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SOLUTION OF THE THERMAL CONDUCTIVITY EQUATION 
OF A ROD WITH A SQUARE SECTION BY CASTING TO 

A SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

Abstract. The purpose of this paper is to study the thermophysical state 
of a rod of constant cross section and limited length. This work is devoted 
to automating the study of the thermophysical state of a rod of 
constant cross section and limited length. The research automation process 
is based on the laws of conservation of energy. A three-dimensional 
body is considered, the constant cross section of which has the shape of a 
square. It is assumed that the left end of the rod coincides with the 
origin of coordinates and the heat transfer coefficient is assumed to be 
constant over the entire surface of the rod. It is also assumed that the 
rod is subject to point temperature and surface heat transfer. The 
correctness of the problem under study is most often very difficult, 
and sometimes impossible. However, due to the complexity of the 
phenomena under study, solve analytically partial differential 
equations using modern mathematical methods. There are also many 
solution methods suitable for practical use, such as analytical, analog, 
numerical, graphical and experimental. Temperature is a parameter 
that characterizes the energy of the thermal motion of particles of a 
substance. Consequently, the process of heat propagation and its 
direction are inextricably linked with the temperature distribution 
inside the body. In this regard, the paper proposes a reduction of the 
heat equation to a system of ordinary differential equations. 
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The problem is solved by reducing to a system of linear ordinary differential 
equations, for the solution of which an appropriate algorithm has been 
developed. Therefore, the development of special methods and computational 
algorithms and a set of applied programs that make it possible to study the 
steady thermophysical state of rods of limited length under the simultaneous 
influence of heterogeneous types of heat sources is an urgent problem. A 
program has been developed for finding the temperature distribution along 
the rod, which places the results of numerical calculations in several files. 
The results of numerical calculations in dynamics (over time) are displayed 
in the form of a table and displayed in the form of one-dimensional graphs. 
They do not contradict the experimental data. A promising direction is the 
use of interval mathematics to study the heat equation.

Key words: thermal conductivity, thermal insulation, temperature, non-
stationary thermophysical process, energy.
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КВАДРАТ ҚИМАСЫ БАР ӨЗЕКШЕНІҢ ЖЫЛУ 
ӨТКІЗГІШТІК ТЕҢДЕУІН ҚАРАПАЙЫМ 

ДИФФЕРЕНЦИАЛДЫҚ ТЕҢДЕУЛЕР ЖҮЙЕСІНЕ ҚОЮ 
АРҚЫЛЫ ШЕШУ

Аннотация. Бұл жұмыстың мақсаты – қимасы тұрақты және ұзын
дығы шектелген өзекшенің термофизикалық күйін зерттеу. Зерттеуді 
автоматтандыру процесі энергияның сақталу заңдарына негізделген. 
Үш өлшемді дене қарастырылады, оның тұрақты қимасы шаршы 
пішінді болып келеді. Өзекшенің сол жақ шеті бастапқы нүктемен 
сәйкес келеді деп болжанады және жылу беру коэффициенті өзекшенің 
бүкіл бетінде тұрақты деп қабылданады. Сондай-ақ, өзекше нүктелік 
температураға және беттік жылу алмасуға ұшырайды деп есептеледі. 
Зерттелетін есептің дұрыстығы көбінесе өте қиын жағдайда шешіледі. 
Дегенмен, зерттелетін құбылыстардың күрделілігіне байланысты 
қазіргі математикалық әдістерді қолдана отырып, аналитикалық дербес 
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дифференциалдық теңдеулерді шешуге тура келеді. Сонымен қатар 
аналитикалық, аналогтық, сандық, графикалық және эксперименттік 
сияқты практикалық қолдануға қолайлы көптеген шешу әдістері 
бар. Температура – ​​зат бөлшектерінің жылулық қозғалысының 
энергиясын сипаттайтын параметр. Демек, жылудың таралу процесі 
және оның бағыты дене ішіндегі температураның таралуымен тығыз 
байланысты. Осыған байланысты аталмыш жұмыста жылу теңдеуін 
қарапайым дифференциалдық теңдеулер жүйесіне келтіру ұсынылған. 
Есеп сызықтық кәдімгі дифференциалдық теңдеулер жүйесіне 
келтіру арқылы шешіледі әрі оны шешу үшін де сәйкес алгоритм 
әзірленді. Сондықтан жылу көздерінің гетерогенді түрлерінің бір 
мезгілде шектелген ұзындықтарының әсерінен өзекшелердің тұрақты 
термофизикалық күйін зерттеуге мүмкіндік беретін арнайы әдістер мен 
есептеу алгоритмдерін және қолданбалы бағдарламалар кешенін жасау 
өзекті мәселе болып табылады. Температураның қарастырып отырған 
өзекше бойымен таралуын табуға арналған программа жасалды, ол 
сандық есептеулердің нәтижелерін бірнеше файлдарға орналастырады. 
Динамикадағы сандық есептеулердің нәтижелері (уақыт бойынша) 
кесте түрінде көрсетіледі және бір өлшемді график түрінде беріледі. 
Олар эксперименттік мәліметтерге қайшы келмейді. Жылуөткізгіштік 
теңдеуді зерттеу үшін аралық математиканы пайдалану перспективалы 
бағыт болып табылады.

