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UNIVERSAL POSITIVE PREORDERS 
 

Abstract. In this paper, we investigate universal objects in the class of positive preorders with respect to 
computable reducibility, we constructed a computable numbering of this class and proved theorems on the existence 
of a universal positive lattice and a universal weakly precomplete. 

Keywords. Computable reducibility on preorders, universal positive preorder, computable numbering, positive 
lattice, positive linear order, weakly pre-complete positive preorder. 

 
The class of positive (computably enumerable) equivalences, which is a proper subclass of the class 

of positive preorders, first appeared in the paper of Yu.L. Ershov [1]. In recent decades, interest has 
increased in a research of positive equivalences and positive preorders with respect to natural computable 
reducibility(see, for example, [2], [3], [4] and [5]). In the class of positive equivalences, universal objects 
are well-described (see [3], [4]), while universal preorders are poorly known, though attract huge interest, 
both from the point of view of the computability theory, and for applications in theoretical computer 
science. Our work is devoted to studying of positive preorders defined on the set of natural numbers ߱ 
with respect to computable reducibility, defined as follows: positive preorder ܲ is computably reduced to 
positive preorder ܳ (symbolically, ܲ ൑௖ ܳ), if for any ݔ, ݕ ∈ ߱ there exists a computable function ݂ such 
that ݔ	ܲ	ݕ if and only if ݂ሺݔሻ	ܳ	݂ሺݕሻ. A positive preorder is universal if any positive preorder reduces to 
it. The first references to universal preorders meet in the work of Italian mathematicians F. Montagny and 
A. Sorbi, [6]. 

We follow the standard notation from the book [7]: Post’s numbering of computably enumerable 
(c.e.) sets is denoted byሼ ௫ܹሽ௫∈ఠ, ߮௘ denotes the partially computable function of the Kleene’s number݁, 
and the standard coding of pairs of natural numbers is denoted by 〈⋅,⋅〉. Through ݈(⋅) and ݎሺ⋅ሻ we denote 
computable functions that, by the code of the pair, restore its left and right components. 

We briefly recall the basic concepts and introduce some notations used below in the paper. 
Let ܵ be some at most countable set, then an arbitrary map of the natural numbers ߱ to the set ܵ is 

called the numbering of the family	ܵ. The numbering of the family ܵ of c.e. sets are called computable if 
the set ሼ〈ݔ, :〈ݕ ݔ ∈  .ሻሽis c.e. setݕሺߥ

A positive preorder ܲ is called universal in the class of preorders ܭ if ܲ ∈ ܳ and ܭ ൑௖ ܲ for any	ܳ ∈
ሿ௉ݔwith respect to ܲ, i.e.ሾ ݔ ሿ௉ the equivalence class ofݔܲ, we denote by ሾ	For the preorder .ܭ ൌ
ሼ:ݕ	ݔ	ܲ	ݕ	&	ݕ	ܲ	ݔሽ.  

By	݀ܫ we denote the identical preorderሼሺݔ, :ሻݔ ݔ ∈ ߱ሽ, and by ଵ࣪ we denote the family of all positive 
preorders. 

If൑	is a partial ordering on some set ܯ and ݔ, ݖ are elements of this set, then ݕ ∈  is called the least ܯ
upper bound of the elements ݔ, ,ݔሺsupሺݕ ,ݔ ሻሻ, ifݕ ݕ ൑ ,ݔሾ	ݐ∀ and ݖ ݕ ൑ ݐ → ݖ ൑ ݖ ሿ, andݐ ∈  is called ܯ
the greatest lower bound of the elements ݔ, ,ݔሺinfሺݕ ݖ ሻሻ, ifݕ ൑ ,ݔ ݐሾ	ݐ∀ and ݕ ൑ ,ݔ ݕ → ݐ ൑  ሿ. It is clearݖ
that ݔ ൑ ,ݔif and only if supሺ ݕ ሻݕ ൌ ,ݔandinfሺ	ݕ ሻݕ ൌ  .ݔ
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Recall that a lattice is a partially ordered set, where any two elements have the smallest upper bound 
and greatest lower bound. 

