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METHOD FOR CONSTRUCTING THE COMMUTATIVE
ALGEBRA OF QUATERNION AND OCTONION

Abstract. In this paper, we solve the problem of constructing a commutative algebra of quaternions and
octonions. A proof of the theorem is given that the commutativity of quaternions can be ensured by specifying a set
of sign coefficients of the directions of reference of the angles between the radius vectors in the coordinate planes of
the vector part of the coordinate system of the quaternion space. The method proposed in the development of
quaternions possessing the commutative properties of multiplication is used further to construct a commutative
octonion algebra. The results obtained on improving the algebra of quaternions and octonions can be used in the
development of new hypercomplex numbers with division over the field of real numbers, and can also find
application for solving a number of scientific and technical problems in the areas of field theory, physical electronics,
robotics, and digital processing of multidimensional signals.

Keywords: hypercomplex number, quaternion, octonion, algebra, multiplication, division, commutativity,
vector.

Quaternions, as you know, were proposed by Hamilton in 1843 and gave rise to the rapid
development of vector algebra and other important branches of modern mathematics, which are the main
basis for constructing the fundamentals of theories in many areas of science [1-8]. Currently, many
scientific works are devoted to the algebra of quaternions, octonions and other hypercomplex numbers, as
well as to their application for solving various fundamental and applied scientific problems. For example,
the algebras of quaternions and octonions are often used to solve a number of complex specific problems
in the fields of robotics, physical electronics, and digital processing of multidimensional signals [9-20].

At the same time, it is still believed that hypercomplex numbers do not have the commutativity
property. The famous theorems of Frobenius and Hurwitz are known, from which it follows that it is
impossible to construct a commutative algebra of quaternions and other hypercomplex numbers. In
addition, the Frobenius theorem states that the construction of hypercomplex numbers with division over
the field of real numbers is restricted to the algebras of quaternions and octonions [21].

In connection with the noticeable expansion of the practice of using hypercomplex numbers in the
study of a wide range of modern scientific and technical problems, let us consider in more detail the
properties of the quaternion and octonion.

Quaternion can be represented as

q=s+ix+ jy+kz, (1)
where s — scalar; x, y, z — coordinates of the vector part of the quaternion; i, j, k -
imaginary units satisfying the condition

iP=j =k =-1. ()
When multiplying quaternions, the following equalities are also used
ij=—ji=k, jk=—kji=i, ki=-ik=]. 3)

Conditions (3) practically exclude the possibility of constructing a commutative quaternion algebra.
Indeed, consider the product of two quaternions

— § —
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9.9, = (51 +ixX, + +kZl)(S2 +ix, + jy, +k22) =88, =X =WV, 42,
+i (x5, + 2,8, )+ J (118, + 3,8, )+ k (2,8, + 2,8, ) +
+g'j(x1y2 _x2y1)+jk(y122 _y2zl)+ki(zlx2 _szl)' “4)

From (4) it is clear that when the places of the multiplied quaternions are changed, the product will
not be the same, that is, indeed, condition (3) makes the algebra of quaternions non-commutative.

However, in spite of the above, in this paper we propose a theorem on the construction of a
commutative quaternion algebra.

Theorem. The associative algebra of quaternions can be modified into the commutative algebra of
quaternions by specifying a set of sign coefficients of the directions of reference of the angles between
radius vectors in the coordinate planes of the vector part of the coordinate system of the quaternion space.

Evidence. Let us consider the essence of the products in (4), which are the reason for the lack of
commutativity of quaternions. Let's start with the expression that characterizes the cross product in the

plane xy.
By adopting

P =X +Y upy =545, (5)

we carry out the following transformations

) T HN

X . . .
X\ Vs = X%) = PP, 2, = PP, (COS @, s @, —CoS @, SIn ¢’1) = PP, Sm(("z — ¢ ) (6)

1p2

Because the sine in (6) is odd, the expression considered here cannot be commutative.
However, the angle

P, =0, =P = (/_jpﬁzj (7

In the existing theory of quaternions, the direction of this angle is not strictly specified. For the
complete coordinate system, the concepts of right and left screws are noted, which only indirectly indicate
that the positive direction of this angle corresponds to the positive direction of the axis z, however, no
formula is given that strictly specifies this noted condition.