Түйін сөздер: жылу өткізгіштік, жылу оқшаулау, температура, ста
ционарлық емес термофизикалық процесс, энергия.
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РЕШЕНИЕ УРАВНЕНИЯ ТЕПЛОПРОВОДНОСТИ 
СТЕРЖНЯ С КВАДРАТНЫМ СЕЧЕНИЕМ ПРИВИДЕНИЕМ 
К СИСТЕМЕ ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ 

УРАВНЕНИЙ

Аннотация. Целью данной работы является исследование теплофи
зического состояния стержня постоянного сечения и ограниченной 
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длины. Данная работа посвящена  автоматизации исследования теп
лофизического состояния стержня постоянного сечения и ограни
ченной длины. Процесс автоматизации исследования опирается 
на законы сохранения энергии. Рассматривается трехмерное тело, 
постоянное поперечное сечение которого имеет форму квадрата. 
Предполагается, что левый конец стержня совпадает с началом 
координат и коэффициент теплообмена считается постоянным по 
всей поверхности стержня. Также предполагается, что стержень 
находится под воздействием точечной температуры и поверхностного 
теплообмена. Корректность исследуемой задачи чаще всего бывает 
очень трудно, а иногда и невозможно. Однако ввиду сложности изу
чаемых явлений решить аналитически дифференциальные урав
нения в частных производных современными математическими 
методами. Также существуют много методов решения, пригодных для 
практического использования, такие как аналитический, аналоговый, 
численный, графический и экспериментальный. Температура является 
параметром, характеризующим энергию теплового движения частиц 
вещества. Следовательно, процесс распространения теплоты и его 
направление неразрывно связаны с распределением температуры 
внутри тела. В этой связи в работе предлагается сведение уравнения 
теплопроводности к системе обыкновенных дифференциальных 
уравнений. Поставленная задача решается приведением к системе 
линейных обыкновенных дифференциальных уравнений, для решения 
которой разработан соответствующий алгоритм. Поэтому разработка 
специальных методов и вычислительных алгоритмов и комплекса 
прикладных программ, позволяющих исследовать установившегося 
теплофизического состояния стержней ограниченной длины 
находящихся под одновременным воздействием разнородных видов 
источников тепла, является актуальной проблемой. Разработана 
программа нахождения распространения температуры по стрежню, 
которая помещает результаты численных расчетов в несколько файлов. 
Результаты численных расчетов в динамике (по времени) выводится 
в виде таблицы и отображаются в виде одномерных графиков. Они 
не противоречат экспериментальным данным. Перспективным 
направлением является применение интервальной математики для 
исследования уравнения теплопроводности.

Ключевые слова: теплопроводность, теплоизоляция, температура, 
нестационарный теплофизический процесс, энергия.
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Introduction. Rods of limited length are used as load-bearing elements 
of modern jet and hydrogen engines, gas-generating, nuclear and thermal 
power plants, technological lines of the processing industry, spacecraft power 
plants. The load-bearing elements of these installations operate under the 
simultaneous influence of heterogeneous types of heat sources. Therefore, 
the development of special methods and computational algorithms and a set 
of applied programs that make it possible to study the steady thermophysical 
state of rods of limited length that are under the simultaneous influence of 
heterogeneous types of heat sources is an urgent problem.

There are several methods for solving thermal conductivity problems: 
analytical, analog, numerical, graphical, and experimental. Four of them 
come directly from various forms of equations. The experimental method 
is used when other methods do not give results. It is used to determine 
thermophysical properties, such as thermal conductivity and specific thermal 
capacity (Karpovich et all, 2015).

Analytical and numerical methods are used to solve thermal conductivity 
problems in complex solids. Solutions are possible under known boundary 
conditions, including the initial temperature distribution in the body and 
boundary conditions on the surface of the body, which can be set in one of 
three ways: surface temperature, heat flow and heat-exchange coefficient 
(Voronenko et all, 2014).

