEKAY JABICHUEM U 0OBEMOM, a PACTBOPEHHBIH I'a3 B BOJE MOJUUHSAETCS 3aKOHY [ eHpu.
OTta MOAEeNb MO3BOJSIET YNPOCTUTh MATEMAaTHYECKYIO IIOCTAaHOBKY 3aJaud M OOJErdaeT ONpENCNICHUS PELICHUH
3aJa4 KOHCOJIUIAIIMHU TPYHTOB.

YnoTHeHUe TPyHTa B OCHOBHOM OIIPEENsAeTCs CBOEH CKUMaeMoCThio. C)KMMaeMOCTh OCHOBaHMS 3aBUCUT Kak
OT THIA I'PYHTa, TaK U OT XapakTepa Harpy3Ku. SIBieHHEe C)KMMaeMOCTH I'PYHTOB UMEET BechbMa OOJIbLIOe 3HAYEHHUE
NPU MPOSKTHPOBAHUN WHKEHEPHBIX COOPYXKEHUH Ha KOHCOJMMIMpyeMOM ocHoBaHuu. [Ipu stom nedopmarms
CKaTHs TPYHTOB B OCHOBHOM ITPOMCXOJUT BCIJIC/ICTBHE COJIMDKEHMSI TBEPIBIX YACTHIl MEXKIY COOOH M OLlEHHBACTCs
n3MeHeHHeM Kod(duIMeHTa TOPUCTOCTH MPU HM3MEHEHHUHM COKUMAIOUIMX HANpsDKeHWH B CKelleTe TIpyHTa.
Omnpenenenne 3aBUCUMOCTH MEXIy KO3()(HUIMEHTOM MOPUCTOCTH M CKUMAIOUNIMMH HANpPSDKEHHSAMH B CKeJleTe
TpyHTa OOBIYHO MPOMU3BOAUTCS JIAOOPATOPHBIM IIyTEM B KOMIIPECCHOHHBIX MPHOOpax.

Hwmxe paccMoTpuM mporecc yImIOTHEHHS CIOSi HEOJHOPOIHOTO BOJOHACHIIIEHHOTO TPyHTa MOIIHOCTBIO A,

3aJIETAOIIEr0 MOJ IECYaHOH MOAYIIKOH. B HavanbHBIH MOMEHT BpeMEHM (f=7,) K CIIOK I'PyHTa MIHOBEHHO
MIPUKIIAABIBACTCS paclipeesieHHas Harpy3Kka ¢ MHTEHCUBHOCTHIO ¢(z,f). Torma maremarnyeckasi IOCTAaHOBKA JAaHHOM
3a/1a4d CBOJHTCS K CIEAyIOIeMy: TpeOyeTcs OIpeleNuTh JaBlieHHE B IMOPOBOU JKHUAKOCTH p(z,f), HANPSHKEHUE B
cKeneTe rpyHra O (Z,Z) U BEpPTUKAIBHBIC TIEPEMCIICHHUS BEpXHEW moBepxHOCTH S(f) (0caloK) yIIOTHIEMOTO

T'PYHTOBOT'O OCHOBaHUS.

B pabore Takxe Hccie10BaHbl INIOCKOE U MPOCTPAHCTBEHHOE 337a4l MEXaHUKU 1e(hOPMHPOBAHHOTO TBEPAOTO
Tena.

Ki1roueBble cji0Ba: ypaBHEHHE, MHTETrpajbHOE (POpMa, ITPOLIECC, YIUIOTHEHUE, TI0YBA, IPSIMOYTOJIbHHUK, OCHOBA,
TPaHUYIHOE YCIIOBHE.
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HATJISIIHOE MOJEJTUPOBAHUE STATIOB [IPOSIBJIEHUSI
CYIIHOCTH MATEMATHYECKNX MOHSTHI U METOJINYECKHX
MPOLEAYP

Annotanusi. OnHUM ¥3 myTel NoOBBINICHUS 3(P(QEKTHBHOCTH MaTeMaTHYeCKOro O0pa3oBaHMs LIKOJIBHUKOB
SIBIISIETCS aKTyall3alusl CIOCO00B PELISHUs! CIIOXKHBIX 33aJay MyTeM aJlalTalliid COBPEMEHHBIX JOCTH)KEHUH HAYKU.
B03MOXHOCTB 3TOT0 BO3HUKAET NPH BBIBICHUH «IIPOOJIEMHBIX 30H» MaTeMaTHYECKOTr0 00pa30BaHus U OCTPOCHHU
000O0IICHHBIX KOHCTPYKTOB, CBSI3aHHBIX C «IPOOJIEMHOU 30HOM». B NaHHOI cTaThe Ha OCHOBE AWAiora KyiabTyp U
CPEeICTBAMH MaTEMaTHYECKOrO M KOMIIBIOTEPHOTO MOJCIHMPOBaHMS BBICTPOSHBI JTalbl afalTald¥l W TEXHOJO-
T'MYECKHe KOHCTPYKTHI aKTyaJHM3allud CHHEPIMM B OOYYCHHM NP HCCIIEIOBAHWM IOHATHS Hpenena (YHKLIUH.
JMaaKTHYeCKMM MEeXaHH3MOM OCBOEHHS CYIIHOCTH TAKOTO KOHCTPYKTa OKa3bIBaeTCs peaan3alis MOJCNH KiacTepa
(GyHIUPOBaHMS, OCHAIEHHOTO KOMIUIEKCAMH MOTHBALMOHHO-NIPUKJIANHBIX Y4eOHBIX CHTyalMid M 3aJad pasHOro
ypoBHs1. JIOHTUTIOHOE HCCIIeIOBaHNE ITPOOJIEMHBIX 30H» MO3BOJISIET I((PEKTUBHO Pa3BUBATh UHTEIUIEKTYAJIbHbBIE
Olepaly MBIIIICHUS, MEXKKYJIbTYPHbIE KOMMYHHUKAIIUU, TBOPYECKYIO CAMOCTOSITEIILHOCTh M CaMOOPTaHU3alHI0
JIMYHOCTH IIKOJBbHUKA.

KiroueBble ciioBa: MareMaTHdieckoe oOpa3oBaHWE, TUAJOT KYJIBTYpP, CHHEpPIHs, KIacTepbl (yHAWPOBAaHUS,
(hyHKIMOHATIbHAS! TPAMOTHOCTh AESATEIILHOCTH, KOMIBIOTEPHOE MOJIEIIMPOBAHKE, PEIICHHE CIIOXKHBIX 3a/1ad, Mpeae
(QyHKIHH.

Beedenue. Monoaple NOAW COBPEMEHHOTO MHpa CTald 0ojee HETEPHUMBIMH K MPOSBICHUSM
YCTOSIBINUXCSl INTaMIIOB B 0Opa30BaHUM, OTCYTCTBUIO THOKOCTH B OOYYAIOMIMX BO3JACHCTBUAX, CTaIH
parMaTHYHO  OLIGHUBAaTh  CKJIAJABIBAIOLIMECS  OOCTOSTENbCTBA  KM3HM, OTHABaTh  [PHUOPUTET
BBICTPaWBaHMIO JIMYHOCTHBIX MPEANOYTEHUH M MEPCIeKTHB cBOei Oymymiei >ku3HH. B TO ke Bpems,
MHTEJUIEKTyallbHbIe OTepaliy MbIIUIeHUs (TOHMMaHKue, KOHKpeTH3alus, abcTparupoBanue, o0001IeHue,
MOJEIUPOBAHNE, AHAIOTHUS, aCCOLMAIMU U T.II.), JEXKallie B OCHOBE (POPMHPOBAHUS YHHBEPCAIHHBIX
y4eOHBIX JACHCTBHH O00y4aeMBbIX, MO Pa3HbIM OOBEKTHBHBIM U CYOBEKTUBHBIM NPHYHMHAM MEpECcTain
3¢(GeKTHBHO  pa3BUBaThCA B IIKOJIBHOM oOpa3oBaHuu. M B 3TOM mporecce Tepsercs poJib
MaTeMaTH4YeCKOro 00pa3oBaHUsl KaKk OJHOro u3 HambOonee 3PQPEeKTUBHBIX MHCTPYMEHTOB JIMUYHOCTHOI'O
PasBUTHS M OCBOEHHS COLMAIBHOIO OIBITA MPEINISCTBYIOUIMX TOKOJCHWH, B TOM 4Yucie Ha (oHe
TPaHAMO3HBIX MPUIOKEHUH MaTeMaTHKH. JlocTaroyHO YMOMSHYTH JOCTHKEHHUS (paKkTalbHON
reomeTpun (b.Margensopor, M.Deiirenbaym, M.bapacioy, E.®enep, B.C.CexoBanoB u np.), Teopun
xaoca u katactpod (I'.Xaxen, D.Jlopenu, A.H.Kommoropos, B.M.Apnonsn, I'.I".Manuneuxwuii, P.Tom,
O.Peccriep u ap.), Teopust HeueTkux MHOxecTB u fuzzy-logic (T.3ame, A.Kopman, P.Ponanen u np.),
teopuu koaupoBanus u mudposanus (K.1lennon, [.Xapdman, JI.C.Xwumr u np.), Teopun 06001MIEHHBIX
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¢yuximii (JI.IIsapu, JI.B.Cobones, U.M.I'enbdann, A.Maptuno, B.I1.ITanamomor u np.) u ap. A Beas
MMEHHO B COBPEMEHHBIX YCJIOBUSX WHTEHCHBHOTO TIPUMEHEHHsS] MaTeMaTH4YeCKHX METOJIOB B
©CTECTBO3HAHUU, TYMAaHUTApPHBIX HAyKaxX, TEXHHKE M CMEXKHBIX HayKaX, Ja €lle B COCIUHCHUHU C
HHGOPMAITMOHHBIMUA TEXHOJIOTHSIMH, JTaHHBIC WCCIICOBAHUS JOJDKHBI ObUIM OBl HEIIPEMEHHO HAXOIWTh
CBOE OTpaXCHHE B W3MEHSIONIUXCS TMPOrpaMMax MIKOJFHOTO W BY30BCKOTO MAaTeMaTHYECKOTO
oOpazoBanus. Ilpexxae Bcero, Bo3pactaer MOTPEOHOCTb B aKmyanu3ayuu 0600UeHHbIX KOHCMPYKYUl U
OmMHOWEeHUll 8 Ccooepicanuy TIKOIBHOTO M TPO(ECCHOHAIBHOTO MaTeMaTHYecKoro o0Opa3oBaHHUA,
CBSI3aHHBIX, TIPEXK]IE BCETO C PEIICHHUEM H UCCIICIOBAHNEM CIIOKHBIX 33724 CPEACTBAMUA MaTEeMaTHIECKOTO
U KOMIbIOTepHOro MojenupoBanus. Kak ormeuan C.JI. PyOunmTeitn [2] “...reHepanu3anus OTHOUICHHIA
MPEAMETHOTO CONIEP)KaHMsI BBICTYIAaeT, a 3aTeM HM OCO3HAeTCsl KaK TeHepalIm3alus OIepalui,
MPOU3BOANMEIX HaJ OOOOIIEHHBIM MPEIMETHBIM COJAEpIKaHWEM; TeHepalu3alusd W 3aKperuieHHe B
WHJIMBHJIC 3TUX T€HEPaIM30BaHHBIX ONEpaluii BeAyT K (OPMUPOBAHUIO y MHIUBUIA COOTBETCTBYIOUIUX
criocobHocTel”. B Takol mapaaurmMe BakHEWIIast posib B MOBBIIIIEHUH KauecTBa 00y4eHUsI MaTeMaTHKe B
CpemHell IKoje MpUHAMISKHUT renarory. Hampumep, B upeane Oyaymiuid y4WATENb IOJDKEH OBIAAEThH
000OIICHHBIM MTPEIMETHBIM COJICPKAHUEM U CIIOCO0AMH JICSITEILHOCTH B By3€ C T€M, YTOOBI, MPUAS B
IIKOJTy, OCBaMBaTh IIKOJBHBIA MPEIMET BMECTE C yUYCHHKAMH HAa YPOBHE (PYHOUPOBAHHOU CYUWHOCMU,
OTpHIIasi, TEM CaMbIM, TaK Ha3bIBAEMOE H3BECTHOE “‘NBOIHOE 3a0BeHne” o @. Kneiiny.

Hama koHnenmus npeamnonaraeT, 4Yro OOy4YeHHE MaTreMaTHUKe JIOJDKHO TMPOUCXOIUTh B
WHPOPMAaIMOHHO-HACBIIIIEHHOH 00pa30BaTeNbHON Cpelic 8 VYCIogUAX Oudanoza MamemMamuiecKotl,
UHGDOPMAYUOHHOU 2YMAHUMAPHOU U eCMEeCE8EeHHOHAYYHOU Kylbmyp YW HHTETPAIlH TUIaKTHYECKUX
YCWIIMH Tiefjarora W yY4YCHHKAa B HAIPABJIICHUM BCKPBITHUS CYIIHOCTEH 0a30BbIX YYEOHBIX 3JIEMEHTOB
(ycTosBIIMXCSL 3HAKOBBIX (DOpM, TMOHSATHH, TEOpeM, INPOLEAYp, alrOPUTMOB, HIeH). A TMOm0OHBIC
MPOIECCHl  OKA3bIBAIOTCSI HEMOCPEJCTBEHHO CBSA3aHHBIMH C CHHEpreTudeckuMu dddekramMmu u
MEXaHU3MaMU BOCIIPUATHS CIIOKHOM MH(POPMANUU JTHYHOCTHI0 00y4aeMOTo, MPOIeccaMy Pa3BUTHS €ro
MaTeMaTUYECKUX CIOCOOHOCTEH M TBOPUYECKOM CaMOCTOSITENIPHOCTH, KOHCTPYHPOBAHHEM CIECITHATBHBIX
MPOIEAYP OCBOSHHS MaTEeMaTHYECKHMX 3HAKOBBIX (PopM, O0OBEKTOB M sBleHHH. Kak pe3ynabrar Takon
KOTHUTUBHOW aKTUBHOCTH OYJIET 3aMETeH POCT y4eOHOH M Mpo(ecCHOHaTIbHOH MOTUBAIUH, Pa3BUTHE U
CaMOpa3BUTHE MEIIUICHUS, U PACHIMPEHUE OMbITA M KYJIbTYPHl B KOHTEKCTE TPUKIATHON M TIPO-
(heccrOHANBHON HaNPaBIEHHOCTH. [loamomygvicmpausanue 3manos u uepapxuii 8 npoyecce yposHeso20
BbIABNICHUS CYUWHOCTET MAMEMATNUYECKUX QOpM, NOHAMULL U NPOYEdYPCPeOCmBaMU HALTAOH020 MOOeU-
posanusi  SIBISIETCSI BOXHEHIIIMM MEXaHU3MOM TIpEoNoJicHHEe (GopMalu3Ma B OCBOCHUHU COICPIKAHUS
MaTeMaTHUKH U TPEACTABISET CEPhe3HYIO U AAJIEKO HE PEIICHHYIO Po0IeMy B IUJAKTHKE MaTEeMaTHKH.

Memooonozun, meopuu u mexnonozuu. Peamuzanus OOBSIBICHHONW KOHIEHIIMH CBS3aHA C
OCBOCHHEM OOYYAIONIMMUCS CJIOKHOTO 3HAHUS CPEACTBAMH MAaTEMaTUYECKOTO M KOMIIBIOTEPHOTO
MOJICIMPOBaHUA B  HACBHIIIEHHONH  WH(OpManMoOHHO-0Opa3oBaTtenbHOH  cpeme.  DPQPEKTUBHBIM
WHCTPYMEHTOM OCBOCHHS CJIOKHOTO 3HAHHUS MOXKET SIBISTHCS MCCIEAOBAHHME M aganTalus K IIKOJIbHON
WM BY30BCKOW MaTE€MaTHKE COBPEMEHHBIX JOCTIKEHUN B HayKe, SIPKO W 3HAYMMO IPE/ICTABICHHBIX B
MIPUIIOKEHHUSIX K PeaabHOW KU3HU, Pa3BUTUU JIPYTHX HAyK, BHICOKAM TEXHOJIOTHUSM W IPOU3BOJICTBAM.
Paspabortka ¢unocodcekori kounenmmu cnoxHoctd (M.Kanr, ['.B.I'erens, W.Ilpuroxun, I'.Xakew,
B.B.OpnoB, W.C.YTpobun, X..AnpBen, T.C.BacuneeBa u [1p.) omocpenoBaHa  OOIIMPHBIM
SKCIIEPUMEHTAILHBIM MaTePHaJIOM, MPAKTHKOW M B3aWMO3aBUCHUMOCTBIO WHTETPATHBHBIX IIPOIIECCOB B
HAyKe, TEXHOJIOTUSAX, DKOHOMHKE, COIMAJIbHBIX MpPeoOpa3oBaHHMSIX W 00pa30BATCIBHBIX MapagurMax.
[TonuBaNIeHTHOCTh, MHO>KECTBEHHOCTh, MHOTOMOJSPHOCTh, HEIMPEACKA3yeMOCTh, 3MEPIKEHTHOCTh U
HEPaBHOBECHOCTh COBPEMEHHOTO MHpPa HE MOXET He OBITh yBsi3aHA C KaTETOPHSIMH Pa3BUTHS CYIIHOCTH
00OBEKTOB, SBJICHHIA W TPOIECCOB IMOCPEICTBOM NPOSBICHUS 3aKOHOMEPHOCTEH IMEepexolloB Ha OoJee
BBICOKHE YPOBHH CJIOKHOCTH KaK COCTaBIISIONIMX KOHKPETHO-BceoOmIeit Teopuu pasputus (B.B.Opios,
Cr.bup, H.Bunep, Jx.pon Heiiman u np.). UccnemoBarenu nenaroT BBIBOA O TOM, YTO CIIOKHOCTB
SIBJIICTCS MHTETPUPYIONICH XapaKTEPUCTHUKOW CHOCOOHOCTH K CaMOOPTaHM3AlUU TIPU JTOCTHIKCHHUH
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omnpeneeHHBIX KpuTnaeckux ee ypoBHeil. Tak @penu II.A. u @yuke [. [8] ompeaensror PC3 kax
MHOTOIIIATOBYI0 TOBEJICHYECKYI0O W KOTHHTHBHYIO aKTUBHOCTh, HAIPaBICHHYIO Ha TMPEOJOJICHHE
0OJBIIOTO YHUCIIA 3apaHEE HEU3BECTHBIX NPEMATCTBUA MEXKIYy HEYCTKHUMH, JIMHAMUYECCKH H3MEHSIO-
ITUMUCS TIEJISIMA B YCIOBHSIMH.

ba3oBeIM TOHATHEM TMPEACTABICHHON KOHIENIMHM SBISETCS TMOHATHE (DYHAMPOBAHUS Kak
¢unocockoll KaTeropum, MEAArOTHUECKON TEXHOJIOTUHM M TICHXOJOTUYECKOTO MEXaHW3Ma Pa3BUTHUS
mnuHocTH [3]. B 4yem ke 3akmouaercsi heHoMeH QyHaupoBanus? OynaupoBanue (Hem. Fundierung —
000CHOBaHWE, OCHOBAaHWE) — TEPMHH, WCTOJIB3yeMbIii B ()EHOMEHOJOTWMH (M B JAPYTHUX HayKax) s
ONHCaHUs OTHOUICHWN OHTOJIOTMYECKOro obocHoBanus. . ['yccepnab onpenenser OTHOIICHHE
GbyHIUpOBaHUS CleayionmM oOpa3oM: A (yHIMPOBAHO MOCPEACTBOM B, eciu juis cyiiecTBoBaHUsS A
CYIIHOCTHO HEoOXomuMo B, TOnpKkO B €IMHCTBE C KOTOPHIM A MOXET CymIecTBOBaTh. OTHOIICHHE
(GYyHIUPOBAaHUS MOXET OBITH OMHOCTOpOHHMM (A ¢yHaupoBaHo B B) wim aByxcroponnum (A u B
¢byumupoBansl Apyr B apyre). CornacHo (PEHOMEHOIOTMYECKOMY YUYCHHIO, BCE KOMIUICKCHBIC
BBICOKOYPOBHEBBIE aKThl U IPEAMETHOCTH (DyHIMPOBaHBI B M3HAYAIBHBIX MPOCTHIX aKTax | IpeaMeTax. B
MeIarOTUKY BIiepBbIe MOoHATHE QyHaupoBanus Obuto BBeneHo B.JI. [laapukosiM u E.M1. CMupHOBBIM B
2002 rony [4] kak mporecc co3AaHus YCIOBHUH ISl MOATAIMHOTO YTITyOJIeHUS W PACIIMPEHUS IIKOJIBHBIX
3HAaHWW B HamNpaBlIeHWH MpodecCHoHaNm3anun U (HOPMHUPOBAHUS IIEIOCTHOM CHCTEMBI HAYYHBIX H
METOJIUYECKHX 3HaHUM, Kak mpouecc (OPMUPOBAHUS IEIOCTHOH CHUCTEMBI TPOECCHOHAIBLHO-
MEJarOTMYECKON JCSITEIBHOCTU. B CBSI3M ¢ BBISBICHHBIMH TEHACHIMSMHU aBTOpaMU OBLIO IMPEIIOKEHO
YIIyOUTh TEOPETHUYECKYIO0 W MPAKTUYECKYIO COCTABIISIOIINE MAaTEMaTHYECKOTO 0Opa3oBaHHs OyIylIero
YUHTENSI €CTECTBEHHOHAYYHOTO MPOGUIsl, U3MEHUB COJICPKaHUE U CTPYKTYPY €CTCCTBCHHOHAYYHOH U
METOJAMYECKON IMOATOTOBKH B HAIPAaBICHUHM YCHJICHHUS IIKOJBHOTO KOMIIOHEHTa €CTECTBEHHOHAYYHOTO
o0Opa3oBaHHs ¢ TOCHEIYIOIUM (YyHIUPOBAHHEM 3HAHWW W OIBITA JIMYHOCTH HA Pa3HBIX YPOBHSX.
[IpyHIMMUANEHEIM ~ OTJIMYHEM  CTPYKTYpPOOOpa3ywIlero mnpuHOuNna  (GyHIUPOBAHUS  SBISICTCS
Onpee/icHHE OCHOBBI JUISl CIIMPAJICBUIHON CXEMbI MOJACIUPOBaHMs 0A30BBIX 3HAHHUMA, YMEHUN, HABBIKOB
MpeaIMeTHONH (B TOM YHWCIE, MaTeMaTHYeCKO#) MOJATrOTOBKH CTYJEHTOB menBy30B. llIkonpHBIE 3HAHUS
CTaHyT BBICTYMATh CTPYKTYPOOOpa3yromuM (GakTopoM, MO3BONISIOIIUM O0TOOPATh TEOPSTUYCCKUE 3HAHUS
U3 TMPeJAMETHOW 00JacT 0Ooyiee BBICOKOTO YPOBHS, 4Yepe3 KOTOphbIC MPOUCXOIAUT (YHIUPOBAHUE
IIKOJBHOT'O 3HAHHS.

[IpoGnema, opHako, cBsi3aHa C TeM, uTO OOOOIICHHAs CYNIHOCTh CJIOXHA, MHOTOCIONHA,
noJu(GyHKIIMOHAIbHA M C TPYJOM OCBaMBACTCSd MHOTMMH OOydaronumucs. [IOHATHO, YTO MOI00HBIC
CUTyallul B OCBOCHWH MAaTEMAaTHKH TpPeOYIOT BBEICHHS CIEIUAIBHBIX MPOLEAYp, TAoOB U CIOCOO0B
KOTHUTUBHOM NIEATEIHHOCTU IIKOJBHUKOB JIJISI MAKCUMATbHOM BO3BMOXHOCTU aKTyalIH3alluu MapaMeTpoB
MopsiiKa B JTOM «XaoCe» MAaTeMaTHYeCKUX TMOHSITHH. VIMEHHO BCKPBITHE CYITHOCTH CPEACTBAMHU
HATJTSIAHOTO MOJEITUPOBAHUS TaKUX «IPOOJEMHBIX 30H» B MaTeMaTHYeCKOM O0pa30oBaHUH BO3MOXHO
MPOSKTUPOBAHUEM  JMajIora  MaTeMaTUYeCKHX, HWH(MOPMAIMOHHBIX, E€CTECTBEHHOHAyYHBIX U
TYMaHUTApHBIX 3HAHHU C TIPOSIBIICHUEM CHHEPreTHUeCKUX 3 deKToB.

1. HmeHHO TakuM MeXaHH3MOM BEICTYNACT Ha2isi0HOe Mmodenuposanue [5] KaKk MHHOBAIIMOHHBIN
KOHCTPYKT, HallpaBJICHHBIA HA BBISBICHHE CYIIHOCTH MAaTEMATHUYECKUX MOHSATUH, MPOLEAYP U CUTyaIuit
Ha OCHOBE MOJICIUPOBAHMS B O0OyYUYEHWH MaTeMaTHhKe, HEOOXOIUMO Beayiiee K moHuMaHuio. OCHOBHOM
3JIEMEHT — 3TO IEHTPUPOBAHHE YUYCHHKA, ONTHUMAIFHOE BKJIFOUEHUE €Tr0 MEPUENTHUBHBIX, KOTHUTHBHBIX,
peQIIEKCUBHBIX, SMOIMOHAIBLHO-BOJIEBBIX, MOTHBAIMOHHBIX U KPEATHBHBIX MOACTPYKTYP B OCBOCHHE
MaTeMaTU4ecKoro 3HaHus. [J1aBHOEe mpHU 3TOM — aJeKBATHOCTHh ANPHOPHOM MOJETH U PEe3yJIbTaTOB
MBICTTUTEIIFHONW JIeSTENFHOCTH O0y4YalolMXCsl, OCO3HAHHBIE W BeyIMe K IOHUMaHWI0. HaensioHoe
MOOenuposanue — 3mMo UHMEPAKMUBHAS mpuaod: JUYHOCMb — Modelb — noxnumaue.HeoOxomumbie
aTpuOyTHl HATISAHOTO MOJCITHPOBAHUS: B3aMMOIIEPEXOAbl 3HAKOBBIX CHCTEM: BepOambHOM, 3HAKOBO-
CUMBOIIMYECKOH, 00pa3HO-rpapuuecKoil U KOHKPETHO - JESITeIbHOCTHOW; yCTOHYHMBOCTH BOCIPHATHS
MaTeMaTUYCCKUX 3HAHUH; aJeKBATHOCTh allPUOPHON U PE3yJIbTATHBHON MOJIENCH; OTOOp U aKTyalIn3anus
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0a30BBIX Y4YEOHBIX JJIEMEHTOB; CEH3UTHBHOCTH MOAAIBHOCTEH BOCHPHUSTHS, aKTUBHOCTh KOTHUTHBHBIX
npoueccoB. HeoOxoaumo 3HaHHME OCOOCHHOCTEH IMCUXMYECKOTO PAa3BUTUS KAKIOIO YUYEHHKA, BHIOB H
HepapXuu MoJieNel, CpeACTB ONTHUMM3AlMU JIOTHYECKUX CTPYKTYpP, 3aKOHOMEpPHOCTEH BOCHpPHATHA U
OTIEpUPOBAHMS 3HAKOBBIX CHCTEM, CPEACTB IMATHOCTUKU COCTOSIHHS JIMYHOCTH U HHTEJUIEKTYaIbHBIX
orepaluii, KOHTPOJIMPYIOIUX M OLIEHUBAIOLINX MPOLEAYP, CAMOCOBEPIICHCTBOBAHUE U MEPEIOArOTOBKA
neparora. [lodToMy akTyanbHOHW sIBIsieTcss IMpoOjemMa TakoW OpraHu3alM Ipolecca OO0y4YeHHUs
MaTeMaTHKe, KOrJa MPeACTaBICHUS , BO3HUKAIOMINE B MBIIIJICHHH 00y4aeMBbIX , OTPaKaloT OCHOBHBIE,
CYLIECTBCHHBIC, KJIIOYEBBIE CTOPOHBI NMPEIMETOB, SIBICHHH M IPOLECCOB, B TOM YHCIIE IOCPEACTBOM
aJIcKBaTHOTO MOJICIHPOBAHHUS MaTeMaTHYECKOTO 3HaHUs. MMmeHnHo eviaeienue u Gopmuposanue 6
KOCHUMUBHOM Hpoyecce 3SMmux Y37108blX, ONOPHbIX KAYecme O00beKma uiu npoyecca G0CHPUAMuUs
(nepyenmuenas Mooeiv), AO0eK8AMHO OMPAXCAWUX CYWHOCMb 00bekma uiu npoyecca, U
npedcmasnsiem coOol cymv npoyecca HausiOHo20 Moldeiupoganusi. Ilpu 3ToM 0CoOyr 3HAYMMOCTH
npuobpeTaroT Mojend, (uKcHpyromue MOpoLeAypy MaTeMaTHYecKuX JAEeWCTBUH B Hpoliecce
UCCIIeIOBATEIBCKOM aKTHBHOCTH.