As you know, when turning (rotating) the radius vector in xy plane by one full circle, the angle ¢ |
changes within 0 <¢_ <27, but the positive value of sin ¢, remains only within 0 < ¢ <7z . Within
7w <@, <2 the function sin ¢, already has a negative value, which does not correspond to the sign of

the angle ¢ _ . Indeed,

sin (72' +o,, ) =-—sing,, =sin (—gox ) .
In connection with this inconsistency, it is necessary to introduce a condition for the correspondence
of the sign of the angle of rotation to the linear direction of its reference in the basis of the quaternion

space, which for the angle ¢  in the theory of quaternions is associated with the direction z. This

condition can be written as
Sign(z)zsign((pxy). ®)

For a more detailed consideration of the need to take into account Equation (8), we represent z in the
form

z = sign(z)-|2]. ©)

Now, taking into account (6), (8) and (9), we associate the angular displacement with the coordinate z
as follows

z = sign(p,)-|pp, -sin (9, - 9,)| - (10)
In the last equation, the modulus can be replaced by the expression
— f ——
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|20, sin (@, — @, )| = sign(p,p, -sin (@, = ,))- pp, -sin (@, — @), (11)
then, we have
z = sign(p,,) - sign(pp, -sin (@, —@,))- pp, -sin (0, —¢,). (12)
Let us introduce the notation
o, = sign(¢,2)-sign(p,p2 -sin (@, — ¢, )), (13)

where
+1, sig”(ﬁl :ﬁzj - sign[lz’;j - Sign((/)xy );
sign(gy, ) = (14

AN

—LSign(ﬁz»ﬁlj = —sign(i@} = —sign(p,,).

The sequence of signs in the indices hereinafter indicates the direction of the angle of rotation. The
index «xy» means that the positive direction of reference of the angle ¢, corresponds to the direction of

the angle of rotation of the radius vector g relative to the origin from axis x to axis y. From (13) and
(14) it follows
o, =—0,,-(15)
Now, let us rewrite equation (12) for z in the form
Z=0p PP 'Sin(§”z ! ) =0p (x1y2 - xzyl) -(16)
In this equation, the signs of the directions z u ¢, are matched using the sign coefficient o,,. In

general, equation (15) can be rewritten as
lo3 = _O-nm N (17)

mn

where m and n denote the serial numbers of factors.

By analogy, the same conditions for matching the signs of the directions of linear and angular
displacements (coordinates) must be met for other pairs of coordinates. These conditions can be fulfilled
by replacing equalities (3) by the following equalities

ij=—ji=ck, jk=-ki=0c"i, ki=—ik=02j, (18)

mn mn

where o, =~ for the positive direction of reference of the angle of rotation in the plane xy, i.e. at

Sign (wmn ) = Sign (¢xy ) 4
is defined by formula
o, = sign(p,,)-sign(x,y, = x,3,) =0, (19)
And for planes yz u zx, when counting the angles of rotation also in the positive direction,
according to the formulas

oy =sign(p,.)-sign(y,z, - y,2,)= -0,

o, =sign(e.)-sign (men - anm) =—0o, . (20)
The sign coefficients given in (19) - (20) remove the questions about specifying the right or left
screws when determining the accepted directions of the used coordinate system.
When using equations (18) - (20), the product of two quaternions instead of (4) takes the following
form
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949, = (Sl +ix + +kZl)(S2 +ix, + jy, +k22) =SS TN TNV T 55 T
+i|:x1S2 +X,8,+0,, (J’1zz Wz )} + jl:ylsz + .8 +0,, (lez 4% )] +
+k [lez +2,8, +0,, (xlyZ NN ):| : (21)

From equation (21), taking into account (19) - (20), it can be seen that the product of quaternions
possesses the commutativity property.

The theorem is proved.