Temperature is a parameter that characterizes the energy of the thermal 
motion of particles of a substance. Consequently, the process of heat 
propagation and its direction are inextricably linked with the temperature 
distribution inside the body. In general, the temperature is not the same at 
different points of the body and depends on time: T = T(x, y, z, t).

After a significant period of time, the temperature of all parts of the body 
equalizes and becomes equal to the temperature of the medium (this is true 
for the case when the volume of the medium is much larger than the volume 
of the body and its temperature practically does not change with time) (Dede 
et all, 2020).

The work (Dede et all, 2020) contains new results on spectral methods 
for solving incorrectly set problems using the example of the Cauchy 
problem for the parabolic equation: a method for regularizing the solution 
of the inverse problem is proposed. The regularized equation is obtained by 
introducing a biquadratic Laplacian into the heat equation with a coefficient 
equal to the regularization parameter.

For the inverse boundary value problem of heat exchange, an approximate 
solution is constructed by the quasi-conversion method and an order-accurate 
estimate of the error of the constructed approximate solution is obtained 
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on one of the correctness classes of the inverse boundary value problem 
([Visaria et all, 2020).

For an incorrectly set problem with the reverse time of the semi-linear 
differential-operator equation, a stable approximate solution was built and 
an estimate of its error was given (Jaffe et all, 2021).

Using the method of spectral analysis, a criterion for the uniqueness 
of the solution to the inverse problem for finding the initial condition is 
established. The theorems of uniqueness, existence and stability of the 
solution are proved for these problems (Amrit et all, 2021).

Materials and methods. Research analysis and problem statement. 
Consider a horizontal rod of limited length l2 and constant cross section                  
Scs = l1*l1. Build a global Cartesian coordinate system Oxyz (Figure 1).

Figure 1 – General view of a metal rod with a square section

Heat propagation in a homogeneous rod in the absence of heat sources is 
described by the following three-dimensional thermal conductivity equation

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 

  

,                                     (1)

where a2 is the coefficient of thermal diffusivity, t0< t < t1 – is the period of 
time during which the process of thermal conductivity of the rod is studied.

x, y, z are space variables 0<y, x<l1,  0<y, x<l2,
xc, yc, zc – the center of the rod: xc – l2/2, yc – l1/2, xc – l1/2; 
l1– width and height of the rod;
l2– rod length;
D – parallelepiped {0<y, x<l1,  0<y, x<l2}, Г – border D, 
Q – {x, y, z, t| (x, y, z) 
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 t0, t1}.
The partial differential equation (1) is the differential equation of energy 

conservation for the isochoric heat transfer process, or the equation of 
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unsteady thermal conductivity. It establishes a relationship between temporal 
and spatial temperature change at any point in a solid, in which the thermal 
conductivity process occurs.

It is assumed that the left end of the rod coincides with the origin and the 
heat transfer coefficient is assumed to be constant over the entire surface 
of the rod. It is also assumed that the rod is under the influence of point 
temperature and surface heat exchange.

To isolate the unique solution of the thermal conductivity equation, it is 
necessary to add the initial and boundary conditions to equation (1).

In the general case, the initial condition can be analytically written as 
follows:

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
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∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
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dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 

  

,  

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 
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. 		  (2)

We set the boundary conditions in the form

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 
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,    

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 

  

.				    (3)

The differential thermal conductivity equation together with the initial 
and boundary conditions fully determine the problem, that is, knowing 
the geometric shape of the body, the initial and boundary conditions, it is 
possible to solve the differential equation to the end and, consequently, find 
the temperature field in the body, T(x, y, z, t)  - the temperature distribution 
function at any time t. The function T(x, y, z, t) must satisfy the differential 
equation (1), as well as the initial and boundary conditions. 

This implies the correctness of the problem under study, however, due to 
the complexity of the phenomena under study, it is most often very difficult, 
and sometimes even impossible, to solve analytical partial differential 
equations using modern mathematical methods. However, there are many 
solution methods suitable for practical use. In this regard, it is proposed to 
reduce the thermal conductivity equation to a system of ordinary differential 
equations.

Result and discussion. Development of a computational algorithm. 
We cover the domain D with a uniform grid with steps ∆x, ∆y, and ∆z 
along the x, y, and z axes respectively. We write the following difference-
differential approximation of the equation (2)

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 
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∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 

  

,                                                                      (4)

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 

 
  
l1 = 1.0; l2 = 10.0; ∆t = 0.01;   nx =10; ny= 6; nz= 6; q = 200. 

