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THE SPECTRAL DECOMPOSITION OF CAUCHY PROBLEM’S
SOLUTION FOR LAPLACE EQUATION

Abstract: The spectral decomposition of Cauchy problem for Laplace equation is obtained in Krein space, and
is made a regularization of a problem, using the resolvent of the corresponding operator.

Keywords: spectrum, spectral decomposition, equation with deviating argument, Hilbert-Schmidt theorem,
Cauchy Problem, Laplaceequation, incorrect, r ange.

1. Introduction.

Currently, there are different approaches to the solution of Cauchy problem for elliptic equations,
which is a classic example of an ill-posed problem. All approaches basically can be divided on two large
groups. One group consists of methods based on the introduction of the problem into the class of
correctness by Tikhonov [1] - [3], the other are the methods using the universal regularizing algorithms,
obtained by means of the parametric functional of Tikhonov [4].

It should be noted that the second group of methods received the most spread and major
achievements in the practical application. In this approach, are used different variants of regularized
algorithms that reduce the problem or to the solution of integral equations of the first kind, or to the
representation of the desired field in the region beside or to the construction of finite-difference
regularized algorithms [4] — [6].

In view of a great importance of the problem, which has applications in many fields of science and
technology, and constantly rising requirements for the reliability of the results, the search for other
approaches to its solution is continued. Iterative methods in recent years are becoming more widely used
in the practice of solutions of various ill-posed problems of mathematical physics [7] - [9]. These
methods have a number of undoubted advantages, which include simple computational schemes, their
uniformity for applications with linear and nonlinear operators, the high accuracy of the solution, and so
on.

An important advantage is the fact that they allow simple accounting of the essential restrictions for
tasks on the solution directly in the scheme of the iterative algorithm (e.g., restrictions on non-negativity
of solutions, monotonicity, and so on). In [10] was proposed a new method for solving the problem in
question, based on the alternating iterative procedure, which is a consistent solution of the correct mixed
boundary value problems for the original equation.

It is prooved the convergence of the method and its regularizing properties. This method is general
and can be extended to a wide range of similar ill-posed boundary value problems of mathematical
physics. The weak point of the method is the requirement for the smoothness of the boundary, which is
not always fulfilled, in particular, in our case. In this paper we propose a spectral method [11-14].

Let Q=[-1,1] x [0, 7] be a rectangle with sides

AB:y=0,-1<x<1;BC:x=10<y<mCD:y=mn,-1<x<1;DA:x=-1,0<y<m

(see fig.1)
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Fig 1.

Let’s consider the following Cauchy - Dirichlet problem for Poisson's equation in the region Q:

Lu = uxx - uyy = f(x;y'): (l)

uly:() = Op uly:ﬂ_’ = OJ (2)
d

U=y =0, 3| =0, 3)

wheref (x,y) € L2(Q). This problem has been investigated previously in [11], [12] and is found that
inverse operator L™1 exists, but is unlimited, in particular, it was shown that the "smallest" eigenvalue of
the operator A = SLhas asymptotics

Amo = 4m?e~2™[1 4+ 0(1)], m - o,

where the operator S has the form Su(x,y) = u(—x,y).
This work complements and refines the results of these studies.

2. Research Methods
The main idea of the method belongs to T.Sh. Kalmenov [11], and consists in the following. The

operator A = SL is symmetric in the space L?(Q), so with the original problem the boundary value
problem is studied

SLu = Sf, (1)
u|y=0 =0, u|y=71: =0, (27
ou s

w1, 5 =0, (3

where the operator S has the form, see [13] - [15].