It is easy to see that all the basic properties of the quaternion algebra stated earlier are preserved,
including the possibility of the division operation. In addition, along with commutativity, the associativity
property of the product of quaternions is also preserved. When checking this condition together with (18) -

(20), it should be noted that

o’ =+1. (22)

mn

Let's confirm the possibility of the division operation. The conjugate four-dimensional quaternion
number (1) is the quaternion
qg=s—ix—jy—kz. (23)

The product gq , when using conditions (18) - (20), remains unchanged
qc?zsz+x2+y2+zz, (24)

which confirms the possibility of the division operation.

The proof of the above theorem on the commutativity of the quaternion algebra, modified by
specifying a set of sign coefficients for the directions of angles, opens up new possibilities both in
studying the properties of other hypercomplex numbers and for using hypercomplex numbers in solving
various scientific and engineering problems.

Next, we will consider the possibility of solving the problem related to the construction of a
commutative octonion algebra. To achieve the commutativity of the octonion product, as a basis, we use
the method that was proposed above to ensure the commutativity property of the multiplication of
quaternions.

We present some general conclusions that can be drawn from the results of solving the problem of
constructing a commutative quaternion algebra.

First, in hypercomplex numbers, the results of mixed products of imaginary units with the properties
of unit vectors of a vector space are pseudovectors associated with the projection of rotational
displacements on the plane.

Secondly, the absence of an unambiguously established modular direction of rotational displacements
leads to the duality of their reference system and is the reason for the absence of commutativity of the
multiplication of hypercomplex numbers.

Conclusion: to ensure commutativity of the multiplication of hypercomplex numbers, it is necessary
for each plane of the vector space of the hypercomplex number to unambiguously set the reference signs
of the directions of rotational displacements.

In the general case, the octonion g (x) , which in a number of works is also called the octave or the

Cayley number, is written in the form
qs (x) =Xy X0 + Xyl + Xyl + X0, + Xl + Xl + X005, (25)

where x, is a scalar component, variables x,-x, constitute the vector part of the quaternion, i -i, —

imaginary units having properties of unit vectors in the corresponding vector space, the number 8 in the
subscript on the left side of the equation indicates the octonion dimension.

In the existing theory of octonions, the multiplication rules for unit imaginary vectors i, - i, satisfy the
conditions given in the table 1.
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Table 1
1 I I I Iy I I L
I -1 A —i, I —I, = I
I —I, -1 I I L —I, —I
L I, —, -1 L — I =
I —; —lg =L, -1 L L, L
I I —i; L -, -1 —, L,
g L I = —I, L -1 -
L —g I I —I —, I -1

The octonion, given by equation (25) and the rules of multiplication indicated in table 1, has all the
basic properties necessary to construct a normalized algebra. However, in this form, the octonion has only
the property of alternative multiplication and, in contrast to complex numbers and quaternions, does not
have the properties of commutativity and associativity of multiplication.

It is possible to ensure commutativity and associativity of octonion multiplication, as follows from the
above conclusion, by replacing the multiplication rules in accordance with table 1 with new rules that are
specified by the table 2 below.

Table 2

1 A L L I I I L

il 1 612i3 _0-31i2 014i5 _0-51i4 _661i7 O-7li6
iz _Glzis 1 Oy il O i6 O, i7 Oy i4 05 is
i3 O3 1i2 _023i1 -1 O34 i7 _O-S3i6 O is _637i4
Iy —Ouls | =Oyuls | =0y, -1 Oshy Ol Oyl
Is Ol —Osl; | Ol —0 s, -1 —Ogsls Ol
I Ol Oply | —Ogls | Oyl Oyl -1 —O sl
L —07l Opls Oyly —Oyly | —Ogl, Oyl -1

Included in table 2, unit sign coefficients o, (m=1=7, n=1+7) indicate the directions of
rotation that are typical for mixed products j +i,, that is, when performing a multiplication operation for
cases where. m = n .