Tak Kak CyIIHOCTH OOHApyKMBaeT CBOIO PEalbHOCTh B COBOKYMHOCTH BHEIIHHUX XapaKTEPUCTHK
npeaMeTa, B CBOMX MPOSBICHUSIX, TO PACKPBIBas CYIIHOCTh Yepe3 QUIOcOPCKIe KaTeropiuu BHYTPEHHETO,
o0rero, conepKaHusi, IPUIMHBL, HEOOXOAUMOCTH U 3aKOHA ONPEAETHM, NMPEKAE BCETO, KOMHOHEHMHbIL
cocmag  cooepicamenvHulX U NPOYeccyaibHuiX — Xapakmepucmuk — NposeleHus. — CYWHOCHU.
ConepxaTenbHbli  MOAYC: 3HAaKOBO-CHMBOIIMYECKHE, BepOalibHBIE, O0Opa3HO-TEOMETPUYECKHE U
TaKTHJIBHO-KUHECTETUYECKUE  NPOSBICHUS;  NPOLECCYAIbHBIH  MOAYC:  HMCTOPHKO-T€HETHYECKHE,
KOHKPETHO-JIESTEIbHOCTHBIC, SKCIIEPUMEHTANbHBIE U IMPUKIAaIHbIe yuyeOHBbIE CUTyallMd W TPOSIBICHHS.
IlocTxeHne CYIIHOCTH TpeAMeTa OOyJaroIMMCS B OIPEJEIeHHOM KaTeroprualbHOM MoJie 3HAaHUN U
CHOCO0OB JESITENbHOCTH, OCTATOYHOE Ul YCIEIIHOCTH M 3()(EKTUBHOCTH ONEPUPOBAHMS C HEH, HE
00s13aTeNTbHO COBIMAAACT IO COACPKaHUIO U BBIPAKEHHOCTH HEOOXOJMMBIX CYLIECTBEHHBIX CBsizeil. boiee
TOT0, BO3MOKHO MPUCOETUHEHNE TOTIOTHUTEIBHBIX CBA3EH, KOTOPhIE B COBOKYITHOCTH C HEOOXOAUMBIMHU
CBSI3IMHU CO3[AIOT LEJIOCTHOCTh W HEPAPXMYHOCTh CYIIHOCTH B JAaHHOM KaTeropHajJbHOM Hoie. JTa
W3MEHYMBOCTH U MOJBIKHOCTh CYIIHOCTH IpeaMeTa TpeOyeT akTyaln3aliy MO3TAIHOTO MPOABMKEHHUS K
ee TO3HAHUIO M OIpeJAeNsieT TPeThe H3MEpPEeHHE CYIIHOCTH — JIMYHOCTHO-3JalTaliOoHHOE B €€
XapaKTePUCTUKAX, U OMNpeAeIsieT TPEXKOMIIOHEHTHYIO LEJIOCTHOCTh CYLIHOCTU IpeAMeTa Kak OOBeKTa
MO3HAaHUsI B XOJle¢ KOTHUTUBHOW MAEATENbHOCTH. TakuM o0pa3oM, HaMu NpeACTaBlieHa Credyrouas
CMPYKMYPHO-DYHKYUOHATLHASL MOOENb CYWHOCIU MameMamuieckux yueonvix stemenmos (puc.l):

2. Jluajgor KyJabTyp — MeTOAMYECKHii MEXaHH3M: B PaMKaX JaHHOH paGOTHI HCIIONMB3yeTCs KakK
ouanoe kynemyp 6 ezo auunocmuom acnexme (AKJI), kak KOMMYHUKaIMA TUYHOCTEH ydacTHUKOB — JIKJI
(Y — y4eHuk; Y, - yuuTenb), OCyLIECTBIIsIEMass UIMH Ha OCHOBE HEKOTOPOTO Mpou38edeHusi Kyibimypol
(IIK), BO3HHMKIIEr0 B HEKOTOPOW I'paHH KyJbTYyphl W/WIM HPEACTaBICHHOTO B JIIOOOM M3 BO3MOXHBIX
BOIUJIOIICHUH, BKIIfOUasi y4yeOHBIN TeKCT, co3gaHHblil B ToM uucie B npouecce AK. AKJI npeamonaraer,
MpEeKAe BCEro, yXOBHOE OOIIeHNE KOHKPETHBIX HOCHUTENEeH MHIMBUAYaTbHON (JINYHOCTHOM) KyJBTYpHI
IIpY 33/1CHCTBOBAaHHUHU BCEX OCHOBHBIX KOMIIOHEHTOB K)KJON TMYHOCTH.

B peansnom ucnonnennn JKJI ocymecTBisiercss Kak cBOeoOpasHBI TPHUAIOT B IOJIE CMBICIOB,
3aJlaBaeMbIX YIOPSIOUYCHHON TpoHKkoi ("KynbTypa ofHoro ydvactHuka"; "kymbrypa IIK"; "kymbTypa
npyroro y4yactHuka"). B oOpasoBarenpHOM mporecce B ponu ydacTHukoB JIKJI okaspiBatoTcs y4urTenb
(V) u yuammecs (V) B HX pa3iMyHbIX COYETaHUSIX (OAMH - OJHWH, OJUH - TPYIINa, IPyMIa - Tpynmna u
T.11.). Ponb yunrens — opranu3oBats 1 ynpasiasath JIKJI BroTs 10 ero 3aBepiieHus u (Win) nepexoaa K
HoBomy JIKJI Ha Gaze, xenatenbHo, Tex [1K, koTopbie ObiTH co3nanbl B pamkax coBepmusiierocs JIKJL.

JOKJI B MeromnveckoM IOHMMaHWM — 3TO HMCKYCCTBO (M CBOeoOpa3Has TEXHOJOTHsI) TaKon
opraHuzanuyd OoOydYeHUsl, TMPH KOTOPOH Y YYAaCTHHKOB [Uaora HEOOXOIMMO MPOUCXOAMT BCHLIUUKA
HOHUMAHUsL, TO €CTh "BIpyr" BO3HUKAET HOBOE (JIMYHOCTHO HOBOE) MOHMMaHUE paccmaTpuBaemoro [1K.
WNubmu cnioBamu, B ocHoBe TexHonoruu JKJI nexut "nuanekTuka kak guanoruueckoe uckyccrso" (M.




ISSN 1991-346X Cepus ¢usuxo-mamemamuueckas. Ne 1. 2018

Mamapramsuim), Kak co3ganue cooctBeHHbIX [1K; TONbKO Torma m MOXKHO CUMTATh, YTO MPOUCXOIHT
"oTTanBaHue" MUANIEKTUKH KaK JUAIOTHYECKOTro UcKyccTBa. B Hamem nonnmannu mecro JKJI (B mrobom
W3 ero BapUaHTOB) — BTOPOM 3Tal MO3HAHUS MaTEMaTHUECKOTO O0bEKTa.

Cuwnraercs, uyro JIKJI cocrosuicsi, eciu B pe3ysibTare MOSBISETCS HOBOE MJSl yYAaCTHUKOB
npousBenenue KynpTypbl (I1K,), cozmanHOe B mporecce OOLICHHMA KaK PE3yJbTaT COBMECTHOIO WM
WHIUBUAYaITBHOTO peodpazoBanmst ucxoanoro [1K;. [Tockonbky BMecte ¢ m3menenueM [1K; npoucxoasr
T€ WIM WHble M3MeHeHHsd ydacTHHKOB JIKJI, To mocnenHuil B ciydae ero 3aBepUIEHHS MMEET CMBICIT
TIpeACTaBuTh cireayomteii cxemoit: & (Y- TIK; - V) —(V,- TIK, - V). IeqarorndeckuM MeXaHH3MOM
BritoueHnst ydamuxcs B JKJI sBrnsercs yueOHas curyanus "HampspDKeHHS W ycrexa', OpraHM30BaHHAS,
HanpuMep, Ha 0a3e JMYHOCTHO BOCIIPHHATOIO (pparmMeHTa yueOHOro MaTepuana, sSBJSFOIIET0CS YaCTHBIM
npumepom yuebnoro I1K.

<]

/ =
CoaepsraTe/1bHBIH IponmeccyanbHbIH
KOMOOHEHT - KOMIOOHEeHT
N
nposB/IeHHSA N N HpOsB/IeHAA
Moayca N { Moayca
B
N |
N 3
Iy
N AN 5
3HAKOBBIH N 2 HCTOPHKO-TeHeTHIeCKHH
. N .
BepOANBHBIH N KOHKDeTHO-1eATe.IbHOCTHBIH
u\ (v
00pa3Ho-TeOMeTPHUECKHHA N IKCIEePHMeHTATbHBIH
TAKTHIbHO-KHHECTeTHISCKHH IPHKIATHOH

7

JIHITHO CTHO-ATANITAIIHOHHBIH
KOMIOHEeHT NPoABIeHH
Moayca (VPOBHH)

Pucynok 1 - CtpykTypHO-()yHKINOHAIBEHAS MOJETh CYITHOCTH MaTeMaTHYECKUX YUCOHBIX SIIEMEHTOB

B nuteparype ucnonb3yercs Ooliee MIMPOKOE MOHATHE — Juaioe Kyabmyp, Oepyliee CBOe Hayallo U3
¢unocopun sKk3UCTEHIIMANM3MA. B OoTeuecTBEeHHON KyNbType BIIEpPBBIE PACKPBHITO M AKTUBHO HCIIONb-
30Basiock ¢unocopom u ¢unonorom M.M. baxtuneiMm, B nanpheiimem — B.C. Bubnepom, C.1O. Kyp-
raHoBeIM U 1p. M.M. baxtun ompenenun apxumexkmonuxy JK kak omeemcmegennozo nocmynka; 1o
baxTuHy, ero CTpyKTYpHBIMH DJIEMEHTaMH SIBISIOTCS: A, /pyeotl, A-ons-/[pyeoco. EcTecTBeHHO, 4TO B
METOJIUYECKOM ILIaHE 3TO BCE MPUOOpETaeT COOTBETCTBYIOIIME OTTEHKU U (POPMBI peanu3anuu [6].

Pesynpratel. Curyanus xaoca B Ipolleccax OCBOEHMS MaTeMaTHMYECKUX 3HAHUH W TpoLexyp
OTIpeIeICHHPIMI KAaTETOPHUSIMH INKOJIBHUKOB M CTYJEHTOB  Jaliek0 He IMOCIeAHAs Npodiema B
o0pazoBaHMU. DTO OTCYTCTBHE aJIeKBATHBIX PEHICHUH NaHHOW MPOOJEeMbl MPHUBOAUT K (OpPMAIH3IMY
3HAHWI, HEBBHICOKOMY YPOBHIO Y4YeOHOH WM MpodecCHOHANBHOW MOTHBALMH, HEAJEKBaTHOMY YPOBHIO
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JUYHOCTHOTO Pa3BUTHsI O00YYAIOINXCS, MPEkKIE BCEr0 B KOHTEKCTE CaMOOPTaHM3AIMA M CAMOPa3BUTHS
JUYHOCTH. B HacTOsIIeM HCCIIeI0OBaHAN JaHHYIO IPOOIeMy MpeiaraeTcs pemaTh METOaM1 BKITFOUSHIS
0o0y4aeMbIX B JMAJOr KYyJBTYD, BBICTpAaUBaHHWsS U ajanTalid OOOOILICHHBIX KOHCTPYKTOB CJOXHOTO
3HaHUS, JISKAIIUX B OCHOBE «IIPOOJIEMHBIX 30H» MaTEMaTHYECKOro 00pa3oBaHus. DTUMH KOHCTPYKTaMH
OKa3bIBArOTCSI 00pa3Ibl COBPEMEHHBIX JOCTIKEHHUH B HayKe: (paKTambHas TeOMETpPUs, TEOPUS HEUETKUX
MHOXXECTB, 0000IICHHBIEC (DYHKITUH, TEOPHsI KOTUPOBAHMSI, TEOPUS Xaoca M KaTacTpod | T.II., pelracMble
CpelCTBAaMH MAaTEMaTUYECKOIO0 M KOMIBIOTEPHOIO MOJACIUPOBAHMS U AJANTHUPOBAHHBIE K HATUYHOMY
YPOBHIO MaTE€MaTHYECKON KOMIIETCHIIUH IIKOJFHUKOB U CTYJIEHTOB. B 3TOM OTHOIIEHHU MMapamMeTpamu
MOpsAZKa B MaTEeMaTHYeCKOM OOpa30BaHWU BBICTYMAIOT TaKK€ TEXHOJNOTHH (PYyHAMPOBAHUS OIBITA
JIMYHOCTH ¥ HAIJIAHOTO MOJICIUPOBAHUS OOBEKTOB, MPOLEAYP Y SBICHHHA, aKTyaTHU3UPYIOIIHE aCTICKT
TEOPETHUYECKOTO  OOO0OIICHUS, BBICTPAUBAIONIME HEPApXUM W OTalbl TOHUMAaHUS  CYIIECTBa
MaTeMaTHYeCKNX MOHATHH W TPOILEYpP, CIIOCOOCTBYIONINE PA3BUTHIO WHTEIUIEKTYAIbHBIX OIEpanvii u
MPOSBJICHHUIO CUHEPTeTUUYEeCKUX 3(P(PEKTOB B 00yUeHUU MaTeMaTuke. ViMeHHO, pa3paboTaHa KOHICTIUS U
TEXHOJIOTHSI OCBOCHHSI CJIOKHOTO 3HAHUS B MAaTEMAaTUYECKOM O0pPa30BaHUM IIKOJHLHUKOB U CTYJICHTOB Ha
OCHOBE aJanTallid COBPEMEHHBIX JIOCTKEHHA B HayKe K IIKOJBHOWM W BY30BCKOH MaTeMaTHKe.
YTouHEHB! TEXHONOTHH (YHIUPOBAHHS OIBITA JIMYHOCTH W HATTSAOHOTO MOAEITUPOBAaHUS OOBEKTOB,
MPOIIECCOB M SBJCHMI, pa3pabOTaHbl XapaKTEPUCTUKA M CTPYKTYpHO-(OYHKI[MOHANBbHAS MOJICIb
CYIIHOCTH MaTeMaTHYeCKUX YyUYeOHBIX JIIEMEHTOB Ha OCHOBe wHepapxwyHocTu. Paspabortan rtpad
COTJIACOBAHMS JTAlOB MPOSBIEHUS CYITHOCTH B «IIPOOIEMHON 30HE» M ITAIOB IMPOSBICHUS CHHEPTHU
MaTeMaTUIeCKOTO 00pa30oBaHUs KaK JUAAKTUICCKUN MEXaHU3M M MOJENh KOTHUTUBHOU JCSITEILHOCTH B
MPOIECCe OCBOCHMS MAaTEMAaTHKU C CUHepreTudeckuMm 3ddekrom. [leqarorndyeckuii OMbIT MUIOTHOU
peanuzanuu pa3pabOTaHHON TEXHOJIOTHH MaTeMaTHIECKOT0 00pa3oBaHUs MMOKa3bIBaeT ee d(h(HEeKTUBHOCTH
B pocre yueOHOW u TmpodeccHoHaTbHOW MOTHBAIIMH,  Pa3BUTHU HHTEJUICKTYalbHBIX OIEpaIui,
MOBBIIIICHUN KayecTBa 00yUeHUsSI MAaTEMaTHKE IIKOJIBHUKOB U CTYCHTOB.
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MATEMATHUKAJIBIK ¥FBIMJAP/IBIH ’KOHE 9 AICTEMEJIK JKX¥MbBICTAP/IbIH
IHAUJA BOJY KE3EHJAEPIHIH MOH-MAFBIHACBIHBIH KOPHEKI MOJEJIY

AHHoOTanusi. MekTen OKyIIBUIApbIHA MAaTEeMAaTHUKAJIBIK OLTIM OepydiH THIMILIIrTT HAPTTHIPYIBIH Oip KOJBI
KYpZieni ecentepAi LIbIFapy *KOJa apblH 3aMaHayH FBUIBIMHBIH JKETICTIKTEpiHE JaHBIKTHI €Till KalTa JKaHFBIPTY.
MyHnait Mocesie MaTeMaTHKaIbIK OilliM Oepyneri «mpoOiieMManbIK aliMaKThIHY Maina 0oaybsl MEH «IIpo0IeMalibIK
aiiMakka» 0alIaHbICThI KAJMbUIAHFAH KOHCTPYKTTAP/Ibl KYPY MYMKIHJIr Oenrini 0osybiHa GaiiTaHbICThI TYBIH/A b
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Bbyn makana GyHKIHSHBIH [IETi YFBIMBIH OKBITYIbI 3ePTTEY JCCHHEPIUSHBI KalTa MAHFBIPTYAAFbl MATEMATUKAIIBIK
JKOHE KOMIBIOTEPIIIK MOJENLY Kypaigapbl MEH TEXHOJOTHSUIBIK KOHCTPYKTTHIH OeHiMIey Ke3eHIepiHiH AUAIoT
MOJICHHUETI HeTi3iHAe KYphUIFaH. MyHIarpl KOHCTPYKTHI MEHIEpYAiH TUAAKTUKAIBIK MEXaHU3MiHIH MOH-MarHACHI,
MaTHBAIMSUIIBIK-KOJIAApOANIbIK OKY JKarail aTapbl KellleHiH (yHAUpIeY KiacTep MOJeli jKOHe dpTypiii AeHreineri
eceritep Oonbin TaObuiagbl. «lIpoOiemManblK alMakThl» JIOHTHTIOATIK 3€pTTeyJiep OKYIIbUIAPbIH TYJIFAIIBIK
oiiJIaybIHa, MOICHHET apapajiblKk KOMMYHHKAIMsIFa, ©30€TiHIle KacaMIa3/IbIK IIeH 61H-031 YHbIMIACTBIPY /bl THIM/I
XKy3ere acblpyFa MyMKIHJIK Oepenti.

KiniTTi ce3aep: maremarukanbik 0i1iM Oepy, AMOJIOT MOIGHHUETI, CUHEPTHs, DyHAUPIIEYKIacTepi, iC-9pEeKeTTiH
(DYyHKIMOHAJIIBIK CayaTThUIBIFbI, KOMITBIOTEPIIIK MOJICICY, KYp/AeN ecenTepl LbFapy, GyHKIMSIHbIH LIETi.
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VISUAL MODELING OF THE MANIFECTATION OF THE ESEENCE OF MATHEMATICAL
CONCEPTS AND METHODOLOGICAL PROCEDURES

Abstract. One of the ways to enhance the effectiveness of mathematical education of schoolchildren is to
actualize solutions to complex tasks by adapting modern science. This possibility arises in the identification of
"problem areas" of mathematics education and the construction of generalized constructs that are associated with the
"problem area". In this article, on the basis of the dialogue of cultures and means of mathematical and computer
modeling structured stages of adaptation and technological constructs of actualization synergy in training at the
study of the notion of limit of a function. Didactic mechanism of the development of the essence of this construct is
the implementation of the model cluster founding, are equipped with the motivation, applied learning situations and
tasks at different levels. Longitudinal study of problem areas allows us to effectively develop the intellectual
operations of thinking, intercultural communication, creative independence and self-organization of the schoolboy.

Key words: mathematical education, dialogue of cultures, synergy, clusters of a founding, functional literacy
activities, computer simulations, solve complex problems, limit of a function.
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O BJOXXUMOCTMU -CTENNEHEN B OTHOIIEHUA
IKBUBAJIEHTHOCTHU B UEPAPXHUU EPIIIOBA

AHHOTauus. PaboTa MOCBAIIEHA HCCIEJOBAHUIO OTHOIICHWH S3KBUBAJCHTHOCTH B wHepapxuu Epimiosa.
OTHOIIIEHHE SKBUBAJICHTHOCTH RHA WBBIYHCIMMO CBOIUTCS K OTHOIIEHHIO SKBUBAICHTHOCTH S, €CIIH CYIIECTBYET
BoiumciumMast Gyukuust f(x), Takas uro, s Jo0bix xu Y ycnous xRywu f(x)Sf(y)oxsuBanentHsl. B nanHoi
paboTe CTpOsSTCA H30MOP(HBIC BIOXKEHUsS MOJNYPEHIETOK -CTEleHeH B YaCTHYHBIC MOPSIKH OTHOIICHUM
9KBUBAJICHTHOCTH B MepapXuu EpIIoBa OTHOCHTENHHO BRIYMCIMMOMN CBOJMMOCTH.

KiioueBbie c1oBa. OTHOLICHHUs SKBUBAJIECHTHOCTH, BBIYUCIUMAst CBOJMUMOCTD, HepapXusi EpIioBa, BRIYMCIHMO
[EPEYUCITUMbBIE MHOXKECTBA, MONYPEIIETKA BEIYUCIHMO [EPEUNUCITUMBIX 1M-CTENEHEH.

MHoxecTBO Am-ceooumcsi K MHOXeCTBY B (cuMBonmiecku,A <,, B), eciaum CyIIecTByeT
BBIUMCTAMAs QYHKIUs fTakas, 4ro ISl JIF00oro x € wycnoBusix € Au f(x) € BoKBUBaICHTHBL 37€Ch
GYyHKIMIO fHA3BIBAIOT CBOJAIICH (yHKIHEH. ['oBopsaT, 4To MHOXecTBO Al-ceodumcs X MHOXecTBY B
(cumBommuecku, A <q B), ecnu A <,,, Bu cBoasmas GpyHKINS SABISETCS B3aUMHO-OTHO3HAYHOU. A =, B
o6osnauaer, uto A <,, B u B <,, A. m-crenenp MHOK)ecTBa A 0003Hauyaercs uepe3 d(A), To ecTh
d(A) = {B: A =,, B}. Ha MHOXeCTBe -CTEIEHEN €CTECTBEHHBIN MOPSIO0K Oy1eM 0003HAYATD TaK Ke <,

d(4) <,, d(B) 5 A <,, B.

YacTtuuno ynopsaodennoe MaoxectBo LY, = ({d(X): X - pekypcuBHO MepedrcINMOe MHOKECTBO H
X # 0, w}, <;,) ABIACTCS BEPXHEH MONYPEHIeTKON M HIeajJoM BepXHEW MOJypeIIeTKH BCEeX -CTEeleHEeH.
Omnepaiys B3sTHS BepXHeil rpanu B LY, nnpenupyercs npsaMoii cyMMoii MHOKECTB:

A@®Bs {2x:x € A}u{2x + 1:x € B}.

Xopomo u3BectHO, 4yto LY nMeeT HauGonbIIMii ¥ HAaMMEHBIIMHA d1MeMeHTHL. Bce ompenencHus u
HEOOXOJMMEBIE CBEACHHS TI0 M-CBOJIUMOCTH MOYKHO HaWTH B KHHrax[1, 2].

Onpenenenne([6]). [oBopAT, 4To MHOKECTBO A NPUHAIIEKUT KIaccy X, uepapxuu Epmiosa, eciu
CyIIEeCTBYIOT BbrauciuMble GyHkmuu f(x,t) u h(x,t) Takue, 9ro Uit BceX X,t € @ BBINOJIHAIOTCS
CJIeyIOIINe YCIOBHUSA:

(1) A(x) = limg f(x, s), npuuem f(x,0) = 0;

2) h(x,0) =n&h(x,t +1) < h(x,t);

B)fl,t+1)# f(x,t) > h(x, t +1) < h(x,t).

[apy ¢ynkumii (f, h), yI0BIETBOPSIOMMX YCIOBUSAM ONpEEeHUs, HAa30BeM X, l-annpokcumayuerl
MHOxkecTBa A. T'oBopsaT, uro MHOXkecTBo A mpuHagnexuT kiaccy Il wmepapxum Epmosa, ecnu
JIOTIONIHEHHE MHOKeCTBa A NpHMHAUIEKUT Kiaccy X,l. MuoxkectBa m3 kmacca Xt (I1;1) Taxke
Ha3eBalOT X, '-mHOkectBamu  (I1;1-MHOXecTBamm).X] 1-MHOKECTBA M3BECTHBI KAaK  BBIYHCIAMO
nepevrciInMbie MHOKECTBa. bosee moapoOHO ¢ pe3ynpTaTraMy PO ATH MHOKECTBA MOYKHO O3HAKOMHUTHCS
B paborax|[3, 4, 5, 6].

— g4 ——
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Knaccsl 25,1 u I1;;! sBnsiioTCs 3aMKHYTBIME BHU3 1O M-CBOAMMOCTH, U3BECTHO [3], YTO 3TH KIAcChl
MMEIOT YHHBEpCalbHble MHOKECTBA. KpoMe TOro, 4acTMYHO yrmopsigodeHHble MHOkecTBa (Zn1,<,,) u
(T;;1, <,,)ABAsI0TCA BEpXHUMHU MONTYpPEIIETKAMH.

