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THE CORRESPONDENCE OF THE EREZ-ROSEN
SOLUTION WITH THE HARTLE-THORNE SOLUTION
IN THE LIMITING CASE OF ~Q AND ~M?

Abstract. The link between exterior solutions to the Einstein gravitational field equations such as the exact
Erez-Rosen metric and approximate Hartle-Thorne metric is established here for the static case in the limit of linear
mass quadrupole moment (Q) and second order terms in total mass (M). To this end, the Geroch-Hansen multipole
moments are calculated for the Erez-Rosen and Hartle-Thorne solutions in order to find the relationship among the
parameters of both metrics. The coordinate transformations are sought in a general form with two unknown functions
in the corresponding limit of ~Q and ~M?. By employing the perturbation theory, the approximate Erez-Rosen
metric is written in the same coordinates as the Hartle-Thorne metric. By equating the radial and azimuthal
components of the metric tensor of both solutions the sought functions are found in a straightforward way. It is
shown that the approximation ~Q and ~M?, which is used throughout the article, is physical and suitable for solving
most problems of celestial mechanics in post-Newtonian physics. This approximation does not require the use of the
Zipoy-Voorhees transformation, which is a necessary strict mathematical requirement in the ~Q approximation, i.e.
when no other approximations are made. This implies that the explicit form of the coordinate transformations
depends entirely on the approximation that is adopted in each particular case. The results obtained here are in
agreement with the previous results in the literature and can be applied to different astrophysical goals. The paper
pursues not only pure scientific, but also academic purposes and can be used as an auxiliary and additional material
to the special courses of general theory of relativity, celestial mechanics and relativistic astrophysics.

Keywords: exact and approximate solutions of Einstein's gravitational field equations, Erez-Rosen metric,
Hartle-Thorne metric, coordinate transformations, quadrupole moment, Geroch-Hansen multipole moments,
perturbation method.

1. Introduction.

There are a plenty of exact and approximate solutions to the Einstein field equations (EFE) in the
literature [1,2]. Most of the solutions are pure mathematical and only some of them are physical and
usually used in a various realistic astrophysical context. We here focus on the exterior exact Erez-Rosen
(ER) [3] and approximate Hartle-Thorne (HT) [4,5] solutions, hich are very well established and widely
exploited. The Erez-Rosen solution mainly involved in the description of the exterior gravitational field of
a deformed astrophysical object. Instead the Hartle-Thorne solution is used to study both interior and
exterior fields of slowly rotating and slightly deformed astrophysical objects in the strong field regime. In
connection with this, it is interesting to show how to find the relationship between these solutions in the
limiting static case with a small deformation.
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The metric of a nonrotating mass with a quadrupole moment has been obtained by Erez and Rosen in
1959 [3] with a use of Weyl method [6]. This metric was also analyzed by applying the spheroidal
coordinates, which are adapted to characterize the gravitational field of non-spherically symmetric bodies.
Later corrected for several numerical coefficients by Doroshkevich (1966) [7], Winicour et al. (1968) [8]
and Young and Coulter (1969) [9]. The physical properties of the ER metric were investigated by
Zeldovich and Novikov [10] and later by Quevedo and Parkes [11]. More general solutions involving
multipole moments were obtained by Quevedo, Quevedo and Mashhoon (QM) [12—15].

In the article dated back 1967 Hartle put forward his approach for studying physical properties of
slowly rotating relativistic stars [4]. Physical quantities that describe the equilibrium configurations of
rotating stars such as the change in mass, gravitational potential, eccentricity, binding energy, change in
moment of inertia, quadrupole moment, etc. were proportional to the square of the star’s angular velocity
Q2. Hartle and Thorne tested the formalism for different equations of state of relativistic objects [5]. From
that moment this solution is widely known as the Hartle-Thorne (HT) solution. Unlike other solutions of
the Einstein equations, the Hartle-Thorne solution has an internal counterpart [4,16], which makes it more
practical for investigation the equilibrium structure and physical characteristics of relativistic compact
objects such as white dwarfs, neutron stars and hypothetical quark stars [17-21]. Relatively recently this
solution was extended up to Q* approximation [22].

