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EQUATIONS OF PLANETARY SYSTEMS MOTION

Abstract. The study of the dynamically evolution of planetary systems is very actually in relation with findings
of exoplanet systems. N free spherical bodies problem is considered in this paper, mutually gravitating according to
Newton's law, with isotropically variable masses as a celestial-mechanical model of non-stationary exoplanetary
systems. The dynamic evolution of planetary systems is learned, when evolution's leading factor is the masses'
variability of gravitating bodies themselves. The laws of the bodies' masses varying are assumed to be known
arbitrary functions of time. When doing so the rate of varying of bodies' masses is different. The planets' location is
such that the orbits of planets don't intersect. Let us treat this position of planets is preserve in the evolution course.
The motions are researched in the relative coordinates system with beginning in the center of the parent star, axes
that are parallel to corresponding axes of the absolute coordinates system. The canonical perturbation theory is used
on the base aperiodic motion over the quasi-canonical cross-section. The bodies evolution is studied in the osculating
analogues of the second system of canonical Poincare elements. The canonical equations of perturbed motion in
analogues of the second system of canonical Poincare elements are convenient for describing the planetary systems
dynamic evolution, when analogues of eccentricities and analogues of inclinations of orbital plane are sufficiently
small. It is noted that to obtain an analytical expression of the perturbing function main part through canonical
osculating Poincare elements using computer algebra is preferably. If in expansions of the main part of perturbing
function is constrained with precision to second orders including relatively small quantities, then the equations of
secular perturbations will obtained as linear non-autonomous system. This circumstance meaningful makes much
easier to study the non-autonomous canonical system of differential equations of secular perturbations of considering
problem.

Keywords: planetary systems, variable mass, Poincare elements, theory of perturbations, evolution equations.

1. Introduction. In relation with findings of exoplanet systems, the study of the dynamically
evolution of planetary systems is very actually. Observations materials are wealthy [1-3], especially the
study of planetary systems in the stage of non-stationary is represents of interesting, when leading factor
of evolution is variability of masses of graviting bodies [4-7].

In this paper, n free spherical bodies problem is considered, mutually gravitating according to
Newton's law, with isotropically variable masses. The laws of the masses varying will be considered to be
known. On the base aperiodic motion over the quasi-canonical cross-section the canonical perturbation
theory is used [7-8]. The motions are researched in the relative coordinates system, in the analogues of the
second system of canonical Poincare elements.

2. Problem statement and differential equations of motion in the relative coordinates system.
The motion of planetary systems is considered, consisting of n+1 spherical bodies with variable masses

mutually gravitating according to Newton's law. The following notations are entered: 7, — the parent star
of planetary system, T,

, (i=1,2,..,n) — planets. The motions are studied in the relative coordinates
system with the beginning in the center of the parent star 7, axes that are parallel to corresponding axes

of the absolute coordinates system.
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The planets' location is such that 7, is inner planet relative to planets T,,, but outer one relative to

i+l
T, . Let us treat that this position of planets in the evolution course is preserve.

The masses of bodies are changed isotropically over time and laws of variable of masses are assumed
to be known

my=my(t), m =m(t), .., m, =m,/(t) (2.1
Let the rate of masses varying is different
Mo M M M k=12,n, %k, (2.2)
m, m, m, m,

The motion equations of #n planets in the relative coordinates system with isotropically variable
masses can be written as [7,9]
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where A, mutual distances of the center of spherical bodies

2 2 2
Aik:\/(xk_xi) +(yk_yi) +(Zk_Zi) =4, (2.4)
f — the gravitational constant, m, =m, (t)— mass of the parent star, m, zmi(t)— mass of planet T,
7.(x,,y,,z,) - radius-vector of the center of spherical bodies, sign "stroke" in the summation denotes that
the i# k.

3. The motion equations in osculating elements. Equations of the motion (2.3) are rewritten in the
form

(m0+mi) ..i F‘ A zmo(t0)+m,-(t0):

o A A my () +m,(t)

)
|
|
XU
Il

7 (1), G.1)

where #,— is initial moment of time,

F =grad ¥,
Wo=W,+W,, (3.2)
1 1 7r-r V.,
W,=f) m|——- k1, W, =——=r". (3.3)
y kzz; k(Aik r J 2y,

Obtained form of relative motion equations (3.1) is convenient to use perturbations theory formulated
to such non-stationary systems [7].

