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SOLUTION OF THE THERMAL CONDUCTIVITY EQUATION
OF AROD WITH A SQUARE SECTION BY CASTING TO
A SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

Abstract. The purpose of this paper is to study the thermophysical state
of a rod of constant cross section and limited length. This work is devoted
to automating the study of the thermophysical state of a rod of
constant cross section and limited length. The research automation process
is based on the laws of conservation of energy. A three-dimensional
body is considered, the constant cross section of which has the shape of a
square. It is assumed that the left end of the rod coincides with the
origin of coordinates and the heat transfer coefficient is assumed to be
constant over the entire surface of the rod. It is also assumed that the
rod is subject to point temperature and surface heat transfer. The
correctness of the problem under study is most often very difficult,
and sometimes impossible. However, due to the complexity of the
phenomena under study, solve analytically partial differential
equations using modern mathematical methods. There are also many
solution methods suitable for practical use, such as analytical, analog,
numerical, graphical and experimental. Temperature is a parameter
that characterizes the energy of the thermal motion of particles of a
substance. Consequently, the process of heat propagation and its
direction are inextricably linked with the temperature distribution
inside the body. In this regard, the paper proposes a reduction of the
heat equation to a system of ordinary differential equations.
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The problem is solved by reducing to a system of linear ordinary differential
equations, for the solution of which an appropriate algorithm has been
developed. Therefore, the development of special methods and computational
algorithms and a set of applied programs that make it possible to study the
steady thermophysical state of rods of limited length under the simultaneous
influence of heterogeneous types of heat sources is an urgent problem. A
program has been developed for finding the temperature distribution along
the rod, which places the results of numerical calculations in several files.
The results of numerical calculations in dynamics (over time) are displayed
in the form of a table and displayed in the form of one-dimensional graphs.
They do not contradict the experimental data. A promising direction is the
use of interval mathematics to study the heat equation.

Key words: thermal conductivity, thermal insulation, temperature, non-
stationary thermophysical process, energy.
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KBAJIPAT KUMACHI BAP ©3EKIIEHIH JKbLITY
OTKI3TIUTIK TEHJEYIH KAPAIAWBIM
IN®OEPEHIIUAJIBLIK TEHJE YJIEP )KYHECIHE KOIO
APKBLJIBI IEITY