The main objective of this article is to find the relationship between Hartle-Thorne solution and
Erez-Rosen solution and show their equivalence in the limiting static case with a small deformation.
We adopted the signature of the line elements for this article as (+ — ——) and used geometrical units
G=c=1

It should be emphasized that the relationship between the ER and HT solutions has been established
by Mashhoon and Theiss in 1991 [23], involving the Zipoy-Voorhees transformation in the limiting static
case for small deformation. In addition Frutos-Alfaro and Soffel has shown that in the limit of ~Q and
~M? for static case one can find the relationship between the two metrics without involving the
Zipoy-Voorhees transformation [24]. In [25] we revisited the derivation by Mashhoon and Theiss
providing all technical details in an instructive way. However, in this work we revisit the results of Frutos-
Alfaro and Soffel [24], justifying physical significance, providing technical details. The paper pursues
pure scientific and academic purposes.

The work is organized as follows. We review the main properties of the ER solution in section 2. The
main physical characteristics of the exterior Hartle-Thorne solution are discussed in section 3. Section 4 is
devoted to the computation of the multipole structure of the solutions. The linearized, up to the first order
in mass quadrupole moment @ and to the second order in total mass M the Erez-Rosen solution is
considered in section 5. The Hartle-Thorne solution in the limit of ~Q and ~M? is considered in section 6.
Using the perturbation method, the coordinate transformations are sought in section 7. Finally, we
summarize our conclusions and discuss about future prospects.

2. The Erez-Rosen metric

The Erez-Rosen metric is an exact exterior solution with mass (m) and quadrupole (q) parameters
that describes the gravitational field of static deformed objects in the strong field regime [26]. It belongs to
the Weyl class of static axisymmetric vacuum solutions in prolate spheroidal coordinates (t, x, y, @), with
x=>land—-1<y<1:

ds? = e?¥dt? — m2e~2¥ [627’0(2 )(

D)+ 2= DA - yDde?], ()

where the metric functions ¥ and y depend on the spatial coordinates x and y, only, and m represents the
mass parameter.
The solution found by Erez and Rosen has the following form [27]

x21

1,[)——1 ( )+ q(3y? —1)[ (3x2 —1)ln( )+ x] 2)

and
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where q is the quadrupole parameter.

3. The exterior Hartle-Thorne solution
The general form of the exterior approximate HT metric [4, 5] in spherical (t, R, ©, ¢) coordinates is

given by:
2M 2M\"1 J?
ds? = (1 - T) 1+ 2k;P,(cos®) — 2 (1 - T) — (2c0s?0 — 1) | dt?
2m\ "1 6J2
—(1—?) [1—2(1«1—F)Pz(cos@)—z@—T F]dRZ (4)
4
—R?[1 — 2k, P,(cos ©)](d©? + sin? 6 d$p?) = / sin? @ dt d¢
where
2 M 5Q-J%/M
k1=ﬁ(1+;)+go L2030 )
_1
ky = by + L+ 2L (1 2R 1y (6)
and

Q3(x) = (x* — 1)z 37x1n(

x+1> 3x%2 -2
x—1 x2 -1

x +1\ 3x3-5x
Q3(x)=(x*-1) [—ln — 1) T GEC 1)2]
are the associated Legendre functions of the second kind, being P,(cos®) = (1/2)(3cos20 — 1) the
Legendre polynomial, and x = % — 1. The constants M, J and Q are the total mass, angular momentum
and quadrupole moment of a rotating object, respectively. Note, that according to Hartle Q > 0 for oblate

and Q < 0 for prolate objects.
In order to obtain the HT solution for static objects, we set / = 0 in the general form (4) and obtain

2M 2M\"!
ds? = (1 _ 7) [1 + 2k, P, (cos ©)]dt? — (1 _ ?) [1 — 2k, P, (cos ©)]dR?