When doing so expressions (3.2) are the perturbing forces. If the perturbing forces are equal to zero,
then obtain integrable unperturbed motions.

At W, =0 the equations (3.1) describe aperiodic motion over the quasi-canonical cross-section [7,8]

?+fwfi—ﬁfi:0 (3.4)

1
i i

The solution of differential equations (3.4) is similar to the solution of the classical two body problem
with constant masses

X, = 7,0, [cosu, -cos 2, —sinu, -sin €2 -cosi, |,
Y, =7,p,[cosu, -sin £2, +sinu, -cos £, - cosi |, (3.5)

z, =ypsinu, -sing;, r,=y,p, u, =60+,

—— 54 ——
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g (1 —e’ ) 16
pl_l+e,cos«9l’ (3.6)
where u,— analogue of the latitude argument, 6. — analogue of the true anomaly. The solutions (3.5)-(3.6)
will be used as initial unperturbed motion. The values

s il'a a)j9 0 (37)

1

a, e

1

are analogues of known Kepler elements. When doing so, a, — analogue of a semimajor axis,
e,— analogue of eccentricity, @, — analogue of the pericenter argument, 7, — analogue of inclinations of the
orbit, €2 — analogue of the longitude of an ascending node.

In the case of quasi-elliptic motion e, <1 the dependence of analogues of the mean anomaly M, on
time

M, =n[¢()-4(z)], (3.8)

are determined taking into account the laws of masses variation. Here n, — the analogue of mean motion,

n, = @ =const, M, = f[m0 (t0)+ml. (to ):l (3.9)
a.

1

M, — gravitational parameter

When doing so, ¢,(¢) —the primary function of the values

1 my(t)+m (1) )
= . 3.10
7/,‘2 (t) £m0(10)+mf(to)J ( )

Correspondingly ¢.(z;) is a dynamically element, analogue of the pericenter passage time. By 7, —is

denoted passage time through the pericenter. We emphasize that in unperturbed motion mean angular
velocity is variable and depends on laws of masses variability of corresponding bodies.

2
M,.:n,.[ L J:n,.[ () + m, (1) J . (3.11)
720)) " mg(t)+m (1)
In unperturbed motion, formally mathematically, the Kepler equations are occurs, which allows to

find coordinates and velocities as functions of time.
In the case of quasi-elliptic motion (e, <1), regular integration of the differential equation of

unperturbed motion (3.7) can be defined by the following six elements of quasi-elliptic motion
a,. . i, o, Q. 4). (3.12)

In work [7] a corresponding perturbation theory is constructed, which will be widely used in this
paper, by using elements (3.12) as unperturbed.
For our purposes analogues of the second system of canonical Poincare elements are prefered

Ay Ay & s iy 4y (3.13)

which are entered according to the formulas

A, =Jtoa, A=l +x, (3.14)
£ =\/2\/7w\/af(1—‘/1—ef )Cosnl., 7 =—\/2\/7m/af(1—,/1—ef )Sinﬂl., (3.15)
»; =\/2\/;Tm/a7/1—ef (1- Cosi,)CosQ, g, :—\/2\/;7,.0\/af,/l—ei2 (1- Cosi,)Sin®y.  (3.16)

lizMiznf[@(t)_féi(Ti)]a 7 =Q +w, (3.17)

where
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The differential equations of n spherical bodies motion in the osculating analogues of the second
system of Poincare variable (3.14)-(3.16) have canonical form

. OR . OR ) aR
Ai =— 981 =—, b=
o4, on, aq,”
(3.18)
B 8R . 8R . 8R
i aA 7 55 4 ap
where the Hamilton functions
/uz
=00 AW (t,ALE L p L Aq 3.19
1 2A]2 7/12(t) L( i é pl i ’71 qz) ( )

The canonical equations of perturbed motion (3.18) are convenient for describing the dynamic
evolution of planetary systems, when analogues of eccentricities and analogues of inclinations of orbital
plane are sufficiently small.

e <<1, i<<l. (3.20)

The canonical equations of motion (3.18) rewrite in the form

1

0RO, i _OR| oW,

"TUOA, A BA,] SRrYIRFYI
. aR A . OR oW
n=- E=—»~1=—= (3.21)
65 o8’ on, o,
. __OR oW, . _OR oW,
qu___ pi:—:—_
op, ap, oq, 9q;

At W, =0 it can be seen from equations (3.21) that the canonical variables A.,7,,<.,q,, p; remain
constant, and the element A — mean longitude is an increasing function of time.