AHHOTaIuUs1. By )KYMBICTBIH MaKcaThl — KUMacChl TYPAKThI XKOHE Y3bIH-
JBIFBI IIEKTEITeH ©3€KIICHIH TepMO(H3UKAIBIK KYHIH 3epTTey. 3epTreyi
aBTOMATTaHJBIPY MPOIECI PHEPTUSHBIH CaKTaly 3aHJapblHA HETi3/IeJreH.
Yur emmemai J€HE KapacThIPbUIAIbI, OHBIH TYPAaKThl KHUMAChl IIApIIbI
mimiHgl O0MBI Keemi. ©3eKIeHIH Col JKakK ImeTi 0acTankbl HYKTEMEH
coiikec Keesi aer 00mKaHaIbl XKOHE JKbLUTY 0epy Kod(puineHTi o3eKmeHiH
Oykin OeriHIe TYpakThl jen Kaobuigananbl. CoHmai-ak, ©3eKIIe HYKTEeNiK
TeMIIepaTypara )KoHe OCTTIK JKbUTy ajMacyfa YIIbIpaiIbl JeT eCenTelNeIi.
3epTTeneTiH eCenTiH AYPHICTHIFBI KOOIHECE 0TE€ KUBIH JKaFaaiiaa meiae/ml.
JlereHMeH, 3epTTeNieTiH KYOBUIBICTapABIH KYpACTIUIiriHe OaillaHBICTHI
Ka3ipri MaTeMaTUKAJIBIK 9ICTePl KOJIIaHa OTHIPHIT, AaHATMTUKAIIBIK JepOec
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muddepeHnuanIblK TeHaeyIepai memyre Typa kenemni. CoOHbIMEH KaTap
AQHAIUTUKAJIBIK, aHAJOTTHIK, CAH/IBIK, TPadUKAJIBIK KOHE IKCIICPUMEHTTIK
CUSIKTBI TIPAKTHKAJIBIK KOJIJAHYFa KOJAMIbI KONTEreH IIeNry oicTepi
O0ap. Temmeparypa — 3ar OeIIEKTEpiHIH KBUIYIBIK KO3FaIBICBIHBIH
SHEPIUsCHIH CUIIATTAWTHIH Tapamerp. JleMeK, KbUIyIblH Tapairy Mpoueci
KOHE OHBIH OAaFrbIThI JICHE IMIIHAETI TeMIEpaTypaHbIH TaPATYbIMEH THIFbI3
OaiinanbicThl. OChIFaH OalJIaHBICTBI aTAJIMBIII JKYMBICTA XKbUTY TCHICYIH
KapanaibiM quddepeHIHANIBIK TCHICYIICP KYHECiHe KeNTIPy YCHIHBIIFaH.
Ecen CBIBBIKTHIK KomiMri AuQQepeHuraniblK TeHAeylnep KyheciHe
KETIPy apKbUIBI IISHIUICAl 9pl OHBI IENTy YIIiH I COWKeC aJrOpuTM
ozipnenai. COHABIKTAH KbUTy KO3AEpiHIH TeTeporeHial TypiepiHiH Oip
ME3T1JIe MIEKTEITeH Y3bIHIBIKTAPBIHBIH OCEPIHEH O3CKIIeICPIiH TYPAKTHI
TepMO(DU3UKANIBIK KYHIH 3epTTeyre MyMKIH/IIK OEpETIH apHabI 9ICTEp MEH
€CeNTey ATOPUTM/ICPIH KOHE KOJITaHOAIBI OaFjapamMaiap KeIeHiH xKacay
©3€KTi Macesie OoubIn TaObuIaabl. TemneparypaHblH KapacThIPhINT OThIPFaH
e3¢KIie OOMBIMEH TapanyblH TaOyFa apHaJFaH MPOrpaMMa >Kacajibl, OJ
CaH/IbIK ecenTeyNep/IiH HOTHXKeNepiH OipHere daiinnapra OpHAIACThIPAIbI.
JluHaMHKaarel CAHMBIK €CENTEYJAepiH HOTHXKeNepi (YakbIT OOWMBIHIIA)
KeCTe TYpIHIIe KepceTiieni xaoHe Oip emmemai rpaduk TypiHae Oepinemi.
Ounap PKCIIEPUMEHTTIK MAJIMeTTepre Kalmibl kenMenai. XKpuryeTKi3rimTik
TEHJICY/li 3ePTTEY YIIIH apajblKk MaTeMaTUKaHbl MaliJajilaHy epCICKTHBAIIbI
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PEHIEHUE YPABHEHUS TEILVIOITPOBOJHOCTH