—R?[1 — 2k,P,(cos ©)](d®? + sin? © ddp?) (7)

Where
8 M3 QZ( ) (8)
by = ks +3-2(1-20) 7 03 (x) ©)

Hence we can find the function ¥(x, y) for the static HT metric from a simple relation

gt = e?¥ (10)
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The solution found for ¥ has the following form

lp=§m[@:g<1_Sdﬁﬂﬂxwwﬁﬁ+ﬂﬂ-0“4§ﬂ»] an

x+1 16M3(1-x2)

where y = cos 0. Finally, for the function y it is not possible to find an explicit expression, unless we
consider the approximate version of the ER metric. This will be done in Sec. 5.

4. Geroch-Hansen multipole moments
Using the original definition formulated by Geroch [28], the calculation of multipole moments is quite
laborious. Fodor et al. [29] found a relation between the Ernst potential [30,31] and the multipole
moments which facilitates the computation. In the case of static axisymmetric space—times, the Ernst
potential is defined as
1-e2¥
1+e2¥

§(x,y) = (12)

The idea is that the multipole moments can be obtained explicitly from the values of the Ernst
potential on the axis by using the following procedure. On the axis of symmetry y = 1, we can introduce
the inverse of theWeyl coordinate z as

s—1_1
Z=_=— (13)
If we introduce the inverse potential as
£/ 1,/
£z,1) =3¢ 1) (14)
The multipole moments can be calculated as
1 d"(z,1)
M, =m, +d,, my = ;ﬁ (15)

where d,must be determined from the original Geroch definition (e.g. Refs. [15]). For the Erez—
Rosen metric, the Geroch-Hansen multipole moments read

2
My = m, M, = Eqm3 (16)

where M, is the monopole moment and M, is the quadrupole moment.
For the Hartle-Thorne metric, we obtain
My =M, M, = —Q (17)

As one can see from the Geroch-Hansen definition of multipole moments the quadrupole moment of
the HT metric has an opposite sign, which is due to the use of a different convention.

5. The approximated Erez-Rosen solution in the limit of ~Q and ~M?
In order to obtain the approximated ER metric we express m and q in terms of M and Q by equating
relations (16) and (17), respectively as follows

- - _Be
m=M, 9=~ (18)
and find its limit in ~Q and ~M? by expanding in Taylor series keeping only Q and M? and neglecting
QM? terms. Taking into account x = %— 1 and y = cos 6, the final result is written in spherical-like
coordinates (t,7, 0, ¢)
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ds? = (1 _%_*_ 2QP,(cos0) n ZMQPZ(cose)) dt2 (19)

r3 r4

2M  4M?  2QP,(cos®) 2MQ(5PF(cos6) + 11P,(cos8) — 1)\
—(1+—+ — — dr
r2 r3 3r4

5 2QP,(cos0) 2MQ(5P;(cos6) + 5P,(cos0) — 1)\
i E — do

2QP,(cos 0) 6MQP2 (cos 6))

2cin2
—resin“0( 1 —
< r3 r4

6. The Hartle-Thorne solution in the limit of ~Q and ~M?
In order to obtain the HT metric for static objects we set / = 0 and find its limit in ~Q and ~M?,

taking into account x = %— 1 and y = cos®. So the HT metric in standard spherical coordinates
(t,R,0,¢) reads

2M | 2QP,(cos®) . 2MQP;(cos ©) 2M  4M%2  2QP,(cos®) 10MQP;(cos©)
ds? = (1 — ch305 ;:os )dt2 _ (1 " _+ - ch305 _ R24c05 )dRz(ZO)
2QP,(cos®) 5MQP. (cos 0) _
—R? <1 — == = (d@? + sin?0d¢?)