4. The expansion of the perturbing functions. To write explicitly the right-hand sides of the
perturbed motion equations (3.21), it is necessary to Express the perturbing function (3.2)-(3.3) in terms of
the osculating elements (3.14) - (3.16). The expression of the value W, through osculating elements is

simple, and its explicit analytical form is known [7]. The main difficulties represent the expansion into a
series of the force function of the Newtonian interaction of bodies

L 1 V-7
Wo=f> mk(—— i 3")(4-1)
k=1 Ay iy

through osculating elements (3.14)-(3.16).
It is advisable to emphasize the main and indirect parts in the expression of the perturbing function

(4.1)
xxk+ylyk+zzk
Flrom o) rgm e

k

e L e

We denote the main and indirect parts of the perturbing function (4.1)

ng,main = fi 'mk [ALJ ’ gi, ind = fz mk [ ( JCOS( )J . (43)
k=1 ik e

n , 1
ng = fz mk L_
k=1 Aik k

4.2)
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The indirect part of the perturbing function (4.3) does not contribute to the expressions of the secular
perturbing function as in the classical many body problem [10]. Therefore, it is sufficient to have an
analytical expression of the main part of the perturbing function (4.3) in terms of the canonical elements
(3.14)-(3.16) to obtain differential equations of secular perturbations in the canonical osculating elements
(3.14)-(3.16).

To obtain an analytical expression of the main part of the perturbing function (4.3), through the
canonical osculating elements (3.14)-(3.16), it is necessary to have a decomposition in a series of
quantities

[ALJ’ iLk=12,..,n, i#k. (4.4)

ik

These are very cumbersome and time-consuming algebraic calculations that are performed using
computer algebra. In work [8,11,12], such calculations were performed for the two-planet problem of
three bodies with variable masses, with precision to second orders including relatively small quantities
(3.20).

For the n planetary problem of many body with isotropically varying masses, considered in this
paper, the expansion into a series of quantities (4.4) is performed in exactly the same way. However, the
calculation volume for a many planet problem is growing, which is natural.

5. The equations of secular perturbations. The equations of secular perturbations that determine the
behavior of orbital parameters over long time intervals are obtained from the equations of motion (3.21) if
instead the perturbating functions W, their secular part is substituted

oy ow

A=- =10 , A, =0,
oA, A, oA,
. OR  ow! A
==, §=r - G
95, 0g; on,  on,
' __aRi* __aVVi(SCC) . aR[* ~ aVVi(SCC)
o, o P e,
(sec) _ (sec) (sec) (sec) _ (sec)
VVi - ng + VVci > ng - ng,rn . (52)

Naturally, the following system of canonical equations is split off from the system of differential
equations (5.1)

_ aVVi(sec) § ~ aw/;(sec)
m; 2¢ ) i on, >
i=1,2,..n, (5.3)
. aVV;(sec) . aVV;(sec)
q; o, > D; oq, .

If, in the expansion into a series of quantities (4.4), we restrict ourselves to second-order accuracy,
including relatively small quantities (3.20), then the system of equations (5.3) will turn out to be a linear
non-Autonomous system. When doing so approximate formulas for the relationship of various systems of
osculating elements as initial assumptions have the form

& =+ANecosm, n,=—\Aesnz, Aiei2 = 5;‘2 +77i2’ 1gr; =11,
p, =+JA,sini;cosQ,, g, =—JA,sini;sinQ,, A,sin’i,=p’+q}, 1gQ,=-q,/p,

Then, in turn, the resulting system of canonical equations (5.3) is divided into two separate
subsystems (see details in [8]). The first subsystem defines the equations of secular perturbations for
eccentric elements. The second subsystem defines the equations of secular perturbations for the oblique
elements. The linearity of the system of differential equations (5.3) in the approximation (5.4)
significantly facilitates the study of the non-Autonomous canonical system of differential equations of
secular perturbations (5.3) of the problem in this formulation.

(5.4)
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6. Conclusion. In this paper, the differential equations of secular perturbations for non-stationary »
planetary systems with isotropically varying masses in analogs of the second system of canonical Poincare
elements are obtained in analytical form.