When using table 2, the product of two octonions ¢ (x) “qq ( y) has the form

qs (x) gy (y) = (xo + X1, + Xyl + X0 + X0, + Xl + Xl + X0 )
E(yo T Vil Voly + Y30y + Yyly + Viis + Vel + y7i7)=
=X Vo ~N V1 T XV, T XY Xy Yy T Xs Vs = Xg Ve — XV F

+|:xoy1 +X), +(x2y3 —x3y2)0'§ +(x4y5 —x5y4)0'jf§' +(x7y6 —x6y7)0';%}]i1 +

— Q —
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+[xoy2+x2y0+(x3y1—x1y3)0' +(x,56 — x4 ) Oas + (x5, —x,95) 05 ] +
+[xoy3+x3y0+(x1y2 X0 )00 +(Xeys = Xsy6 ) os + (%0, — X, 3, ) o) ]13+
+[x0y4+x4y0+(x5y1—x1y5)651+(x6y2—x2y6)0'g‘"+(x3y7 x7y3)0"‘"]14+
+[xoy5+x5y0+(x1y4—x4y1)014 (X633 — X336 )0 + (%0, — %, ) O ]15+
+[x0y6+x6yo+(x7yl—x1y7)0'71 (X0 =X, 0, )03 + (X503 — X, 05 0'53]16
+[xoy6+x6y0+(x6y1 - XY )0a + (x50, —xzys)ag+(x3y4—x4y3)03xﬂi7. (26)

It is easy to see from equation (26) that when using the new rules of multiplication, the octonion
possesses the commutative property of multiplication.
The conjugate number to octonion (25) has the form

7 (x) =Xy = Xyb — Xyby — Xyly — X0, — Xl — Xl — X515 (27)

Multiplying the octonion (25) by its conjugate number (27), we have
qs (x) gy (y) = (X + X1, + X0y + X0 + X0, + Xl + Xl + X0 )

[(x0 =X = Xy, — X0 — X0, — Xsls — Xl — X1, ) =
2
:x§+x12+x22+x32+xf+x52+x62+x72:‘qg(x‘ (28)

Equation (28) confirms that when using Table 2 (when performing the multiplication operation), the
octonion retains the property of being able to construct on its basis a normalized division algebra over the
field of real numbers.

In conclusion, we note that the construction of the commutative algebra of quaternions, octonions,
and other hypercomplex numbers opens up new possibilities for their application for solving many
problems in a number of fields of science and technology, including in the areas of field theory, robotics,
digital processing of multidimensional signals, and physical electronics.

A.T. U6paeB
On-Dapabu areigarsl Kasak yiTTeik yHuBepcuTeTi, AnMathl, KazakcTan

KBATEPHUOHJAP MEH OKTOHUOH/JAP/IbIH
KOMMYTATHUBTI AJITEBPACBIH )KACAY IbIH TOCLJII

Annoranus. Ksarepanonnapasl ['amuinbToH 1843 SKBUTEI YCBIHFAHBI OCNTLTI )KOHE KBATCPHUOHAAP FHUIBIMHBIH
KONTETeH calajapblHIAFsl TEOPISUIAPIBIH ipreliepiH KypyAblH OacTamKel HeTri3i OOJBIT TaOBUIATHIH BEKTOPIIBIK
anreOpaHbIH KaIbINTCYbIHA JKOHE Ka3ipri 3aMaHayd MaTeMaTHKaHbIH 0acKa Ja MaHbI3/Ibl cajlajlapbIHBIH T€3 AaMybIHa
cebern 6onmpl. Kazipri ke3ne KBaTepHHOHIAp, OKTOHHOHAAP KOHE 0acKa TUIIEPKOMIUIEKCTI CaHIApbIHBIH anreopa-
CBbIHA, COHBIMEH KaTap, OJIApAbI dPTYPII iprefi yoHe KoigaHOabl FRUIBIME eCenTep il Menryre KoJiaHyFa apHaliFaH
KOIITETeH FhUIBIME eHOekTep O0ap. MoceneH, KBaTepHUOHIAp MEH OKTOHHOHIAP/BIH anredpanapsl poOOTOTEXHUKA,
(DM3HKAIIBIK SIIEKTPOHMKA JKOHE KOl eJIIIeM/Il CUTHAIAAapAbl LU(PIBIK OHIeY callachblHAAFb! OipKaTap Kyplesi HaKThl
MOCeJIeNIep i STy YIIIiH KUl KOJIAaHbLIAIbI.