7. Coordinate transformations from the Erez-Rosen metric to the Hartle-Thorne metric

To obtain the correspondence between the ER solution, with coordinates (t,r,0,¢), and the HT
solution, with coordinates (t, R, ©, ¢), both solutions must be written in the same coordinates. Therefore,
we search for a coordinate transformation of the following form:

roR+2A(O)  0-0+524(0) @1

where f;(0)and f,(0) are the sought unknown functions. In view of ~Q and ~M? approximation the
functions f; and f, depend only on 0. The total differentials of the coordinates are given by:

_ 3 R4 2 g = (1~ 212 24©)
dr—aRdR+a®dG)—( (G)))dR+ ( 1 )dG) (22)

_ 20 20 , . 4MQ MQ 8£,(0)
de—ﬁdR+£d@—( (@))dR+(1+R4 20)) g (23)

These expressions should be plugged in the approximated ER solution (19). Then, only terms ~Q and
~M? must be retained. We thus obtain the approximated ER metric in the same coordinates as the
HT solution with the same parameters

1__
R * R3 R*

- 2M N 4M?  2QP,(cos®) 2MQ(5P%(cos®) + 11P,(cos ®) — 9f;(0) — 1) -
R R R 3R
—R2 <1 _ 2QPy(cos@®) 2MQ(5P2(cos 0)(1+P,(cos O))+3(f1(®)—f2’(9))_1)> 162

ds? = ( 2QP,(cos®) 2MQP,(cos G))) 42

24

R3 3R*

N <2MQ(f1’ (G;) - 4f2(@))> iRd®
2QP,(cos0) ZMQ (3P,(cos®) + f1(0) + f,(0O) cot @))
R3 R4

—RZ?sin%0 (1 -
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Furthermore, by equating the corresponding grr components of the metric tensor of both
approximated ER (24) and HT (20) solutions, written in (¢, R, ©, ¢) coordinates, we find the expression

for function f; (©) as follows
5P2(cos ©)—4P,(cos ©)—1
9

f1(0) = (25)

Analogously, by comparing only the azimuthal components of the metric tensor ggg of both
solutions, we find the function f,(0) as
£2(0) = (2 — 5P,(c0s ©)) cos Osin © (26)

To this end, if we plug these functions into the mixed component of the metric tensor grg of the
approximated ER solution (24), written in (R, ©) coordinates, grg vanishes, as we expected.

8. Conclusion. We explored the Erez-Rosen and Hartle-Thorne metrics (in the absence of rotation) in
the limit ~Q and ~M? by using the perturbation method. The approximation that we used throughout the
paper is physical and convenient to solve most problems of celestial mechanics in the post-Newtonian
Physics. We showed that the approximate Erez—Rosen line element coincides with the Hartle—-Thorne
solution in the considered limit.

The use of Geroch and Hansen invariant definition of the multipole moments helped us to calculate
the corresponding mass monopole and quadrupole moments and establish the interconnection among the
parameters of both solutions.

In addition, we have showed that the explicit form of the coordinate transformations in the limit ~Q
and ~M? do not require the use of the Zipoy-Voorhees transformation in view of Ref. [32] (see also Ref.
[25] for details).

Due to the recent results [33—36], it will be interesting to find the connection between the Erez—Rosen
and Zipoy-Voorhees (q-metric) solutions. This will be the issue of future studies.
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K. Bomkaes'?, A. Maabi6aes!, D. Kepego'=+,
I'. Hyp6akwbiT!, A. Taykenosa'?, A. Ypazaauna'?