To obtain the actual expansion of the perturbing function through osculating elements, it is planned
to use the analytical computing system "Wolfram Mathematica" [13,14].

The resulting equations will be used to study the effects of mass variability during the evolution of
exoplanetary systems. This will take into account the effects of the decrease in the mass of the parent star
and the increase in the mass of planets due to the accretion of matter from the remnants of the
protoplanetary disk.

M. k. Mnﬂmnﬁaenl’z, A.b. Komepﬁaena1
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IJIAHETA )KYWECIHIH KO3FAJBIC TEHJEYJIEPI

AHHOTauusl. DOK30IUIaHETa J>KYWECIHIH allbUIyblHa OaiIaHBICTBI IDIAHETa JKYHENepiHiH JUHAMHKAJIBIK
SBOJIOLMSCHIH 3€pTTeY ©3€KTi Macenere aiHanabl. JKyMbIcTa HBIOTOH 3aHbI OOMBIHIIA ©3apa rPaBUTALMAIAHATHIH,
HECTAIIMOHAPJIBl HK30IUIaHETaNbIK JKYHelIepliH acllaH-MeXaHUKalbIK MOJeNl peTiHge Maccajapbl H30TPONTHI
©3TepeTiH, epKiH cdepalblk 7 JeHe Macelleci KapacThIpbUIFaH. Macca M30TPONTHl ©3repreH Ke3ze op JAeHere acep
€TeTIH PeakTHBTI KYIITEpiH KOCHIHIBICH HOJIre TEH, COJ ceOenTi Je KO3FallbIC TeHJeyl bIKmaMmiaiaasl. Aunaiina
JICHE MaccallapblHbIH aHHBIMAIBUIBIFEl cepiHeH IudQepeHnranasl TeHAeyIep Kyleci aBTOHOMIBI €MeC Typre
Kemeni opi Oy MoceneHi aWrapipikrail kypaemeHaipeni. COHABIKTAaH MoceNie YHBITKY TEOPHSCHI oicTepiMeH
3eprreneni. [paBUTanMsIaHATHIH JIeHE MACCACHIHBIH ©3Trepici SBONIOMUSHBIH JKETEKIIi (aKTOpBl peTiHIe
KapacTBIPBUIFAaH JKaFaiiga IUlaHeTa XYHeNepiHiH AWHAMHKAJIBIK 3BOJIOLMACH! 3epTTeieni. JleHe maccaiapblHBIH
e3repy 3aHABUIBIFBI Ke3 KeJIreH jKoHe Oenriii yakelT QYHKIMACH peTiHAe ecenke anbiHaabl. COHBIMEH KaTap, JeHe
MaccalapblHbIH ©3repy KapKbIHIbUIBIFBI opTYpiii. [lnaHeranapabiH opHaiacybl OJapiAblH opOuTanapel 0ip-OipiMeH
Ke3JIeCIIeUTIHIeH JKaraaiila KapacThIpbUIFaH. DBOJIOIMS Ke3iHJE IUIaHeTalapJblH OChUIall OpHanacy >Xaraailbl
cakTanajpl nen ecenrteiiMiz. OchIHAAN KOJIMEH YHBITKY TEOPHSCBIHBIH OAICTEpIH KOJIAHYAbIH MaTeMaTHKAaJbIK
JIYPBICTBIFBI HEri3re ajnblHaabl. [InaHera maccanapbl OpTaNbIK KYJIJbI3 MaccachblHaH QJJeKai/a Killl Jen KapacTbl-
pambi3. [lnanera >KyieciHiH OpPTAJIBIK KYJIABI3BI HEHTPIIK JIeHe OoibIn caHaidagsl. JKyMbIcTa KBa3HIJUIMIITHKAIBIK