IIpenno:xenune 1. MHoxecTBO A € Z;l TOra U TOJNBKO TOINA, KOTJA CYLIECTBYET BBIUHMCIMMAs
(byHKuI/I;[ h(x, t)TaKaﬂ, qTO 1)1 BCEX X, t € W BBIIIOJHIIOTCS CIEAYIOIINE YCIOBUS:

(1) A(x) = rest(limg h(x,s),2);

2) h(x,0) =0 &h(x,t) < h(x,t + D& h(x,t) < n;

IIpenno:xenune 2. MHoxectBo A € H;l TOTa U TOJBKO TOTAA, KOINa CYLIECTBYET BbIUMCIMMAs
Gynkums h(x, t)Takas, 9To JJst BCeX X, t € @ BBIIOIHIIOTCS CIIEAYIONIHE YCIOBHUS:

(DA = @(rest(limS h(x,s), 2));

2) h(x,0) =0 &h(x,t) < h(x,t + )& h(x,t) < n;

Cuuraem, 9TO BCe paccMaTpUBaeMble MHOXKECTBA M OTHOIICHHS SKBUBAJICHTHOCTH 33/1aHbl HA w. Jliis
HEHYJIEBOTO N € w 4epe3 Id,, 0o0o3HauaeTcsi BHIYMCIMMOE OTHOIICHHE SKBHBAJICHTHOCTH, 3aJIaHHOE MO
npaBwiy: x Id,, y B TOM ¥ TOJBKO TOM cCily4ae, KOrja X W YIKBHBAJIECHTHBI 1o Moaymo n. Yepes Id
0003HaYHMM TOXKJAECTBEHHOE OTHOIIICHUE 3KBUBAIICHTHOCTH. [[JIsi OTHOIIICHUS SKBUBaJICHTHOCTU E M a € w
uepes [a]p 0003HaUaeTCs Kilace -3KBUBAJIEHTHOCTH dJIEMEHTA d.

Onpenenenne. OTHOIIEHHE DKBUBANEHTHOCTH E Ha @ HAs3eIBaeTCad X, L-OmHOULEHUEM
oxeueanenmmuocmu (I, -omunowenuem oxeusanenmmocmu) ecnmu MHOKecTBO E  sBusercss Xji-
muoxkecTBoM (15, 1-MHOKECTBOM).

l'oBopsaT, 4dYTO OTHONIEHWE OKBUBAJCHTHOCTH  R@wvluuciumo  ceooumcsi K  OTHOUICHHIO
SKBUBAJIIEHTHOCTH Q (cuMBONHMYEeCKH,R <. (J), eclu CyIIeCTByeT BbIYHCIHMAs QYHKIUS [, IUIS KOTOPOH
(x,y) € R Torna u tombko Torma, xorma (f(x),f(y)) € Q mpu mobHX X,y € W, T.e. CYNIECTBYeT
aNTOPUTM, KOTOPBIM TpaHCIUPYET pasHble KiIacChl R—SKBUBAaJCHTHOCTH B pasHbE Kiacchl (Q—
SKBHUBaJNeHTHOCTH. OTHOIIEHUS SKBHBAJICHTHOCTH R ¥ () Ha3bIBAIOTCA JKBUBAJICHTHBIMH, €CIH OHU
comarcs aApyr K apyry. COBOKYIHOCTh BCeX OTHOIIEHHH SKBHBAJCHTHOCTH, JKBHUBAJCHTHBIXR,
Ha3bIBACTCS CTEMEHBIO OTHOIICHHUS YKBUBAJICHTHOCTH R.

OdeBHIHO, YTO OTHOIICHUE 3KBUBAICHTHOCTH E <. Idtorma m Tonbko Torda, kormak =, Id, s
HEKOTOpOro n € w.

Omnpeneaenue (A. Copou u Y.Iuapioc). OTHOIICHNE SKBUBAJICHTHOCTH E HAa3bIBACTCS MEMHbIM
(dark), ecnu E HeCpaBHMMO C TOXJECTBEHHBIM OTHOIICHHEM SKBHBAJIECHTHOCTH OTHOCHUTEIBHO
CBOJIMMOCTH <.

Jlnst npor3BobHOTO B.1IL. MHOXKecTBaA mycth Ry = {(x,y):x = y vV {x,y} € A}.

Ipenno:xenue ([11]). [Iycts A, B—HemycThIC B.II. MHOXKECTBA.

1) R4 — BBIYMCIMMO TOTJA U TOJIBKO TOT/AA, KOraa A — BEIUUCIUMO.

2) U3 A <, BenenyetR, <. Rp.

3) EcmuR, <. Rp, Tormad <,, B.

W3 3TOr0 npenyiokeHus CleAyeT, YTO B.I. 1-CTENEHH MOXHO M30MOP(HO BIOXKHUTH B CTPYKTYPY B.IL.
OTHOIIEHUN SKBUBAJCHTHOCTU. XOPOIIO HU3BECTHO, YTO B.M. 1-CTEMEHU HE SIBISIOTCS IMOJIYPEIICTKOM.
CrneoBaTellbHO, CTPYKTYPBl OTHOIICHWH SKBHBAJIEHTHOCTH C BBIYHUCIHMON CBOJIUMOCTHIO TaKXKe HE
SIBJISTFOTCSI TIOJTy PETIIETKAMH.

B nmawHOW paboTe MBI HCCIEAYyeM BIOXKCHHE IMOJNYPEHIETOK -CTENEHEH B  CTPYKTYPHI
SKBHUBaJICHTHOCTEW B wepapxuu EpmioBa. O BIOXKEHUSX MONYPEIIETKH B.II. -CTEMIEHEH B MONYPEIISTKA
Pomxepca MoxHO HaiiTk B padorax [7, 8, 9, 10]. O BnoxkeHUH B.II. 1-CTeTICHEH B CTPYKTYpPHl OTHOIIICHUI
SKBUBAJICHTHOCTH MOKHO TTocMOTpeTh B [11, 12].

Biio:keHue moJiypemieToK -creneHeil B CTPYKTYPbl OTHOLIEHUH 3KBHBAJIEHTHOCTH HMepapXuu
Epmosa.

Teopema 1. /Jna n06020n > Ononypewemxa (Z51, <,,) usomopghno enroxcuma ¢ cmpyxmypy (I -
OMHOULEHUS IKEUBANEHMHOCTNU, < ).

Joxa3zaTenbcTB0o. PaccMoTpuM ciefyronuii onepaTop: sl IPOU3BOJIbHOTO0 MHOXKECTBA X TMOJIOKUM

TX) ={(x.y):{xy} XV {xy} c X}
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OueBumHo, 4YTO Ui JrOO0Oro MHOXecTBaX MHOXecTBO T(X) sBIseTCS  OTHOLICHHEM
9KBHUBaJICHTHOCTH. JlokaxkeM, uTo oToOpaxenue X — T (X) unayupyer nu3oMophHOE BIOKEHHE BEPXHEH
nonypemerku (1, <,,) B cTpyKTYpY (HZ_,}-OTHOHJeHI/IH 9KBUBAJIEHTHOCTH,< ;). A TarKke IOKaKeM, 4TO
Hallla OleHKa JIJIs YpoBHS uepapxuu EpiioBa Heymyumiaema. st 5TOro 10KakeM ClIeAyIOIue JIEMMBI.

Jemma 1. Ecrm X € 3%, Torma T(X) € I}

JlokazatensctBo JgeMMbl 1. Ilycts mapa dynkumii(fy, hy) — Z;l-anmpokcumanus MHOMkecTBa X.
[MoctpouM anmpokcumanuio MuOkecTBa T (X): mist MoOBIX X,y € w ONpeAeTuM

f((x»Y); t) = IfX(xl t) +fX(3’: t) - 1|'
h((x,y),t) = hy(x,t) + hy (¥, 0).

Jlokaxewm, uto mapa pymkmmii(f, h) sensercs I15,} -anmpoxcumanueii maoxkectsaT (X).

D f((6),0) = 1fx(x0) + fx(,0) -1 =1.1

limg £((x,¥),5) = |limg fy(x, ) +limg fy(y,5) = 1| = [X(x) + X(y) — 1].

W3 mocnennero paBeHctsa sicHo, uto T(X)(x,y) = 1 Torma u toapko torma, kormaX (x) = X(y).
3uaunt, T(X)(x,y) = 1 Torma u Tonbko Torxa, koraalim, f((x,y),s) = 1.

2) h((x,¥),0) = hy(x,0) + hy(y,0) =n+n = 2n. Nh((x,y),t+1) = hy(x, t + 1) +
hX(ylt + 1) < hx(x,t) + hX(y' t) = h(x'}’)

3) Oyctb f((x,¥),t + 1) # f((x,y),t). Buauut fy(x,t +1) # fy(x,t) wmm fy(y, t +1) #= f(y, t).
CnenoBarensho, hy(x,t + 1) < hy(x,t) wm hy(y,t + 1) < hy(y,t). A 310, B CBOIO OYepe/ib O3HAYAET,
qToh((x, y),t+ 1) =hy(x,t+ 1)+ hy(y, t +1) < hy(x, t) + hy(y, t) = h((x, y),t).

CnenoBarensHo, napa ¢yukimii(f, h) sBusercs Hz',}-annpoxchauHeﬁ mHoxkecTtBa T(X). Jlemma 1
JIOKa3aHa.

Jlemma 2. Eciu F <. T(X) nis Hekotoporo X, 1-muoxectsa X, ToF =, T(Y) ans nekotoporo X’
MHOeCTBa Y.

JlokaszarenscTBO JieMMbl 2. IlycTh NpOHM3BOJILHOE OTHOLIEHHE SKBHUBaleHTHOCTH F <. T(X)
nocpeactBoM GyHkuuu f. OtHorieHue skBuBajeHTHOCTH T(X) cocrour M3 He Gojee ABYX KIacCoB
SKBHUBAJIEHTHOCTH. 3HAYMT, OTHOLIEHHE DKBMBAJIEHTHOCTH F Tak)Ke COCTOMT W3 He 0oJiee JBYX KJIACCOB.
CrnenoBatenbHo, eciu Y = f~1(X), o F = T(Y). Jlemma 2 nokasana.

Jlemma 3. X <,,, Y torna u Tonsko Toraa, koraa T(X) <. T(Y).

JokaszarenscTBO JieMMbl 3. O0e CBOAMMOCTH MOXEM OCYHIECTBHTH OJHOW W TOH K€ (YHKIMEH.
Jlemma 3 moka3zaHa.

Jlemma 4. Jns mo6oro 15, -mHoxkecTBa A cymecTsyer ;1 MHO)ecTBO B Takoe, uto A <., T(B).

JlokaszatenbctBo jemmbl 4. Ilycts mapa dyHkuuii(fy,, hy) — I3 -annpokcumaius MHOXKeCTBa A.
Kpowme Toro, mycts h, — 310 GyHKIus 13 npeagoxkenus 2. [loctpoum X, l-anmpokcuManuo MHOKECTBA
B crenyrommmM 00pa3oMm:

1,rest(hy(x,t),4) = 2;
fp(2%,t) = {O, B IIPOTUBHOM CJIy4ae.
0,rest(hy(x,t),4) = 0;
fe(2x+1,t) = {1, B HpOTﬁIBHOM cJyyae.
{ hg(x,0) = n;

hg(x,t +1) = hg(x,t) — |fp(x, t + 1) — fp(x, )|

HeTpyaHo MOHATH, uTo napa GyHKLuil(fg, hg) aBnserca I, 1 -annpokcumanueii MuoxkectsaB. [lanee,
HETPYHO MPOBEPUTH, uT0 A <., T(B) mocpencreom dyukmmu f(x) = (2x, 2x + 1). Jlemma 4 1okasana.

Caencreue 1. Eciu X — m-noanoe Iy t-mnoxcecmeo, mo T(X) — m-nonnoe N5, -unoocecmso.

Jokazateabero. Ilycts X — m-nonHoe X '-mHOkectBo. Jlokaxkem, uto mms moboro I151-
MHOxkecTBaA crnpaBenmuBo A <,, T(X). U3 nokaszaTenbcTBa TeopeMbl SCHO, YTO Haiiaercs Xjl-
MHOkecTBO Y Takoe, uyro A <,, T(Y). WU oueBuano, uro T(Y) <. T(X). Ilycts T(Y) <. T(X)
nocpeacteoM pyukuuu f, Torna T(Y) <, T(X) nmocpenctsom pyHKIUH

h((x, ) = (0O, fF()).
— 96 ——
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B cuiy TpanzuTuBHOCTH -cBOAMMOCTH cripaBeuynBo A <., T (X).

CaencrBue 2. /[nsa m06020 Hesbiuucaumozo muoscecmeaX omuoutenue sxeusairenmuocmu T (X)
A6AAEMCL MEMHBIM.

CaencrBue 3. [lonypewemra 6bl4UCTUMO NEPEHUCTUMBIX -CIeNeHell U30MOPQHO 610dCUMA 8
cmpykmypy (115 t-omuowenus sxeusanenmuocmu, <.).

CnenctBus 2,3 O4eBUIHBI.

Bompoc. MoxHo 7 H30MOpP(HO BIOXHTH MONYPEHIETKY B.M. -CTENIEHEH B CTPYKTYpYy B.IL
OTHOIIEHUH 3KBUBAIIEHTHOCTH?

Hccneoosanus H.A. Baoscenosa evinonmenvt npu @uuancosol nooodepocke PODU 6 pamxax
Hayunozo npoexma Ne 16-31-60058 mon_a_ok.

Hccneoosanus b.C. Kammypsaesa evinonnenvl npu @unancosou noooepoicke Komumema nayxku
Pecnyonuxu Kasaxcman, epanm ['®@4/3952. «Omnowenus IK6UEANEHMHOCU, NPEOYNOPAOOUEHHbIE
CIMPYKMYpPbl U AI2OPUMMUYEcKUe COOUMOCMU HA HUX, KAK MAMeMAmu4eckas Mooeib 0a3 OaHHbIX»
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EPIIOB UEPAPXUSICBIHIA m-IEHT EAJIEPJIH SKBUBAJEHTTIK
KATBIHACTAPF A EHTI3YJIEPI TYPAJIBI

AnHoTaums. Byn makana EpiioB nepapXxuschlHIarbl 5KBUBAICHTTIK KaTbIHACTAPABI 3epTTEyre OarbIlITalIFaH.w KUbIHBIHAA
aHBIKTAIFaH R DKBHMBAJICHTTIK KaThIHACKHI S DKBHBAJICHTTIK KaThIHACHIHA €CENITENIM/II KOIIIPiie i AeM aTaiiMbI3, erep Ke3 KeJIreH X
XoHe Y dneMentrepi yinin xRysxoune f(x)Sf(y) maprrapeiskBuBanent Gonateiuaail f(x)ecenremiMai GpyHKIUACH TaOBUIATHIH
6osica. Byn wmakamama EprioB mepapXuschlHIArsl m-AeHreiiepii ecenTeniMal Keluipylepre OallaHbICTBI SKBUBAJIEHTTIK
KaTbIHACTapABIH JKapTiai perine n30Mop(Thl CHri3yJIepi KypblUIabl.

Kiar ce3nep. DKkBUBaNETTIK KaThIHACTAp, €CENTENIMII Keripyiep, EpioB uepapxuscel, peKypcuB CaHaIbIMIBI )KUBIHAAD,
PEKYPCHB CaHAIIBIMIBI M-ACHI €illIepAiH KaTPbITOPHI.

B.S. Kalmurzayev', N.A. Bazhenov?

'Al-Farabi Kazakh National University, Almaty, Kazakhstan;
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EMBEDDABILITY OF m-DEGREES INTO EQUIVALENCE RELATIONS IN THE ERHOV HIERARCHY

Abstract. The paper is devoted to the study of equivalence relations in the hierarchy of Ershov. An equivalence relation R
on w is computably reducible to an equivalence relation S if there exists a computable function f(x) such that for any x and y,
the conditions xRy and f(x)Sf(y) are equivalent. In this paper we construct isomorphic embeddings of semilattices of m-
degrees into partial orders of equivalence relations in the hierarchy of Ershov with respect to computable reducibility.
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of computably enumerable m-degrees.
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Ob OBOT'AHIEHUHN CYHETHO KATEI'OPUYHBIX CJIABO O-
MHWHUNMAJIBHBIX TEOPUU BUHAPHBIMU ITPEJJUKATAMMA

Annotanus.B Hacrosmeld pabore MccieayloTcs BOIPOCH COXPAaHEHUsS! TEOPETHKO-MOIEIBHBIX CBOWCTB IPH
oOorameHusx |-Hepa3IMYMMBIX CYETHO KaTETOPHYHBIX CJa00 O-MHHUMAJBHBIX CTPYKTYP IPOW3BOJIBHBIM
OuHapHBIM TpeaukaToM. PaHee McClIeZOBaMCh BOIPOCH COXPAHEHHS TEOPETHKO-MOJEIBHBIX CBOMCTB IpH
000TalIeHUsIX CYETHO KAaTErOPUYHBIX Cl1a00 O-MHHHMMAIBHBIX TEOPHH YHApHBIMH IpeIuKaTaMH. BBeneHO MOHATHE

SKBHBAJICHTHOCTb-T€HepUpyeMoii popmyubl: ecin R(X, y) — p -crabuibHas popMyia 1 HEKOTOPOTO Heanreo-
panueckoro 1-tuna p ,ro R(X,)) HasblBaeTCs 9KBUBAICHTHOCTh-TEHEPHPYEMON (OPMyIION, eciu mobas p -cra-
OWibHas BBINYKJas BHOPaBO WM BJIeBO (DOPMyNia, 0Opa30BaHHAs M3 MaKCHMAlbHBIX BBIMYKJIBIX HOJMHOXECTB
muokectBa R(M ,a) mns mexoroporo a € p(M') sBusercss 9KBHBAIECHTHOCTb-IeHEpUpYOWIEil.B Tepmunax

BHOBb BBEJICHHOTO TOHSTHSI SKBUBAJIETHOCTh-TEeHEPUPYEMOil (hopMyIbl MoydeH KpUTEpUil COXpaHEHHs CUETHOM
KaTeTOPUIHOCTH |-Hepa3mmuuMoro cjiabo 0-MUHUMAILHOTO 00OTaleHus] OMHAPHBIM MPEANKATOM |-Hepa3TuIuMbIX
CYETHO KaTEerOPUYHBIX CJ1a00 O-MUHUMAIIBHBIX CTPYKTYP paHra BbITYKIOCTH 1.

KiawueBnble ciaoBa: ciadas 0-MHHAMAQJIBHOCTh, CUETHAs KATErOPUYHOCTDH, |-HEPa3IMYMMOCTh, OOOTAIICHUE
Mo/Ieiel, SKBUBAJICHTHOCTh-TeHEPUPYIOIIast pOpMyJia, OTHOIIICHHE SKBUBATICHTHOCTH.

ITycte L — cueTHBIN A3BIK MEPBOTrO TOpsiaAKa. BClogy B JaHHOM cTaThe Mbl paccMarpuBaeM L -
CTPYKTYpBl ¥ mpenmoiiaraeM uto L CONEpKUT CHMBONI OMHAPHOTO OTHOWICHHS <, KOTOPbIN
MHTEpIpeTUpyeTCs Kak JWHEHHBIN NOpSAOK B 3THX CTpyKTypax. Hactosmias pabora kacaeTcsi MOHATHUSA
c1abou o-MUHUMATbHOCU, TIEPBOHAYATILHO TIIyO0KOo uccienoanHoro Jl. Makdepconom, . Mapkepom
u Y. Creitnxoprom B [1]. TloagmuoxkectBo A nuHelHO ynopsaodeHHON cTpykTypbl M HasbiBaeTcs
BbINYKIILIM, €CIH JUTs MOObIX a,b € A u ¢ € M Besikmii pa3 korga a < c¢ <b bl umeeM ¢ € A. Crabo

O-MUHUMATLHOT  CpYKmMypoli Ha3bIBAaeTCs JMHEHHO ymopsgodenHas ctpykrypa M ={(M,=,<,...)

Takas, 410 IH000e ompexenumoe (C mapaMeTpamu) IOAMHOXKECTBO CTPYyKTyphl M sBisercs

00beIMHEHHEM KOHEYHOTO YHCIIa BBITYKIbIX MHOKeCTB B M . BenomuuM, uto takas crpykrypa M
Ha3blBACTCA O-MUHUMANLHOU, €CIU KaKI0€ OIpeAeIuMoe (C IMapaMeTpaMH) IOJMHOXXECTBO CTPYKTYpBI
M sBnsiercs o0beaUHEHHEM KOHEYHOTO YKClia MHTEPBAIOB U Touek B M . Takum oOpasom, criabas o-
MUHHMAJIBHOCTh SIBJISIETCS  00OOIIEHHEM O-MUHHMAalIbHOCTH. BellecTBeHHO 3aMKHYThIE OIS C
COOCTBEHHBIM BBINYKJIBIM KOJIBLIOM HOPMHPOBaHUS 00ECIEYMBAIOT BaKHBIM mpuMmep crnabo o-
MHUHHMMAJIBHBIX (HE O-MUHMMAJIBHBIX) CTPYKTYP.

Ilycte A, B — npousBonbHble HOIMHOXKECTBA JIMHEHHO ynopsaodeHHol ctpyktypsl M . Torma
seipaxkenne A < B o3nawaer, uto a <b Bcakuit pas korma a€ A u be B. Buipaxenue A<b
osnauaer uto A <{b}.Uepes A" (u coorBeTcTBeHHO A~ ) GyaeM 0603HAUATH MHOXKECTBO HIEMEHTOB b
paccMaTpHBaeMoii CTpYKTypsI ¢ yermosueM A <b (b < A).
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Onpenenenne 1[2] Iycte T — cnabo o-muHuManbHas teopust, M — 10CTaTOYHO HACHILIEHHAS
Mozens Teopun 1, u mycts ¢(X) — npoussonbHas M -ompenenumas GopMyna ¢ OJHON cBOGOIHOM
[IEPEMEHHOM.

Panz soinyxnocmu popmynvt $(x) (RC(4(x))) onpenensercs cremyiomum o6pasom:

1) RC(¢(x))=1, ecniu p(M) 6Geckoneuno.

2) RCO(H(x))=a+1, ecnm cymecTByloT napaMeTpMYECKH — ONPEAETMMOE  OTHONIEHHE
skBuBaeHTHOCTH F(X, ) 1 6ecKOHEUHOE YNCIIO 1EMEHTOB b, € @ , TaKKe, YTO:

* Jng nro6bIX I, j € @, BCAKMIA pa3 Koraa [ # j Mbl uMeeM M E —|E(bi, bj)

» Jlna xaxnoro iew RC(E(x,b))=a n E(M,b,) — BeImyKI0O€ HOIMHOXECTBO MHOXECTBA
H(M)

3) RC(¢(x))= 0, ecnm RC(@(x)) > ¢ nnsa Beex @ <0 (O mpenenbHbiif).

Ecmu RC(#(x))=a nansa mexotoporo « , To Mmul rosopuM uto RC(@(x)) ompenensercs. B

npotusHOM ciy4ae (T.e. eciu RC(@(x)) > ¢ nna Beex « ), mbl nonaraem RC(@(x)) =0,

B uacTHOCTH, Teopusi WMEeT paHr BBIMYKJIOCTH |, €CliM He CYIIECTBYET OINpeneanuMoro (c
napamMeTpaMu) OTHOLLIECHHUS SKBUBAJICHTHOCTH ¢ OECKOHEUHBIM YHCJIOM BBIITYKJIbIX OECKOHEUHBIX KJIACCOB.

B macrosmmeit pabote MBI HCCIIEIyEeM BOIIPOC COXPAaHEHHS CBONCTB NIpH OOOTAIICHHUSX MOIEeH
CYETHO KaTerOPHYHBIX c1a00 O-MUHUMAIBHBIX TEOpUii OWHAPHBIME MpenuKaTaMu. Panee B padorax [3] —
[5] mamm OB wWccnenoOBaH BONPOC COXPAHEHUS CBOWCTB NPH OOOTAIlEHHAX MOJENEH CYETHO
KaTerOpUYHBIX CNa00 O-MHHUMAJBHBIX TEOpUil yHAapHbIMH Hpeankatamu. Kak mssectHO, B pabdote [6]
BaiixanoB b.C. noka3zan yto o0OorarieHrne MoJenu ¢1abo 0-MUHUMAIbHON TEOPUH YHAPHBIM MIPETUKATOM,
BBIJICIISIONIMM KOHEYHOE YHWCIIO BBIMYKJIBIX MHOXKECTB, COXpaHSeT Ciadyl0 O-MHHUMAaJIbHOCTb
oOorameHHo# Teopur. OTHAKO B cilyyae 0OOTaIieHust MOJIeNN cllabo 0-MUHUMAIbHOM TeoprH OMHAPHBIM
IPEIUKATOM, BBIISJISIONIMM IIPU KaKAOM (HUKCHUPOBAaHHOM Kak II€PBOM, TaK M BTOPOM IIapaMmeTpe,
KOHEYHOE YHCJIO BBIMYKJIBIX MHOXECTB, OOOTalleHHAas Teopus MOXKeT TOTepsTh cladylo o-
MuHUMansHOCTh (IIpumep 4).

BcroMHUM HEKOTOpBIE IOHATHS, IEPBOHAYAILHO BBEACHHbIE B [1].

Mycrs Y« M™' — @& —onpenemmoe mMuoxkectso, mycts 72 M"™" — M" — npoexuns, kotopas
oTOpackiBaeT TocienHol koopauHaty, W nycte Z:=m(Y). Jlna xaxnoro ae€Z mycTh

Y. :={y:(a,y)eY}. Ilpeanonoxum 4to s KaKIOTO @ € Z MHOXECTBO ). OTpPaHHYCHO CBEpPXY, HO

He umeer cymnpemyma B M. Ilycts ~ — (J —onpenenuMoe OTHOLIEHHE SKBUBAaJEHTHOCTH Ha M",
ompezesieMoe cleIymuM 00pa3om:

a~b nnascex a,b e M"\Z, w a~b < supY; =supY;,ecma,b € Z.
[ycts Z := Z/ ~, u 114 Kaxa0ro Koprexka a € Z Mbl 0003Ha4aeM depe3 [d | ~-Kinacc Koprexa d.
CylecTByeT €cTeCTBEHHbIH (& —onpenenuMblii nuHelHbI mopsgok Ha M \UZ | onpenensembiit
crexyromum obpaszom. Iycts @ € Z u ce M . Torna [@]<c Toraa u Tonbko Toraa, korga w<c s

Bcex we Y, . Eciu HeBepHO uTO @ ~b , 0 CYIIECTBYET HEKOTOpbIi X € M Takoi, 4uro [a]< x < [l; ]
WIN [b_ ]<x<[a], n mosromy < WHAYyUUPYET JMHENHBIH nopsaok Ha M UZ . MBI Ha3biBaeM Takoe
MHOKECTBO Z copmom (B TAHHOM ciydae, & —OIpeIeIMMbIM COPTOM) B M , TJIe M — JleieKHHI0BO
nonosnHenue cTrpykrypsl M , u paccmatpuBaem Z KaK eCTECTBEHHO BJIOXKEHHYIO B M . Anarorsso bt

MOYeM MmotyuuTh copT B M , paccmarpuBast HHOUMYMBI BMECTO CYIIPEMYMOB.
Onpenenenne 2[1] [ycte M — nuneiino ynopsimouenHas crpykrypa, D < M — GeckoHeuHoe

muoxectso, K <M, f:D—>K — ¢ynkuus. Bygem roBoputb, uto [ sBISETCA J1OKANLHO

sospacmaiowell (10KaibHo yovléarouel, 10Kaibho Koncmanmou) Ha D, ecnmu mns moboro x € D
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cymecTByeT Oeckoneunslii wmmtepsan J C D, comepxammii X, Tak 4to J SABAAETCS CTPOTO
BO3pacTaroliei (cTporo yObIBaroIel, KOHCTAHTOW) Ha J .