Su(x,y) = u(=x,y),

and resembles an involution of M.G. Krein, see [16].
The following spectral problem corresponds to this boundary value problem (1) - (3")
Au = Au,
Uly=0 =0, uly=r =0,
du

ulx——lr 5 )
- 0xly—
x=-1

where

— 76 ——
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A=SIL,
or in expanded form

Uy T Uyy = Au(—x,y), 4)
Uly=0 =0, uly=r =0,

ueeos, 5| =0, )
We solve this spectral problem (4) - (5) using the method of separation of variables, assuming

ux,y) = v(w(y),
and as a result we get two spectral problems
a) —w'(y) = uw(y), (6)
w(0) =0, w(m) = 0; (7
b) v'(x) — pv(x) = Ww(—x), ®)
v(—=1) =0,v'(-1) = 0. 9)
The solution of (6) - (7) is well known and has the form w,,(y) = sinmy, m = 1,2 ....,; an analogue

of the spectral problem (8) - (9) was investigated in detail in [14 ], however, we will give a full and

detailed study of this problem in the fourth section of the article. As a result, we have

Ay = AmnUmn, m=12,..; n=012,..
where{up,}, m =1,2,...; n=0,1,2,..is complete and orthonormal system of functions in the space
12(Q).
Further, from the equation (1') we have
Au = Sf,

Where 4 is a closure of the operator A in the space L?(Q).
Hence,

w= (A)ISF = ) ((A)SF ) tn = 1CA)" = A1 = (SF, (D) "ttt

- - - _ Umn
Amn = dpnUmn, = Almn = Amnlimn, Ac A= (4) 1umn =

" " Amn
B Z (Sf, umn) _ Z [f) wmn]
= Unn = Umn,
Amn /‘Lmn
mn mn

where[f, umn] = (S, Umy) is the inner product of Krein's space , and (.,.) is the usual inner product of

the space L?(Q), i.e.,

(f.g) = j fg (0 y) - 9, y)dxdy.
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Therefore, we need to show a closability of operator A, an essential self-adjointness: A = A*, and
reversibility: ker A = {0}, because all of these properties are used in derivation of the last formula

u(x,y) = Z Uf, Umn (X, Y).

Amn
mn

In addition, it is necessary to examine the spectrum of the operator A.
3. Results of research.

Let D(A) is a domain of definition of operator A, and R(A) is a domain of its values, kerA is a
kernel of the operator 4, where

A=SL
Lu = uxx + uyyl Su(xl }’) = u(_x, }’);
D(A) = {u(x,y) € C2NC @) tlyo =0, tlyr = 0,ulye_s,

We denote through A the closure of the operator A in the space L?(()).
The following theorem holds

ou
0x

x=-1

Theorem 1.

(a) A is closable, i.e. its closure exists;

(b) A is essentially self-adjoint in the space L?(Q), i.e. the equality holds (4)* = 4;

(c) A is invertible, i.e. kerA = {0}, but the inverse operator (A)~! is unlimited, and has the form

] (S hn A
uGey) = @isfley) = Y mdy e yy 2 Sl Gy,

where{u,,,},m =1,2,...;n=0,1,2,... are the orthonormal eigenvectors of A, and A,,are the
corresponding eigenvalues;

d) R(A) = H = L*(Q) # R(4);
i.e. the operator equation

Au = Sf
is densely solvable in the space L2 (Q), but not everywhere solvable. The following theorem 2 reveals
the spectral properties of the operator A.

Theorem 2. The spectrum of operator A consists of four parts
a) The negative part:

T\ 2

—m? — (nm)? < Ay < —M? — (nn + Z) , mn=12,..;
b) the "zero" part:
mze—zﬁmcosuo(mz) < AO(mZ) < 2(1 + \/E)mze—zﬁmsinuo(mz)’
where
up(m?) = ug(1) > us(1) >0,

and

s
lim ug(m?)=—; m=12..
m-—-oo 4
¢) the positive part
m? + (nn)? < Ak, <m?+ (nm + g)z, mn=12,..
d) the limit part, i.e. point 2 = 0 belongs to the limit spectrum of the operator 4, i.e. the equality
holds

{Amn} 2 {0}
g) theinequalities hold 4,,, # 0, m =1,2,...; n=0,1,2, ...
78
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Theorem 3. The boundary value problem
Uxx + uyy = Au(_x, 3’): x € (_151]; Y(x; T[)
Uly=0 =0, uly=r =0,

| Jdu _
Ha=-1 0xly=—1 '
has a complete and orthogonal system of eigenvectors:
Umn (X, ¥) = sinmy * v, (x), m=12,..;n=01.2,..

