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THE SPECTRAL DECOMPOSITION OF CAUCHY PROBLEM’S 
SOLUTION FOR LAPLACE EQUATION 

 
Abstract: The spectral decomposition of Cauchy problem for Laplace equation is obtained in Krein space,  and 

is made a regularization of a problem, using the resolvent of the corresponding operator. 
Keywords: spectrum, spectral decomposition, equation with deviating argument, Hilbert-Schmidt theorem, 

Cauchy Problem, Laplaceequation, incorrect, r ange. 
 
1. Introduction. 
Currently, there are different approaches to the solution of Cauchy problem for elliptic equations, 

which is a classic example of an ill-posed problem. All approaches basically can be divided on two large 
groups. One group consists of methods based on the introduction of the problem into the class of 
correctness by Tikhonov [1] - [3], the other are the methods using the universal regularizing algorithms, 
obtained by means of the parametric functional of Tikhonov [4]. 

It should be noted that the second group of methods received the most spread and major 
achievements in the practical application. In this approach, are used different variants of regularized 
algorithms that reduce the problem or to the solution of integral equations of the first kind, or to the 
representation of the desired field in the region beside or to the construction of finite-difference 
regularized algorithms [4] — [6]. 

In view of a great importance of the problem, which has applications in many fields of science and 
technology, and constantly rising requirements for the reliability of the results, the search for other 
approaches to its solution is continued. Iterative methods in recent years are becoming more widely used 
in the practice of solutions of   various   ill-posed problems of mathematical physics [7] - [9]. These 
methods have a number of undoubted advantages, which include simple computational schemes, their 
uniformity for applications with linear and nonlinear operators, the high accuracy of the solution, and so 
on. 

An important advantage is the fact that they allow simple accounting of the essential restrictions for 
tasks on the solution directly in the scheme of the iterative algorithm (e.g., restrictions on non-negativity 
of solutions, monotonicity, and so on). In [10] was proposed a new method for solving the problem in 
question, based on the alternating iterative procedure, which is a consistent solution of the correct mixed 
boundary value problems for the original equation. 

It is prooved the convergence of the method and its regularizing properties. This method is general 
and can be extended to a wide range of similar ill-posed boundary value problems of mathematical 
physics. The weak point of the method is the requirement for the smoothness of the boundary, which is 
not always fulfilled, in particular, in our case. In this paper we propose a spectral method [11-14]. 

Let Ω = [- 1,1] × [0, π] be a rectangle with sides 
:ܤܣ ݕ ൌ 0, െ1 ൑ ݔ ൑ 1; :ܥܤ ݔ ൌ 1, 0 ൑ ݕ ൑ ;ߨ :ܦܥ ݕ ൌ െ1,ߨ ൑ ݔ ൑ :ܣܦ;1 ݔ ൌ െ1, 0 ൑ ݕ ൑  ߨ
(see fig.1) 
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 ݕ
 
 
െ1                                   0൅1 ൅ 1  +1                                   x 

 

 

Fig 1. 
 
 
Let’s consider the following Cauchy - Dirichlet problem for Poisson's equation in the region Ω: 
 
ݑܮ  ൌ ௫௫ݑ െ ௬௬ݑ ൌ ݂ሺݔ,  ሻ, (1)ݕ
 
௬ୀ଴|ݑ  ൌ ௬ୀగ|ݑ					,0 ൌ 0,				 (2) 
 

௫ୀିଵ|ݑ  ൌ 0,			
డ௨

డ௫
ቚ
௫ୀିଵ

ൌ 0,	 (3) 

 
where݂ሺݔ, ሻݕ ∈  ଶሺΩሻ. This problem has been investigated previously in [11], [12] and is found thatܮ
inverse operator ିܮଵ exists, but is unlimited, in particular, it was shown that the "smallest" eigenvalue of 
the operator ܣ ൌ  has asymptoticsܮܵ

 
௠଴ߣ ൌ 4݉ଶ݁ିଶ௠ሾ1 ൅ 0ሺ1ሻሿ,				݉ → ∞, 

 
where the operator S has the form  ܵݑሺݔ, ሻݕ ൌ ,ݔሺെݑ  .ሻݕ

This work complements and refines the results of these studies. 
 
2. Research Methods 
The main idea of the method belongs to T.Sh. Kalmenov [11], and consists in the following. The 

operator ܣ ൌ  ଶሺΩሻ, so with the original problem the boundary valueܮ is symmetric in the space ܮܵ
problem is studied  

 
ݑܮܵ  ൌ ݂ܵ, (1’) 
  
௬ୀ଴|ݑ  ൌ ௬ୀగ|ݑ					,0 ൌ 0,		 (2’) 
 

௫ୀିଵ|ݑ  ,			
డ௨

డ௫
ቚ
௫ୀିଵ

ൌ 0, (3’) 

 
where the operator S has the form, see [13] - [15]. 

 
,ݔሺݑܵ ሻݕ ൌ ,ݔሺെݑ  ,ሻݕ

 
and resembles an involution of M.G. Krein, see [16]. 