ByneM Taxske TOBOPHTb, UTO QyHKIHUs [ SABIAETCA JIOKALbHO MOHOMOHHOU Ha MHOXKecTBe D < M |
ecin f saBnsercs 6o NOKAIbHO BO3pacTaromeit, 1100 JokanbHo yobiBatomei Ha D .

Ipemnoxenne 3[7][lycte M — cnabo o-muHEManbHas crpykrypa, A M, peS,(4) —

Heanrebpandeckuii tun. Torma nmoGas ¢GyHkuus B A -OnpenenuMblii cOpT, 00JACTb ONpEETeHHs
KoTOpoii conepxut MEokecTBO P(M), sBNsETCA NOKATBLHO MOHOTOHHOM MM JIOKAIEHO KOHCTAHTOM Ha

p(M).

Ipumep 4 Iycre M :=(R,<) — nuHeiiHO ymopsamoYeHHAs CTPYKTypa Ha MHOXECTBE
BemecTBeHHbIX yncen R . OueBunno uto M — Mozenb cYeTHO KaTErOpUYHON 0-MHHUMAILHON TEOPUH.
O6oratum monenb M  HOBbIM OuHapHbIM OTHomeHHeM S(X,)) crleaylomuM o00pasoM: MycTh
M'=(R,<,S*) tak uro S(x,y) sBusercs rpaduxoM crueayiomei yHapHO#i ¢yHKIMH [,
onpenensemoii kak f(b)=2b nna xaxnoro beQ u f(c)=—c nna xaxgoro ¢ € R\Q. OueBugno
yto g kaxgoro ae M S(a,M) un S(M,a) ssnsorcs oIHOPTEMEHTHBIMM MHOKECTBAMHM, T.€.

BBINYKJIBIME MHOeCTBaMu. Tem He MeHee, 3ameuaeM uto M " He sBmgercs c1abo O-MUHMMANEHOM
CTPYKTYpPOH, MOCKOJNBKY HE CYHIECTBYET pa3OMeHMs MHOXkeCTBa R Ha KOHEYHOE YMCIO BBIMTYKIBIX
MHOYKECTB, HAa KaJIOM M3 KOTOPHIX ompejenumas GpyHkuus f Obina Obl JOKAJIbHO MOHOTOHHOH MM
JIOKaJIbHO KOHCTAHTOM.

Ipumep 5 Tyere M :=(Q,<) — nuHeiiHO ymOpsSIOYEeHHAs CTPYKTypa HA MHOXKECTBE

panoHansHeix yncen Q. OueBmaHo uto M — CUETHO KaTeropu4Has O-MHHHMAIbHAsS CTPYKTYpa.
O6oratum Monens M  HoBbIM OuHapHBIM oOTHomeHHeM E(X,)) cremyrommM o06pazoM: MycTh

M':=(Q,<,E*) rax uro mms mobsix a,beQ

E(a,b) < 2n-1DV2 <a,b<2n+1)V2

JUTS HEKOTOPOTo 1€ Z .

Torma HeTpynHO MOHATH, uTo FE(X,)) — OTHOMIEHHME SKBMBAJEHTHOCTH, pazOuBaiomee Q Ha
0ECKOHEYHOE YUCIO0 OECKOHEYHBIX BBIMYKIBIX KIACCOB, MpUYeM [ -Kiacchl yNOPSIOUEHBI MO THUILY
o +o.

Moxer 6bITh TOKa3aHo, uto M' — cmabo o-muHEManbHas cTpykTypa, HO TH(M') He sBasercs
CUETHO KaTeropuYHOM.

Hpumep 6 Iycrs M :={(QxQ,<,E®) — InHeHHO yNOpsAIOYCHHAs CTPYKTypa HA MHOXKECTBE
QxQ, ynopsmouenHoM nekcukorpadguueckn. Otnomenne E(X,)) onpemensercs cremyrommm
obpaszom: st mobbIx a = (m,,n,),b=(m,,n,)e OxQ E(a,b) & m, =m,.

Ouesujno, uto E(X,y) — oTHOIIeHHE >KBUBATEHTHOCTH, pasbuBaromee Qx Q Ha GeckoHeuHoe
4UCII0 GECKOHEYHBIX BBIMYKIBIX KJIaCCOB, IpuueM F -Kiaccel ynopsaoueHs mo tamny Q .

Pacumpum ocHoBHOE MHOXKeCTBO Q x Q crpykrypst M no6GaBnenueM k kaxaoMmy E -kmaccy aByx
5JIEMEHTOB, SBISIONIMXCS JICBOM M NMpPaBOd KOHLEBBIMM Toukamu F -knacca. B pesynbTare momydnm
HOBYIO cTpykTypy M':=(M',< E*). Paccmorpum obemmnenne cTpyktypsl M' 1m0 CTpyKTYphI
M":=(M',<). OueBumno uro M'" — cuerHo KaTeropudHas O-MHHHMAIbHAs CTPYKTypa. Ee
o6oramenne M':=(M' < E*) sBnsercs CYeTHO KATErOPMUHON THHEHHO YIOPSIOUYCHHOMH CTPYKTYpOI,

Ho Th(M'") ne sBsercst cnabo o-MHHUMATBHOA.
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ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 1. 2018

Onpenenenne 7[8] Ilycte M — cnabo o-muumManeHas crpykrypa, Ac M, M — |A| -
HaceleHHa, p € S,(A4) — HeanreGpandeckuil.

(1) A-onpenemumas dopmyna F'(X,y) HasbiBaeTcs p -cmabunbroil, €Cli CyIIECTBYIOT o , Vs
7, € p(M) takue, uro F(M,o)\{a} =B n y, <F(M,a)<y,.

(2) p -crabunbhas popmyna F(X,)) naseiBaeTcs 6binyk101l 6npaeo (61€60), €CIIM CYMIECTBYET o
€ p(M) rakoii, uto F(M,«) Beinykno, @ — nesas (paBas) KoHueBas Touka mHoxkectsa F'(M, o)
naeF(M,a).

B Ipumepe 5 popmyna F(x,1):=y <xAE(xX,y) sapnserca p -cTaGuIbHOI BBIMYKIOH BIpaBo, a
popmyna  G(x,y):=y=xAE(x,y) saBngerca  p-cTabunbHOM  BBIIyKIOH  BIEBO,  Iae
p(x)={x=x}eS5,/(9).

Iycte  Fi(x,y),F,(x,y) — p-crabunbHBIC BBIIyKIbIe BIpaBO (BIEeBO) (opmynsl. Bynem
ropoputh, uto F,(x,y) 6omewe uemF(x,y), ecmn cymectByer « € p(M) Takoi, uro
FM,a)c F,(M,a).

Omnpenenenue §[9] bynem roBopuTh, 4TO P —CTaOWIBbHAs BBIMYKNIas BOpaBo (BJIeBO) (opmyna

F(x,y) smnserca owxeusarenmnocmo-zenepupyioweii, ecna s mobbix o, € p(M) takux, uro
M E F(f, @), iMeeT MecTo cleayoiee:

M I=Vx(x2,8 - (F(x,a) <—>F(x,ﬂ)))<M I:‘v’x(xS,B—> (F(x,a) “’F(x'ﬁ))))

Jemma 9[9]llycte M  — cmabo o-muHnMansHas crpykrypa, AC M, pe S, (4) —
neanrebpanueckuit, M — | A|"—maceimenna. Ilpeanonoxkum uro F(x, y) — p -crabunbnas
BBINTYKJIasi BIPaBo (BIEBO) GopMyIia, SIBISIFOIIAsICS S9KBUBAIEHTHOCTh-TeHeprpytomieid. Toraa

1) G(x,y)=F(y,x) — p -crabunbHas BbIMyKIas BjeBO (BOpaBo) GpopMyJia, ABJIAIOIIASLC TAKKeE
9KBUBAJICHTHOCTh-TCHEPUPYIOLICH.

2) E(x,y):=F(x,y)vF(y,x) — oTHOmeHHe d5KBHBaNeHTHOCTH, pasbusaromee p(M) mHa
OecKOHEYHOE YNCII0 OECKOHEUHBIX BBITYKIIBIX KIIACCOB.

Ipennoxenne 10[9][lycte T — cyeTHO KaTeropuuHas ciabo o-MuHUManbHas teopus, M |=T,
Ac M, peS,(A) — neanrebpandeckuii. Torna mobast p -craOUIbHAs BBIMYKIas BIOPaBo (BJICBO)

(hopMyIia SBJISETCS 3KBUBAICHTHOCTh-TEHEPUPYOIIEH.
Ipumep 11 Tlyetse M :=(Q,<) — nuHeliHO ymOpsAmOYEHHAs CTPYKTypa HA MHOXECTBE

panponansHex ynucen Q . OueBuano uto M — cueTHO KaTeropudHas 1-HepasmuuuMas O-MUHUMAIIbHAS
cTpykTypa. PaccMoTpum oboramenue cTpyktypbl M HOBbIM GuHapHBIM oTHomenueM R(X,)): mycTs

M':=(Q,<,R*) rax uro mus mobsix a,beQ

R(a,b) <> a<b<a++2.

Ouesuno uto R(a,M") u R(M',a) Bemyxist mis kaxaoro a € M'. MoxeT GbITh JOKa3aHO 4TO
M' — 1-mepasnuunmas cnabo 0-MUHEMAJIBHAS CTPYKTYPA.

dopmyna F(x,y):=R(y,x) SIBJISIETCA P -cTabunbHON BBITYKJIOH BIIPABO, rae
p(x):={x=x}e€S,(J). Herpymno mnomsts, uro F(X,y) He sBIsETCA OSKBUBAIEHTHOCTh-

TeHEepUPYIOIIEH.
Paccmotpum cnenyromniue GopmMyIibt:

R,(x,y):=3t[R(x,t) AR(t,y)], R,(x,y) =3[R, (x,t)AR(t,y)],n=2

Jlns xaxaoro a € M' Mbl umeem

— 101 =——
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R(a,M"Yc R,(a,M")c...c R (a,M") ...,

otkyna nomyuaem, uto 1/(M") e sBnseTcs CUETHO KATErOPHUHOIL.

Ilycte M — cnabo o-muHnmMmansHast crpykrypa, Ac M, peS,(4A) — HeanreGpamdeckuii,
R(x,y) — A-onpenenumas QopMyna, sBISIOIIasCS P -CTaOWIbHOH, T.e. aus moboro a € p(M)
cymectBytotr b,,b, € p(M') Takue, uro b, < R(M,a) <b, .

B cuny cna6oit o-muanMansHoctd M muoxectBo R(M,a) sBnsercss o6beiMHEHHEM KOHEYHOTO

ypcia BBINYKIBIX MHOXKecTB. OUeBMAHO YTO Kakaoe M3 OJTHX MHOxkecTB sBiugercas AU{a}-

onpenenuMbiM. CyIecTBYeT KOHEYHOE YUCIIO TAKMX ONPEAETMMBIX BBITYKIIBIX MHOYKECTB, HAXOISAIIMXCS

neBee aneMenTa d. OGo3HaunM ux depes R| (X, ),...,R!(x, ), npu srom 6yaem cautars 4To
R/(M,a)>R _(M,a)>...> R (M,a)>a.

AHaJIOTMYHO CYIIECTBYET KOHEYHOE HHCIIO OMPEACTUMBIX BBIMTYKJIBIX MHOKECTB, HAXOASALIUXCS
npasee snementa a . O603uauum ux uepes R (X, y),..., R (X, ), npu 3ToM Gynem cuurtath uto

as<R (M,a)<R,(M,a)<...<R (M,a).

B03MOMHO CyLIECTBYET ONPEIEIUMOE BBIMYKIOE MHOXKECTBO, BHYTPEHHOCTH KOTOPOTO COJEPIKHT
sneMeHT a . O6o3Haunm ero uepes R°(x,y). Takum obpasom, eciu R°(M,a) #J, To CymiecTByOT
b,,b, € R°(M ,a) takue, uro b, <a<b,.

Omnpenenum ciieayronme GopMyibL:

F(x,y) =y<xAR(x,y)
G(x,y)==y2xAR(x,y)
F'(x,y)=y<xAVHR (t,y) >x<t],1<i<m
F'(x,y)=y<x AR (t, ) Ax<t],1<i<m
Gj.(x,y) =y x/\Vt[Rj.(t,y) —>t<x],1<i<s

* o I .
G, (x,y)=y2xAJ[R(t,y) At <x]1<i<s

Ouesumno uro dopmynst F(x, ), F (x, ), F" (x,y),1<i<m, sensiorcs p -cTaGuibHbIMM
BBIYKIIBIMA BIIpaBo, a dopmyasr G°(x, ), G;(x, ), Gj* (x,y),1<j<s, sBusrorcst P -CTaOUIBHBIMH

BBITYKJIBIMU BJIEBO.
ByneM ropoputk, uto dopmyna R(X,V) sBnsercs skeueanenmuocmo-eenepupyemotl, eClm Kaxaas

HeTpuBHanbHas dopmyna u3 mHoxectsa A= {F°(x,y), F/(x,y), F"(x,»), G°(x,y), Gi(x,y),
G;* (x,»)|1<i<m,1 < j<s} aBagercst 5KBUBAICHTHOCTb-TCHEPHUPYIOIICH.

Mpumep 12Iyers M :=(QxQ,<) - nuueiino ynopsjgodenHas cTpykTypa Ha MHoxkecTBe QX Q,

YIOPAIOUEHHBIM JIeKCHKorpaduueckd. OveBuano uto M - cyeTHO KareropudHas O-MHUHMMAJbHAs

CTPYKTYypa.
Beenem cnexyromue ae Gunapubie Gpopmynsl E(x,)) m R/(x,y) na muoxectBe QxQ: mus

mobbix a = (m,,n,),b=(m,,n,) e QxQ
E(a,b)y & m =m,
R(a,b)y & m =my, An <n, <n, +4/2
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Mycts R(x,y):=y<xAE(x,y) A—R (x,y) 1 M':=(QxQ,<,R*) — oboramenue monem M
6unapueiM npemukatom  R(X,y). OueBumno urto ans moboro aeM' R(M',a) Bemyxio u
a<R(M' a).

MoskeT 6BITH ycTaHOBIEHO, uto M - 1-Hepasmmummas ciabo o-MHHHMATbHASA CTPYKTYpa, OJHAKO
Th(M') ue sBnsieTcst CHETHO KATErOPHUHOIA.

PaccmoTpum creyrouue GopMyIibL:

Fi(x.y) =y Sx AV [R(t,y) = x <1]
F,(x,y)=y<xA3t[R(t,y)Ax<t]

®opmynsr  Fi(x,y), F,(x,y) sBasiorcs p - CTaOWIBHBIMH BBIIYKIBIMH  BIPaBO, THe
p(x)={x=x}eS,(J), npu srom F,(x,y) - SKBHBaICHTHOCTb-reHepupymwomas, a F(x,y) He
ABNISIETCS  DKBUBAJIEHTHOCTh-TeHepupylomeil. Cnenosarensho, npenukatr R(X,V) He sBasercs

SKBUBAJICHTHOCTh-TEHEPUPYEMBIM.
Teopema 13 Ilycte M - 1-Hepasnuuumasi CHETHO KaTeropudHas ciabo 0-MUHMMAJIBHAS CTPYKTypa

panra Bemyknoctd 1, M' - 1-mepasnmmummoe cnaGo O-MHHHMMAanbHOE oboramieHue CTpyKTypsl M
ounapHbIM npeaukatom R(x, ).

Torma Th(M'") - cuerHo KaTeropuuHa <> KOIJIa BBIIOIHEHBI CIIEAYIONIME YCIOBHUS:

(1) R(x,y) u L(x,y):=R(y,X) - 5KBUBaNeHTHOCTb-T€HEPHPYEMBIE;

(2) Jdna kaxmoro & -ompeiendMOro OTHONIEHMs SkBHBaneHTHocTH FE(X,)), MOpoXkIeHHOro
npeaukatom R(X,)), MHOkecTBO E -K1accoB ABJISETCS IMIIOTHO YIOPSI0UYEHHBIM.

JlokasatensctBo Teopembr 13. (=) Ilpemmonoxum uro TA(M') - cuerno xareropuuHa.
Paccmotpum mpemukar R(X,y). B cminy cmaGoit o-MuEMMambHOCTH cTpykTyphl M’ mns moGoro
aeM' R(M',a) n R(a,M') ectb o0benrHeHNs KOHEUHOTO YMCIA BBIMYKIBIX MHOXKECTB. B chiy
[pennoxenus 10 06e popmynsr R(X, ) u L(X, V) D0mKHBI ObITH SKBUBANIEHTHOCTh-T€HEPUPYEMBIMH.

Iycts E(x,y) - npousBombHoe & -onpenenuMoe OTHOIIEHHE SKBHBAJIEHTHOCTH. B cumy 1-

HEPA3IMYUMOCTH MHOXECTBO [ -KJIacCOB MO/KHO OBITH MO0 IUIOTHO YIOPAAOYEHO O€3 KOHIIEBBIX
TOYEK, JIMOO JUCKPETHO YMOPAIOYeHO 0e3 KOHLEBBIX ToueK. OTKyna B CHIIy CUETHOH KaTerOPHYHOCTH
MHOeCTBO [ -KJIaCCOB IOJKHO OBITH IIOTHO YIOPSIIOYEHO.

(&) Mycrs R(x,y) u L(x,y) — b>kBuBajeHTHOCTh-TeHepUpyeMble (opMyIibl. PaccMoTpum

E’(x,y) — npoussonbHOe & -ONMpeeNnMOoe OTHOMICHHE YKBUBAICHTHOCTH, MOPOYICHHOE IIPEIHKATOM
R(x,y). o ycnoBuio MHOKeCTBO E -KIACCOB IUIOTHO YIOPSIOYEHO. B CHTy 1-HEpasIMUMMOCTH He
CYIIIECTBYET HHU KpaiHero jeBoro £ " _knacca, HU KpaifHero mpaBoro F " -knacca. Takxke B cuny 1-
HEpa3IIMIUMOCTH He CyIecTByeT F -K1acca, HMEIOMIEro XOTs Obl OHy KOHIIEBYIO TOUKY (CCITH KasKIbIii
E’ -knacc mMen Gbl XOTS GBI OJHY KOHIEBYIO TOYKY, TO MOJIYHHIH OB MPOTHBOPEUHE CO CIaGoil o-
MuHAManbHOCTEIO M),

B cuy cnaboit o-MHHEManbHOCTH cTpykTyphl M’ mus moGoro ae M' R(M',a) w R(a,M')
€CTh OOBEJMHEHHS] KOHEYHOIO YMCJA BBIMYKIBIX MHOXKECTB. [103TOMY CYINECTBYET JIMIIL KOHEYHOE

ancrio opmyn suma F(x,y), F (%), F (%)), G'(x,»), Gi(x,¥), G/ (x,y), 1<i<n,

1< j <n, nns wekotopwix 1,1, < @ . Ilockonbky 1m0 ycnosuio R(X, V), L(X,y) — skBuBaneHTHOCTH-
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reHepupyemble (GOpPMyIIbI, TO Kaxaas HeTpuBHManbHas dopmyna u3 crucka A= {F°(x,y), F (x,)),
F (x,y), G(x,y), G_ﬁ.(x, ), G;* (x,¥)[1<i<n,1<j<n,}  TNOpOXIacT  OTHOIICHHE
SKBMBAJEHTHOCTH. TakuMm 00pa3oM, MOJNyYaeM JIMIIbL KOHEYHOE YHMCIO & -ONpeNeMMbIX OTHOLIEHUH
SKBUBAJEHTHOCTH, OPOXIaeMBIX TIpeaukatom R(X, V).

Iycts {E,(x,y),E,(x,¥),...,E (x,y)} — mnonHbli cHoUCOK (J -ONpPENeNMMbIX OTHOLICHHUI
SKBUBAJEHTHOCTH, MOPOXKaaeMbIX npeaukatoM R(X,)). B cuy 1-HepasiMuuMOCTH He CYLIECTBYIOT i, j
rakne, uro i#j, 1<i,j<m wm g  wmexoroporo aeM'E(a,M")CE (a,M"),
supE;(a,M')=supE (a,M’) wm inf E,(a,M")=inf E, (a,M") .

Taxxe we cymectBytor I, j€{l,...,n} Takme, uyro 11 Hekotoporo aeM'
E(a,M')\E ,(a,M")# D u E,(a, M)\ E(a,M")#D.

Hanee, anst moGeix 1<, j<n ecmn cymecrsyer a € M' raxoii, uro E;(a,M")c E (a,M"), 10
s modoro aeM' E(a,M')C E;(a,M"). Takum obpasom, cymectsyer 1<m<n (Bo3moxkHa
curyaums korga s mexoropsix I, j €{l,...n} E(a,M')=E (a,M')) u Bo3MOXHO HekoTOpas

NepeHyMepallisi UMEKOIIUXCA OTHONIEHHUH YKBUBAJIEHTHOCTH TaKUM 00pa3oM uTo0bI 1is jiroboro a € M’
MBI UMEJH OBl

E(a,M"YC E,(a,M"Yc...Cc E, (a,M").

Tax Kak [0 YCIOBHMIO MHOXKECTBO £ -KJIacCOB IUIOTHO YHOPAZI0YEHO Ul KAXKI0r0 & -ONpeaeIuMoro
oTHOwWeHns skBuBanentHoctn E(X,Y), 10 E,-moaxnaccel kaxmoro E,,, -Kiacca IUIOTHO YIOPSAOYEHBI

0e3 KoHIEeBBIX Touek, Tne 0<i<m u
Eo(x,y) =Xx=), Em+1(xﬁy) EXTXAY =Y.

A
Jlanee MOHO YCTaHOBMTH CTAHAAPTHBIMH MeTomamu, uto /(M) pomyckaer smumuHANMIO
KBaHTOPOB C TOYHOCTBIO /10 aTOMHBIX popmyn u popmyn E,(x,y), 1<i<m, oTkyaa nomydaem, uto

Th(M') — cuetHo kaTeropuuHa.
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BUHAPJIbI MPEJUKATTAPMEH ECEINTIK-KATETI'OPUSJIBIK

BOCAH O-MUHUMAJIJIBIK TEOPUSIJIAP BAMBITY TYPAJIbI
AnHotanus. OCBI KYMBICTa Ke3 KEJITeH OMHAPIIBI MIPSIUKATIICH |-aHBIKTAIMAJbI €CENTIK-KaTeTOPHSUIBIK 00caH
O-MHHUMAJJIbI KYPbUIBIMIAP OalbiTy Ke3iHAe TEOPHSTHKAIBIK-MOJICIBAIK KACHETTEpP/Al CaKTaly CYpaKTapsbl
3eprrencHeni. OCHHBIH aNAblHOA YHApIBl MPEIUKATTAPMEH ECENTiK-KaTerOprsUIbIK 0O0CaH O-MHUHHMAJIBI
TeOpUsUIapael  OalBITy Ke3iHAEC TEOPHATHUKANBIK-MOACTBIIK KACHETTEpIi CaKTaly CYpaKTapbI3epPTTEICHII.
DKBUBAJIEHTTIK-KaJIbITackan (opmyna Tyciniri enrisinai: erep R(x,)) — keiiGip anreGpanbik emec 1-tum p

yuin p -crabunsai popmyna Gonca, onxa R(X, J) SKBUBaIEHTTIK-KanblnTackan (popMyIia Jen aTanajpl erep Ke3
KENreH P -CTa0MiIbi OH JKaKKA Kapail JOHeCTi HeMece COoN jKakka Kapail memecti ¢dopmymacet R(M,a)
KMBIHTBIFBIHBIH MAKCHMAIIIBI IOHEC IEKAPAChIHAH KANBIITACTBIPbUIFaH Keibip @ € p(M ) sKBUBaNEHTTIK-0PHEKTI

Oonazapl. EHri3iireH SKBHBaJCHTTIK-KaJIbINTaCKaH (opMmyna TYCiHIK TepMHHIEPMEH JAeHecTik panrici 1 1-
aHBIKTAJIMaJIbl €CENTIK-KaTerOpUsUIbIK 00CaH 0-MUHHUMAIb KYPhUIBIMIAP/bI 1-aHBIKTAIMAIBI 00CAH O-MHUHUMAJIJIbI
0albITHIH/IA €CETITIK KATErOPUSUIBIKTBI CAKTAY KPUTEPUI] aIbIHIbI.

Kiar ce3mep:00caH O-MUHHMAJIBIK, €CENTIK KATETOPHUSIBIK, |-aHBIKTAIMAYIIBUIBIK, MOJCbICD OaubITy,
9KBUBAJICHTTIK-OPHEKTI OpMYyJIa, SKBUBAJIEHTTIK KAThIHACHL
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ON EXPANDING COUNTABLY CATEGORICAL
WEAKLY O-MINIMAL THEORIES BY BINARY PREDICATES

Abstract.In the present work, questions of preservation of model-theoretical properties at expanding a model of
a l-indiscernible countably categorical weakly o-minimal theory by an arbitrary binary predicate are studied.
Questions of preservation of model-theoretical properties at expanding of countably categorical weakly o-minimal
theories by unary predicates had been before studied.Here thenotionofanequivalence-genera table
formulahasbeenintroduced: if R(x, y)is a p -stable formula for some non-algebraic 1-type p,then R(x,y)is

called an equivalence-generatable formula if every p -stable convex to the right or convex to the left formula formed

from maximal convex subsets of the set R(M , a) for some elementa € p(M) is equivalence-generating. In terms

of the introduced notion of an equivalence—generatable formula, a criterion for preserving the countable categoricity
of a I-indiscernible weakly o-minimal expansion by a binary predicate of 1-indiscernible countably categorical
weakly o-minimal structures having the convexity rank 1has been obtained.