VUmn (%) = K [ch\/ M2 + A Shym? — Appxshym? — A, chy/m? + Amnx],
m=12,..;n=0,1,2, ...
whereK,,,,, are the normalization coefficients, andA,,;, are the roots of the equation

VmZ =1
thym? — Athym? + A = —,
Neoryy
for each fixed value m = 1,2,

All the eigenvalues are simple, real and not equal to zero.

4. The proofs and discussion.

4.1. On the solvability.

Lemma 1. If the eigenvectors of a symmetric operator T, corresponding to non-zero eigenvalues,
form an orthonormal basis of the Hilbert space H, then

a) this operator is essentially self-adjoint;

b) the operator T is reversible;

¢)R(T) = H;
d) R(T) = R(T),
if and only if the inequality holds

Al =e>0n=1.2,..

whered, (n = 1,2, ...) are the eigenvalues of the operator T acting in a Hilbert space H.
4.2. On the spectrum of the operator B.
Consider in the space L?(—1,1) the following spectral problem
v (x) —uv(x) = Av(—x),x € (—1,1] ®)
v(-1) =0, v'(-1)=0 )
where [ is a fixed real quantity, A is a spectral parameter.
Let B = SL, where
Lv =v"(x) — pv(x), Su(x) = u(—x),

then the spectral problem (8) - (9) takes the form
Bv = Av; v(-1) =0,v'(-1) = 0.
Notice that
D(B) = {v(x) € c?(-1,1) n C*[-1,1]:v(-1) = 0,v'(—1) = 0}
Obviously Cy’(—1,1) c D(B). In addition, the equality holds
(Bu,v) = (u, Bv), Vu,v € D(B)

If 2 = 0, then v(x) = 0 by virtue of the uniqueness of the solution of Cauchy problem, so kerB =
{0}, i.e. the inverse operator B~! exists, which has the following form

v(x) = B () = [, O e,
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for any continuous function f(x) € C[—1,1]. By means of the extension theorem (see [19]., C.154),
we will continue this operator on the whole space L?(—1,1) as a continuous operator

BTf(x) = j" shy/u(x — t)Sf(t)

. i dt, Vf(x) € L*(-1,1).

It is obvious that the operator B-1is completely continuous and self-adjoint in the space L2(—1,1).
By the formula,

B-1=(B)!
we have that the operator B is reversible. Operator (B)~! is completely continuous and self-adjoint in
L*(-1,1).

By Hilbert-Schmidt Theorem (see [17], p. 226), for any f(x) € L?(—1,1) the formula holds

BYf = D ABY .o 0ot ) = ) (F, (B) M0 (15000 (1)
=1 n=1

n=
0

D ULFT v ) v ) = [Bw, = B,

n

=1
> 4F i )
n=1

_ (%)
Zn (1)
o (15 %)
2n ()

whereA,, (1) are the eigenvalues of the operator B, and v, (; x) are the corresponding eigenvectors.

If (f,v,(u; x)) = 0, for n =1,2,.., then (B)"1f = O,hence f = 0, i.e. the system {v,(u;x)},n =
1,2, ... is complete and orthogonal in the space L?(—1,1). We formulate the obtained results as following
lemma.

Lemma 2. If y = [, i.e. it is a real value, then

a) the operator (B)~! is completely continuous and self-adjoint;

b) the spectrum of B is discrete, i.e., it has no the condensation points;

¢) the normalized eigenvectors of B form the orthonormal basis of the space L?(—1,1).