'On-Dapabu areiaparsl Kasak yaTThiK yHUBEpCHTETI, AnMathl, Kasakcran;
2ALIBIK TYPZEri YITTHIK HAHOTEXHOJIOTHAIIBIK 3epTXaHa, AnmaTel, Kazakcran;
3JIa Canvenua Pum yausepcureri, Pum, UTamus;
“MekcHKa YITTHIK aBTOHOMHUSIBIK, YHHBEPCHTETI, SIIPOIBIK FRUIBIMAAP MHCTUTYTHL, Mexuko, Mekcuka

~Q ’KOHE ~M? )KYBIKTAYBIHJIA OPE3-PO3EH
JKOHE XAPTJI-TOPH METPUKAJIAPBIHBIH COMKECTITI

AnHotanusi. By >xyMmeicTa TpaBHTanMSUIBIK epic YHIIH OWHINTEHH TEHJEYJIEpiHiH CHIPTKHI IIEMIiMi, aTarl
aiitkania DOpes-Posen xone Xapmi-TopH MeTpukanapbl apachlHa OailaHbIC OpHATBHUIABI. Jpe3-Po3zeH MeTpuKach
DWHIITEHH TeHACYIEPiHiH AJ MIEIIiMi OO caHAIAJbI )KOHE CTATHKAIBIK, OCBTIK CHMMETPHSUTBI aCTPO(PH3UKAIBIK,
HBICAHJAPJBIH CHIPTKEI TPaBUTAIUIIBIK OPICIH CHIATTAIBL, all XapTi-TOpH METpUKachkl DWHINTEHH TeHICYIICpiHIH
KYBIK IIemimMi OOJNBIT ecenTenedi, oi Oasfy aiHaNaThIH XOHE a3jan jAedopMarVsIaHFaH acTPOPHU3MKAIBIK
HBICAHJAP/BIH 1IIKI )KOHE CBIPTKBI MPaBUTALMSIBIK OPICIH cumaTTaiiabl. Makanana anra KOMBUIFAH MaKcaTKa JKeTy
yiid XapTia-TOpHHBIH CBIPTKbI METPHKACHI TEK CTATHKAJIBIK JKaFAaiiia KapacThIPbUIIBL.

JKorapbina KepceTUIreH IIeliMIep apachblHAa KaThlHAC OpPHATY YIIIH ojiap Oipieil sKybIKTay KOHE aifHamy
OonMaraHa, JOMpeKk aHTKaH[Ia, ChI3BIKTHIK KBaAPyMONbIiK MOMEHT (Q >KOHE TONBIK Macca KBaapaTbl M2
KYBIKTayBbIH/Ia KapacThIpbulibl. XapTi-TopH MeTpuka KoopauHaTtanapbiHna Ope3-Po3eH MeTpuKkachiH kasy YIIiH
angpiMeH ['epou-XaHCceH MyJIBTUIIONBAIK MOMEHTTEPI €CeNnTel i, MTHBApUAHTTHI MOMEHTTEP/II aHBIKTAy €Ki METpUKa
napameTpIiepi apacbiHaa OaitaHbic opHaTyFa MyMKiHIik O0epai. Coman keiiin Dpe3-Po3en merpukacel Xapti-TopH
METPUKACHIHBIH napameTpiiepi Q, M apKbLIbl Ka3bUIIbl )KIHE OHBIH JKybIK OPHETI ~ Q 5koHe ~ M? Ierin/e albIH/Ibl.

Opi Kapait, f; xoHe f, eki Oenrici3 GyHKIUsIapsl 0ap KAaNIbl TYPAETT KOOPIAUHATAIBIK TYPICHIIPY/Ii KOJIaHy
apKbUIBl KapacThIpbUIFaH XyblIKTayna Ope3-Posen merpukacel Xapmi-TOpH MeTpPHKachIHBIH KOOpPIMHATACHIHIA
24
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Ka3pupl. OchlIaH KeHiH eKi MeniMHIH METPHKAIBIK TEH30PbIHBIH Pafnalibl )KOHE a3MMyTalbl KypayllbulapbiH
TEHECTIpe OTBIPHIN, f; XoHE f, GyHKUMAIapsl alkpHganael. Ocbutaiimma Opes3-Pozen men Xaptia-TopH mremnimi
apachIHJIaFbl OAIaHBICTBl @HBIKTAUTBIH KOOPAMHATAIIBIK TYPJICHAIPYAiH KYBIK OpHET1 aHBIKTaJIbI.