KO3Fasblc 3eprreieni. KBasmaumMNTHKaNbBIK KO3FAJIBIC JKarJalblHAa OpTalla aHOMAJIMSl aHAJIOTHIHBIH YaKbITKa
TOYSJIIUIrT YHWBITKBIMaraH KO3FalbIC Ke3iHJE MaccalapAblH e3repy 3aHJIbUIBIFBI  eceOiHJe aHBIKTAJIA/IbL.
YibITKIMaFraH KO3FAIBIC KE3iHAE KOOpAWHATANap MEH >KbUINAMIBIKTBI YakKbIT (YHKIMSACHI PETIHIE aHBIKTayFa
MYMKiHIiK Oeperin Kemmep TeHmeyi MaTeMaTHWKalbIK TYPFBIIAH OPBIHABI AEM caHalaAbl. KBa3sMdUIMOTHKAIBIK
JKarJaiiia YHBITKBIMAaraH KO3FAIBICTHIH IU(depeHnHaIabIK TeHICYiH TYpaKThl MHTEIpanay KBa3HAJUIUITHKAIBIK
KO3FaIBICTBIH ~aJIThl 3JIEMEHTTIH COHKEC aHalorrapsiIMeH asblKTananel. Kymeicta IlyaHkape KaHOHIBIK
ANIEMEHTTEPAIH eKiHII >JKyiie aHaJorsl Heri3iHAe KaHOHABIK YHBITKY TEOpHACH KeH KOJIaHbUIaAbl. JleHe
sBomouusickl [lyaHkape KaHOHIBIK OSJIEMEHTTEpiHIH eKIHII JKYHeCiHiH Jie3/liK aHaJlorTapblHAa 3epTTelieli.
OKCHEHTPUCHUTET aHAIOTTapbl MEH OpOUTAa >Ka3bIKTHIFBIHBIH KOJIOCYJK aHaIOrTapbl ETKUIKTI TypAe Kili mamMa
Oounran sxarnaiina [lyankape kKaHOHIBIK DJIEMEHTTEPIHIH €KIHIII JKYHe aHaJOrTapbIHAAFbl YUBITKbIFAH KO3FaJIBICTHIH
KaHOH/IBIK TEHJIEyl IJIaHeTa JKyHelepiHiH IUHAMHUKaJIbIK 3BOJIIOLMACHIH CHIATTayAa BIHFAMIBI OOJBII caHasabl.
YWUBITKBITYIIB! (QYHKIMSIHBIH HETi3Ti OOJriHIH aHAMTHKAJBIK OpHETIH IIeKci3 Katap periHae IlyaHkape KaHOHIBIK
JIe3/iK 3JEMEHTTepiHe aly YLIIH KOMIBIOTEpJIK aireOpaHbl KojjiaHy KaxerTTiri kepcerineni. Herisinne karapra
KIKTEY 9fici YHBITKBITYIIB ()YHKIHUSHBIH HETi3ri O6NiriHIH aHAIMTHKAIBIK OpPHETIH Ke3 KEITeH MANIIKTEe airyra
MYMKiHIIK Oepeni. Erep YUBITKBITYIIB ()yHKIHSHBIH HETi3Ti OOJIriH KiKTey e Killli TaMaFa KaThICTHI eKiHII PETTiK
JIONAAIKTI KOCa €CeNTEYMEH IIEKTEICEK, OH/Ia FACKIPIIBIK YHBITKY TEHACYJIEPi ChI3BIKTEI aBTOHOM/IBI €MeC XKyiie OOJIbII
ecenteneni. OchlHAaN Karnaia aablHFAH FACHIPIIBIK YHBITKYAbIH KaHOHJBIK TEHICYIHIH XKyiiecl eki ilki xyiiere
Kikreneni. bipiHmi sxyile FachIpibIK YHBITKY TEHJIEYJEpiH 3KCUEHTPHLUTETTIK 3JIEMEHTTep YIUiH aHBIKTaiIbl.
ExiHmi kyde FachIpiblK YHBITKY TEHJCYJEepiH OOJMKAIBIK OJIEMEHTTEp YIIIH aHbIKTaiiael. Ocbl Jkaraai
KapacThIPBUIBIIT OTHIPFaH MOCEJICHIH FaChIPJIBIK YHBITKYBIHBIH A QepeHnranibl TeHJIeYiHIH aBTOHOMIBI €Mec
KaHOH/IBIK XKYIeCiH 3epTTey/1i aiTapibIKTail XKeHaeTe Il

Tyiliin ce3mep: IUIaHETANbIK Kylenep, e3repmeni Macca, [lyaHkape »3JeMEHTTEpi, YHBITKY TCOPHUSCHI,
SBOJIOLMSUTBIK TEHACYJIEP.