CTEPXHS C KBAJIPATHBIM CEYEHUEM NPUBUJEHUEM

K CUCTEME OBBIKHOBEHHBIX JTU®P®EPEHIIUAJBbHBIX
YPABHEHUM

AnnoTauus. Lenpro nanHO# paboTHI SBISLETCS HCCIIEOBaHUE TETUTO(H-
3UYECKOrO COCTOSIHMSI CTEPKHS ITOCTOSIHHOIO CEYEHUS U OrPaHU4YCHHOU
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mnHbl. JlanHas pa®oTa MOCBSIIEHAa AaBTOMATU3allMU HCCIEIOBAHUS TEll-
T0(QU3UYECKOTO COCTOSHUSA CTEP’KHS TOCTOSIHHOTO CEYEHHUS M OTpaHH-
yeHHOM JyuHBL. [Ipolecc aBromMaru3aluy HCCIEIOBAaHUS OMHPACTCS
Ha 3aKOHBI COXpaHEeHMs HHepruu. PaccMaTpuBaercs TpexXMEpHOE TeJo,
MOCTOSIHHOE TIOTIEPEYHOE CEYEHHE KOTOpOoro umMeer ¢opMmy Kpajlpara.
[Ipenmonaraercs, 4TO JEBBIH KOHEI CTEPKHS COBMAJAEeT C HAyajaoM
KOOpPIMHAT U KOA(PPUIMEHT TErI000MEeHa CUYMTAETCS IOCTOSHHBIM I10
BCEl MOBEPXHOCTH CTEP)KHA. TakkKe TMpeAnoyiaraercs, 4To CTEp>KeHb
HAXOJUTCS MO/ BO3/ICHCTBUEM TOUEUYHOMN TEMIIEpaTyphl U MOBEPXHOCTHOTO
terioooMena. KoppekTHOCTh uccienyeMoil 3afaddl yaie BCero ObIBaeT
OYEeHb TPYAHO, a MHOTAA U HEBO3MOXHO. OHAKO BBUAY CIOXKHOCTHU H3Y-
YaeMbIX SBJICHUN pEIINTh aHAIUTU4YeCKu auddepeHinnanbible ypaB-
HEHUSI B YACTHBIX MPOU3BOJHBIX COBPEMEHHBIMU MaTeMaTUYECKUMU
MeTtofamu. Takke CylecTBYIOT MHOTO METOJIOB PELIEHUS, TPUTOAHBIX JJIs
MPAKTHUYECKOTO MCMOIb30BAHMS, TAKUE KaK aHAIUTUYECKUH, aHAJIOTOBBIH,
YHCIICHHBIN, TpadUuecKuii U SKCIIEPUMEHTaNbHBINA. Temneparypa sBiseTcs
MapaMeTpoM, XapaKTEPU3YIOLIUM SHEPIHUI0 TEIJIOBOTO JBIKEHUS YaCTHUIL
BemecTBa. (CrenoBarenbHO, MPOLIECC PACHPOCTPAHEHHsI TEIUIOTHI U €ro
HanpaBleHUE HEPa3phIBHO CBS3aHBl C paclpeiesieHueM TeMIepaTypbl
BHYTpHU Tena. B 310il cBs3u B paboTe mpezuiaraeTcsi CBeIeHUEe ypaBHEHUS
TEIUIONPOBOJHOCTH K CHCTEME OOBIKHOBEHHBIX U depeHInanbHbIX
ypaBHeHuil. [locTaBieHHas 3ajaya peliaeTcss NMPUBEACHUEM K CHCTEME
JTUHEHHBIX OOBIKHOBEHHBIX AU(PPEpEeHIINATbHBIX YPABHEHUH, ISl pEIICHUS
KOTOpOi#l pa3paboTaH COOTBETCTBYIOLIMI anroputM. [loatomy paspaborka
CHEIHAIbHBIX METOJOB M BBIYUCIUTENBHBIX aJTOPUTMOB M KOMILJIEKCA
MPUKIAIHBIX [POrPaMM, IMO3BOJIAIOIIUX HCCIIEIOBAaTh yCTAHOBUBILIETOCS
TEIIO(QU3MYECKOTO  COCTOSIHMSI ~ CT€P)KHEW  OrpaHMYEHHON  JJTMHBI
HAXOJSAIINXCS O]l OAHOBPEMEHHBIM BO3JCHCTBHEM Pa3HOPOIHBIX BHJIOB
HMCTOYHMKOB TeIJIa, SBISIETCS akTyalbHOW mpobiemoi. Paspaborana
porpaMMa HaXOXKICHHsI PacHpOCTpPaHEHHs] TeMIIEpaTypbl MO CTPEKHIO,
KOTOpasi IOMEIIAaeT Pe3yNbTaThl YHCICHHBIX PACUETOB B HECKOJIBKO (haiiiioB.
Pe3ynbprarhl 4MCIEHHBIX PAacueTOB B AMHAMHUKE (IO BPEMEHHU) BBIBOJIUTCS
B BUJE TaONMIIBI U OTOOpa)kaloTcsi B BUAE OIHOMEpHBIX rpadukoB. OHuU
HE TMPOTUBOpPEYAT OSKCIEPUMEHTAIBHBIM JaHHBIM. [lepcreKTHUBHBIM
HAIpaBICHUEM SBISETCS NPUMEHEHHE MHTEPBAJIBHON MaTreMaTHKU s
UCCIIEIOBAHMS YPABHEHUS TEILIONPOBOIHOCTH.

KuroueBble ci10Ba: TEIIONPOBOIHOCTD, TETUIOU3OMISIUS, TEMIIEpaTypa,
HEeCTallMOHAPHBIN TEIIO(U3HNUECKH Mpoliecc, YHEPTHsl.
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Introduction. Rods of limited length are used as load-bearing elements
of modern jet and hydrogen engines, gas-generating, nuclear and thermal
power plants, technological lines of the processing industry, spacecraft power
plants. The load-bearing elements of these installations operate under the
simultaneous influence of heterogeneous types of heat sources. Therefore,
the development of special methods and computational algorithms and a set
of applied programs that make it possible to study the steady thermophysical
state of rods of limited length that are under the simultaneous influence of
heterogeneous types of heat sources is an urgent problem.