Makanaza KoJjaHbuFaH ~ Q koHe ~ M? kybIKTaybl (U3HKAIBIK 5KOHE MOCTHBIOTOHABIK (DM3MKaAa acraH
MEXaHUKACBIHBIH KONTEI'eH MOCEJICIEPiH IIeNIyre KOJIaiibl eKeHIH aTal 6TKeH keH. by xybikTay 3unoi-Bypxuc
TYpAeHIipyiHe xXyrinoeyre MmyMkiaik Oepexni. Cebebdi 3unon-Bypxuc TyprieHaipyi ~ Q KybIKTaybIHI, SIFHHU, Oacka
SIIKAaH/All JKYBIKTAQy €CKEepUIMEreH Ke3Je KaKeTTI KaTaH MaTeMaTHKAJbIK Tanan OoJbIn  caHaitaipl. by
KOOPJIMHATAIBIK TYPJICHIIPYIiH aWKbIH TYpl TOJBIFBIMEH opOip HAKThl JKarjaija KOJIAaHBUIATBIH JKYBIKTayFa
OaifmaHpICTHI OOMaIbl JeTeH I Oimipeni.

Kopbithinabinail kene, Dpe3-Pozen xone Xapria-TopH MeTpuxanapbl ~ Q xoHe ~ M? KybIKTayblHJA
CTATUKAJBIK JKaFJail VIIiH YHBITKY TEOPHACHIHBIH ONIiCTepiH KOJNJaHy HETi3iHIe 3epTTey Kacaimbel. Dpe3-PozeHHIH
CBI3BIKTHIK AJIEMEHTIHIH KapaCTHIPBUIFaH KYBIKTayna XapTi-TopH memiMiMeH Colikec KeTeTiHI KOPCeTUI L.

OcpUtaiima KYMBICTa aJbIHFAH HOTIDKENEp oJcOMeTTe albIHFaH OeNTill HOTIKEIEpMEH COWKeC Kelledi KoHe
OJIapAbl SPTYPIi acTpo(U3MKANBIK Macelenepre KoigaHyra Oonambl. Makana TeK KaHa FBUIBIMH €MeC, COHBIMEH
Oipre akageMHsJIBIK MakKcaTTapAbl Ja Ke3JeHIl jKOHE >Kalllbl CajbICTHIPMANBLIBIK TEOPHACHI, acllaH MEXaHHKAaChI
KOHE PEJIITUBHCTIK acTpodu3uka OOWBIHIIA apHAibl KypcTapAa KeMEKIIi JKOHE KOCHIMIIA Kypal peTiHae
naiinananyra 0oJaibl.

Tyiiin ce3mep: rpaBUTALMSIIBIK OpIC YIITH DHHINTEHH TEHACYJIEPIHIH 1971 JKOHE XKYBIK HIemmimaepi, Ipe3-Posen
MeTpHuKachkl, Xapmi-TOpH METpPHKachl, KOOPIWHATTHIK TYPJCHIIPY, KBaIpyMoJbAik MOMEHT, ['epou-XaHceH
MYJIBTHIIONBAIK MOMEHTTEP1, YHBITKY TEOPHUSICBIHBIH 9JIiCTEPI.

K. Bomkaes'?, A. Maasidaes!, J. Kepeno'=4,
I'. Hypoaksit!, A. Taykenosa'?, A. Ypazaauna'?

'KasHY um. anmp-Papabu, pusuko-TexHudecknii Gpaxynsrer, Anmatel, Kazaxcram;
’HaumoHanbHass HAHOTEXHOJIOTHIECKAs 1a00paTOpHst OTKPHITOTO THna, Anmarel, Kasaxcraw;
3Pumcknii yausepceuter Jla Canvenua, pusuueckuii paxynsrer, Pum, Uranus;
“MeKCHKaHCKUH HAllMOHAJIBHBIA aBTOHOMHBIN YHUBEPCHTET, MHCTUTYT AJAEPHBIX Hayk Mexuko, Mekcuka

COOTBETCTBUE METPHUK 3PE3A-PO3EHA U XAPTJIA-TOPHA B IPUBJIN)KEHUUA ~Q U ~M?