Keywords: weak o-minimality, countable categoricity, 1-indiscernibility, expansion of models, equivalence-
generating formula, equivalence relation.
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AHAJIMTUYECKOE PEHIEHUE 3AJAYU O YCTAHOBUBIHIEI'OCA
TEPMOMEXAHUYECKOT'O COCTOSIHUSI CTEPKHS OTPAHUYEHHOM
JJIMHBI TP OJHOBPEMEHHOM HAJIMYUU KOHHEBBIX TEMIIEPATYP
N BOKOBBIX TEIINIOOBMEHA

AnHoTammsi. B naHHO# crathe paccMarpuBarOTCS MPOOJIEMBI YHCIEHHOTO W3Y4YEHHs TEPMOMEXAaHHYECKOTO COCTOSHHUS
crepxHeil. Ha ocHOoBe QyHIaMEHTaIbHOIO 3aKOHAa 00 W3MEHEHHM KOJMYeCTBA TeIlIa, INpoIIe/miee 3a BpeMs 0T uepes
(DMKCHPOBAHHOTO CEYEHHUSI CTPOUTCS YPABHEHUE YCTAHOBJIMBILIETOCS TEIUIONPOBOJHOCTH JUIS TOPH30HTAIBHOIO CTEPIKHS OTPaHHU-
YEHHOW [UIMHBI M IOCTOSIHHOTO ITONIEPEUCHHOTO CEUCHUSL.

IIpm 5TOM Ha IBYX KOHI[aX MCCIIELYyEMOro CTEp KHS 3a/aHbl pa3HbIe TEMIIepaTyphl, a uepe3 OOKOBOI OBEPXHOCTH IIPOHC-
XOIMT TEINIOOOMEH ¢ OKpykatolueii ee cpenoid. Kpome Toro, uccieryemplii cTepKeHb BBINOIHEH U3 TEPMO3AIUTHOIO MaTepHaa
ANV-300. Omnpenensiomuiicsi 3aKOH paclpeeleHHss TeMIepaTypbl, BCEX COOTBETCBYIOIIUX Ae(OpMalld M HaNpsDKCHUH a
TaKOKe HMEepeMENIeHHs 110 JUTNHE UCCIEeAyEeMOTo CTEP KHS. BBIUMCIAIOTCS BEIMYUHBI TEPMHIECKOTO YIIMHEHUS I BO3HHUKAIOIETO
OCEBOT'O yCHIIHSL.

B cnoxHOl TepMuueckoll 30He pabOTalOT MOALIMIHUKOBBIE KOMIIOHEHTHI PEaKTHBHBIX M BOJOPOAHBIX JIBHTraTeleH,
AQTOMHBIX M TEIUIOBBIX 3JIEKTPOCTAHIMH, TEXHOJOTHYECKUX JHMHHUH IepepabaThIBAIONIUX IPOM3BOACTB, a TAKXKe IBHTraTeleh
BHyTpeHHero cropanus. Hanexnas paboTa 3THX KOHCTPYKUMH OyJeT 3aBHCETh OT YCJIOBHH TE€PMO3JC KOMIIOHEHTOB MOALIUI-
Huka. [ToaToMy 3TO HCCiIenoBaHNEe MOCBSIIICHO YHCICHHOMY M3YUSHUIO COCTOSHHMS TEPMOJ/IC HECYIINX KOMIOHEHTOB KOHCTPYK-
IIUH B BUJIE CTEePKHEI OrpaHUYeHHOH JUTMHBI, OTPAaHUYEHHBIX C 000X KOHI[OB.

I[IpennaraemMblii BBIYMCIUTEIbHBIA aJITOPUTM OCHOBAH Ha IIPUHLMIIE COXPAHEHUs 3Hepruu. IIpy 3TOM BCe TUIIBI HHTETPAJIOB
B (DYyHKIIMOHAIBHBIX (hOpMyJIaX SHEPIHU HHTETPHPYIOTCS aHAIUTHYECKH. IIpH 9TOM INOJy4eHHBIE YMCICHHbBIE pelieHHst OyxyT
UMETb BBICOKYIO TOYHOCTb.

KiioueBble cJI0Ba: TEIUIOBOH IOTOK, TEILIOOOMEH, TEIIONPOBOAHOCTH, TEINIOOOMEHA, TETUIOU30JISLIHA.

3. TlocraHoBKa 3agaun

PaccMmoTpuBaeTcsi TOpU30OHTANBHBIN CTEPKEHb OMPAHMYCHHOM JJTUHBI M TTOCTOSHHOTO TEMepeYeHHOTO
ceueHus, IIoManL koToporo F(cM?). Och 0X CTep:KHs HAIPaBUM CJeBa B MPABO KOTOpas COBHAAAET C
ocblo cTepskHs. Ha neBoM koHIe cTepskHs 3amaHa Temmneparypa Ty[c®], a manpasom T,[c°]. Ilpu sTom
T, > T,. Yepe3 OGOKOBOW MOBEPXHOCTH CTCp)KHﬂ MPOMCXOANUT TEIUIOOOMEH C OKpYXalollei ee cCpemoil.

[Ipu sToM KO3 dHUIHEHT TerT000MeHa h [ ] a Temneparypa okpy:xatomeii cpenpl T,.[c°]. Pacuernas

cXeMa HCCIIeyeMOoro mporiecca MPUBOANUTCS Ha pUCYHKE 1.

2303293200035 x

SYEYLQ M— '___*

Pucynok 1 - PacuerHas cxema 3aauu
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Tpebyercs onpenenuTs:

1) 3akoH pacmpeseneHus: TEMIIEPaTyPHI 10 UTHHE UCCIIEAYEMOTO CTEPIKHSI.

2) OmpeaenuTs BETUYHHY TEPMHUUCCKOTO YIUIMHEHUS UCCIETYEMOTO CTePIKHSI.
B cnyuae 3amemiieHus IByX KOHIIOB CTEPKHS HEOOXOAUMOTO ONPECITUTh:

3) Bo3HuKaroIee 0ceBoe YCHIIHA.

4) Tlome pacrpeneneHus COCTABIIIONMMX AehOpMauui U HAIPSDKCHUM.

5) Ilone pacnpeneneHus nepeMencHusl.

Ou3MKO-MEXaHUYEeCKUEe  CBOMCTBa  MaTepHalia  HCCIEAYEeMOrO  CTepXKHS — XapaKTepH3YIOTCS

BT 1
KOB(I)(I)I/ILII/ICHTaMI/I TCIJIONPOBOAHOCTH Kxx [m], TCIIJIOBOI'O paCIIUPECHUA [C—O] U MOIYJIEM YHIPYIroCTHu
M-

1NN o
E [—2] Ecmm Y4eCTh, 4YTO HUCCICAYCMbIU MMPOUCCC YCTAHOBUBLICTOCA, 4 TAKIKC 3HAYCHUC KOB(I)(l)I/II_II/IeHTa
M

TETUTOTIPOBOTHOCTH MaTepualia CTePXKHS Topas3ao OoJbllie YeM IUIONAAb MOMEPEYHOTO CEUCHHUS, TO
MOXHO 0€3 CYyIIEeCTBEHHOH OIIMOKK NpeHeOpeuh TEeMIepaTypPHbIMUA TPAJUCHTAMH B HAMPABICHHUIX
MEPICHIUKYISIPHBIX K OCH CTEPIKHS, ¥ MPUHATH TEMIIEPATypy MOCTOSHHOM B K&XKIOH TOYKE TIONEPEIHOTO
CeYeHus, IepHNeHANKYIISIpHOTO ocH 0X. [Ipu TakoMm nomyIieHnu Temneparypa ¢ (yHKIHeH TOIbKO OJJHOTO
HE3aBHCHMOBOTO MIEPEMEHHOTO X, U MOJIE PACTIPEACTICHUS TEMIIEPATYPHI MO JJIHHE CTEPIKHS MOXKET OBbITh
OTMCaHO OOBIKHOBEHHBIM AU (G EPCHITNATEHEIM YPaBHCHHEM.

CoracHO QyHIaMEHTAIBHOTO 3aKOHA TETUTO(MU3UKH, KOJIUIECTBA TEIIa, MPOXOISIIEro 3a BpeMs dt
yepe3 CeYeHHsl CTEPIKHsI, HAXOAIIErOCs Ha PACCTOSHUM X[CM] OT €ro JIeBoro KoHmua oyer

—KyxF T dr (1)

rae T(x) — moJsie pacnpe/ie/ieHUsl TEMIIepaTypbl, KOTOpas MOKa HEU3BECTHA.

B TO BpeMs KOJINYECTBO Terna, MpOIIeAIIee 3a BpeMs
dt yepes cedyeHHe, HAXOASAIIEr0Csl Ha pacCTOSIHUU X + dx[cM]  OT JI€eBOro KOHIA CTEpKHs, OyIer
paBHO

dr . d?’T
—KyoF (o + T3 dx)dr @)

dx

Kpome Toro y4actok CTEpKHS, 3aKIIOYEHBIH MEXIy CEUCHHSAMH, OTCTOSIIIMMHU OT JIEBOTO KOHIIA
CTepIKHSI Ha PAacCTOSHUM X H X + dx[cM], BciemcTBus mporecca TEIIONPOBOAHOCTH, MPHOOpeTaeT 3a
BpeMsi dt KONMMYeCTBO TerJla, paBHOE pa3HOCTH yKa3aHHbBIX KonuuecTB (1) u (2), T.e.

d?T
KxxF@dT (3)

Taxoxe CJICOAYyCeT OTMCTUTBH, YTO 3a 3TO XKC BpEMA 4YCPE3 60KOBy10 IMMOBCPXHOCThL 3TOr0 y4dacTKa
MIPOUCXOAUT MOTEPA TCIJIA PaBHOC

hPdx(T — T,.)dt “4)

rae P[cM] — mepumeTp HONepeyHOro CeYeHHSI.
Ho tak kxak uccneayemblit HaMH MIPOLIECC SIBJISETCS YCTAaHOBUBIIUMCS, T.€. CTAI[MOHAPHBIM, TO U3(3-4)
uMeeM

dzT
KxxFdedT = thx(T - Toc)dT (5)
Orcrona a1 paccCMaTpUBACMON 3a1a4H OTIPEACIINM YPaBHEHHE YCTAHOBUBITICHCS TETUTONPOBOAHOCTH

d?T _ hP(T-T,)

= 6
dx? KyxF (©)
Jlna naneHeitmero yno0cTea BBeieM 0003HaUYCHUS
hP
a’ = (7

T KyxF
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YUUTBIBAsI, UYTO TEMIIEpaTypa oKpysxatomei cpensl T, = const,0 < x < [, To umeem

d(T-Toc) — ﬂ
dx T dx (8)

OTCHOAa TAaKXKEC IMOJIy4YUM

ﬂ _ dz(T_Toc)
i am c0=xs! )
VYuuteiBas (7) u (9) nepenuiem (6)
dz(T_Toc)
— o= ai(T—T) =0 (10)

DTo ypaBHEHHE SBIACTCS OOBIKHOBEHHBIM MU epeHIIHATBLHBIM yPABHEHHEM C TMOCTOSHHBIMH
koaddurrentamu. Toraa ero oOIMiA HHTErpai OyaeT

T—T, =Ce®™ +Ce % 0<x<I (11)

I'me C; u C, ABAAIOTCS MOCTOSTHHBIMU WHTETPUPOBaHUA. VX 3HaUSHHS ONpPEAeNsIOTCS U3 TPAaHUYHBIX
YCJIOBHM B KOHIIAX CTEPHKHS.

T(x =0) =Ty[c°LiT(x = 1) = T,[c°]; (12)
T,—T,=C +C
1~ loc a11 2 _al} (13)
T2 - TOC = Cle + Cze
W3 stux cuctem omnpeaenstorces 3HaueHus C; U C,.
C. = (TZ_TOC)_(Tl_Toc)e_al
1=
e (14)
C, = (T1—Too)e™ —(T2—Toc)
2 2sh(al)

[oncrasmnss (14) B (11) onpenensercs moye pactpeeNieHus] TeMIIEpaTyphl MO JITHHE UCCIIETYEeMOTro

CTEP)KHS C YIETOM YCIIOBHUH IKCIUTyaTanuu [2]
(TZ—TOC)Sh(ax)+(T1_
sh(al)

Toc)Sha(l—x)
T(x,h, Ky, P, F, Too) = Ty + oc ,0<x<I (15)
Ha ocHoBe (l)YH,I[aMeHTaJ'IBHLIX TCOpUHU TeHJ’IO(bI/ISI/IKI/I MOKHO OINPECACIUTb BCINYUHY YIJIUMHCHU
paccMaTpuBacMOro CTCPXKHA €CJIIM OH 3allCMJICH OJHMM KOHIIOM, a L[pyroﬁ cBoOOACH

Al = [aT(x)dx = & T(x)dx = (T, +[(T, =T, Nch(al) 1)/ a= (T, = T,)(1 - ch(al)/ @)}/ sh(al)} ~ (16)

B cnyuae eciu 00e KOHIIBI CTEpIKHS 3all[EMJICHBI, TO B HEM BO3HHKAET 0CEBOE C:KUMaroIiee ycuinue R,
KOTOpoe OyJIeT HalpaBJIeHO BJIOJb €r0 OCH 0x. Ero 3HaueHue onpeiensercsl COOTBETCTBYIOIUM 3aKOHOM
I'yka [3]

RS g (-, Yella) - a- @ -T)0-cHad /@l shad}  (17)

B oTromM ciiygae mo [JIMHE WCCIETyeMOTO CTEepXKHS 3aKOH paclpeleNieHus] TepMO-yIpyToi
cocTaBistoniel HanpspkeHnss O MOXHO ONPEACTUTh CoraacHo 00001eHHoro 3akoHa ['yka
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a:F:_%z;cn[(z;_z;,cxch(az)-l)/a—m—zgcxl—ch(az)/a)]/sh(an} (18)

Torna 3aKoH pacrpeneneHusi COOTBETCTBYIOLIEH TepMO-YIIPYTO# cocTaBIsoIel AehopMaLny TaKkxKe
ompeJeIsieTcs CorjlacHoO 3aKoHy I'yka

£ =" == LA+ (T, =T, Neh(ad)~1)/ a = (T, ~T,)(1 = chial) @)}/ shial)} (10

Janee coriacHO TeOpHH TEIUIOGU3UKU ONpenenseTcsl 3aKOH paclpeieleHus TeMIepaTypHOM
COCTaBIISIONICH JTeopMaIum

&(x) =—aT(x) __a{T +( T )shax)+(T, - T, )sha(l —x)}

0<x<I]
sHal) X (20)

Tor,ua TeMIICpAaTypHad COCTABJIAOIIAad HANIPSPKCHUA YIKE ONIPCACIIACTCA COIrJIaCHO 3aKOHY FyKa
(7, =T, )sh(ax) + (T, = T, )sha(l - x)
sh(al)

IMocse 3TOro coracHO TEOPUH TEPMOYIPYTOCTH MOXKHO OMPEACIUTh 3aKOH PaCIpeelieHUs yIpyroi
COCTaBJISTIOIICH medopmariu

6,00=¢ = () ==L +{(1; =T, NeHal) 1) a~(T; =T, )1~ chaD @)} shab}+

a{ﬂﬁr( T,.)shax) + (I, T, )sha(l - x)}o< <] (22)
sh(al)

O'T(x)zEgT(x)z—aE{Toc+ 0<x<] (21)

Torna cornmacHo 3akoHy ['yka, MOXHO ONpeIeNuTh 3aKOH PAacHpeAeICHUs! YIPYroil COCTaBIISIOMICH
HaIpPsHKEHUS

019~ B5,(9) =009 = 4] =T, elal) - a~G~T.)~ckab) o sHab) +

OE{ (BT )sHad+(T T )shdl x)} e 23)
" shal)

Hakonen, MOXXHO OmpeAenuTh 3aKOH pacHpelesieHusl TepeMenieHns cedeHnn crepxkHsi. OnHa
onpezensieTcsa u3 coornoumeHnid Kommu

EX(X):Z—M;SU:-[gx(X)dX+C (24)
X

3nech 3HaueHHE MocTosHHON C ompenensaeTcs u3 ycnoBuit 3amemnennst Ux=0)=0. Torana nmeem

V) = T, + S0+ T, 2T, o ad Tk +— (T, =T, dhar—(5, -, )
ashal
(25)
°—[(1; ~T,,)chal~(1,~T,)]
ash [
Ecmm mpuanMate 3a mcXomHBIX maHHBIX: [=100cM, K, = 100 ; h= 10 o T,. = 20°C; «

=125-10" 1, E=2- 106£ T,=600°C; T,=100°C; r=1cm. To HONy4HM pe3yabTaThl NPHUBEIACHHONH Ha
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Pucynke-2. Ha PucyHnke-2, a) mpuBOAWUTCS 3aKOH paclpeieieHus TeMIepaTyphl 10 JJIHHE CTEpPXKHSL.
Bo3znukaromye 3akoH pacrpeiesiecHus COCTABIBIIONINX AehopManuii mpuBoauTcess Ha Pucynke-2, 0). U3
pPUCYHKa BHIHO, YTO TEpMO-yNpyras cocTaBifmomas aepopmanus E-IBiaseTcs] MOCTOSHHBIM IO Bcei
JUIMHE CTepxHS. B To BpeMs ymnpyras cocraBistomnias aedopmarus &(x), Ha ydacTKax B OJH3H
3alleMJICHHs] UMEIOT paCTSITUBAIONIMKA Xapaktep. B cepenuHHON ywactke crepxkHS &,(X) HMeeT
CKUMaromui xapakrep. TemmeparypHas cocraBistomas medopmarus Er(x) MO BCEH JIUHE WMeEET
CXKUMAKOIIMH xapaktep. Ee MakcuMmanibHass 3HA4YCHHS COOTBETCTBYST HAHWOOJBIIEMY TEMIIEPaTypy.
XapakTep COCTaBJISIFOIIMX HAMpPSOKEHUH IMOJAOOHO COOTBETCTBYHOIIMM JjaedopManusM. DTO HArsIHO
BUIHO W3 Pucynka-2, B). Ha PucyHke-2, T) IpHBOIUTCS TIOJIE paclpeaeiieHNs MEePeMEIICHUs CeUCHUI
crepxkHs. U3 pucyHka BUIHO, 4To ceueHuil crepxkusa Ha yyactke 0 < x < 6,9 cm nepememaromuiics o

HamnpaBJIeHUIO ocu 0X. B To Bpems HaumOounbmiee nepememieHue U,,,;=0,0043092cm COOTBETCTBYET K
CEYCHHUI0 KOOpJMHATa KOTOoporo x=8cm.; CedeHnn cTepxHs Haxomsammxcs Ha ydacTke 70<x</=100 cm
MIePEeMEIIAlOTCs TIPOTHUB HAIPABJIEHUS OCH oX. 37ech HambOombinee mnepemenieHue U, ,o=-0,0016472cm
COOTBETCTBYET K CEUCHHIO, KOOpauHaTa KOToporo x=94 cm. [pu atom U,/ Uyl =2,61639;

Temnepartypa
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T
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PucyHok 2 - 3akoHBI pacpesieNieHus TeMIeparyp, fedopMariuii, HanpspKeHU U epeMeIeHUs
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A.C. KymaxanoBa !, M.O. Horaii6aeBaZ, A. AcKapOBa3,
M.T. Apmnnnﬂ03a3, K.B. Beraimesa’, A.K. Kyz[amcyﬂ033, A.A. Tames *

'C.Ceitdyninn aThIHIAFRI KA3aK arpoTeXHUKAIBIK YHUBEPCHTETI, AcTana, Kazaxcran
2 KP BFM FA V.A.JKonnacOekoB aTbIHAAFbl MEXaHHUKA JKOHE MALIMHATAHY HHCTUTYThHI
3 KP BfM FA AxmapaTTbIK jKoHE €cenTey TeXHOIOTUSIIaphl HHCTUTYTHI

¥3bIHJbIFbI HIEKTEYJII TYPAKTBI TEPMOMEXAHUKAJIBIK KYHUIAIH BIP ME3T'UIJIE INEKTIK
TEMIIEPATYPAHBIH )KOHE BYHUIPJIIK KbILJIY AJIMACY 9CEPI ECEBIH TAJLJIAMAJIBIK IHEITY

AnHotanusi. by Makanana e3eKTiH TepMOMEXaHMKAIBIK KYHIH CaHABIK 3epTTey INpodieMalapbl KapacTbl-
JUALENISH

Kenreren enuipic opbIHAApbIHIA HETI3r1 KYPBUIBIM 3JIEMEHTTEPl KYpIEJi bUly Ke3Aepi acepiHle TYpakKThl
JKYMBIC JKacaiimel. OHIIPICTIH Y3IIKCI3 KYMBIC Kacaybl OpHHE COJ AJIIEMEHTTEPIiH CBHIHBIN KajlMayblHA TiKeJen
OaiinanpicTel. COHIOBIKTAHAA AaNIBIH — aJla HeTi3Ti KYPBUIBIM JIIEMEHTTEPIIH op TYPJIi XKBLTYy Ke3epi ocepiHae KaH-
Jlail TepMO-MEXaHHUKAJBIK JKaFaaiaa OOyblH TepeH 3epTTey OHIIPICTIH Y3IIKCi3, TYPAKTHI, Callaibl )KYMBIC JKacay
TYPFBICHIHAH OTE ©3€KTI MAceJie OOJIBII TaAOBIIa b

Ot yakpITTa TYPaKThl KOJJCHEH KHMa apKbLIbl OTETiH JKbUTYy MOJIIEPIHIH e3repyl Typaiibl ipreii 3aHHBIH
Heri3iH/ie MIeKTI Y3bIH/BIKThI XKOHE KUMAChl TYPAKThl KOJJCHEH ©3€KTIH JKbLIy OTKITIIITITIHIH TeHJAEYiH KypyFa
Oonanpl.

by skarnaiina KapacThIpbUIFaH ©3€KTiH €Ki YIIBIHIA SPTYPJIl TeMieparypa OenrineHel, aja KopliaraH opTaMeH
JKBUTY aJiMacybl OyHipiik O6er apkbuibl eteni. CoHbIMEH Katap, 3eprreineriH o3ek ANV-300 TepMUsUIBIK KOPFaHBILI
MaTepHalblHAH jKacanfaH. bapiblk OpbIH anathiH JedopManusiiap MEH KepHeyjepre OailIaHbICTBI, COHIOal-aK
3epTTENTeH ©3€KTiH Y3bIHIBIFEI OOMBIHIIA KO3FATy KE3iHAEr TeMIlepaTypa TapalyblH aHBIKTaWTBIH 3aH. JKbUTyJIBIK
Y3apTyIbIH KOHE OCBTIK KYIITIH MOHIEPI ecenTenei.

PeakTHBTI jk0HE CyTeri KO3FAITKBIIITAPHIHBIH KOMIIOHEHTTEPI, SIPOJIBIK KOHE XKbUTY SJIEKTP CTAHIIMSIAPBI,
OHJIEY OHEpKOCIOIHIH OHIEYy JKelijiepi, COHAali-aK IMIKi aHy KO3FaJITKBIIITApHl O0ap KYpAewi KbUIy aiMarblHaa
KyMbIc icreitni. Ochl KYpbUIBIMAAPIbIH CEHIM/II KYMBIC ICT€Yl MOMBIHTIPEKTEP KOMIIOHEHTTEPIHIH TEPMOAIIEKTPIIIK
KyaTbiHa OaiiiaHbicThl Ooianpl. Jlemek, Oyi1 3epTTey eKi jKarblH/Aa IIEKTEJIreH HICKTEYNi Y3bIHIBIKTAFbl ©3eKTep
TYPIHJETI KYPbUIBIMJIBIK KOMIIOHEHTTEP/IIH TEPMOAIIEKTPIIIK KyaThIHBIH XKal-KYiiH CaHbIK 3epTTeyre apHajFaH.

¥ CHIHBUIFAH €CEITey aITOPUTMI SHEPrHsl YHEMJIEY NPHHIMIIIHE Heri3aenreH. by skarnaiaa GyHKIMOHAIBIK
SHEPreTUKANIBIK (OopMyJaigapiarkl HHTETPAIAAPAbIH OapiiblK TYpJiepi aHATMTUKAIBIK TYpAe MHTEerpajiiaHraH. by
JKaraan/a anbIHFaH CaH/IbIK IIEIIMICD JKOFaphl TANIIIKKE He 00a bl

Tipek ce3/1ep: XbUTy arblHbL, XKbUTY O€pYy, XKBUTY OTKI3TILITIK, KBUTY aIMacy, KbUTy OKIIAynay.
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AN ANALYTICAL SOLUTION TO THE PROBLEM OF THE THERMOMECHANICAL STATE
OF A ROD OF LIMITED LENGTH, WITH SIMULTANEOUS PRESENCE
OF END TEMPERATURES AND LATERAL HEAT EXCHANGE

Abstract. This article deals with the problems of numerical study of the thermomechanical state of rods. On the
basis of the fundamental law on the change in the amount of heat, an equation of the established thermal
conductivity for a horizontal rod of limited length and a constant cross section is constructed through a fixed cross-
section in a time Ot. In this case, different temperatures are set at the two ends of the investigated rod, and heat
exchange with the surrounding medium takes place through the lateral surface. In addition, the investigated rod is
made of thermal protective material ANV-300. The determining law of the distribution of temperature, of all the
corresponding deformations and stresses, and also of the displacement along the length of the investigated rod. The
values of the thermal elongation and the resulting axial force are calculated.

In a complex thermal zone, bearing components of reactive and hydrogen engines, nuclear and thermal power
stations, processing lines of processing industries, as well as internal combustion engines operate. The reliable
operation of these structures will depend on the conditions of the thermoelectric power of the bearing components.
Therefore, this study is devoted to a numerical study of the state of the thermoelectric power of the structural
components in the form of rods of limited length, bounded at both ends.

The proposed computational algorithm is based on the principle of energy conservation. In this case, all types of
integrals in the functional energy formulas are integrated analytically. In this case, the numerical solutions obtained
will have high accuracy.

Keywords: the temperature, the rod, the thermal energy, the algorithm.
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O IIEPUOJUYECKOM PELHIEHUU 3ATAYU I'YPCA
JJIAA BOJTHOBOI'O YPABHEHUSA CIIEIIMAJIBHOI'O BUJIA
C HIEPEMEHHBIMHU KOOOOPUIIUEHTAMHA

Annoranusa.B manHOW pabore perreHa 3amada ['ypca B XapaKTepHCTHYECKOM YETHIPEXYTONBHUKE IS BOJ-
HOBOTO ypaBHEHHWS CIIEIMAIBHOTO BHAA C MepeMeHHBIME Kod(hduruentamu.[lomydeHo CHeKTpanbHOE IMpe/cTaB-
JICHWE pelIeHHs, He TPAIWIHOHHOE IS TAaKUX BOJBTEPPOBBIX 3a1ad.llJisi 3TOro B KadecTBE BBBCIIOMOTOAIBHOMN
3a/1a4M MCIIOJIb30BaHa CIIEKTpalbHAas 3a7ada Uil YPaBHEHUS ¢ OTKIIOHSAmMUMCS aprymenToM.llokazano,uto onpaTtop
Buga Su(x)=u(1-x) urpaet posib onepatopa IlImuara BcTpeuaronueecs B pa3ioKeHUIX BOJIBTEPPOBBIX ONEPATOPOB.