ConbiMeH Oipre, oJli Je TMIEPKOMIUIEKCTI CaHIapAblH KOOSHTy amaliblH/Ia KOMMYTALUSUIBIK KACHETi JKOK Jen
ecenreneni. @pobennyc neH ['ypBHITIH aTakThl TeopeMaiapbl Oenriii, olapJaH KBaTepHHOHIAp MEH Oacka rurep-
KOMIUIEKCTI CaHJap/blH KOMMYTaTHBTI aireOpachlH Kypy MYMKIHJIr >KOK eKeHAIriH Oaiikayra 6oinbsl. COHbIMEH
Katap, PpobeHnyc TeopeMacsl TUIIEPKOMILIEKCTI CaHAap IbIH HAKThl caHaap epici OolibiHIIa 06y amansl Oap anred-
paapAbIH KYpbUTYbl KBATEPHUOHAAP MEH OKTOHMOHAAPBIH areOpasapbIMeH MIEKTENETIHIH aiTaabl.

Byn KyMBICTA KOMMYTAaTHUBTI TOPT ONIIEMIl anreOpaHbl Kypy MIapachlH iCKe achIpy TOCUI Typailbl TOMEHE
KeJTipiIreH TeopeMa YChIHBLTFaH.

Teopema. KparepHuoHmap KEHICTITIHIH KOOpIMHATAIAP KYHECIHIH BEKTOPJIBIK OOJITiHIH KOOPIUHATAIBIK
’Ka3BIKTHIKTapbIHAAFBl PaJlyC-BEKTOPIIAPhl ApachIHAAFEl OYPHIIITAPALIH OaFbITTapBIHBIH OSNTineiTiH K03 PueHT-
TEepiHiH XHUBIHTHIFBIH KOPCETY apKbUIbl KBATCPHUOHAPIBIH aCCOLMATHUBTI anreOpachbIHbIH OpHBIHA KBaTePHHOHAAD-
JIBIH KOMMYTATHBTI anre0pachiH KypyFa 00masl.
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Opi Kapail anbIHFaH HOTHKENEpJCH KBaTePHUOHAp anreOpachIHBIH OapIbIK HETIi3r KacueTTepi, OHBIH iMIiHAe
0oy aMasbIH OpBIHIAY MYMKIHAITI CaKTalFaHbIH Kepyre Oomaabl. COHBIMEH KaTap, KOMMYTATHBTUTIKICH Oipre
KBaTEpPHHUOHAp anreOpackiHIa KOOSUTYIiH aCCONMATUBTLIIK KaCHETi 1€ CaKTaabl.

Bypeimrap OGaFbITTaphiHBIH Oenriiep KO3(PGUIIMEHTTEPiHIH KUBIHTBIFBIH KOPCETE OTHIPHIN KalWTa KypraH
KBaTepHUOHJAP alre0paHblH KOMMYTATHBTUIII Typalbl TEOPEMaHbIH JKOFapblAa KeNTipiireH aoneni Oacka ja
THIIEPKOMIUIEKC CaHIAPbIHBIH KACHUETTepiH 3epTTeyAe, SPTYPJi FhUIBIMHU JKOHE WHXKEHEPJIK ecenTep/i wLIelrye
THIIEPKOMILIEKC CaHIap/bl KOJIIAaHy YLIIH JIe )KaHa MYMKIHJIIKTep aliajibl.

Opi Kapail OyJl >KyMbICTa OKTOHHOHAAPIBIH KOMMYTaTHBTIK aiureOpachlH KYpy MYMKIiHAIriHe OaiilaHbICThI
Macernesnep KapacTeipbuiraH. OKTOHHOH KOOEHTIHAICIHIH KOMMYTATHBTIIIHE KOJI XKETKI3y YLIIH HerizemMe periHue
OCBHI KYMBICTA YCHIHBUIFAaH KBaTEpHHOHIAap KOOEHTIHAICIHIH KOMMYTAaTHUBTIK KacHETiH KaMTaMachl3 €TeTiH oJic
KOJITaHBUI/IBI.