There are several methods for solving thermal conductivity problems:
analytical, analog, numerical, graphical, and experimental. Four of them
come directly from various forms of equations. The experimental method
is used when other methods do not give results. It is used to determine
thermophysical properties, such as thermal conductivity and specific thermal
capacity (Karpovich et all, 2015).

Analytical and numerical methods are used to solve thermal conductivity
problems in complex solids. Solutions are possible under known boundary
conditions, including the initial temperature distribution in the body and
boundary conditions on the surface of the body, which can be set in one of
three ways: surface temperature, heat flow and heat-exchange coefficient
(Voronenko et all, 2014).

Temperature is a parameter that characterizes the energy of the thermal
motion of particles of a substance. Consequently, the process of heat
propagation and its direction are inextricably linked with the temperature
distribution inside the body. In general, the temperature is not the same at
different points of the body and depends on time: T =T(x, y, z, t).

After a significant period of time, the temperature of all parts of the body
equalizes and becomes equal to the temperature of the medium (this is true
for the case when the volume of the medium is much larger than the volume
of the body and its temperature practically does not change with time) (Dede
et all, 2020).

The work (Dede et all, 2020) contains new results on spectral methods
for solving incorrectly set problems using the example of the Cauchy
problem for the parabolic equation: a method for regularizing the solution
of the inverse problem is proposed. The regularized equation is obtained by
introducing a biquadratic Laplacian into the heat equation with a coefficient
equal to the regularization parameter.

For the inverse boundary value problem of heat exchange, an approximate
solution is constructed by the quasi-conversion method and an order-accurate
estimate of the error of the constructed approximate solution is obtained
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on one of the correctness classes of the inverse boundary value problem
([Visaria et all, 2020).

For an incorrectly set problem with the reverse time of the semi-linear
differential-operator equation, a stable approximate solution was built and
an estimate of its error was given (Jaffe et all, 2021).

Using the method of spectral analysis, a criterion for the uniqueness
of the solution to the inverse problem for finding the initial condition is
established. The theorems of uniqueness, existence and stability of the
solution are proved for these problems (Amrit et all, 2021).

Materials and methods. Research analysis and problem statement.
Consider a horizontal rod of limited length 1, and constant cross section
S.. =1,*1,. Build a global Cartesian coordinate system Oxyz (Figure 1).

Z

,f ﬁ-hh"“"\-\-.__ ==
1 P -’_r_.-’
e
“7-45\\
P -

e
q-

Figure 1 — General view of a metal rod with a square section

Heat propagation in a homogeneous rod in the absence of heat sources is
described by the following three-dimensional thermal conductivity equation

aT d%T | 0%T | 9%T
=2 (Gatiatan) W

where a* is the coefficient of thermal diffusivity, t <t <t —is the period of
time during which the process of thermal conductivity of the rod is studied.

X, Y, z are space variables 0<y, x<I , 0<y, x<l,,

X, Y, z, — the center of the rod: x_—1,/2,y —1/2,x —1/2;

1 — width and height of the rod,;

1—rod length;

D — parallelepiped {0<y, x<I,, 0<y, x<L}, I' —border D,

Q-1X%2zt((Xy,2ED,tEL,t}.

The partial differential equation (1) is the differential equation of energy
conservation for the isochoric heat transfer process, or the equation of
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unsteady thermal conductivity. It establishes a relationship between temporal
and spatial temperature change at any point in a solid, in which the thermal
conductivity process occurs.

It is assumed that the left end of the rod coincides with the origin and the
heat transfer coefficient is assumed to be constant over the entire surface
of the rod. It is also assumed that the rod is under the influence of point
temperature and surface heat exchange.

To isolate the unique solution of the thermal conductivity equation, it is
necessary to add the initial and boundary conditions to equation (1).

In the general case, the initial condition can be analytically written as
follows:

Tl=o = q(M), M = (x,y,z) €D. ()
We set the boundary conditions in the form
Z—E Ir =0 T(0,y¢ 2o, ) = q. (3)

The differential thermal conductivity equation together with the initial
and boundary conditions fully determine the problem, that is, knowing
the geometric shape of the body, the initial and boundary conditions, it is
possible to solve the differential equation to the end and, consequently, find
the temperature field in the body, T(x, vy, z, t) - the temperature distribution
function at any time t. The function T(X, y, z, t) must satisfy the differential
equation (1), as well as the initial and boundary conditions.