Let's find the eigenfunctions of the problem (8) - (9). The general solution of equation (8) has the
form

v(u, A;x) = a(u, A)shyfu — Ax + b(u, Dchyu + Ax, (10)

wherea(y, L), b(u, A) are arbitrary constants.
Indeed,

v'(u, ;%) = a(u, D)/p — AchyJu — Ax + b(u, D)Ju + Ash/u + Ax, (11)
v (%) == a(u,)(u — Dshyfp — Ax + b, ) (u + Dchyfp + Ax

= pA(u, 4 ) [—alu, Dshyfu — Ax + b(u, DchJu + Ax|A = po(p, 4; x) + w(y, 4; —x),
= v (w4 x) — o, 4 x) = Wy, 4; —x).

Substituting (10) - (11) into the boundary conditions (9), we have

{ —ash\/u— A+ bch\/ju+1=0

*
a\/u—lch\/,u—ﬂ—b\/,u+/15h\/,u+/1=0()

This system of equations has a nontrivial solution only if its determinant A(u, 1) equals 0, where
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—shu—21 chu+ 21
Ju—Achyyu—21 —/u+ Ash ,u+ll

Expanding this determinant, we obtain

A(u, A) =

A(p, A) = Ju+ Ashy/p + Ashyfp — A — \Ju — Ach\Jpp — Ach\Ju + 2 (12)

If A = 0, then
A, 0) = Vish? Vi — VHch? Vi = —Alch? Vi — sh*i] = —VE.

If in addition u = 0, then from (8) - (9) we have that v(x) = 0. Consequently, the value of A = 0 is
not an eigenvalue of the problem (8) - (9).

If A = u, then A(u, ) = 0, therefore, the value of A = u is probably the eigenvalue of the problem
(8) - (9), to which the following eigenfunction corresponds

v(p, u;x) = b(u, wchy2ux.

But this function satisfies the boundary condition (9) only when the b(u,u) = 0, so there is no
eigenvalues of the boundary value problem (8) - (9) in the segment [—u, 0], u = 0.

Assuming ¢ > 0 for definiteness, let us study the distribution of zeros of functions (12).

Lemma 3. If 4 > p,, then the function F (¢, u)has a unique simple zero ug, located in the interval0 <
Uy < ug < %, where

oF
1—\2uethy2uy = 0, %' =g, = 0.

Lemma 4. If z = u a real quantity, the

a) for 0 < u < py segment [—p, u]no eigenvalues;

b) when u > pin interval (0, ) will be exactly one eigenvalue A{ (1), which satisfies the estimate

e e—2v2ucosup() /13-(#) < 2#(1 + \/E) .72 Zusinuo(u)'

where
T
uo(u) >ug(p) >0, Yy > o, #l_i)rgw uo(u) = 7
oF
% u=u2‘) = 0, 1- 1/2#0th 2#0 = 0.
a) 0<u<ug
—00 + | | A
—u0 +u
0) u>po>0
—oo)g I + o I )
—u0 +u
fig 5.

Consequence.Forall u > 1, the inequality holds

pee W < A5 (u) < 2u(1 +V2)e~2/2ksinup(1)
where
ou .
%l u=u$(1) = 0, up(1) > 0.

Lemma 5.
a) If 0 < p <y, , then the eigenvalues of the spectral task
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v'(x) —puv(x) = Av(—x), x € (—1,1] ®)

v(-1) =0, v'(-1)=0 )

consists of two series: negative

- [;1 + (nn + g)z] <A, <- [,u + (nn + %)2], n=0,12..
and positive

s
pu+ )2 < i) <u+ (nm+ 5)2, n=012..

b) If u > p, then the third "zero" series will appear, that lays in the interval (0, i), for which a two-
sided estimate is valid

‘u_e—z 2pcosuo(i) /1-6-(#) < 2#(1 +\/§)€_2 2u sinug(u)

where
i T
uo() > ug(u) >0, Yu> py, Mlgpw up(W) =7
oF
il =0, 1—2uthy2p =0
ou n=ug

b) we will name the quantity p, the threshold, it is the root of the equation

c)
1—/2uth\/2u =0

for it the assessment holds: 0,5 <u_0 <0,72, see. ([18].,p.33)
From the system of equations (*) and formula (10), see. P.10 assuming

a, = Kychyu + A, b, = Kyshyu — 4y,

we will find the eigenfunctions of the boundary value problem (8) - (9)

U (, A, %) = Kp[ch/pt + Anshyfi — Aux + shyfp — Anchy[p — A,x].