—— 58 ——
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YPABHEHUWA ABUKEHUSA NNIAHETHBIX CUCTEM

AHHOTaIIHﬂ. B CBsSI3U C OTKp])ITI/lﬂMI/I SK30IIJIAaHCTHBIX CUCTEM I/I?:leeHl/Ie ﬂHHaMH’-IeCKOﬂ 3BOJIFOIIUU ITIJIAHCTHBIX
CHCTEM SIBIIIETCS BEChbMa aKTyallbHOW. B Hacrosimeit paboTe paccMoTpeHa 3aada 7 CBOOOAHBIX CHEepPHUECKHUX Tell,
B3aMMOTPABUTUPYIOMIKX 110 3aKOHY HBIOTOHA, C M30TPOITHO M3MEHSIOMMMUCS MaccaMi Kak HeOeCHO-MeXaHNIecKas
MOJIeNIb HECTAIMOHAPHBIX SK30IUIAHETHBIX CHCTeM. [Ipy M30TpOmHOM H3MEHEHHWH MacC CyMMapHbBIE pEaKkTHBHBIE
CHIIBI, IEHCTBYIOIME Ha KaXKIOE TeNl0, paBHBI HYJIO, TOSTOMY ypaBHEHHE IBIDKEHHs yrporraercs. OxHako u3-3a
MEPEMEHHOCTH Macc TeJl cucTeMa Au(QpepeHHaIbHbIX YPaBHEHUI CTAHOBUTCSI HEABTOHOMHBIMH, YTO CYIIECTBEHHO
ycroxHseT 3aaauy. [loaromy mpobiiema MCCIeIyeTcss METOJaMKi TEOPUH BO3MYICHUA. V3ydaeTcst AUHAMHYECKAs
OBOJIIOIIHUA IUJIAHCTHBIX CHCTEM, KOoraa Be}lyLlII/IM (l)aKTOpOM OBOJIFOLIUU SBJIACTCA HepeMeHHOCTb Macc caMux
TPAaBUTHPYIOIIUX Tel. 3aKOHBI W3MCHEHHU MAaCC TN CYUTAIOTCS W3BECTHBIMH TPOHM3BOJIBHBIME  ()YHKIIHSIMHU
BpeMeHH. [Ipu 3TOM TeMIT H3MEHEHHUS Macc Tel pa3InyHbId. PacmoiokeHue miaHeT TaKOBO, YTO OPOUTHI IJTAHET HE
nepecekaroTcs. byzaem cuuraTth, 9TO 3TO MOJIOKEHHE ITAHET B XOJI€ SBONIOLNNHU COXpaHIETCA. ITUM 00eCIIeTnBaeTCs
MaTeMaTHIecKass KOPPEKTHOCTh IPUMEHSEMBIX METOJOB TEOPHH BO3MYyIIeHHA. CUYHTAeTCs, YTO MAaCCHl IUIaHET
HAMHOTO MEHbBIIIE, YeM Macca IICHTPalbHOTO Tena. LleHTpambHBIM TeIOM SBISCTCA POIOUTEIbCKas 3Be3la
paccMaTpuBaeMoil TIJIaHETHOW CUCTEMBI. JIBUKEHUS HCCIIeI0BaHbl B OTHOCUTENLHON CHUCTEME KOOPIUHAT C HayaJloM
B IIEHTPE POIMTENHCKON 3BE3MBI, OCH KOTOPOW MapajuIelIbHBI COOTBETCTBYIOIIUM OCSM aOCOIIOTHOM CHCTEMBI
KoopauHaT. lMcmomp3yeTcss KaHOHHWYECKass TEOpHs BO3MYIICHMH Ha 0a3e ameproAWYecKOTO IBIDKEHHS II0
KBa3MKOHHUYECKOMY CEUCHHI0. B paboTe paccMaTrpuBaeTcsl KBa3UDIUIMIITUUCCKOE BHKEHUE. B cliyyae KBa3UAIUITH-
YECCKOI'0O ABUXCHUA 3aBUCUMOCTb aHAJIOI'OB cpeﬂﬂeﬁ aHoOMaJIuu OT BpeMeHl/I B HeBO3MyIJ1€HHOM JBHXXCHUN onpez[e—
JISIIOTCSI ¢ YYETOM 3aKOHOB HM3MEHEHHsS MacC. B HEBO3MYIIIEHHOM JBHXCHUU (OPMATBLHO MATEMAaTHUYECKH HUMEET