KiroueBbie ciioBa: BoisTeppoBele onepaTopsl, HHASHUHUTHAS METPUKa, 3afada ['ypca, omnepaTops! moaoous,
CIICKTp, CIIEKTpaJIbHOE pasjokeHue, MeTo Pyphe, opToroHansHbIN Oasuc, Teopema ['mpoepra-llImunara.

1. Beenenne. HccnenoBanus 3amauu Jlupuxie s ypaBHEHUS KOJICOAHUS CTPYHBI B OTPaHUYCHHOM
obmactn BocxomaT kK K. Amamapy KOTOpBI BIEpBBIE OTMETHJI HE €IUHCTBEHHOCTH pEUICHHS B
npsmoyronsuuke. . byprun u HQiodpdun [2] pacecmorpenu 3anauy Jupuxiie mis YpaBHEHUS Uy, = UgB
npsimoyroneHuke { 0 < x < X ; 0<t<T}. [lokazaHo, 4YTO HE €TUHCTBCHHOCTb PEIICHUS B ONPEICICHHOM
MPOCTPAHCTBE BO3HHMKAET TOTJa M TOJNBKO Torda, korma X/T panuoHanbHO. YCTaHOBIICHBI TEOPEMBI
CYIIECTBOBAaHUS PEUICHUA B KIACCHYECKUX MPOCTPAHCTBAX, MPUYEM TIAAKOCTh PEIICHHUS TeM OOJIbIIe,
4yeM OOJIbIIE TJIAJAKOCTh IPaHUYHOM (YHKIMHM M 4eM xyxke 4ucio X/T mpubnmkaercs panuoHaIbHBIMU
gucinamu. PaccmoTpena Ttakke 3amaya Heiimana. B panmpHeiiieM 5T pe3yabTaThl YTOUHSUIUCH U
00001IaTNCh Pa3IMIHBIME aBTOpaMu (CM., Hamp., [3], [4], [5.],[6]).C. JI. CoGones [7] mocTpous mpumMep
KOPPEKTHOW TpaHUYHON 3aJauyd B MPAMOYTOJIbHUKE Ui THIEepOOInYecKor cucTeMbl ypaBHeHuil, 0. M.
Bepesanckuii [8] mocTpomn kinace obnactell ¢ yriiaMmu, u3MeHeHHe 001aCTH BHYTPU KOTOPOTO IPUBOJIUT K
HENPEepHIBHOMY M3MEHEHUI0 pemeHus 3amaun Jupuxmne. s obnmactel ¢ riiafkoi rpaHUIed B TIaAKUX
MPOCTPAHCTBAX HM3YYaJICAd TOJBKO BOIPOC O €IMHCTBEHHOCTH pemieHus 3amaun Jumpuxie (cm., Harmp.,
paboty P. A. Anekcaumpsa [9]). B pabGore [3] B. WM. ApHosba, NMpuUMEHsSI CBOM Pe3yJIbTaThl IO
OTOOpaKEHUSM OKPYKHOCTH B ceOs, yTOUHSET pe3yibTaThl paboThI [2], yKa3biBas, YTO J0KA3aTeIbCTBO
TEOpEM O CYIIECTBOBAaHHMH KIIACCHYECKHX DEUIeHWH 3amadyn JMpuxie MOXXHO TEepEeHECTH Ha CIydvail
amnunca.Psn uccenoanuii T.I.KansmenoBa u M.A.CanpiOekoBa TakXe IOCBSIIEHBI K KpPacBBIM
3amayaM TunepOonmdyeckux ypaBHeHui [10]-[12],pe3yapTaThl 3TUX HCCICJOBAHUN TIOJBITOKEHBI B
MoHorpacdwuu [13].

B pa6ote [14] ¢ moMoIIbI0 HOBOTO O0IIIEr0 METOJIa UCCIEAOBAaHbI CBOMCTBA pemeHuit 3anaun Koy,
a TakKe MepBOii, BTOPOU M TPEThell KPaeBBIX 3a/1ady B KPyre i TUIEpPOOIUIECKOTO YPaBHEHUS BTOPOTO
MopsZIKa C TIOCTOSHHBIMH Kod(duuueHtamu. llpuMeHeHWe 3TOro Merona K YpaBHEHHUSM BBICOKOTO
mopsinka cM. B [15]. B paborte [16] mpemraraeTcss HOBBIM M OTHOCHUTEIBHO MPOCTOW METOJ TTOCTPOCHHS
CHCTEMBI TIOJIMHOMHUATIBHBIX pelieHui 3amaun Jupuxie g THNepOOTWYECKUX YpaBHEHHUH BTOPOTO
MopsAJKAa C TMOCTOSHHBIMU Ko3((UIlMEHTaMU B Kpyre, a TaKKe NpEiaraertcs IOCTPOCHHE MOJTHOU
COBOKYITHOCTH COOCTBeHHBIX (yHKIWH 3amaun [lupuxie s ypaBHEHHS KOJeOaHWSI CTPYHBI.
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IloctpoenHsie B 3TO# pabore coOCTBEHHBIC (PYHKIMH COBMANAIOT C COOCTBEHHBIMH  (DYHKIIHSIMH,
MMOCTPOCHHBIMHE paHee B padote P.A.AnekcannmapsHa [9].

IIpoBeneHHBIN aHATN3 COAECPKAHUH 3THX PabOT MOKa3aj, YTO CIEKTPAIBLHBIEC CBOMCTBA ITHX KPaeBhIX
3aJ1a4 3aBHCAT OT F€OMETPUHU 00JIACTH, B YACTHOCTH, OT I'PYyTIIBI IBMmKeHUH 00nactu. He paBHOCTOpOHHMIA
TPEYTOJIbHUK HE 00NaNaeT TPpyNnHod CHUMMETPHA, NMOSTOMY MBI OTKa3aJUCh OT XapaKTEPUCTHUYECKOTO
TpeyroJdbHHKAa W CTalM pPacCMaTpWBaTh KpPaeBBIX 3a7ad BHYTPH XapaKTEPUCTHUYECKOTO HYeThIPeX-
yronbHUKa. [Ipy 3TOM ecTeCTBEHHBIM 00pa3oM MOSBISIOTCS YPaBHEHHS C OTKJIOHSIONIUMCS apryMeH-
TaMH, KOTOPBIE 3aCIIyKUBAIOT OTACIBHOTO uccuenoBanus [17]-[24].

1.ITycts Q ecTh XapaKTepUCTHUECKUI YEeTHIPEXYTOJIBHUK BOIHOBOTO YPAaBHEHUA,

g =gy + q (58) (g + ) +0 (50) (e —wy) + 2 (52 a () w=rem ()

co cropoHamMu AB:§ +n =0, BC:§—n =2, CD:§+n=2,DA:E—n=0

[Cm.Pucl.].
n
A
! D
Q
A C >
. |etn=0 c—n=2
i B
Pucynoxk 1

[Ipenmnonoxum, 94To mpasas 4acTh ypaBHeHus (1) meproandeckas GyHKIHS ¢ KAKUMH-TO IEPUOIAMHU.
CrpammBaeTcss MOXKET JTM MMETh ypaBHeHue (1) MepuoauuecKoro PeuieHUs] MPU COOTBETCTBYHONIUX
MOBEACHUSIX KOA(DPHUITMCHTOB.

U3BecTHO, 4TO TMepHoaMYecKas 3ajada TI0X0 IMOCTaBICHA JJIsl BOJHOBOTO YPpaBHEHHS M3 32 HATUYHUS
0ECKOHEYHOKPATHOTO COOCTBEHHOTO 3Ha4YeHus B Touke A = 0. [ToaToMy MBI paccMoTpuMm 3amauy ['ypca
JUTs ypaBHeHUs (1) U U3yYUM BO3MOXKHOCTH TIEPHOANIECKOM MPOJOKAEMOCTH PEIICHUs STOM 3a7a4u Ha
Bcto (&, 1)II0CKOCTD.

MocranoBka 3agauyn.Haiitu nepuoanyeckoro pemeHus 3ana4yu ['ypca uiss BOJIHOBOTO ypaBHEHUS

uge g+ (F50) (g ) 40 (20 e~ ) + 0 () o (S u=rem @ @
ulap =0, ulpc = 0(2) (2)

N + -
st permienust 3Toi 3amaun creaaeM 3aMeHy nepeMeHHbIX. [lomaras, x = 5_’7, y = 5_77’ HMeeM
2 2

E=x+y, n=x-y,uln =ulx+yx-—y) =1ily),
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T 1 1,
ug—ux xsc+uy Y$—ux 5 +u, -Ezz(ux,uy);
1 171 1 1
uff—_[uxx Xg + lyy Ve + Ty - xf"’”yy vel = E[ '§+uxy'§+uyx'§+uyy'§]=
2 [axx + 20y, + 1y ];
R R .1 1 1,
un:ux-xn+uy-yn=ux-5—uy-z=z(ux,uy);
R . . . ir.,. 1 1 1 1
unnzz[uxx'xn+uxy'yn_uyx'xn_uyy'yn]zi[uxx'E_uxy'i_”yx;*'uyy'f]:

= 7 [Box = 28y + 0y |

Ugg — Upp = Uxy-

[ocne cnenanHoii 3aMeHbl ypaBHeHue (1) mpuMeT BUI

flyy + GO0, + PO, + PG A, y) = f(x, ).

OTHYCTI/IB IaIrro4€K Iocjie npeo6pa30BaHI/m MoJIy4yumM

[aax +peo)] [a +a] uly) = FE.

DTO eCTh BOJIHOBOE YpaBHCHUC CIICLIUATIBHOTO BI/I)Ia.TCHepb 3aliMemMcs rpaHUYHbBIMU YCIIOBUSAMU, U

6 — €+77 $-n n
00J7aCTBI0 U3MEHEHUS HOBBIX MEPEMEHHBIX X, y. OToOpakeHHe X = VY = nepeBoauT 001acTh
Q B obmacts D(cMm. Puc.2).

y

A

B (0,1) C(1,1)
» X
A (0,0) D (1,0)
Pucynoxk 2

CHGZ{OB&TCHLHO, Hallla uCXoJHasd 3aia4ya NpuMeT CJ'IC,I[yIO].LII/Iﬁ BU

5 +pe)] - [55+ 40| -ute) = rxn, y)ep ©)
Uly=0 =0, uly:l = 0. (4)
—— 116 ——
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Lenpto Hacrosimeeit paboTsl sBisercs pemnenne 3amgadu [ypca (3)-(4) mMeromaMu CIEKTPabHOM
Teopun AuddepeHIHaIbHBIX YpaBHEHHH C OTKJIOHAIOUIMMCS apryMeHTamu [17-24], u noKa3aTenbCTBO

MEPUOJUIHOCTHU MOJYUCHHOI'O PCHICHUS.

2.MeToabl MCCJIETOBAHNN

CHayasna U3y9uM COOTBETCTBYIOIIYIO CIIEKTPAIBHYIO 3a7ady:

{y'(x) +q(@)yx) =21-y(1—-x), x €(0,1), (5)
y(0) = 0. (6)

rae g(x) —HenpepbIBHAS (YHKITHS.

CripammBaeTcsi IPH KaKuX yCIOBHX Ha ¢(x) omeparop 3amaun (5)-(6) momoOHa K oreparopy 3a1adu

{y'(x) =4-y(1-x), x€(0,1), (5"

y(0) = 0. (6"
JemmMma 2.1.

Ecmn H=L5(0,1)

q(x)+q(1—x) =0,

TO OIIEPATOPHL

d
A=—, DW= e wi,  y(0) =0}

B = :—x + q(x), D(B) = {z(x) € W3, z(0) = 0}

MOTOOHBI MEXTy COOOH.
Joxka3zaTteabcTBo. Oneparopa npeoOpa3oBaHus UILEM B BHIIC

2(x) = Ty(x) = elo 104 (),

Torna umeem z(0) =e®-y(0) =0 mnpu y(x) € D(A).CnenoparensHo, onepaTop T NMepeBOANT
obnacTth onpeeneHus ornepatopa A B 00acTh onpeaeneHus omneparopa, T.e. T: D(A) = D(B).

Janee, z'(x) = y'(x) - el 109 1 g(x) - y(x) - el 1D = T[y'(x) + q(x) - y(x)] = TBy(x).
CrenoBarenbHO,
Az = z'(x) = TBy(x) = ATy(x) = TBy(x), Vy(x) € D(B), T~1AT = B,

4TO ¥ TPeOOBAIOCH JTOKA3aTh.
Jlemma 2.2.

Ecm H=L,(0,1), n

(1) gqx)+q(1—-x)=0;
(2) Sy(x) = y(1 —x), Vy(x) € L,(0,1),

TO orepaTopsl SAu SB MoT00HBI MEX Iy COOOH, TIe

d
A=— DAW=Dew;, y(0)=0)

— 17—
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B = % +q(x), D(B)={z(x)ews,  z(0)=0}

Joxa3arenbcTBo. ITycts
X
Ty(x) = elo 10 .y (5),

torma B cuity Jemmbl 1 umeem AT = TB, Vy(x) € D(B). JleiicTBysi omepaTopoM S Ha 3TO PaBEHCTBO

MOJIy4YNUM
SAT = STB.

g moxazaTenbcTBa JEMMBI JJOCTATOYHO, YTOOBI onepatopsl S u T kommyTtupoBaiu. [IpoBepum, uto
npu BbinonHeHuu ycnosus, q(x) + q(1 — x) = 0,oneparopst S u 7 KOMMYTHPYIOT.

STy(x) = Selo 10t 3, () =xef§Q(t)"t y(1 - x),
TSy(x) = Ty(1 — x) = elo 104 . (1 — ),

X 1-x 1—
Eciu STy(x) = TSy(x),r0 elo 40t = oly “a®at, foxq(t)dt —J *q(®)dt = 0.
[ponuddepeHnupoBas nocueaHee paBeHCTBO, TOTYIHM

q(x) +q(1—x) = 0.

OGpaTHO U3 MOCJIENHETO PABEHCTBA CIEAYET NPEAbIAyIIee paBEeHCTBO. B camMoM siene, eciu q(x) +
q(1 —x) = 0,10

Jya@®adt — [y q(1 —tdt =0, )

1-x

f;“q(l—t)dt=|§t==1_‘d§|=—fol"“q(f>df=ff_xq<f)df=f01q<t)dt—f0 g(Odt;  ®)

Jy a@adt = ij__dfa = - [ 9 - d¢ = [[q(1 - ©dE = 1q(1 - ) = —q(®)] =

= [; q(®)de = - [ q(O)dt, = [ q(t)dt =0. 9)

OueBuHO, uTO 13 (9), (8) u (7) cleayeT paBEeHCTBO

foxq(t)dt - fl_xq(t)dt =0.

0

W3 mocnenHero paBeHCTBA B CBOIO OUepeb cienyeT paBeHcTBo ST=T1S. Jlemma mokasana.

Jlemma 2.3. ITycts H = L,(0, 1),

q(x) +q(1-x) =0,

)51
d
A=—, DA=Uew;, y(0) =0}
B = % +q(x), D(B)={z(x)ew},  z(0)=0}

Torna cnexTpsl onepaTopoB SAU SB coBnagaroT.
— 118 ——
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HoxkazatenbcTBo. B cuiny neMmbl 2, UMeEeT MECTO paBEHCTBO

SAT = STB,= SA = TSBT 1,
rae

Ty(x) = el 1O - y(x).
Torna
SA—AM=TESB-A)"t. > (SA-AN)"t=T(SB—AD)~1T™L
CrnenoBaTenbHO, Pe30JIbBEHTHBIE MHOXKECTBA OIEPaTOpoB SAU SB cOBMaAaoT, MO3TOMY MX CIIEKTPHI
TaKXe COBIAJAIOT.
Teneps wucciemyem CHEKTp oreparopa SA, BBUAY HX BaXKHOCTH JJS TPHJIOKEHUH, TMPHBOANM
MOIPOOHBIE BBIYMCICHHS.
Jlemma 2. 4.
Ecim H:L2(0; ])5 Sy(X) :y(I-X),
d
A=~ D) =y e W§, y(0) =0},
TO onepatop SAuMeeT OECKOHEYHOE MHOYKECTBO COOCTBEHHBIX 3HAYCHUH
A= (D" (nm+5), n=0,£1,22,..,
2
1 COOTBETCTBYIOUIMUX UM COOCTBEHHBIX ®YHKHHﬁ

T
U, = V2sin (nn + E) X, B,, = const,

KOTOpbIe 00pa3yIoT OpTOHOPMHUPOBAHHBIN O0a3uc npoctpancTBa H=L(0,1).

JokazarenbcrBo. [lycte mocoaAu = uSu , cliefoBaTeNbHO, MBI MMEEM Jel0 ¢ O0OOIUICHHOMH
CIEKTpalbHOU 3a1a4eil:

w (o) =p-ull —x),

{ u(0) = 0. (10)

[pomuddepenumposas yparuenus (10), momyuum

w@)=—p-u@—x)=p-p-ul)=-p* ulx),=
{u”(x) = p? - u(x), (11)
u(0) =0, (1) =0. (12)
Oo6mee perienue ypaBHenus (11) numeeT Bun

u(x) = Acosux + Bsinux, A, B — const (13)

[oncrasus (13) B rpanuuHble yenoBus (12), momyyum

u(0)=A4=0, u'(1) = [-udsinux + uBcosux],—, = u - Bcosu = 0.

— 19—
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ITockomneky, B#0, To co6cTBenHbIe 3HaueHus 3anaun (11) +(12) HaxoasaTcs U3 ypaBHEHUS

A(u) = pcosux = 0, (14)

3naueHni0 4~0 COOTBETCTBYET TpHBHAIbHOE pemieHne u (x)=0, MO3TOMYy OH HE SBISIETCS

CcOOCTBeHHBIM 3HaueHUEM. 13 ypaBHeHUS, cosu—0, HaxomauM cOOCTBEHHBIX 3HaYeHMA 3aaadn (11)+(12).

pp=nm+2, n=0,11,42,.. (15)

KBangpar kaxxnoro cobctBeHHOro 3HaYeHus 3anaun (10) siBIseTCs COOCTBEHHBIM 3HAUCHUEM 3a/lauyu
HIrypma-JInysumns (11)-(12), mpu 3TOM COOTBETCTBYIONIHME COOCTBEHHBIE (YHKIMH coBIamaroT. Ho
3amava (11) -(12) MoxxeT UMETh U APYTHUX COOCTBEHHBIX 3HAYCHHIA, U COOTBETCTBYIOIINX UM COOCTBEHHBIX
(GYHKIHIA, TTO3TOMY LIEJI€CO00pa3HO MpsAMasi MPOBEPKa MOJYUYSHHBIX COOCTBeHHBIX (QyHKIMi. [TomcTaBus

coOcTBeHHBIX pyHKIUH, u,(x)=B,sinu,x, B,-const B ypaBHeHue (10), umeem
u‘;l(x) = UnBncosuyx,

un(l —x) = By - Sin.un(l —x) = Bn- Sin(.un - .unx) =

T
= B, - siny, - cosp,x — cosy, - sing,x = B, - sin (nn + E) X - cosuyx = By, - cosnm - cosp,x =

= (—1)"B,, - cosi,Xx.
CnenoBarensHo, U, (x) = (—=1)"u,u,(1 — x), rae

[y = NI +§, n=04+1,42, ..

[MokakeM MOJHOTY TIOJYYEHHOM CHCTEMBI COOCTBEHHBIX QyHKumiA. [TycTh s Hekoroporo, f(x) €
L, (0, 1),umMeeT MeCTO paBEHCTBA

1
ff(x)un(x)dx =0,n=12,..
0

Tornma
1

bix
ff(x) sin (mr + E) xdx =0,n=0,+1,+2, ..,
0
1
T
ff(x) sin (—nn +E) xdx =0, n=0+1+2,...
0

CIoUB 3THX JIByX PaBEHCTB, IMEEM

1

X
ff(x) cosYSinnxdx =0, n=0,+1+2,...
0

Orcrola B CWIIy TOJHOTHI cucTeMbl GyHKuMii {sinnmx}s mpoctpanctee L,(0,1) momyunm
X
f(x)cos - = 0 mouTH BCroy B creoosamensio, f(x) = 0 moYTH BCIOLY B.

OpTOFOHaﬂbHOCTB HOHy‘IeHHOﬁ CHUCTCEMBI IPOBEPSCTCA HEIMOCPECACTBCHHBIM BBIYUCIICHUEM

— 120 ——
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1 1
. T . T 1

fsm (nn +E)x - sin (mn +E) xdx = Ef[cos(n —m)wx —cos(n +m+ D x]dx =

0 0

_ 1[sin(n-m)mx  sin(n+m+1)mx
T2 (n-m)mw (n+m+1)w

”: = 0,npun # m.

Brrancnue HOpMY cOOCTBEHHOM (DYHKITHIH, TMeeM
1 1

T
lun I =2 - f sin? (nn + E) xdx = f[l — cos(2nm + m)x]dx = 1.

0 0
Jlemma 2.4 nokazasa.

Terepb MBI B COCTOSIHUH [JOKa3aTh CIICAYIOLIYIO TEOPEMY.
Teopema  2.1. Ecmu  H =L,(0,1),u q(x)-HempepsiBHast  BEIIECTBEHHas  (DyHKIHS,
YIOBIIETBOPSIIOLIAS yCIIOBHIO,

qx) +q(1—-x) =0,

TO COOCTBEHHBIC (PYHKIMI KpaeBOW 3a1a4un

{y'(x) +q()y(x) = 2y(1 —x),

y(0) =0 (9

obpasyrot 6asuc Pucca B mpoctpanctsal, (0, 1).

Hoxka3areanctBo. Ilycts u, (x) — coOcTBeHHBIE QpyHKIHI KpaeBoi 3anauu (10), Torma pyHKIm
X
Ya (@) = e~ 4O 4y, (x)
OymyT coocTBeHHBIME (QyHKITHAMU 3amaun (14).B camom nere,

- Jy a®at - f;‘q(t)dt’ N

Yn(x) = up(x)e — q(X)uy(x)e

Y (6) + ¥ (0)q(x) = 1 (x)e ™o 1D,

HeiictByst oneparopom Sy(x) = y(1 — x) Ha 3TO pPaBEHCTBO, W MPHHSIB BO BHUMAaHHE YCIIOBHS
TEOPEMBI, UIMEEM

Jy a(®at Jo a(®at

s[yn () + ¥, ()g(M)] = up(x)e” = paun(x)e” = (), =

V() + Ya(0)q(¥) = pyn (1 = x), y,(0) = 0.

OcTanocsk JIUIlb 3aMETUTDb, YTO OI€paTop

Tuy(x) = e~ o 904t .y ()

JIMHEHHBIN OTPaHUYCHHBIM, U 0OpAaTUMBI oreparop B mpoctpancTse L, (0,1). Teopema nokaszaHa.
Temepp  NPUCTYNUM K pEIIEHHIO IOCTABJICHHOM paHee 3alaui, Uil STOr0 CHAyajga peidM
CIIEKTPAIIBHYIO 33714y

S+ (][5 +aW]uty) = @ -x1-y) (15)
Uly=0 =0, uly=; =0. (16)
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Perrenust 3Toil 3a1a4yu UIEM B BUE

u(x,y) = v(x) - w(y). (17)
TOFILa Hn3 FpaHI/I‘{HOFO YCJ'IOBI/ISI HMECM

Uly=o =v(0) - w(¥) =0, = v(0)=0;
uly—1 =v(x) (1) =0, = w(l)=0.

[oncrasus (17) B ypaBHenue (15), umeem

55 +rw) v [55+a0|
v(l—x) w(l-y) 7

Pa3I[eJII/IB MEPEMECHHBIX MTOJYUYHUM JABC CIICKTPAJIbBHBIC 3a1a4u:

I {v'(x) +p)v(x) = pv(l - x),
’ v(0) = 0.

H{w'(x) +qw®) =vo(l-y),
w(1l) =0.

Ecnu u(y)sBisercs pelieHneM CIIEKTPaIbHOM 3a1a4n

u'(y) =vu(l—y),
{ u(1) = 0. (18)

uq(y) +q(l—y)=0,T10 hynxuus

) = el 9%

w(y u(y)

SIBJISIETCSI pELICHUEM cIieKTpaibHOoH 3aauu I. B camom nene

1 1
Iy a®ag fa®©d, oy o

Iy a@©ag.

w' @) =u(e —q)e
'+ g =u' e

Iycts Sy = y(1 — x),Torna
1 1
S[o' @) +a@om)] = b O%uA - y) = b 1O (1 - y) = 20 (),
') +q@w®) = w1 - ).
Hanee, u3z u(1) = 0 credyem w(1) = 0, makum 06pa3oM, HaM OCTAIOCh PEMIUTH 3a1auy (18)

{u'(x) =vu(l —x),
u(1l) =0.

UToOBI BOCIOJIL30BATLCS YK€ M3BCCTHBIMH pPaHEC PE3yJibTaTaMU CACIACM 3aMCHY IMEPEMCHHOTIO,
moJiaras
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v(x) =u(l—x), v'(x)=—u'(1-1x), v -x)=u,
{—v'(l —x) =vv(x) N {v'(l —x) = —vv(x),
v(0)=0 v(0) = 0.