Lemma 6. If ¢ > 1, then the spectral task

v (x) —uv(x) = w(-x), x€(-1,1]

| (8)
v(-1) =0, v(-1)=0 ©)
has complete and orthogonal system of eigenvectors:
U, An, %) = Kp[chy/pt + Anshyi — Aux + shyfu — AnchJu — A,x],  n=012,..,
corresponding to the real eigenvalues A,(u), n=0,1,2,.., which are distributed as follows:
a) negative:

T Y 2
-[u+ (nm + 5)2] <A;(u) < — [,u + (nn + Z) ] n=0,12..
b) zero:

‘u_e—z 2pcosuo(i) /1-6(#) < 2#(1 +\/§)€_2 2u sinug(u)
where

— g2 ——
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uo(u) > ug(u) >0, Vu>py, lim,,, o ug(u) = %(monotonically)

JoF
— =0, 1—2thy2mg =0, 0,5 < pg < 0,72
Wu=u5 (1)

c) positive:
T
u+mm)? <) <u+(nmw+ 5)2, n=12..
g) the interval [—u, 0] remains free of eigenvalues where p = 0;
4.3. The proofs of theorems.

Let's start with Theorem 3. Assuming
Upn (X, y) = sinmy - v, (x), m=12,...

We divide the variables of the equation
Uy +Uyy = Au(—x,y), x € (=1,1], ye(0,m)

result for u,,, (x, y) we obtain the spectral problem
V' — mzvmn(x) = Amnlfmn(_x); m=12,..
vmn(_l) =0, v mn(_l) = 0.

By virtue of the proven Lemma 6, eigenfunctions of the spectral problem :{v,,(x)}, m =
1,2,..,n=0,12,.. form a complete orthogonal system in the space L?(—1,1). Therefore, after
normalization, they form an orthonormal basis of the space.

Lemma 7. If the system {@,,(y)}, m = 1,2, ... is an orthonormal basis of the space L?(0, ), and the
system {Y,,(x)},m=12,..; n=0,1,2,.. for each fixed value of m is an orthonormal basis of the
space L2(—1,1), then the system

umn(x:Y) = l/)mn(x) ' (Pm(y')' m= 1,2, N = 0;1;2;

is an orthonormal basis of the space L?(Q), where Q = [—1,1] x [0, 7r]. See the proof [14].
In our case,

2
om(y) = \/;sinmy, Yyin (@) = Ky * Vg (@), m=1,2,....;n=0,1,2, ...,

whereK,,,,, are the normalization coefficients, hence eigenfunctions
Umn (X, V) = Ky Sin my v, (%), m=12,..;n=0,12,..
of the boundary value problem

Upy + Uyy = Au(—x,y), x € (-1,1], y € (0,m)
u|y=0 =0, ulyzn =0,
du
u|x=—1J a_ =0,
x=—1
After normalization form an orthonormal basis of the space L?(€). Theorem 3 is proved.
Theorem 2 is a consequence of Lemma 6, when u = m?, m = 1,2, ... Theorem 1 follows from Lemma 1
and Theorem 3.
5. Conclusions.
The operator A has a spectral hatch
(=g, 0), where0,5 < uy < 0,72;
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1) If f(x,y) € L2(Q), then the solution of (1) - (3) exists if and only if

2
) 0 +00 2
Z I(Sf umn)l

< +o0,
Xy

o

m=1n=
whereSf(x,y) = f(—x,y).

2) There is regularizing family of tasks, which has the form
Au+pu =Sf,rne 0 < pu < py.