If ܣ is a set of natural numbers and ݊ is a number, then ܣ ↾ ݊ denotes the set	ܣ ∩ ሼ0,1, … , ݊ሽ. 
Proposition 1. There is a computable numbering ߙ of the family ଵ࣪. 
Proof. Fix some computable approximation ሼ ௫ܹ

௦ሽ௦∈ఠ of the set ௫ܹ. We will construct a computable 
approximation ሼߙ௦ሽ௦∈ఠ of the numbering ߙ and the computable function ܾሺݔ,  :ሻas followsݏ

CONSTRUCTION 
Stage	0.For any	ݔ ∈ ߱we setߙ଴ሺݔሻ ൌ ,ݔܾሺ	and	݀ܫ 0ሻ ൌ ݊for some݊ ൐ 1.Go to the nextstage. 
Stage	ݏ ൅ 1.For allݔ ൑ do the following: ifݏ ௫ܹ

௦ ↾ ܾሺݔ, ሻݔ௦ାଵሺߙሻis a preorder, then we assumeݏ ൌ
ሻݔ௦ሺߙ ∪ ௫ܹ

௦ ↾ ܾሺݔ, ,ݔܾሺ	ሻandݏ ݏ ൅ 1ሻ ൌ ܾሺݔ, ሻݏ ൅ 1.We call this stage an “expanding stage” for	ߙ	ሺݔሻ. Go 
to the end of the stage. 

End of stage.For allݔ, ݏ ∈ ߱we assume that 
 ߙ௦ାଵሺݔሻ ൌ  ;ሻis undefinedݔ௦ାଵሺߙሻ,ifݔ௦ሺߙ
 ܾሺݔ, ݏ ൅ 1ሻ ൌ ܾሺݔ, ,ݔሻ,ifܾሺݏ ݏ ൅ 1ሻis undefined. 
Go to the next stage. 
 
Lemma 1.If for ߙሺݔሻ there are infinitely many “expanding stages”, then ߙሺݔሻ ൌ ௫ܹ. 
Theproofisobvious. 
Lemma2.ߙሺݔሻis a positive preorder for any	ݔ ∈ ߱. 
Proof. Obviously, ߙ௦ሺݔሻis a positive preorder at each stage ݏ.There are two cases: the first, when for 

ሻݔሺߙ ,ሻthere are infinitely many “extending stages”.For this case, by Lemma 1ݔሺߙ ൌ ௫ܹ. This can happen 
only when ௫ܹis a positive preorder. And if the “expanding stages” are the finite number, then by 
construction 

 
ሻݔሺߙ ൌ lim

௦
ሻݔ௦ሺߙ ൌ ௦ߙ

ᇲ
ሺݔሻ, 

 
wheresᇱis the last “expanding stage”. It follows from the reasoning above that ߙ௦

ᇲ
ሺݔሻis a positive 

preorder. 
Lemma 3.The numbering ߙ is a computable numbering of the family ଵ࣪ 
Proof. First, we prove that ߙ is a numbering of the family ଵ࣪.Let ܲ ∈ ଵ࣪be an arbitrary positive 

preorder. Since ܲ is c.e. set, there exists ݔ such that ܲ ൌ ௫ܹ. Since ௫ܹ is a preorder, then for ߙሺݔሻthere 
are infinitely many “extending stages”.Therefore, by Lemma 1, ߙሺݔሻ ൌ ௫ܹ ൌ ܲ. Moreover, the fact that 
 .is a computable numbering follows from the construction efficiency ߙ

Corollary 1. The numbering ߙ constructed in Proposition 1 is universal in the class ݉݋ܥሺ ଵ࣪ሻof 
computable numberings of the family ଵ࣪. 

Proof. Let ߚ be an arbitrary computable numbering of the family ଵ࣪. Since ଵ࣪ is thefamilyof c.e. sets, 
then ߚ ൑ ௫ܹ. Let ߚ ൑ ௫ܹvia the function ݂. Then ߚ ൑  ሻ is aݔሺߚݔvia the function ݂. Indeed, for anyߙ
positive preorder. Since ߚሺݔሻ ൌ ௙ܹሺ௫ሻ and ௙ܹሺ௫ሻis a positive preorder, then ௙ܹሺ௫ሻ ൌ  .ሻ൯ݔ൫݂ሺߙ

Corollary 2. There is a universal positive preorder with respect to computable reducibility ൑௖. 
Proof. We construct the preorder U as follows: 
 

ݕ	ܷ	ݔ ⇔ ݈ሺݔሻ ൌ ݈ሺݕሻ&	ݎሺݔሻ	ߙ൫݈ሺݔሻ൯	ݎሺݕሻ 
 
We show that any positive preorder ܲ is computably reduced to ܷ. Since ܲ is a positive preorder, 

then there exists ݁ such that ߙሺ݁ሻ ൌ ܲ.Consequently,ܲ ൑௖ ܷby the function ݂ሺݔሻ ൌ 〈݁,  ∎ .〈ݔ
Consider special types of positive preorders: 
We say that a positive preorder ܲ is a positive linear order if the factor set ߱/ܴܧሺܲሻwith the preorder 

൑௉given by the rule: 
 