KBarepHroHIapAbIH KOMMYTATUBTI aareOpacklH KYpy MACENIECiH IISNTy IiH HOTHXEJIepiHeH KeHOip KOpPBITHIH-
IIBIIap JKacayra 00Iajbl.

BipiHmrigeH, rUnepKOMITIEKCTI CaHOapAblH BEKTOPINBIK KEHICTIKTIriHAe OommkaMmasl OipiiKTepIiH KacheTTepi
Oap Oipiik BEKTOPIApPHIHBEIH apanac KeOCHTIHAUIEPIHIH HOTIKENepi >Ka3bIKTHIKTAa alHAIMallbl BIFBICYJIapABIH
HPOEKIMACEIMEH OaliIaHBICTHI ICEBIOBEKTOPIIAP OOJIBIN TaObIIadbL.

ExiHminen, alHaiaManbl BIFBICYJIApABIH AaHBIK OENriICHreH MOIYJBAIK OaFbITHIHBIH OONMaybl OJIapAbIH
OaFBITTBIK JKYHECIHIH KOcapiaHyblHA OKeJlelll KOHEe THIIEPKOMIUIEKCTI CaHJapbIHbIH KOOCUTYIHIH KOMMYTaTHBTLII-
riHiH 0onMaybIHa ceber 0oJabl.

Xorapbiia aiiTeiIFaHgapAaH HETi3ri KOPBITBIHABL THIIEPKOMILUIEKCTI CaHIapiblH KeOeiTyiHiH e3apa Oaiina-
HBICBIH KaMTaMachl3 €Ty YIUiH, THIIEPKOMIUIEKCTI CaHHBIH BEKTOPJBIK KEHICTITIHIH 9p a3bIKTHIFbIHA aiHaJIMaJIbl
KO3FasblcTap OarbITTapbIHBIH aHBIKTaMaJIbIK OelrisiepiH OipKeIKi KO0 KaXeT.

KBarepHroHIap MEH OKTOHHOHJAP/ABIH ajlreOpachiH JKeTULipy OOWBIHINA ajbIHFAH HOTHOKENEP HAaKThl caHiaap
KeJieMiHzie 0oy KacHeTTepiHe Fe THIepPKOMIUICKCTI KaHa CaHOapbl jkacay YIIiH maimanaHyra 0oajgsl, COHBIMEH
Kartap, epicTep TEOPHCH], (I3UKAIBIK JIEKTPOHUKA, POOOTOTEXHHUKA JKOHE KOIl ©IIEM/l CHTHAJAAPIBl MH(PIBIK
OHJICY CallaapbIHIAFEI OipKaTap FRUIBIME KOHE TEXHUKAIBIK MOCEIeNIep i IenryTe KoJIaanyra 0oaibl.

TyiliH ce3aep: TMIEPKOMIUIEKCTIK CaH, KBaTEPHHOH, OKTOHHOH, anredpa, kebeiTy, Oeiry, KOMMYTAaTHUBTIK,
BEKTOP.

A.T. UopaeB
Kazaxckuil HaunoHabHbIH yHUBepcuTeT MeHHu Anb-Papabu, Anmarsl, Kazaxcran