W3 nemmel 4 Ham HU3BCCTHO, YTO

. s
Up(x) =By - sin (nﬂ + 5) X, CIIEIOBATENBHO,

vn(x)=vn(1—x)=Bn-sin(nn+g)(1—x)=Bn-sin[nn+g—(nﬂ+z)x] =

T T
=B,, ' cos (nn + E) x+cosnmt = (—1)"B,, - cos (nn + E) x
Berunciaum coOCTBEHHBIX 3HAUECHUN

v, =B, (nn+§)-cos(nn+g)
v, (1—x) =B, sm(nn+ )(1—x)—( 1)"B, cos(nn+2)
v, = (nn+ )( l)nvn(l—x)——(nn+ )( Dy, (1 —x), =
n = (=1 (nm + E)'

Taxum 00pazom, pelieHueM CeKTpaabHOH 3anaun (18) aBusercs GyHKIUH
u,(y) = c,cos (nn + 2) Y,

o . = (=1)"+1 E _
a COOCTBCHHBIMH 3HAUYCHUSIMU  4YHCIIA. Up = ( ) nm + > ) rac Cn HOPMHUPOBOYHBIC

Koa(puIrenTsl. Berancanm 3Tux ko3 QuimreHTon
lunll? = |cnl? f cos (nn + )ydy |C”| f [1+ cos(2nm + m)yldy=

|cn]?
2

_enl? sin(2nm + m)y|*
2 y 2nm+m

=1, cn=\/§.

st monHON yOeTMTeIbHOCTH TPOBEPUM OPTOTOHAIBHOCTE 3TUX COOCTBEHHBIX (YHKIIUH

1

(U, uy) =2 f cos (nn +
0

A

E)y-cos(mn+ )ydy—

cos mr+ +mn+n)y+cos(nn+z—mn——)y dy =
2 2

o%’_‘

1

= f{cos (n+m)m + w]ly + cos(n —m)my}dy =

_ [sm(n+m+1)y sin(n— m)ny”

=0, mpun # m.
n+m+1

Hamu nokasana cnepyromas aemma 2.5.
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Jlemma 2.5. CoOcTBeHHBIMU (DYHKIMSMHU CIIEKTPaIbHOHN 3a1a4l

{w'(y) +qWw@) =vo(l-y), ye(O1)
w(1l) =0,

qy) +q(1—-y)=0
ABTISICTCS. PYHKIMH

1 T
w(y) = zefy a@)ds cos (nn + E) y, n=0,+1,%2,..
a cOOCTBEHHBIMHU 3HAYECHUSIMU

T
vp = (D™ (4 2), = 0,442,

Teopema 2.2, Ecnu H = L,(0,1),u q(x)-HenpepsiBHast BEILECTBEHHAs
YAOBJIETBOPSIOLIAS] yCIOBUIO

q(x) +q(1—-x) =0,

TO COOCTBEHHBIE (DYHKITUH KpaeBOH 3a1aun

{y'(x) +q@)y =vy(1—x),
y(1) =0

ob6pasyror 6azuc Pucca mpocrpancrtsa L, (0, 1).
JlokazaTensCTBO TEOPEMBI, OUEBHIIHBIM 00pa3oM, CIIEyeT U3 JIEMMBI 2.5.
IToabITOXKMM pe3yabTaThl MOTYYEHHBIX J1eMM [2.1-2.5], B Buze cienyromei TeopeMsl,

Teopema 2.3. Ecnou H = L,(0,1) u
MHpx)+p(1-x) =0,
2 q)+q1-y)=0

TO CIIEKTpallbHAasI 3a/1a9a

{[% +p(| [+ am]utey) = 2w -x1-)

u|x=0 = 01u|y=1 = 0

HMeeT OECKOHEUHOE MHOKECTBO COOCTBEHHBIX 3HAUECHMIA:

1 1
Apm = m2(=1)ntm+l (n + E) (m + E)' nm=0,+1,+2, ..

7 COOTBETCTBYIOIINX UM COOCTBEHHBIX (VYHKITHIA:

) = 2¢ly A0 P@at

Unm (x, y - sin (nn + g) X " coS (mn + g) y,

KOTOpbIe 00pa3yroT 6azuc Pucca mpocrpancrsa L, (D).
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3. Pe3yabTaThl HCCI€I0BAHUHT
Teneps BepHEMCS K IepBOHAYaIBHOH 3amaue (3)+(4). JleficTBys omepaTopoms:

Su(x,y) = u(1 — x,1 — y)na ypaBHenue (3) ,lony4nm
S [:—x + p(x)] [% + q(y)] u(x,y) =Sf(x,y) =f(1—-x,1-y). (19)

Paznoxus ¢pyukuuio u(x,y), u f(1 —x,1 —y) no cobcTBEeHHBIM (DYHKIMAM CIICKTPAIBHOM 3a1a4n
(15)+(16), nmeem

fA-x1-y)= Z famUnm (X, ¥),

u(x, }’) = z%=—oo Anm unm(x: }’)- (20)
T7€ fum, Apm- COOTBETCTBYIOIIME KOdQPuumentsl Oypoe. [Tonctasus (20) B (19) , momyunm

+o0 400
z Am Qam Unm (X, ) = z fam U (X, Y), =

nm=-—o n,m=—o

_ fnm
Anm = /1—
nm

CrenoBarenbHO,

u(x,y) = Z /]{n_munm(xJY)-

n,m=—o

Teopema 3.1. Eciu H = L,(0,1) u

(@) px) +p(1—x) =0,(b) q(y) +q(1 —x) =0,

TO 3amaua ['ypca

[% +p()] [% +a)|u@n = feey, @y e

Uly=o = 0,uly=; =0

CIWIBHO paspemmma B mpocTpaHcTBe L ,(D)c BecoM, M s peutenus u(x,y) HMeeT MeCTO
npeacTaBICHUE

Unm (%, ¥) = 2exp [fyl q(®)dt — fox p(t)dt] - sin (nn + %) X * COS (mn + %) y,
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1 1
Apm = w2 (—1)ntm+l (n + E) (m + E)' n,m=0,+1,%2,..

rae fpm-ko3dunmentsr @ypoe Gpynkuun f(1 — x, 1 — y)no cucreme {uy,,,}.
CkanspHoe Mpou3Be/IeHHe B IPOCTpancTBe Ly ,(D)umeet BH

X

1
1 1
,g) = dt — d . ,y)dxdy.
f.9) fojoexpoqa)t Ofp(otf(xy)g(xy)xy

CJ'IC,Z[YI-OH_Iaﬂ JJ€EMMa MHOTHM HM3BECTHO, BCC€ XK€, I TMOJHOTHI H3JIOXKCHUA IIPUBOJIUM €TO
J0Ka3aTcIbCTBO.

Jlemma 3.1. Iycts q(x) mepuoandeckas ¢ nepuogom 1 pyukmus 1.e., q(x+1) =q(x). Toraa ais Toro

9TOOBI (QYHKITUS
X

0 = [ aar
0
OBLIO TTeprHoaNYECKON (QYyHKITMEH ¢ TIEpHOIOM PaBHOM 1-11e¢ HE0OXOIMMO M TOCTATOYHO, YTOOBI

1

f q(t)dt = 0.
0
Jloka3aTenbCTBO.

(a) Heooxomgumoctp. Ilycts Q(x) mepuoauyeckas (yHKIHS C MEPHOJOM PAaBHOM EAUHHMIIE, T.€.
Q(x) =Q(1 + x). Torma

[ q®adt = [ q(®)dt = flq(t)dt +f1+xq(t)dt'

1+x
1+§

| awac=|" 2 f 1+ £)dg = f a()ds.
1

CrenoBarenbHO

fxq(t)dt = flq(t)dt+fxq(€)df-
0 0 0

1
OTCIo/ia 0OYEBHIHO, YTO fo q(t)dt = 0.

(6) JocraTounocthb. JlomycTum, 4To uMeeT MecTo paseHcta:q(x) = q(x + 1), [ 01 q(t)dt = 0.

Torma
1+x 1+x

Q(1+x)_f q(t)dt—fq(t)dt+f q(O)dt =

1+x

f q(t)dt—| 1+€

f (1+)ds = f a(§)dE = Q(x).

9TO U TPeOOBAJIOCH TOKA3ATh.
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Cnencrue 3.1. Ecmu p(x), q(y)BeliecTBeHHbIE HENMpEpbIBHbIE (GYHKIMH YIOBICTBOPSIONIHE
YCIIOBUSAM:!

p(x) +p(1—x)=0,q(y) +q(1—y) =0,
TO GYHKITAN
X 1
P = [ e, @) = [a@ae
0 y

MIEPUOUYHBI C TIEPHOJAMH PAaBHBIMU €IUHUIIE.
Joxa3zaTeabcTBo. [lokakem, 4TO P BHIMTOTHEHUH YCIOBHS (1) IMEeT MECTO paBEeHCTBO

1
fp(t)dt =0.
0

U3 ycnosus (1), umeem

1 1 1 f=1-t 0 1
fp(t)dt +fp(1 — t)dt = 0; fp(l  6)dt = |d¢ = —dt| = —fp(f)dg _ fp(f)df,
0 0 0 t=1-¢ 1 0
CrenoBarenbHO,
1 1
2| p()dt=0 = | p(t)dt=0.
/ /
JHanee,
1 y y
Qly) = jq(t)dt+fq(t)dt = —jq(t)dt.
0 0 0

CaencrBue 3.2. CoOcTBeHHBIC GYyHKINN CIIeKTpanbHOM 3anaun (15) +(16) meproandHbI ¢ IEPHOIOM
T=2.
Jloka3aTenbCTBO.

1 x
Upm (X, y) = 2exp f q(t)dt — f p(t)dt| - sin (nn + E) X - cos (mn + E) y,
2 2
y 0

1 X

Upm (X + 2,y +2) == 2exp f q(t)dt — f p(t)dt| - sin [Znn ++ (nn + g) x] .
0
cos [yZmn+n+ (mn+%)y] =

X

1

= 2exp jq(t)dt —fp(t)dt - sin (nn+z)x-cos (mn+z)y = Upm (X, ¥).

2 2 e
y 0

CdhopmynupyeM MoayyeHHYIO OKOHYATEIBHYIO TEOPEMY.

Teopema 3.2. Ilycte, H = L,(D),u p(x),q(y), f(x,y) BemecrBeHHble HENPEPBHIBHBIE (DYHKIIHIA.
Eciu BBIOMHSOTCS yCIOBHSL:

(@) p(x) +p(1—x) =0,

®) q(y) +q(1-x) =0,

(©) f(x,y) € Co(D);
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TO 3ana4a ['ypca

[aa—x + p(x)] [c’)a_y + q(y)] ulx,y) =f(xy), (xy)€D

u|x=0 = O, u|y=1 == 0
UMEET eIMHCTBEHHOE MEPUOANYECKOE PEIlIeHHE,C TIepruoIoM T=2,
4.00cy:xknenue.

HexoppekTHOCTh 3ama4n Jlupuxiie BOJHOBOTO YPABHEHHS Uy — Uyy, = 0 B oOmactu D [cm.Puc.2]

00IIen3BECTHA,C ONIEPATOPHON TOYKU 3PEHHUS BOJIHOBO OIEpaTOp MMEET HEMPEPBIBHBIIN CIIEKTP,T.C.,HOJb
SBISICTCA  OECKOHEYHOKPATHBIM  COOCTBEHHBI 3HAUCHHEM,AHAJOTMYHBIM CBOMCTBOM o00namaet w
nepuoryecKas 3a7a4a,mo3ToMy MbI 0OpaTHIM CBOC BHUMaHHUE Ha 3amady ['ypca.

5.BbIBOJBI.

BonHoBele ~ ypaBHEHHSI ~ ONHUCHIBAIOT  BOJIHOBBIC — IIPOLIECCHI:  PACIpPOCTPAHEHUE  3BYKAa,
AJNIEKTPOMAarHUTHBIX BOJH, BOJH Ha BOJE, PAJMOBOIH W T.M. VI3BEeCTHBI ciydaw, KOT/Ia BOJHBI Majon
aMIUTUTYIBI 00pa3yloT THTAaHTCKUE BOJIHBL. Takoe SIBJICHHE MPOUCXOIUT H3-3a JIIUTEIBHOCTH MpoIecca
pacipoCTpaHEeHUs BOJH, TO3TOMY 33ja4a CTa0MIIM3alMU PEIICHUI BOJIHOBOTO YpaBHEHHS TpU t — 40
MMEET BaXHOE IpakTHdeckoe 3HadeHue.OIWH M3 MPHU3HAKOB CTAOMIM3AIMHM BOJH HX MEPUOIUIHOCTD.
Hamu ycTaHOBIIEHO, YTO €CJIHM BHEITHEE BO3MYIICHHE JIOKATM30BAaHO T.€. (PHMHHUTHO, a KOA((OHUIIMESHTHI
BOJTHOBOT'O YpaBHEHHS MEPUOIWYHBI M HEUETHBI, TO pelieHue 3aaadn ['ypca Jormyckaer mepuoandeckoe
MPOJIOJKEHUE Ha BCIO INIOCKOCTh HE3aBUCUMBIX TIEPEMEHHBIX.
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ON THE PERIODIC SOLUTION OF THE GOURSAT PROBLEM FOR A WAVE EQUATION
OF A SPECIAL FORM WITH VARIABLE COEFFICIENTS

Abstract. In this work the task of Goursat in a characteristic quadrangle for a wave equation of an express view
with variable coefficients is solved. The spectral impression of the decision not traditional for such Voltaire tasks is
gained. For this purpose as a vvvspomogoalny task the spectral task for the equation is used with we
otklonyashchitsya by an argument. It is shown that the oprator of a type of Su(x)=u(1-x) plays a role of the operator
Schmidt BcTpeuaronmeecs in decomposition of Voltaire operators.

Keywords: Volterra operators, indefinite metric, Goursat problem, similarity operators, spectrum, spectral
decomposition, Fourier method, orthogonal basis, the Hulbert-Schmidt theorem.
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HEJIMHEWHBIN 3AKOH I'YKA B TEOPUM YIIPYTOCTHU
HEOJHOPOJAHBIX U AHU3OTPOIIHBIX TEJI

AnHoTanus. HenocpeacTBeHHO U3 (U3UUECKOM CBSI3U C HETMHEHHBIM 3aKOHOM ['yKa BBIBOJSTCS KOMIIOHEHTHI
TEH30pa HaNpsHKSHUH TBEPAOTO JeGopMUPYEMOro Tejia M HOBBIC HEJMHEHHbIE ypaBHEHHS TEOPUH YIPYTOCTH C
HECUMMETPUYHBIM TEH30POM HAINpPSLKEHUM, KAaK YacTHBI cloydail MOMTydarOTCsl YPaBHEHHs C JIMHEHHBIM 3aKOHOM
I'yka. 'nnoresa Jlame n ypaBHenus Jlame He UMeIOT (hU3NUECKOH CBSA3M ¢ 3aKOHOM ['yKa, B 3TOM 3aKJro4aeTcsi ux
¢anpmmBocTh. Jlame B3s1 3a ocHOBY npHOMMKeHHYI0 (Gopmyiy HemosiHOTO IuddepeHrana 1 MpeAroaokuI B
CBOEH THIIOTE3€ MPONOPLHOHAIBHOCTh KOMIIOHEHT TEH30pa HANpsDKEHUM CHMMETPUYHOW MOJIOBHHE JaHHOIO
HenoHOTO AuddepeHnnana cMemeHus, IpuieM aHTUCHMMETPUYHAS MTOJIOBHHA Mu(depeHraia oTOpackBacTCs,
CIIECTBHEM Yero sABNseTCA (pajpImuBas CHMMETPUYHOCTH TeH30pa HampspkeHui Jlame. HoBple HenmmHeWHBIE
YPaBHEHMs AaIIIPOKCUMHUPYIOTCSA SBHOW CXEMOW, C IPUMEHEHHEM KOTOPOW YHMCIEHHO PACCYUTAHO YIPYroe
COCTOSIHHME IUIOCKOTO OpycKa HpH JCHCTBYIOIIMX HA BEPXHEH I'PaHM HOPMAIBbHOM M KacaTeIbHOM HAIPSHKEHHAX.
Takas >xe cxema npuMmeHeHa Juig ypaBHeHuil Jlame. IlosyuyeHHble KapTHHBI paclpefesIeHUs] CMEIEHUN HarJIsiHO
JIEMOHCTPUPYIOT pa3iuyie pelleHHH CpaBHHBAEMBIX CHUCTEM YpPaBHEHHMH YNPYroCTH, a TaKXKe HECOOTBETCTBHE
pewieHusi ypaBHeHud Jlame JnaHHOMY cocrosiHMIO aAedopMmupyeMoro Tena. Teoperndyeckd W (U3HMUECKH
MOATBEpXkKIeHa (halbIIMBOCTh YpaBHeHuit Jlame.

KitoueBble cjI0Ba: pacTsHKEHHUE, KacaTelIbHOE, HOPMAJIBHOE, HAMIPSKEHMSI, TEH30D.

1. KacateibHble HanpsKeHUsI 10 00001eHHOMY 3aKoHy ['yka

3axon I'yka - yTBepxIeHHE, COIIaCHO KOTOpoMy aedopMalivs, BO3ZHHMKAIOIIAs B YHOPYTOM Tele,
MPOMOpLUHOHANIbHA MpUiIokeHHOH cuie. OTKpHIT B 1660 roxy anrnmuiickum yuéHsiM Pobeprom ['ykom.

Crnenyer uMmeTh B BHUAY, YTO 3aKOH ['yka BBINONHSETCS TOJMBKO Hpu Manblx Aedopmanmax. Ilpu
IPEBBILICHNH NIpeJesia  [IPOINOPLUUOHAIBHOCTH CBSA3b MEXKIY HAaNpsDKCHUAMH W JeopMarusMu
CTaHOBUTCS HeJIMHEIHOM.

st MEHOTHX cpen 3akoH ['yka HEMPUMEHHM JaXke TIPU MalbIX AedopManusx.

BrlBon AMHaMUYeCKMX YpPaBHEHMH C HECHMMETPUYHBIM TEH30pPOM HANpsHKEHUN IO JUHEUHOMY

saxony Tyka san s [1: F = ku,k>0, F, =ui,F, =vj, F,=wk, u=ui+vj+wk— sextop
nepemetenns, r1e F=F, +F, +F, — 6HewHsi CiIa, BRI3bIBAIOLIA ICPEMELICHHE.

B HeomHOpOAHBIX Cpelax, COCTaBICHHBIX W3 TEI C Pa3IWYHBIMH YIPYTUMHU CBONCTBAMU WIH B
AHM30TPONMHBIX TENlaX, CBOWCTBA KOTOPBIX 3aBUCAT OT HAmNpaBlcHHS, 3aKOoH ['yka MoxeT OBbITh
HeluHelHbIM TAIIA

—_— mu 3 mV 3 1/IIW
F=ku™i+k v"j+k vk, k, >0k, >0k >0 (L.1)
IMpu mokasaTensx creneHeil, paBHbIX | U ku :kv :kw =Kk, (1.1) mepexomuT B IMHEHHBI 3aKOH

['yka [y W30TPOIHON Cpenbl, CIEIOBATENbHO, NOKA3aTENd CTENEHEH NOJKHBI OBITh HeuemHblMu
qucaamu [2], 910 OyZCT monTBepskAeHO HUKE CBOMCTBAMHMTHIEPOOTMUECKHX yPABHEHHAX YITYTOCTH.
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m

[TycTh Ha IIIOCKOCTH Y1 CUJIA CBsI3aHa C TIEPEMELIEHUEM 10 00OOIEHHOMY 3aKOHY F 1= k Jup 'l
m, e J—
aHaJIOTUYHO CUJIa F2 =k LU, "1 HamiockocTn y, =Y, +5y, éy >0

[IpuparieHus cul U epeMeIeHui MeXy CIOSIMHU PaBHBI:

oF=F,—-F =k u)"i—k u™i=k ou™i, ou™ =u* —u™ >0.

y m .
. F2=kuu2ul
tz [~ -" -
oF =F, -F
5Y 2 1
Y1+ J - -
F =k, u "i
1
i
X
=T

[ycte ‘Fz‘ > ‘Fl , B 9TOM cJIydae MpUpalieHue CHIIbl HalpaBJIeHO 1Mo ocH X: O F TT 1. Beomures

nuneitnas wiotaocts f = O0F /0y, OF =0yf - ITo ompeneneHuio CpeAHUM BEKTOP KacaTEIbHOIO

HaTPSHKCHIS pyxcp = rapajyuie]icH W OJMHAKOBO HAIpaBJICH C CHJIOW, BBI3BIBAIOIICH TaHHOE

0X0Z
HanpsDKEHHE pyxcp TT OF, pyxcp TT f.

Beenennem kodduiimenTa nponopuoHaIbHOCTH 00pa3yIOTCs CBSA3H:

f=kp,,, k>0, Syf =k'p .5y, p
k'p 5y=ku5um“i

T™i,

yxcp? yxep
yXcp
JlaHHOE BBIpaX€HHE YMHOXKAETCS CKaJsPHO Ha OpT l:

(K'P ., 0y,D)=(k , Su™1, 1)

B pesynbrare nomy4darorcs

(k'p yxcp é‘y?i):k' ‘p yxcp

Sy ijcos0’ =k'p ;0> (k,ou™i,i)=k Su™

PaBencTna
k ou™
! _ m, —_u
kpyxcpéy =k, ou™, Pyxep = v oy
B IIpeJIeTie JAI0T KacaTeJIbHOE HAINPS)KEHUE
= lim — our _, un =4
Py  Syo0 k' oy —H oy > M T k'
KacarenbHble HanpsKEHUS MO IPYTUM HAIIPABICHUSIM aHAJIOTUYHBL:
o o™ _ow™ oWt A
pxy_/’lv 6}( ’pzx _IL{I 6Z ’pxz _lLlw a}( ’pyz _/Llw ay ’pzy_ll’lv 82
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DOpMYJIbI HeCUMMEempUYHbIX KACATENbLHBIX HANPSKEHUH BBIBEIEHBI JUIA BBI3bIBAIOLIEN PACTSIKEHUE
tena enewrneti cuibl F=F +Fy +E, -

Vmpyras cuia B peopMUpyeMOM Telle 10 TpeTheMy 3aKoHy HbroTOHa paBHa BHEIIHEH cuie co
3HaKOM MHUHYC Fynp = —F. CnenoBarenbHo, TUHEWHBIN 3aKk0oH ['yka IJisi CHIT yIIpyroctu OyAeT UMETh
BU =— =—kui —kvi—

n F,, =-ku,F = =-kui-kvj-kwk.
AHaoruuHoe NpeaCcTaBlIeHUE sl HeIMHEWHOTro 3akoHa ['yka

F_=-ku™i-k v™j-k w™k

yup

e

F

m o .
, b‘ﬂp:_kHU‘?ul

e
(]

m .,
kuuq ] — cMemeHHe

[ —

oy
= mu.
JFIF'IP kuul 1
- - =

1
uy — CMEIMEHHE
kyu, i

ik

“'L

HYCTL Ha TIIJIOCKOCTH y; CHJIa CBfA3aHa C TCpEeMCHICHUEM 110 HeJ'IHHCfIHOMy 3aKOHY

— m, s — m, s =
Flynp =k ,u, i, aHAIOTMYHO cCuIa F2ynp =k L,u,"i Ha miockoctH vy, =Yy, +5y’
oy >0,
IIpupaienus cuin ¥ nepeMenieHUu MeX Ly CIIOSIMU PABHBI:
SF=F, -F =

— m, < mys m, e
=k u,"i+kui=—k ou™i,
ou™ =uy" —u™ >0.
IMycts |F2| >|F1|’ B 5TOM cilydae MNpHpalleHue cuibl HampasieHo mpotuB ocu x: SF TV i

BBoautcs nuneliHas WIoTHOCTE f = SF /O y, OF =oyf -

I[To omnpeneneHuro CpeaHUl BEKTOpP KacaTeJbHOTO HAMPSKEHUS pyxcp =

@,50 =0X0z
oo

napaui€ji€ceH W OJWHAKOBO  HaIpaBJICH C CHHOﬁ, BBI3BIBAIONICH  JTAaHHOE HaIIpsKECHUEC

T 6F, p,., TTT.

yxep
BBenennem koaduimerTa nponopuuoHaIbHOCTH 00pa3ylOTCs CBA3ZH:

f=k'p,., k>0, 5yf =k'p . 3y, Ni, k

I[aHHOG BBIPAXKCHHUC YMHOXKACTCA CKAJIPHO HA OPT l:

(k'p... Sy,i)=-(k Su™i,i)

Py

pyXCP pyxcp Pyxcp5F-ku§um“i

P yxep
B pe3ynbTaTe nosyyarorcs

K'p.. Oy,i)=k S5yli|cos180’=k’p, . Sy, -(k,Su™i,i) =—k Su™ pasercrsa

!
Pyxep Pyxep yxep
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_k, ou™
yXcp kv 5}’

B IMIPEACIIC NA0T KaCATCIbHOC HAIIPSIZKCHUC

k'p ..0y=k,ou™, p

!
Pryxep

P, = hmﬁau—mu:,u u™ Y7 =5>0
oeso k' gy Tt ey Tt K
KacarennHrle HaIpsKCHUA 110 APYTUM HAIIPABJICHUAM aHAJIOTUYHBIL:
™ a™ ow™ ow™ ™
Py = o P AT P T AT TP AT TP T AT

Taxum o6pazom, GopMyibl HANPSHKEHUH U1 BHEIIHUX CHJI COBIAAAIOT ¢ GOpMyJIaMH BO3IEHCTBUS
YOPYTUX CHJI, TO3TOMY AaJbHEWIINE BHIBOJBI JEIAI0TCS TOIBKO JUIsl BHEITHUX CHJI.

2. Cpsa3b HOPMAJTBHBIX HANIPSIIKEHUH ¢ 3aKoHOM I'yka

o
AHaNOTMYHBIME PACCYKICHUSMH YCTaHaBIMBaeTca (opmyna cocrapiitomeid P,, HopmansHOrO
. o
HampsuKeHusA P, = Adivu i+ P
m. e m,e
ycts Buemnue cunbl paubl: F, = k u i na mockocrn X; n F, =k u)"i na nnockoctu

X, = X; +0X,0X > 0. Mpupawenns cun u nepememenuit:
oF =F,-F =k u*i-k u™i=k du™i, ou™ =uy* —u™ >0.

ITo onpenencHUIO HANPSHKEHHH HMMEIOT MECTO pixcp =—,00=0y0Z ¥ oauHAKOBas

oo
HaIlPaBJICHHOCTh BEKTOPOB oF TT is CHITY ‘Fz‘ > ‘Fl ‘

Yepes NTuHEWHYIO0 IIOTHOCTD

£=°F sF=oxt, f=kp’
OX P

o6pasyrotcst paserctsa OF = 1("5Xp0 k"§Xp0 = ku5um“ i.

xxcp? XXcp
I[aHHOG BBIPAXKCHUC YMHOXKACTCA CKAJIIPHO HA OPT | .
(K"5XP, o - 1) = (k Su™i, i)
BekTopsl napaiieabHbl 0 CTPYKTYpe pgxcp TT i.
[TosToOMy UMEIOT MECTO B CKAJISIPHBIX ITPOU3BEICHUSIX
(K'SXPY, o 8) =K'Ox |l |i]-cOsO” =K'Sxp), ., (K, Su™ii) =k Su™.
k, ou™
k" 5x
B npeznene BeiTekaeT hopMysa COCTaBISAIOMIEH HOPMATEHOTO HAMIPSYKSHUS

L LU
PeiB ke ox a0 T e

Takumm xe pacCyKACHUAMU BBIBOAATCSA COCTABJIAIOIINE HOPMAJIbHBIX HaHpH)KCHI/IP'I U 1o Apyrum

0
B pe3ynbTaTe nosnyuaercs k"é‘xpgxcp Zku5um“ , OTKyJa pXXCp =
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mi

i 15— . — — — — — —
™ E,1—1,2,3, U, =UU, =V,U, = WX, =XX, =YX, =Z

i

Takue sxe (opMyIlbI HOPMANBHBIX HANPSHKEHHWH MONYyYalOTCS IS CHJI YIPYTOCTH B TBEPAOM

s M=

o __
narnpasienusam: Py —H

neGopMUpyeMOM Tele Fynp =-F .

Takum 00pa3oM, HETMHEHHOMY 3aKOHY ['yKa COOTBETCTBYET HECUMMEMPUUHblli TCH30P HAIIPSDKEHUH
B TBEPJIOM JePOPMHUPYEMOM TEJIE:

m.