  

nxyz=nx*ny*nz.

Here ∆x is the step and nx is the number of split points along the Ox axis, 
∆y is the step and ny is the number of split points along the Oy axis, ∆z is 
the step and nz is the number of split points along the Oz axis, the indices i, 
j, k are in x, y, and z coordinates, respectively (Sikovsky, 2013).

Initial conditions (2) take the form

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
  

dx
dt = Ax, x(t0) = x0 , t ∈ [t0,  t1]   (8) 
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.                   (5)

Boundary conditions (3) are approximated by the following differential 
equations

∂T
∂t = a2 (∂2T

∂x2 + ∂2T
∂y2 + ∂2T

∂z2),    (1) 
 
 

Q = {x, y, z, t|(x, y, z) ∈ D,   t ∈ [t0, t1]}. 
 

  
T|t=0 = q(M),    M = (x, y, z) ∈ D.  (2) 

 
  
 

∂T
∂n |Г = 0 ,     T(0, yc, zc, t) = q.    (3) 

 
  ∆x, ∆y, and ∆z along the x, y, and z axes respectively. We write the following difference-differential 

approximation of the equation (2) 
 

dTi,j,k
dt = a2 (Ti+1,j,k−2Ti,j,k+Ti−1,j,k

∆x2 + Ti,j+1,k−2Ti,j,k+Ti,j−1,k
∆y2 + Ti,j,k+1−2Ti,j,k+Ti,j,k−1

∆z2 ),    (4) 

 
t ∈ [t0,  t1], i =  2, nx − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, j =  2, ny − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅,k =  2, nz − 1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, 
∆x = l1/nx,   ∆y = l1/ny,   ∆x = l2/nz,    
nxyz=nx*ny*nz. 
 
  

T1,j,k(t0 ) = qi,j,k   , i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ .  (5) 
 

  
 

dT1,j,k
dt = 0, dTnx,j,k

dt = 0, dTi,1,k
dt = 0, dTi,ny,k

dt = 0, dTi,j,1
dt = 0, dTi,j,nz

dt = 0,  (6) 
i =  1, nx̅̅ ̅̅ ̅̅ , j =  1, ny̅̅ ̅̅ ̅̅ ,k =  1, nz̅̅ ̅̅ ̅̅ . 
 
  
 

xp (t) = Ti,j,k(t),p = (i − 1) ∗ ny ∗ nz + (j − 1) ∗ nz + nz   (7) 
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The following iterative solution algorithm is proposed:
1. Based on the data of the original problem (1)-(3), the matrix A is 

constructed
2. According to the initial conditions (5), the vector x0 is calculated
3. Based on the Runge-Kutta method, the Cauchy problem (8) is solved
4. The resulting solution is output to Rezult.txt and to the GrafX.txt file 

for subsequent visualization using the MatLab software tool [Anufriev et all, 
2005 – Dyakonov, 2005].

Numerical solution of problems for specific initial data. A program 
has been developed for finding the temperature distribution along the rod, 
which places the results of numerical calculations in several files. The results 
of numerical calculations in dynamics (over time) are displayed in the form 
of one-dimensional graphs. (Mazakov et all, 2021- Nurdaulet et all, 2018). 

The calculations were carried out with the following initial data:
l1 – 1.0; l2 –  10,0; ∆t – 0,01;  nx =10; ny= 6; nz= 6; q– 200.
Figures 2-3 present the results of experimental calculations in graphical 

form. Figure 2 shows a graph of temperature distribution along the center of 
the rod in the X direction from the origin in dynamics. 

In view of the large temperature difference from 0 to 200 degrees, Figure 
3 shows a 2nd graph of the temperature distribution along the center of the 
rod in the X direction with a one-step offset from the origin in dynamics.

As can be seen from Figure 3, the temperature in the center of the rod at 
the end increases from 0 to 5 degrees in 100 seconds.

Figure 2 – Graph of temperature distribution along the center of the rod in the X 
direction from the origin
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Figure 3 – Graph of temperature propagation along the center of the rod in the X 
direction with a one-step offset from the origin

Conclusion. The study of the equation of thermal conductivity of a rod 
with a square section is reduced to a system of linear ordinary differential 
equations, for the solution of which an appropriate algorithm has been 
developed. The results of numerical calculations do not contradict the 
experimental data. Additionally, the results are output to text files and provide 
the construction of one-dimensional images of temperature dynamics using 
the MatLab system, for which the corresponding program has been written. 
A promising direction is the use of interval mathematics to study the thermal 
conductivity equation.
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