ሾݔሿாோሺ௉ሻ ൑௉ ሾݕሿாோሺ௉ሻ ⇔ ᇱݔᇱ൫ݕ∃ᇱݔ∃ ∈ ሾݔሿாோሺ௉ሻ&ݕᇱ ∈ ሾݕሿாோሺ௉ሻ&ݔᇱܲ	ݕᇱ൯ 
 

is linearly ordered. 
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Definition. A positive prelattice is called a positive preorder ܲ whose factor structure ሺ߱/
,ሺܲሻܴܧ ,݌ݑݏ ݂݅݊, ൑௉ሻ is a lattice and the functions ݌ݑݏ and݂݅݊ are partially computable. Here by ܴܧሺܲሻ 
denotes the greatest equivalence, which is contained in ܲ, i.e. ܴܧሺܲሻ ൌ ሼሺݔ, :ሻݕ  .ሽݔܲݕ	&	ݕܲݔ

Positive linear preorders, which are a frequent case of positive prelattices, are defined similarly. We 
say that a positive preorder ܲ is a positive linear preorder if the factor set ߱/ܴܧሺܲሻ with the preorder ൑௉ 
given by the rule: 

 
ሾݔሿாோሺ௉ሻ ൑௉ ሾݕሿாோሺ௉ሻ ⇔ ᇱݔᇱ൫ݕ∃ᇱݔ∃ ∈ ሾݔሿாோሺ௉ሻ&ݕᇱ ∈ ሾݕሿாோሺ௉ሻ&ݔᇱܲ	ݕᇱ൯ 

 
is a linearly ordered set. The existence of a universal prelattice in the class of positive linear preorders 

was proved in [8]. 
 
Theorem 1.Let ࣬ be the family of all positive prelattices.Thereexists a family ࣮ ⊆ ࣬ and a 

computable numbering of the family ࣮ such that for any ܴ ∈ ࣬ there exists a prelattice ܶ ∈ ࣮ for which 
ܴ ൑௖ ܶ. 

Proof. If ܴ is a prelattice and ܶ ⊆ ܴ, then by ሾܶሿ we denote the closure of the set ܶ with respect to 
ܶ and ݂݅݊. Note that for any prelattice ܴ and any finite set ݌ݑݏ ⊆ ܴ, the closure ሾܶሿ is also a finite set. 

Let ߨ be the computable numbering of the family of all positive preorders and let ሼߨ௦ሺݔሻሽ௦∈ఠ be the 
computable approximation of the preorder ߨሺݔሻ. We construct an approximation of the computable 
numbering ߙ and the family ࣮ as follows: 

 
CONSTRUCTION 
Stage 0. We defineߙ଴ሺݔሻ ൌ ݔfor all݀ܫ ∈ ߱.The set ሼ0,1ሽ is declared the effective range of the 

 .ሻ.Go to the next stageݔ଴ሺߨ
Stage2ݏ ൅ 1. Consider the following cases: 
Case 1. If the effective range of ߨ௦ሺݔሻ is a prelattice, then copy the effective range to ߙ௦ାଵሺݔሻ, i.e.we 

select the fresh (has never been used up to this point) elements ܽ௜ for all ݅ from the effective range of 
 ሻ is added to the effective rangeݔ௦ሺߨ ሻ.The smallest number ݊which is outside the effective range ofݔ௦ሺߨ
ofߨ௦ାଵሺݔሻ. Go to the next stage. 

Case 2.If the effective range of ߨ௦ሺݔሻ is not a prelattice, then add all the ݌ݑݏand݂݅݊ elements of the 
effective range of ߨ௦ሺݔሻ to the effective rangeof ߨ௦ାଵሺݔሻ, if there are any. Go to the next stage. 

Stage2ݏ ൅ 2. Choose the least number ݊ ∉  ሼܽ௜ሽand declare this element equivalent to the݁݃݊ܽݎ
element 0. Go to the next stage. 

 
Lemma1.For any ݔ ∈ ߱,  .ሻ is a positive prelatticeݔሺߙ
It's not so hard to show, since we copy only the positive prelattice to the elements ܽ௜, and all other 

elements are equivalent to 0. Forarbitraryelementsݔ,  :ݕ
1) Ifݔ ൌ ܽ௜andݕ ൌ ௝ܽfor some ݅, ݆, thensupሺݔ, ሻݕ ൌ sup൫ܽ௜, ௝ܽ൯ ൌ ܽ௞where݇ ൌ supሺ݅, ݆ሻin the 

effective range ofߨሺݔሻ.  
2) Ifݔ ൌ ܽ௜andݕ ∉ ,ݔሼܽ௜ሽ,thensupሺ݁݃݊ܽݎ ሻݕ ൌ supሺܽ௜, 0ሻ ൌ ܽ௞where݇ ൌ supሺ݅, 0ሻin the effective 