: ou” ..
J1:5jiﬂ'dlvu+luigji’ & = aXI 919_]:132939 (2.1)

n
j
u=u,i+u,j+uk - Bekrop nepememenus. B HOPMANbHbIX HANPAKCHMSIX ﬂ,é‘jidivu no Jlame

COXpaHsercs, é‘ji - cuMBoJ KpoHekkepa.

3. O paabcupukanuax U HEMPUTOAHOCTH ypaBHeHuii Jlame B HeJIMHelHOW TeOpUH yNPYTrocTH
AHU30TPOIHBIX TeJl
JluHeliHbIe ypaBHEHUS TEOPUH YIPYTOCTH TBEPAOTO Ae(POPMUPYEMOTO TeJia

o’u .

Lo pre PoF + (A + p)graddivu + pAu 3.1)

IMOCTPOCHHI 110 TUITIOTE3C JIame o cummempudrHocmu TCH30pa HaHpH)KCHI/Iﬁ

A8 diva +2pe 1(—a“i+—8uj) i,j=1,2,3
P; = WU+ 2lE, &4 = »Pji = Py L= 14,9, (3.2)
2 0x i OX.
A, 1t — xo3pduupents Jlame.

T'unoresa Jlame 3akiroyaeTcs B TOM, YTO 3JICMCHTHBI 8_]1 TCH30pa ,Z[e(bOpMa].[I/II\/'I g TTOIKHBI ObITh

PaBHBI Y080eHHOMY CUMMETPHYHOMY TEH30pPY CKOpOCTEH aedopMaiiiii, TO eCTb YO80eHHOU TIEPBOMH
MOJIOBUHE UCKYCCTBEHHOM (bopMym,I

X~ Xi

(BTOpast aHTHCHMMeETpHYHAas 1moioBrHA (3.3) HTHOpHUpyeTcs [3—1 1]).

®dopmyna (3.3) oOpa3oBaHa u3 HemoaHOTO MU depeHnrana CMEIICHUHA
3, Ou. .
:Z_ldxjalzlzzzg)) (34)
i=1 6X .

(Bot nonueit nuddepenimann : du=2 dt —dX = Edt +du )

Takum o6pazom, B [3-12] TeH30p Hanpﬂnce}mﬁ HaMe (3.2) HE COOTBETCTBYET M HE BBITCKACT W3
3akoHa ['yka. OueBHAHO, YXKe IO TOCTPOCHHIO HE TOJUTCS B aHU30TPOIHBIX Cpelax, TeM Ooyee B
HEJIMHEWHOM 3aKoHe ['yka.

WznoxeHHBIN BhIe GU3NYECKUI METOJ aBTOpa MOCTPOCHUS TEH30pa HANpPsHKEHUH yIpyroro teia
no 3akoHy ['yka mpoTHBOMNOJIOXKEH runote3e Jlame U B TOUHOCTH clieAyeT ompenenenuto, nanaomy C.I1.
Tumorienko B [3]: «Ochosnas 3adaua meopuu ynpyeocmu 3aKmo4aemcs: 8 mom, 4YT00bl Mo 3aJaHHbIM
NefiCTBYIOIINM HA TBEPAOE TeJ0 BHEIIHUM CUJIAM HaxoOums me u3MeHeHusi (pOpMbl, Komopwvie meio
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npemepnegaem, U me BHYTPEHHHE CHJIBI YNPYTOCTH, KOMOpble NpU IMUX USMEHEHUAX Gopmbl

BO3HUKAOM Meofcay uacmAmu meuaay.

p‘. -KacaTeNIEHOS

R, FopuanELoe
~F TYY HanpmzeHHe

HanpaxeHe

P, -HanpaxeHe

oo y - noae nepemeljeHiil o Y none nepevewenuii
: = === SE :
[z 2 =S===SSFH55 —
0081~ : = =5 8 0.08 -
w=0r ;. = £ S5 we0f ;
0061~ ¢ ° 5533 3 3% :§; 0.06
: - u=
0.04 - 2 A 0.04 - ‘ VT
| ; Dot ; u=0 |
[ S v=0 I
0.02 R 002
0_' L u=0;|;‘v=r0|§|5| LI E PRI | 3 07 .|'I.‘=.0‘|'1.’=‘0.| Ce il x
0.02 0.04 ypapHenua Jlame 0.08 0.1m 0.02 0.04 HOBBIE YPAaBHEHHA Q08 0.1m
®urypa 1 ®urypa 2
N\ A R oy ray Y TR
x ‘ : : : o 01m 0.08m 0.06m 0.04m 0.02m
0.1m 0.08m 0.06M 0.04m  0.02m
1 u=uitvj
18 | |
3
= itvi o y-KoMnoHeHma
u=uyi+vj 19 1
_ | nepemeujerua v o~
y-KoMnoHenma | . | o
nepereUleH LA v 1< HA 6EPXHEll CMOpOoHe ]
| nepenely S épycka y=0.1m T
Ha sepxHeli cmopone o i
. 1o
opyckay=0.1m !
1w
b= HOBRHIC YPaBHEHIIA
=1 i
ypaBHEHWS 17 .
Jlame 1 S
<
{m o
b=} ]
=4 i
/ 15
1 1 1 1 1 1 1 1 1 1 1 1 1 1 v \ \ \ I ‘/ | | | | | | v

®Qurypa 3

Ourypa 4
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I[J'IH CpaBHCHU ypaBHeHI/Iﬁ Jlame (31) C HOBBIMU YPABHCHUSMU C HCCUMMCTPUYHBIM TCH30POM
HaNpsOKEHUH B U30TPOITHOM TEJe = = = N
p p Il’lu ll’lv ll’lw /l’l *

2
o) ZT'; = p,F + Agraddivu + pAu (3.5

BBITIOJTHEH pacueT INepeMeIIeHni B KBaapaTHoOM nedopmupyemom opycke pazmepom 0.1M Ha 0. 1Mm.

Bekrop Bremnen cunst Py, =Py, +pyy =Pyl + PyyJ HampapieH MOA YIJIOM K BEPXHEH IIIOCKOCTH

opycka. Ha ¢ur. 1 u 2 nmpencrapieHs! nojs BEKTOPOB nepeMenieHnii U = ui + Vj , Ha ¢ur. 3 u 4
JTOPBI TIONIEPETHON CKOPOCTH HA pepxpeii cropoHe Opycka, BCE Ha MOMEHT BpemeHH t=121.38 c.
IInotHOCTE TENMA Py = 7800kr/™’ . KonkperHo nmosnosxeHo pyy=—1H/M2, Py=10 H/M*. OcTaibHble rpanHu
OpycKa jKeCTKO 3aKpeIUIeHbl, CMEIICHUS Ha HUX paBHbI Hyt0. Koadduimentsr Jlame BoIOpaHbl paBHBIMU

=1 Kke/(c*m) , U = 100 Kke/(c’M). JIBymepHble ypaBHenus Jlame (3.1) m HoBble ypaBHeHus (3.5)

peanu3oBaHbl 10 SBHBIM cxeMaM [2] Ha cetke 100x100 c marom mo Bpemenu paBHbM 0.0005c. Ilox-
TBEPXKACHO SBHOE pa3iuiyue MeEXIy YHCICHHBIMH PEUICHUSIMH, B OCOOCHHOCTH BEPTHKAJIBHBIX
nepeMeleHnid Ha BepXHel cTopoHe Opycka Ha ¢ur. 3 u 4.

0.1, FOBHIE YPABHEHIIT B~ 1HM? %—-IH/M 0.1y} YPaBHEHNS Jlane f;leH/Mz %,:_H'UMZ
""‘_"_“'_‘._‘__’__::::"//ff,fj[flk!\\\:::://///-:
L EE ==
A AR SRR R N S Sty
S A N T NN
e =
0.08 s e P g
AT e T
r e R . gl
= =i e e S S e it
woo b T e i
R R N R SRR e Tt esiazas 4
3 i R A i
o \mu”u SRR SRR AR RSN e D I S st 1
ot 006 e e
=; “ H H H H m H e ESSIITIIIII i
R R R R R R R R AR RN A f;z:::::::::::;;;;;;:::::;;;?Z;’:Z
oos b (HEEHT T s SRS
i T S S O S O O O T I T e I I T v I B O O | P el S0
I NI e T
pozf b bbIIIIIIEEII 002 E TN I L s s
................................ W0 TIITIIINN s
S L Vx::o’??f????f?f?‘.ﬁfiﬁiifofff,’fffffff v'=(
ol oL 0‘.‘]H'|‘7=“.i.;;|."‘|‘.".“.‘|‘x
u=0 0.02 v=( 0.04 0.06 0.08 0.1m 0.02 =0 0.04 v—0 0.06 0.08 0.1m
durypa 5 ®urypa 6

Ha ¢wur. 4 mepeMemienue uacTul BepxHeW CTOpPOHBI Opycka y=(0./ M TPOUCXOOUT BHH3, YTO
HOJTBEPXKIAETCS] OTPULIATEIEHBIMU 3HAUYCHUAMH IIOIIEPEYHOI0 NEPEMELICHUS V 110 HOBBIM YPABHEHHSIM.
Ha ¢ur. 3 mo ypaBHeHusim Jlame MMEIOTCS TOJOKUTEIbHBIE 3HAUCHUS IMOMEPEYHOH COCTaBISIOLICH
MepeMeIIeHNs, YTO IPOTUBOPEUNT HATIPABIICHHUIO JIEHCTBYSI BHELTHEH CHITBI.

Ha ¢ur. 5 mome mepemenieHuii O HOBBIM ypaBHEHHSM, Ha (ur. 6 Toje TepeMe- MEHUU 10
ypaBHeHusM Jlame. HampspkeHnust n1elicTBYIOT Ha Bcell BepxHel cTtopoHe Opycka. Pesymbrate! ¢ur. 1 - 6
NPaKTHYECKHd TOATBEPKAalOT (aNbIIMBOCTh ypaB- HeHWH Jlame ¢ CHMMETPUYHBIM TEH30pOM
HaIpsHKEHUI.

4.YpaBHeHHs HeJTUHEHHO! AaHM30TPOIHONH TEOPHH YIIPYTrOCTH 10 0000meHHOMY 3aKk0HY ['yka c
HEeCHMMETPHYHBIM TEH30POM HaNpsKeHHUii

BeiTekatorme w3 yMHEHHoro 3akoHa ['yka  [1], aJeMeHTHl  TeH30opa  aedopmaruit
£ = % ,i,j=1,2,3 DaBHBI HETIOCPEICTBEHHO koadunmentam HenoaHoro auddepennmana (3.4).

Xj
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HecummerpudHslil TeH30p HanpshkeHud 0000mIeHHOTo 3aK0oHa ['yka
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_W 123, @)
OX.

J

pi=0Adivu+ ey, &

i
B YPaBHCHUAX JUHAMUKHA CIUIOIIHOM Cp€abl B HAIPSAKCHUAX
o’u, 3, 0p
_ s
Po—7= P+ ) —i=1,23
ot im1 OX,

00pasyroT HeTMHEIHBIC YPaBHEHHS C MOKA3aTEIISIMU CTETICHU 0 0000IIeHHOMY 3akoHy ['yka

2
oy % — o F + ﬂaidivu AU =123 (42)

1
5. O0ocHOBaHMe HEYECTHOCTH LE/IbIX MIOKa3aTeJIell cTeneHH
VYpaBueHus (4.2) 1ekapTOBBIX KOOPAMHATAX

0’u. 0 3 0%uM
—Lt=p F +A—divu+ u L i=1,2,3
100 8‘[2 pO i aXi ﬂl; xj2-
MPEJCTABIIAIOTCS B AU PEPEHIIUPOBAHHOM BUJIC
o%u. 0 0 ou’
—L=p F +A—divu+ y — ),1=1,2,3,
Pogr PR A g I M )
au;ni m;—1 aui
rue =mu —.
OX . OX .
J ]
O‘{eBI/I,E[HO 3KBHUBAJICHTHEIC ypaBHeHI/I}I
o*u. 0 0 ou.
—+i=pF+1—divu+ g —(mu™"' —),i=1,2,3 (5.1
poatZ pOl a ’UIGX~(11 a)

1 J XJ
SIBJIAIOTCA  YPaBHCHHUAMHA rHHep6OHquCKOFO THUIIA TOJBKO JJId HCYCTHBIX IOKa3aTelIcH CTelCHU
1
—1-2-5.-7- = = = nbo Bceraa i
m, =1;3;5;7;9 u mo., m;=m,,m,=m_,m,=m, ma mu; = 0.

6. SBHasi cxeMa ypaBHEeHUIl aHU30TPONHOM HeJIMHEHHOW TeoOpUH YNIPYrocTH
PaccmarpuBaetrcs 3anaua Komm-/{upuxie s HOBBIX YpaBHEHUN

o’u op
E = pF + A2+ 4 Au™,
IOO 6‘[2 IOO X aX :Llu

o’v op

Po Fi PoE, + /15+ U AV™
o’'w op
=p,F +A—+pu, Aw™,
pO atz pO z 82 luw
ou ov ow

p = + +
ox oy oz
C Ha4aJbHBIMH YCJIOBUSMM:

u‘t:O: d, (I’),V‘ o= d, (r)’W‘t:O: d,(r),

ou ov
o= 4, (0.0 o= duy ()

ow
t:0: dvv (r)’w

" KpacBbIMHU YCJIOBUSAMHU HA I'PAHULIC S .
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us= 4, 0),v5= a, (), w|s=q, (),
B 00671acTH HHTErPUPOBAHHS 3aa€TCS PABHOMEPHAs CETKA
= {x, =ih_,y, = jh,.z =kh_0 <i <N_0 <j <N, 0 <k <N,},,
BpEMEHH ﬁ, ={t,=n7,n=0,1,..,N_}.

CCTKa

O0o3HaueHus ceTOUHbIX GyHKIMN: 1 =
q)y 1t fijk f(XiaijZkatn)
HavanrsHbie ycnom/m 3aJIAI0TCS BO BHYTPEHHUX Y3JIaX:
= dul_]k’ = dvuk’ = d

wijk »

— I
uijk duuljk’ dvuk d ij Wijk - d

vvijk ?

witk T wawijk )

1£1£NX4J§jsNY4J£k£N;4

SIBHas pa3HOCTHas cXeMa:
_ ( 1_]k)mu 2(1’11_|k)mu +( 1+1_|k)mu ( Jlk)mu 2(]'11_]1()ml +( 1J+1k)ml
Q:ijk - [ 2 +
by by
(u'n'k-l)mu - 2(uﬁk)mu + (u'n'k 1)m
+— 11;2 - + PoFain 1,
z

Qi :ﬂv[( Vo)~ 2(\;%:2‘)% Vi)™ ; (Vi)™ _Q(\EE)H]V +(Vi )™ +
+ (Vi)™ = 20v5)™ + (Vi)™ +p,F.. ]

h2 0~ yijk 40

z

(‘7‘)£1J'1<)mw _Z(VVEk)% +(“}i:—1jk)mv (Wﬁ.lk)% _Z(“}i;k)% +(W§+1k)%
Q\:vijk =4[ hi I h\Z/ +

N (ngq)mw - Z(ng)mw + (ngﬂ)mw

> + PoEi)s
hZ
n+l n n-1
Wik — 2uijk TUi . 2 u; 1jk 2u1]k + uH—le +
Lo 2 = Quijk ( e
z. X
n n n n
N V?Hjﬂk ~ Virj1x _V?-ljﬂk +V?—1j-lk + Wit ~ Wintjier ™ Witk T Widjiel )
! 9
4h.h, 4h h,
n+1
Viik _2V1k+V Vi — 2Vig F Vi
j j + A j ik
pO T2 - Vl_]k hz
y
n n n n
Uigpee ™ Wi~ Yo Tk 4 WE‘+11<+1 _Wgﬂk-l _‘Ng-lkﬂ +W§.1k.1
- )
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— 138 ——

Io



ISSN 1991-346X

Cepus ¢usuxo-mamemamuueckas. Ne 1. 2018

+ W
k+1
St

n
ijk

A

n

Wik

+ A(

n

Q

n-1
ijk
n

+W..

n
ijk

n+l

Wik

Po

wijk

- 2w
2

n

n

Viiikst ~ Vieikr ~ Vi T Vi

n

n

+ Wik ™ Wi — Ui

1k TU

ij-1k-1 )
s

+

i-1jk-1

4h,h,
1,.N, -1
nopsaka

LN, -1k

4h_h,
1, N, -1,]

i

NEPEMCHHBIM

BCEM

10

MOTPEeIHOCTE  2-TO

cXema UMECT
)+O(h

Jlannast
O(7*)+0(h

OecrieunBaceTcs BbI- OJHEHUEM ycnoBust KypaHnra:

)+O(h2) . YCTOWUMBOCTE CXEMBI O

2
y

2
X

-

Ix2/ (¢ M)

P
.
22 PR
B
e i e S A
e e

1

{

m =

S 8

[ I . |

=2 O

o <

LT

== »
e o o o o e o ﬂ
]

A
P

et

<
A

z

e/ ()

1, =100r2/ (c*1)

y

P R
ot e e e e e
o s R e e o

!

i

+ h? + h'?

e it

\\\\\\\\\\\\\\\\\\\ll...
B e

.............

2
X

h

o
%ﬁﬂﬁﬂf/ﬁf/// M

TENO

aHHoTPONIHOE AL

B |

AN L
R
T N

fﬂ)/f rfﬂ”.zﬂﬂ:,”_ )
fﬁffﬁf?/ /N /mmuﬁ..
s

TR N N

SN

0.2m

., :0.15
u=uit+vj

0.1

Qurypa 7

0.05
TONE NepeMelneHHit

IR Y

u=0.00001m
v=0.00002M

Lm =1

I'yka B M

W MO0 JUHEHHOMY 3aKOHY

Ha ¢ur.7 npeacrapieHo ToJe MEPEMELICHH

aHWU30TPOITHOM Telle, Ha GUT.8 B M30TPOITHOM Telie . Ha BepxHel IockocTi

nMaHa

v

Opycka cTaBuTCs Kpaesoe yciosue He

NpUBOAUT K Ppa3HbIM IIOJAM TMCPEMEIICHNUU,

v

OueBunHo, paznmuune B Kodhduuumenrax LI

CJICA0BATECIIbHO, K PA3JIMYHBIM IOJIAM BHYTPCHHUX HAIIPAKCHUU.

M)

10082/ (" )

Plelovs e i

-

)

e/

A

c

1002/

"u‘_ =

N
C A

0.00001m
/=0.00002Mm

==

Tz

e
ey

SIS

C

7
Wu\\\\\\
D e e
P P
o g e
Vs o o ot e L s
i i i

{at
1\\\\\\\.\“\\\ |

Lh s e

|

S

o
[ R

2,

L

e i g A b o

o e e 8

O i
o o T T e B R e e o o

e

n'wi%

H30TPOIHOE TENO

y
et

PN

P e e

e
et e e o e e e e T T T e W W
et R S S S R
e e e e R e e e e e e L
5

=

EEISERY

o e
S

2 e |
e

0.2m

. 015
u=uit+vj

0.1

0.05
TIOJIE MePeMEIIeHHI

0.1m

0.05

0.00001m
0.00002Mm

u:
‘Z“:

o

Qurypa 8

— 139 =——




Hzeecmus Hayuonanvnou akademuu nayk Pecnyonuxu Kazaxcman

Ha ¢wur.9 npencraBneHo mosie nepeMelieHU B aHU30TPOIIHOM TeJle 10 HeluHelHOM) CTEICHHOMY

sakony I'yka m  =3,m =3. Ha ropusoHTambHBIX CTOpOHAaX OpycKa 3aJaHBI IEPEMEIICHHs, Ha

ou ov
OOKOBBIX CTOpOHAX CTaBSTCA KpaeBble ycioBusi Heiimana &:0,&20. Kospduumentsr Jlame B
anmnsotponHom Opycke: A =104.4xz / (¢’ m), p, = 80xe / (¢* m), 1, = 40x2 / (¢’ m)
-5 -5
) u=-7¥10 M v=-7¥10"M
0.0IM e CCCTTTmC——-—---——---fi-:]
w=0 [T eI i i oot (w0
X e X
0.005M[ = -=i:iiiiiiio. . CIiIiiiiiiiooooaos
R S B SRS r et 2
'] ‘:.}I}}I}}I:_:_I:_:_I:_.:_.I:_.‘:I‘:.'_;.-“:'__":“:‘:{.L:.I:.LI‘_.LI;_.L‘_.‘_.‘_.1.‘_’_.:.‘_"_"_"_"_ .
5 -3
0.01m U= 710 M v= T*10 "M 0.04m

role repeMemenii U=1Ui+V]j no nerunednomy saxony ['yvra 3-efi crerenn

®urypa 9

Ha ¢wur. 10 npencrasieHo mone nepeMenieHnii B aHH30TPOITHOM TeJle IO JIUHelHoMYy 3aKoHy ['yka
m,=lLm = 1'

y u=-7F10 M v=-T*10"m

none nepememenii U=UI+Vj no auneirnomy zaxony [ yka

durypa 10

BriBoabI

@u3uYHbIE BBIBOABI HOPMAIBHBIX M KacaTEeJIbHBIX HANPSKEHHUH TOKA3bIBAIOT HeCUMMEMPUUHOCD
TEH30pa HaNpsHDKEHUH B TBEpAOM AedOopMHpPYEeMOM Teje Kak Uil M30TPONHOTO 3akoHa ['yka Tak u
AQHU30TPOIHOT0, B TOM 4YHCIE HEIUHEHHOro. KoHKpeTHbIe MpUMEphl YHCIEHHBIX PAacYeTOB COCTOSIHHSA
YOPYTOTO TeNa IOKa3bIBAIOT HEANEKBATHOCTb M HECOCTOSTENBHOCTH THUIOTE3Bl O CUMMEMPUUHOCHIU
TEH30pa HaNpsHKEHUH CIUIOIIHOM CpeJlbl U COOTBETCTBEHHO YpaBHEHUI Teopuu yrpyroctu Jlame.

HecummeTpru4HOCTS TEH30pa HANPSHKEHUH OTKPBIBAET MIMPOKHE BO3ZMOXKHOCTH [UISl MOJEINPOBAaHUI
HepeMelIeHnii B TBEpAOM IeGOpMUPYEeMOM Tejle, YTO IIOKa-3aHO Ha IPUMEHEHHHM 3akoHa ['yka B
aHM30TPOITHOM Tenie (ur. 7 U HenuHelHoro 3akoHa ['yka ¢ur. 9.
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KP BFM MatemaTika >koHe MaTeMaTHKAIBIK MOAEIIey HHCTUTYTHI, AnmaTsl, Kasakcran
On-Dapabu ateianare Kaz¥y

CBI3BIKCBI3 I'YKTBIH 3AHbI BIPTEKTEC EMEC
KOHE AHU3OTPOIITBIK JEHEJIEPAIH CEPIIIJIIMAIK TEOPUSACBIHJIA

AnHoranus. Tikenel CBI3BIKCEI3 ['YK 3aHBIMEH KAaTThl MaWbICKaK JCHEJCPAIH KEpHEYJIep TCH30PBIHBIH
KOMIIOHEHTTEPI UIbIFapbUFad. JIaMeHIH eKiHIII eceNleyIIiHiH OarbITTaH TOYENAUITi ecentenreH. MalbICKaK KaTThI
JIEHEHIH CepIUTIMIIK TEOPUSCHIHBIH KEPHEYIIEp TCH30PBIHBIH OeTTecnereHairi nonenaenres. OCbiFaH coiikec MaibIc-
KaK KaTThl JICHEHIH CBI3BIKCBI3 CEPIUIIMIIK TEOPHSCHIHBIH TEHJEYJIepl jKacajibiHFaH. JlamMe rumore3achbiHaa TOJBIK
eMec KbUDKY AubdepeHInaIbIHBIH OSTTECKEH KapThIChl KaHa Mai/laaHFaHbl KOPCETUIreH, eKiHII aHTHOETTECKEeH
KAPTHICHI JIAKTHIPBUIBIHFAH, COHBIH cajiapbiHan Jlame kepHeyJep TeH30pbIHbIH OCTTeCKeHIr mbIKKaH. YKaHa TeH-
JIeyJIep YUIiH 2 peTTi HAaKThUIBIFBI Oap alKbIH CXeMa JKaCaJlbIHFaH, COHBI Ml IaTaHbIIl )Ka3bIK KOJIAKTHIH CEPITLTIMIIIK
KYHi caHaJFaH, YCTIHI1 )KaKTaybIHBIH OPTAChIHBI JKaHAMa KePHEYJIEp JKOHE TIK KepHeyep acep eTkeHe. o conmaii
cxema Jlame TenneynepiHe ne KoinaisiHFaH. CaHallFaH JKbUDKYJApJAbIH YJECTIPYJIK CYpeTTepi CalbICThIPBIHBII
JKaTKaH TCHJICYJIEP/iH albIpMAIIbUIBIKTAPEIH OelHeneimi sxoHe Jlame TeHuey- JiepiHiH MaWbICKaK KaTThl ICHCHIiH
KyHiHe colikec emecTirin kepcereni. Jlame TeHmeyJepiHiH >KalFaHABIFbl TEOPUSUIBIK XXOHE (HM3MKAIBIK TypHarTa
OCKITIITEH.

Tipek ce3ep. aHU30TPOITHLUIBIK, CO3BLTY, KEPHEYJIEP, TEH30D, TCHACYIEP.

K.B. Jakupov

Institute of mathematics and mathematical modeling, Almaty, Kazakhstan,
Kazak National University named after Al-Farabi

NONLINEAR HOOKE LAW IN THE THEORY OF ELASTICITY
OF INHOMOGENEOUS AND ANISOTROPIC BODIES

Abstract. Directly from the physical connection with the nonlinear Hooke law, the components of the stress
tensor of a rigid deformable body and new nonlinear equations of the theory of elasticity with an asymmetric stress
tensor are derived, as a special case, we obtain equations with the linear Hooke's law. The Lame hypothesis and
Lame's equations do not have a physical connection with Hooke's law, this is their falsechood. Lame took as a basis
the approximate formula of the incomplete differential and suggested in his hypothesis the proportionality of the
stress tensor components to the symmetrical half of the given incomplete differential of displacement, and the
antisymmetric half of the differential is discarded, which is the result of the false symmetry of the Lame stress
tensor. The new nonlinear equations are approximated by an explicit scheme, with the use of which the elastic state
of a flat bar is numerically calculated with the normal and tangential stresses acting on the upper face. The same
scheme is applied to the Lame equations. The obtained patterns of displacements distribution clearly demonstrate the
difference in the solutions of the comparable systems of elasticity equations, as well as the discrepancy between the
solution of the Lame equations for a given state of the deformed body. The falsity of Lame's equations is confirmed
theoretically and physically.

Keywords: tensile, tangent, normal, stress, tensor.
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