METO/ IOCTPOEHUS KOMMYTATHUBHOM AJITEGPBI
KBATEPHMOHOB 1 OKTOHHOHOB

AnHoraunusi. KBaTepHHOHBI, KaKk M3BECTHO, OBUIM MpeanoxeHsl ['amuiapToHOM B 1843 Tomy wm mamm Havaso
OypHOMY pa3BUTHIO BEKTOPHOW anreOpsl W APYTUX BaXKHBIX pa3leliOB COBPEMEHHOH MaTeMaTHKH, KOTOPBIE
SIBJISIFOTCSL OCHOBHOM 0a3oil moctpoeHus: (yHAaMEHTAIbHBIX OCHOB TEOPUIl BO MHOTHX HAallpaBJCHHUsX Hayku. B
HacTosImee BpeMs anredpe KBaTepHHOHOB, OKTOHHOHOB M JAPYIHX THIIEPKOMIUIEKCHBIX YHCET, a TaKkKe HX
MPUMEHCHUIO [JId PCIICHUA Pa3IMYHBIX (byH[laMeHTaﬂbeIX 1 TPUKIAAHBIX HAaYYHbIX 3aJa4 MOCBALICHBI MHOI'O
Hay4HbIX paboT. Hampumep, anreOpbsl KBaTEPHHOHOB W OKTOHHMOHOB HEPENKO MCIOJIB3YETCsl JUIsl PELIeHHs psija
CJIOKHBIX CHEeUU(PHUYECKUX 3a7a4d B 00JacTsX poOOTOTEXHUKH, (PU3UUECKON 3JIEKTPOHHMKU U 1M(POBOH 00paboTKM
MHOTOMEPHBIX CHTHAJIOB.

Bwmecre ¢ TeM, 10 CHX MOp CYHMTAETCS, YTO THICPKOMILICKCHBIC YUCIIA HE OOJIAJal0T CBOWCTBOM KOMMYTa-
TUBHOCTH. V3BeCTHHI 3HAMEHUTHIE TeopeMbl @pobernyca, ['ypBuIla, U3 KOTOPBIX CIEAYET BHIBOJ O HEBO3MOKHOCTH
MOCTPOCHUS KOMMYTATHBHOM anreOpbl KBATEpHHOHOB H IPYTUX THIIEPKOMILICKCHBIX dHcel. Kpome Toro, B Teopeme
®pobeHnyca yTBepKIaeTCs, YTO MOCTPOCHHUE TUIICPKOMIUICKCHBIX YHCEN C JCICHHEM HaJ IMOJIEM NeHCTBUTENBEHBIX
YHUCEI OTPAaHIYMBACTCS are0paMu KBATEPHHOHOB M OKTOHHOHOB.

B nacrosmeit pabote npeanaraeTcs TeopemMa 0 IOCTPOSHUN KOMMYTATUBHON aireOphl KBATEPHHUOHOB, KOTOPast
chopMyIHpOBaHa CIIEAYIOIIMM 00pa3oM.

Teopema. AccouuaTruBHas anredpa KBATEPHUOHOB MOXKET ObITh MOJU(HUIIMPOBAHA B KOMMYTaTHBHYIO ajireOpy
KBaTEepHUOHOB IyTEM 3aJaHusi HaObopa 3HAKOBBIX KO3()(HUIMEHTOB HANpaBlICHUI OTCUETa YIJIOB MEXIY pajuyc-
BEKTOPAaMH B KOOPAWHATHBIX MMJIIOCKOCTIAX BeKTOpHOﬁ HacTHU CUCTEMbI KOOPJAUHAT IMPOCTPAHCTBA KBATCPHUOHOB.

3 MOJYUYCHHBIX JajiblI€ PE3YJbTATOB MOXHO BUACTH, YTO BCE€ M3JIOKCHHBIC PAHBIIC OCHOBHBIC CBOﬁCTBa
anreOppl KBATCPHUOHOB COXPAHSIOTCS, B TOM YHCIE, BO3MOXKHOCTh OIepaluu JeleHus. Kpome Toro, Hapsmy ¢
KOMMYTaTHBHOCTBIO COXPAHSICTCS TAK)KE M CBOMCTBO aCCONMATHBHOCTHU IPOU3BEICHISI KBATCPHUOHOB.

Jloka3aTenpCcTBO MPHUBEICHHOM BEHIIIE TEOPEMBI O KOMMYTAaTHBHOCTH alTreOpbl KBAaTEPHHOHOB, MOAUMDUIIIPO-
BaHHOW TyTeM 3agaHus Habopa 3HAKOBEIX KO3()(UIIMEHTOB HampaBIeHHWH OTCUETa YTJIOB, OTKPHIBACT HOBEIE
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BO3MOXXHOCTH KakK TIPH HCCJIEIOBaHWM CBOWCTB JPYTMX THIEPKOMIUIEKCHBIX YHCEN, TaK W JUIl HPUMEHEHUS
THIEPKOMITIEKCHBIX YHCENI ITPY PEIICHNH Pa3INYHbIX HAYYHBIX 1 MHKCHEPHBIX 3aad.