Proof of paragraph 3). ~
Let 0 < u < po, we estimate the resolution of (4 + ul)~1. It's obvious that
Aty + Pmn = Apn + W Ump.therefore(A + ul) ™ Tupy,, = %

u, (x,y) = [A+ pl]7*Sf
= z ([A + ‘ul]_l.gf, Umn)Umn

(Sf, tmn) umn)
-+ [+ lmn

mn-

- Z (Sf A+ 1] ™ U tmn =

Next, we estimate the distance from the point -y  to the spectrum of the operatorA.
a) For the negative eigenvalues of the operatord thefollowing inequality holds

n
—-m? — (nm)? < A, < —m? — (nmw — E)Z,m,n =12,..

Therefore
—00 + ©

v

—00 4+ o0

Tom=1= QP —1=po—u 0

since, 0 < 4 < pg < 0,72,then 0,72 < —py < —p < 0;

- TEZ TEZ T[Z TEZ
Wn + 1 > |1 = G2 +u > [-1 = G + | = [1 4 G2 o] = 1= o + )%

b) to "zero" eigenvalues A, > 0, we have
|=p = Anl > |=p = O] = [—ul = > 0;

For positive eigenvalues the following inequalities hold

T
m? + (nm)? < A}, <m? + (nmw + E)Z, mn=1,.2,..

—00 + ©

l ! } } } n‘ I

—1—pg—u O 1 1+m? An

|—u—utpl =p+ 4, >u+1+72>1+n2

— 84 ——



ISSN 1991-346X Cepusa pusuxo-wamemamuyeckas. Ne 5. 2018

Based on these inequalities, we estimate the resolventofA, at A = —p.
From the equation,

(A'i'/-ll)uu = Sf,

we have
u, (x,y) = [A+ pl]71Sf
(Sf, ttmn)
4 A +p
(Sf, Umn) S tnn)tmn | _ " Ftm)
T L hm ""‘+z T Tl At
lf =S L Unn)? O (S Umo)? (Sf, thn)?
el = mnu;m ¥ u)z = D+ 107 L (i + 12
ZI(Sf tl
[1 —uo+ | &
+ = Z |(SF, tmo) 12 < K2(e)lIsfII? < K2(e) - IFII2,
where m

K(s)=max{ L = 1}.

1-p+()?" &2’ 14n?

Assume that for a given f € L?(Q) there exists a solution of equation

Au = Sf.
then

tim [~ =0,
Indeed,

1 142 2
.G = ue || = Z (zm—w‘H) (SF ) < Zml(sz%umn)lz

2

Z(A el “’”")'2+Zu Ty O )

+Zm|(sf umn)l2

|5, umnl |5, umnl2
< —
T (2) Z Gom)® L+ n2)2 Z

+ |(Sf, umo)|? <
zw +6) (o)’ ’

m=1
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) 1 + 1
2P (A +m)?
[1 Tt (7) ]

M2|(Sf umOl2 < 2 _ n Z _ |(Sflum0)|2
m= 1(7‘ 0) (o + 1) [1—H -|-( ] m=1 (7»;;0) Xm0+u)

lI£112

/1;0 > A;O > cee > AI“\"O
< 1
- —_—<1
Ao + 1
2u?
<- — I
T
1=no + (7) ]
N

w2
g D (SE o)
(W) 4=
1686 umo)I?

(k o)’

2u I1£112 u?

) Nl
[1 ~1,+(2) ] N
|(Sf umo)l 2 2 @ |(Sf: umo)l2
Z < (XN)Z 1A + ZNH—%O)Z -

N+1

7 Il

. Sf, 2 .
By our assumptlonzf;';lﬂl(f—moz)l < 4o, therefore for any € > Othere exists a number N (&)such

AMno)
that for all M > N (&) the inequality holds
+oo | SEumo)l? _ €%
M (Wrﬁ 0)2 2"

Then, at a fixed N (€), there exists a number § > Osuch that for all 0 < u < &the following inequality
holds
3ptlIfII> &

b2 2

Consequently, for any € > 0 there exists § > 0 such that
2 . .
||uﬂ - u|| <e?ie. ||uﬂ - u|| < eforall 0 < u < 4, as required.
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