This implies the correctness of the problem under study, however, due to
the complexity of the phenomena under study, it is most often very difficult,
and sometimes even impossible, to solve analytical partial differential
equations using modern mathematical methods. However, there are many
solution methods suitable for practical use. In this regard, it is proposed to
reduce the thermal conductivity equation to a system of ordinary differential
equations.

Result and discussion. Development of a computational algorithm.
We cover the domain D with a uniform grid with steps Ax, Ay, and Az
along the x, y, and z axes respectively. We write the following difference-
differential approximation of the equation (2)

dTjk 2 [ Ti+rjk=2Tijx*tTi—1jk | Tij+rk—2TijrtTij-1k
—bk - 4 + +
dt Ax? Ay?
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n Tijx+1= 2Tt Tijk-1 )
Az2 ’

te[ty, t1],i= 2,nx—1,j= 2,ny—1k= 2,nz—1,
Ax =1,/nx, Ay =1;/ny, Ax =1,/nz,

nxyz=nx*ny*nz.

Here Ax is the step and nx is the number of split points along the Ox axis,
Ay is the step and ny is the number of split points along the Oy axis, Az is
the step and nz is the number of split points along the Oz axis, the indices i,
J, k are in X, y, and z coordinates, respectively (Sikovsky, 2013).

Initial conditions (2) take the form

Tyx(to) = Gy 1= Lnxj= Tnyk= Tnz ®)

Boundary conditions (3) are approximated by the following differential
equations

dTyjx —0 ATy ~0 dTisk _ 0 dT; nyk ~0 dT;;, _
dt Toodt oo dt Toodt ’odt
dT,
_ jnz _ 6
0, T 0, (6)

i= 1,nx,j= 1,ny,k= 1,nz

Introduce a vector x of dimension nxyz and a matrix A of dimension
nxyz*nxyz.
We define the elements of the vector x as follows:

Xp O =Tjx®.p=(>0—-1)*ny*nz+ (-1 *nz+nz (7

i= 1,nx,j= 1,ny,k= 1,nz.

The elements of the matrix A are determined through the coefficients of

equation (4) and the given steps Ax, Ay, Az along the corresponding axes.

Then the original problem (2)-(4) is reduced to the following Cauchy
problem for a system of linear ordinary differential equations:

% = AX, X(to) =Xp, te [tOJ tl] (8)

160



ISSN 1991-346X 3. 2022

The following iterative solution algorithm is proposed:

1. Based on the data of the original problem (1)-(3), the matrix A is
constructed

2. According to the initial conditions (5), the vector X, is calculated

3. Based on the Runge-Kutta method, the Cauchy problem (8) is solved

4. The resulting solution is output to Rezult.txt and to the GrafX.txt file
for subsequent visualization using the MatLab software tool [Anufriev et all,
2005 — Dyakonov, 2005].

Numerical solution of problems for specific initial data. A program
has been developed for finding the temperature distribution along the rod,
which places the results of numerical calculations in several files. The results
of numerical calculations in dynamics (over time) are displayed in the form
of one-dimensional graphs. (Mazakov et all, 2021- Nurdaulet et all, 2018).

The calculations were carried out with the following initial data:

I, —1.0;1,— 10,0; At—0,01; nx =10; ny= 6; nz= 6; q— 200.

Figures 2-3 present the results of experimental calculations in graphical
form. Figure 2 shows a graph of temperature distribution along the center of
the rod in the X direction from the origin in dynamics.

In view of the large temperature difference from 0 to 200 degrees, Figure
3 shows a 2nd graph of the temperature distribution along the center of the
rod in the X direction with a one-step offset from the origin in dynamics.

As can be seen from Figure 3, the temperature in the center of the rod at
the end increases from 0 to 5 degrees in 100 seconds.
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Figure 2 — Graph of temperature distribution along the center of the rod in the X
direction from the origin
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Figure 3 — Graph of temperature propagation along the center of the rod in the X

direction with a one-step offset from the origin

Conclusion. The study of the equation of thermal conductivity of a rod
with a square section is reduced to a system of linear ordinary differential
equations, for the solution of which an appropriate algorithm has been
developed. The results of numerical calculations do not contradict the
experimental data. Additionally, the results are output to text files and provide
the construction of one-dimensional images of temperature dynamics using
the MatLab system, for which the corresponding program has been written.
A promising direction is the use of interval mathematics to study the thermal
conductivity equation.
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