AnHotanusi. B nanHoW paboTe ycTaHOBJEHa B3aMMOCBS3b MEXIY BHEIIHMMH pELICHHSIMH YypaBHEHHH
DWHINTEHA AJ1 TPaBUTAIIMOHHOTO TIOJIS, 8 UMEHHO MeTpukor Dpe3a-PoszeHa u metpukoit Xaptna-TopHa. Metpuka
Opesa-PozeHa sBIsieTCS TOYHBIM PEIICHHEM ypaBHEHMH DWHINTEHHa M ONMCHIBACT BHEIIHEE TPABUTALMOHHOE TI0OJIE
CTaTUYCCKHUX, aKCHAJIbHO-CHMMETPUYHBIX acTpo(u3mdeckux OOBEKTOB, B TO BpeMs Kak MeTpuka Xaptia-TopHa
SIBIIICTCST TPUONIDKEHHBIM PEIICHUEM ypaBHCHHH OWHINTEHHA, KOTOPOE OMHCHIBACT KaK BHEIIHWE, TaK |
BHYTPCHHHE TPABUTAIMOHHBIC MO MEUIEHHO BPANIAIOIIUXCS W CIErka Ie()OPMHUPOBAHHBIX acCTPOPUINIECKUX
00BeKTOB. Il MOCTMKEHHS IENT CTaTbU PacCMOTPEHA TOJBKO BHEIIHSS MeTpuka XapTia-TopHa B CTaTHYECKOM
ciry4ae.

YroObl YCTaHOBUTH B3aWMOCBSI3b MEXIy IEPEYUCICHHBIMH METPUKAaMH, OHHM ObUIM pPacCMOTPEHBI B
OJIMHAKOBOM IPHOJIMIKEHUU M B OTCYTCTBHE BpAIlIEHHs, TOUYHEE, B IPE/IeNe JINHEHHOTO KBaIPyIIOJILHOIO MOMEHTa (
U KBajpaTa MonHoi Maccel M2, UToOwl 3amucaTh MeTpuKy Dpe3a-Po3ena B koopauHaTax MeTpuku Xaprna-TopHa,
cHavama OBUTM BBIYMCIIEHBl MYJBTHUIONBHBIE MOMEHTH ['epoda-XaHceHa, KOTOpBIE IO3BOJISIOT YCTAaHOBUTH
B3aMMOCBA3b MCXKAY IapaMeTpaMu O6CI/IX METPUK TMOCPECACTBOM BbIYMCIICHHUA HWHBAPUAHTHBIX MOMEHTOB. 3areMm
MeTpuka Jpe3a-Po3eHa Opima 3ammcaHa depe3 mapaMeTpel MeTpukn Xaprmina-TopHa @, M u Obul monydeH eé
MpUOJIMKCHHBIA BUJ B Tipezene ~ Q u ~M 2,

[Janee, ucnonb3ys KOOpIMHATHBIE NPE0Opa3oBaHMs, 3alMCaHHblE B OOLIEM BHIE C ABYMsI HEM3BECTHBIMHU
dyukuusimu f; u f,, Mmerpuka Opesa-Po3ena Obiia 3amucaHa B KOOpAMHATax MeTpuku Xaprina-TopHa st
paccMaTtpuBaeMoro mpuOmmkenus. [lociae 3Toro, NpHpaBHSAB pagualibHBIE W a3UMYTalbHBIC KOMITOHEHTHI
METPUYECKUX TEH30POB JIByX PacCMaTpHBAEMbIX PELICHUi, ObUTM HaiijieHbl UCKoMble QyHKuuU f; u f,. Takum
00pa3oM, ObUT HalZeH MPHUOIMKEHHBIH BUI KOOPIMHATHRIX IPEOOpa30BaHUN, KOTOPEIE OMPEIEIIIOT B3aHMOCBSI3b
MeXIy pemeHnsMu Opesa-Pozena n Xapria-TopHa.