Janbme B paboTe paccMOTpeHa BO3MOXKHOCTH PEIICHHS 3aJadul, CBA3aHHOM C IMOCTPOCHHEM KOMMYTaTHBHON
anreOppl OKTOHMOHOB. JIIsI OCTHXKEHUSI KOMMYTATHBHOCTH IIPOW3BENCHHS OKTOHHOHOB B KAaueCTBE OCHOBBI
UCIIONB3YeTCs METOA, KOTOPBIH OBbLT MpEIUIokKeH B JaHHOH paboTe mis oOecredeHHs: CBOMCTBa KOMMYTAaTHBHOCTH
YMHOKCHUS KBATEPHUOHOB.

[TpuBeneHbl HeKOTOpbIE OOIIME BBIBOJABI, KOTOPbIE MOXKHO CHENaTh 10 pe3yjbTaTaM pelieHus 3aJadd 110
MOCTPOEHHIO KOMMYTAaTUBHO# anreOpbl KBATEPHUOHOB.

B-nepBbIX, B THNEPKOMIUIEKCHBIX YHCIAX pPe3yJbTaTaMH CMEIIAHHBIX NPOU3BEACHUA MHHUMBIX EIUHHUI[ CO
CBOMCTBAMH €JMHUYHBIX BEKTOPOB BEKTOPHOIO MPOCTPAHCTBA SBISAIOTCS IICEBIOBEKTOPBI, CBSI3aHHBIE C MPOEKLIUEH
BpalaTeIbHbIX NEPEMEIEHUH Ha MIOCKOCTH.

Bo-BTOpBIX, OTCYTCTBHE OIHO3HAYHO YCTAHOBJIEHHOIO MOJYJIBHOIO HAalpaBJIEHUs BpAIIATENbHBIX IepeMe-
IIEHNH MPHUBOIUT K JBOHCTBEHHOCTH CHCTEMBI MX OTCUETA M SIBIISIETCS MPUYMHON OTCYTCTBHUSI KOMMYTaTHBHOCTH
YMHO>KEHUS TUIIEPKOMITIIEKCHBIX YHCEIT.

W3 W310)K€HHOTO BBIIIE CIIEAYyEeT OCHOBHOM BBIBOA: IUIi OOECHEYEHHS KOMMYTATHBHOCTH YMHOXKCHHS
THIIEPKOMIUIEKCHBIX YHCEN HEOOXOAMMO Ul KaXKAOHW IIOCKOCTH BEKTOPHOTO NMPOCTPAHCTBA THIEPKOMIIIIEKCHOTO
YHCJIa OAHO3HAYHO 337aBaTh 3HAKH OTCUETA HANPABJICHUH BPaIlaTeIbHBIX NIEPEMELICHHH.

[lomy4eHHble pe3ynpTaThl IO COBEPIICHCTBOBAHHWIO aireOphl KBATEPHUOHOB M OKTOHMOHOB MOTYT OBITh
UCIIOJIb30BaHbl NIPU Pa3pabOTKe HOBBIX TMIIEPKOMILIEKCHBIX YHCEN C JAEJICHHEM HaJl MOJIeM JIeHCTBUTENLHBIX YHCEl,
a TaKKe MOTYT HaWTH NPHMEHEHHE Ul PEUICHUs psla HayYHO-TEXHHYECKUX 3a/ad B 00JacTAX TEOpUH IOJIs,
(hm3MUECKOH NIEKTPOHUKH, POOOTOTEXHUKH M U(PPOBOH 00pabOTKN MHOTOMEPHBIX CUTHAJIOB.

Ki1ioueBble c¢10Ba: TUIEPKOMIUIEKCHOE YHWCIIO, KBaTEPHHOH, OKTOHHOH, anredpa, yMHOXEHHE, JelICHHE,
KOMMYTaTHBHOCTb, BEKTOP.
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