MecTo ypaBHeHHe Keriepa, KoTopoe Mo3BOJISIeT HAHTH KOOPAWHAT M CKOPOCTH Kak (pyHKIH BpeMeHU. [locTosHHBIE
HHTETpUPOBaHUs MU GEPEHIMATBHOTO YPAaBHEHUS HEBO3MYIICHHOTO IBH)KCHUS, B CIy4ae KBa3HAJUTUITHYCCKOTO
JIBIDKEHUSI, ONPENIEICHbl MIECThIO0 3JIEMEHTAMHU KBAa3UAJUIMIITUYECKOTO JBUIKEHMSI, COOTBETCTBYIOIIMMU aHAJIOTaMU
KeIUIepOBCKOI opOUTHL. B HacTosmielt paboTe MHUPOKO UCIIONb30BaHBl KAHOHMYECKAs TEOPHs BO3MYIICHUs, Ha Oa3e
aHAJIOTOB BTOPOH CHCTEMBI KAHOHHYECKHX AeMeHTOB [lyankape. [lmHaMudeckast SBOJIOIMS Tl TAKKe U3y4aeTcs B
OCKYJIMPYIONINX aHaJorax BTOPOH CHCTEMBl KaHOHWYECKMX dieMeHTOB llyankape. KaHoHWuYeckue ypaBHEHHS
BO3MYILEHHOTO JIBHJKEHHSI B aHajIorax BTOPOW CHUCTEMbl KaHOHHYECKHX diieMeHTOB IlyaHkape, ymoOHble st
ONHMCAHMS JUHAMHYECKOH SBOIIONUM IUIAHETHBIX CHCTEM, KOTJa aHaJOrd OJKCICHTPUCHTETOB M aHAJIOTH
HAKJIOHHOCTH OpOMTAaTBbHON IUIOCKOCTH — JOCTaTOYHO Maible BeMWYWHBL. OTMEdaeTcs, 4YTO Ui IIOJyYeHHS
aQHAJMTUYECKOTO BBIPAKEHHS TJIABHOW 4acTH BO3MyIIarollei QyHKUMM B BHJE OSCKOHEYHBIX PsI0B, BHIPAKEHHBIE
yepe3 KaHOHWYECKHE OCKyJupylolme syeMeHThl [lyaHkape, mpeAnodYTUTENbHO HUCIOIb30BAaHUE KOMITBIOTEPHOU
anreOpsl. MeTouKa pa3ioKEeHUS B PSIbI, B IPUHIIKIIG, JACT BO3MOKHOCTD MOMYUYCHUS aHATUTHYECKOTO BBIPAXKCHUS
TJIABHOW YacTW BO3MYyMIAroIed (hyHKIMH, ¢ Jr000# 3aJaHHOW TOYHOCTHIO. ECu B pa3iokeHHE TIaBHOH YacTu
BO3MYIIAOIIEH (YHKIIMU OTPAHUYUTCS C TOYHOCTHIO JIO BTOPBIX MOPSIKOB BKIIFOYHTEIBHO OTHOCHUTEIEHO MAaJIbIX
BEJIMYMH, TO YPABHEHUE BEKOBBIX BO3MYLIEHHUH MOIYYUTCS JIMHEHHON HEAaBTOHOMHOW cucteMoil. Torja nosydyeHHas
CHCTeMa KaHOHHYECKHX YPAaBHCHHH BEKOBBIX BO3MYIICHHU pa3felsieTcs Ha [[BE OTICNBHBIC IMOACHUCTEMEL. [lepBas
MOJICHICTEMA OTIPEIENIICT YpaBHEHNH BEKOBBIX BO3MYIICHUH ISl SKCIEHTPHYECKUX JIeMEHTOB. Bropas moacucrema
ompenersieT ypaBHEHUH BEKOBBIX BO3MYIICHUH 11 OOMHMYECKHX 3JIEMEHTOB. JTO OOCTOSTEIHCTBO CYIIECTBEHHO
o0jerdaer WCCIENOBaHUS HEABTOHOMHOW KaHOHHYECKOM CHCTeMBI Iu(QepeHInanbHbIX YPaBHEHHH BEKOBBIX
BO3MYIICHAN pacCMaTPUBAEMON POOIEMEI.

KioueBble cjioBa: TUTaHETHBIE CUCTEMBI, MEpEMEHHasi Macca, dJeMeHThl [lyaHkape, Teopusi BO3MYIIECHUH,
9BOJIIOLIMOHHLIE YPABHEHHUS.
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