CriefyeT 3aMeTHTh, uTO npubmkenue ~ Q U ~M?, KoTopoe GbLIO HCMOJL30BAHO HA TPOTSKEHUH BCEH CTAaThH,
SBIsAeTCS (U3NYECKUM W TOOXOMANIMM JJIs pemieHus OONBIIMHCTBA 3a1ad  HeOecHOW MEXaHWKH B
MOCTHBIOTOHOBCKOW (u3uke. [laHHOe MpubImKeHUe Mo3BoJIsieT He npuberaTh K npeodpa3oBanuio 3umnosi-Bypxuca,
KOTOpOE SIBIISICTCS. HEOOXOAMMBIM CTPOTMM MaTeMaTHYeCKMM TpeOoBaHHEM B NpHOMMKeHHH ~ @, T.e. Korjga He
YYHUTBIBAIOTCS JPYTHE MPHUOIMKEHUSI. DTO O3HAYaeT, 4To sBHas (opMma MpeoOpa3oBaHUs KOOPAWHAT IMOJHOCTHIO
3aBHCHT OT MPUOJIMIKEHNUS, KOTOPOE MCIIOIb3YETCsl B KAXKIOM KOHKPETHOM Cllydae.
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B 3aBepuieHue cieayer OTMETHTh, 4TO MeTpuku Opes3a-Pozena um Xaptia-TopHa ObuUIM HCCIEOBaHbI ISt
CTAaTHYECKOTO Ciyyasi B NpHOMMKeHuH ~Q U ~M? IyTeM HMCHOJb30BAHUS METOJ0B TEOPUH BO3MYIIEHMii. BbLIo
MOKa3aHo, YTO NPUOJVIKEHHBIH JMHEWHBIM 37eMeHT Opes3a-Po3eHa coBmamaer ¢ pemieHueM Xaptiaa-TopHa B
paccMaTpruBaeMoOM Tpezere.

Takum 00pa3oM, pe3ysbTaThl, MOJIYYCHHBIC B 3TOW CTaThe, HAXOMATCSA B XOPOIIEM COIVIACHH C M3BECTHBIMHU
pe3ylibTaTaMu U3 JIMTCPATYPHBIX UCTOYHUKOB U MOT'YT OBITH MMPUMEHCHBI K pa3IMYHbIM aCTpO(i)l/ISI/I'{eCKI/IM 3aJadyaM.
Cratbs mpeciieaAye€T HEC TOJbKO YMCTO HAyUYHBIC, HO MU aKaICMHUYCCKUC 1CJIU, TaK KaK MOXKCT 6I)ITI) HCIIOJIb30BaHa B
Ka4yecTBE BCIIOMOTaTENIbHOTO M JONOJHHUTEIBHOIO Marepuaia JUIl CHEeNUalbHBIX KypcoB MO oOIeil Tteopun
OTHOCHUTENBHOCTH, HeOECHOI MeXaHHKE U PEJIITUBUCTCKOM acTpoQH3HKe.

Ki1ioueBble ci10Ba: TOYHbIE U NPHOJIMKEHHBIE PEIICHUS] ypaBHEHUH DWHINTEHHA JJIsl TPaBUTAMOHHOTO OIS,
MeTpuka Ope3a-Pozena, merpmka Xaptia-TopHa, KOOpAMHATHBIE TpeoOpa3oBaHUs, KBaIpYyTOJBGHBIA MOMEHT,
MYJIBTUIIOJIbHBIE MOMEHTHI I'epoua-XaHceHa, MEeTOIbl TEOpUU BO3MYILIEHUH.
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