range ofߨሺݔሻ.  
3) Ifݔ ∉ ݕሼܽ௜ሽand݁݃݊ܽݎ ൌ ௝ܽforsome݆, this case is similar to case 2.  
4) Ifݔ, ݕ ∉ ,ݔሼܽ௜ሽ, thensupሺ݁݃݊ܽݎ ሻݕ ൌ infሺݔ, ሻݕ ൌ 0.  
For ݂݅݊we carry out a similar reasoning. 
Lemma2.If ߨሺݔሻ is a positive prelattice, then atstages2ݏ ൅ 1, case 1 is repeated infinitely often and 

case 2 cannot be repeated infinitely times without case 1. 
The proof follows from the remark about the finiteness of the closure of finite sets. 
Lemma 3.Forany ܴ ∈ ࣬, there exists a number ݔ such that ܴ ൑௖  .ሻݔሺߙ
Proof. Since ܴ is a positive prelattice, then by Lemma 2 case 1 is performed infinitely often and all 

elements of ܴ. will enter the effective range R. Therefore, reducibility is carried out bythe function 
݂ሺݔሻ ൌ ܽ௫. ∎ 
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Theorem 2. In the class of positive prelattices, there is a universal prelattice. 
Proof. Let ߙ be the computable numbering of the family ܶ of positive prelattices. We construct a 

positive prelatticeܷ as follows: 
 

ݕ	ܷ	ݔ ⇔ ݈ሺݔሻ ൏ ݈ሺݕሻ ∨ ൣ݈ሺݔሻ ൌ ݈ሺݕሻ&	ݎሺݔሻ	ߙ൫݈ሺݔሻ൯	ݎሺݕሻ൧. 
 

If ܲ is a positive prelattice, then ܲ ൑௖ ሺ݁ሻߙ ሺ݁ሻ for some ݁ andߙ ൑௖ ܷ by the function݂ሺݔሻ ൌ 〈݁,  .〈ݔ
It remains to prove that the positive preorder ܷ is a positive prelattice. Letሾݔሿ௎ and ሾݕሿ௎be two different 
equivalence classes. If݈ሺݔሻ ൌ ݈ሺݕሻ then the ݌ݑݏ and ݂݅݊ of these classes coincide with the ݌ݑݏ and ݂݅݊ in 
the positive prelattice ߙ൫݈ሺݔሻ൯. If݈ሺݔሻ ൏ ݈ሺݕሻ, thensupሺሾݔሿ௎, ሾݕሿ௎ሻ ൌ ሾݕሿ௎andinfሺሾݔሿ௎, ሾݕሿ௎ሻ ൌ ሾݔሿ௎. The 
case when ݈ሺݔሻ ൐ ݈ሺݕሻ is similar to the previous case. ∎ 

 
The following special type of positive preorders is weakly precomplete positive preorders. 
 
Definition. A positive preorder ܲ is called weakly precomplete [8], if for any total function ߮௘, there 

exists an element ݔ௘such that ߮௘ሺݔ௘ሻܲݔ௘. 
Note that the concept of weaklyprecompleteness for positive preorders is identical to this concept for 

positive equivalences, which was originally introduced in [9]and found to be very useful in the study of 
positive equivalences (see review [4]). 

 
Theorem 3.For any positive preorder ܲthere is a weakly precomplete positive preorder ܳ such that 

ܲ ൑௖ ܳ. 
Proof. Let ܲ be an arbitrary positive preorder. We construct a positive preorder ܳ as follows: 
 
CONSTRUCTION 
Stage 0. Letܳ଴ ൌ  .Go to the next stage .݀ܫ⨁ܲ
Stageݏ ൅ 1.Let݈ሺݏሻ ൌ ݁.We work with߮௘. 
Letݔ௘ ൌ 2݁ ൅ 1. 
1) If߮௘௦ሺݔ௘ሻ ↑,thenܳ௦ାଵ ൌ ܳ௦ ∪ ܲ௦ାଵ⨁݀ܫ. 
2) If߮௘௦ሺݔ௘ሻ ↓, thenܳ௦ାଵ ൌ ܳ௦ ∪ ܲ௦ାଵ ⊕ ݀ܫ ∪ ሼሺ߮௘ሺݔ௘ሻ, ,௘ሻݔ ൫ݔ௘, ߮௘ሺݔ௘ሻ൯ሽwe reflexively and 

transitively close. Go to the next stage. 
By construction, it is easy to see that the preorder ܳ is positive and the computable function ݂ሺݔሻ ൌ

ܲ performs the reductionݔ2 ൑௖ ܳ.∎ 
Corollary. In the class of positive preorders ଵ࣪there exists a universal weakly precomplete preorder. 
The research of all authors was carried out with the financial support of the Ministry of Education 

and Science of the Republic of Kazakhstan, grant AP05131579 “Positive preorders and computable 
reducibility on them, as a mathematical model of databases” 
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