The following spectral problem corresponds to this boundary value problem (1 ') - (3') 
ݑܣ ൌ  ,ݑߣ

௬ୀ଴|ݑ ൌ ௬ୀగ|ݑ					,0 ൌ 0,		 

௫ୀିଵ|ݑ ,			
ݑ߲
ݔ߲
ฬ
௫ୀିଵ

ൌ 0, 

where 

           Ω 

0
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ܣ ൌ  ,ܮܵ
or in expanded form 
 
௫௫ݑ  ൅ ௬௬ݑ ൌ ,ݔሺെݑߣ  ሻ, (4)ݕ
 

௬ୀ଴|ݑ ൌ ௬ୀగ|ݑ					,0 ൌ 0,		 
  

௫ୀିଵ|ݑ  ,			
డ௨

డ௫
ቚ
௫ୀିଵ

ൌ 0, (5) 

 
We solve this spectral problem (4) - (5) using the method of separation of variables, assuming 
 

,ݔሺݑ ሻݕ ൌ  ,ሻݕሺݓሻݔሺݒ
 
and as a result we get two spectral problems 
 
а) െݓ ′′ሺݕሻ ൌ  ሻ, (6)ݕሺݓߤ
 
ሺ0ሻݓ ൌ 0, ሻߨሺݓ ൌ 0;  (7) 
 
ܾሻ	ݒ ′′ሺݔሻ െ ሻݔሺݒߤ ൌ  ሻ,  (8)ݔሺെݒߣ
 
ሺെ1ሻݒ ൌ 0, ݒ ′ሺെ1ሻ ൌ 0.  (9) 
 
The solution of (6) - (7) is well known and has the form ݓ௠ሺݕሻ ൌ sin݉ݕ,			݉ ൌ 1,2… .,; an analogue 

of the spectral problem (8) - (9) was investigated in detail in [14 ], however, we will give a full and 
detailed study of this problem in the fourth section of the article. As a result, we have 

 
௠௡ݑܣ ൌ ,௠௡ݑ௠௡ߣ ݉ ൌ 1,2, … ; 			݊ ൌ 0,1,2, … 

 
 

whereሼu୫୬ሽ,m ൌ 1,2, … ; 			n ൌ 0,1,2, …is complete and orthonormal system of functions in the space 
LଶሺΩሻ. 

Further, from the equation (1') we have 
ݑܣ̅ ൌ ݂ܵ, 

 
Where ̅ܣ is a closure of the operator A in the space ܮଶሺΩሻ. 
Hence, 

ݑ ൌ ሺ̅ܣሻିଵ݂ܵ ൌ෍〈	ሺ̅ܣሻିଵ݂ܵ, 〈௠௡ݑ
∞

௠,௡

௠௡ݑ ൌ |ሺ̅ܣሻ∗ ൌ |ܣ̅ ൌ 〈݂ܵ, ሺ̅ܣሻିଵݑ௠௡〉ݑ௠௡

ൌ ฬݑܣ௠௡ ൌ ⇒,௠௡ݑ௠௡ߣ ௠௡ݑܣ̅ ൌ ,௠௡ݑ௠௡ߣ ܣ ⊂ ⇒,ܣ̅ ሺ̅ܣሻିଵݑ௠௡ ൌ
௠௡ݑ
௠௡ߣ

ฬ

ൌ෍
ሺ݂ܵ, ௠௡ሻݑ
௠௡ߣ

௠௡ݑ ൌ෍
ሾ݂, ௠௡ሿݑ
௠௡ߣ

,௠௡ݑ

∞

௠,௡

∞

௠,௡

 

 
whereሾ݂, ௠௡ሿݑ ൌ ሺ݂ܵ, .௠௡ሻ is the inner product of Krein's space , and ሺݑ , . ሻ is the usual inner product of 
the space ܮଶሺΩሻ, i.e., 

ሺ݂, ݃ሻ ൌ ඵ ݂ሺݔ, ሻݕ ∙ ݃ሺݔ, .ݕ݀ݔሻതതതതതതതതത݀ݕ
Ω
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 Therefore, we need to show a closability of operator ܣ, an essential self-adjointness: ̅ܣ ൌ  and ,∗ܣ
reversibility: ker ܣ̅ ൌ ሼ0ሽ, because all of these properties are used in derivation of the last formula 

 

,ݔሺݑ ሻݕ ൌ෍
ሾ݂, ௠௡ሿݑ

௠௡ߣ
,ݔ௠௡ሺݑ .ሻݕ

∞

௠,௡

 

 
In addition, it is necessary to examine the spectrum of the operator ̅ܣ. 
3. Results of research. 
Let ܦሺܣሻ is a domain of definition of operator ܣ, and ܴሺܣሻ is a domain of its values, ݇݁ܣݎ  is a 

kernel of the operator ܣ, where 
ܣ ൌ  ܮܵ

 
ݑܮ ൌ ௫௫ݑ ൅ ,௬௬ݑ ,ݔሺݑܵ ሻݕ ൌ ,ݔሺെݑ  ,ሻݕ

ሻܣሺܦ ൌ ൜ݑሺݔ, ሻݕ ∈ :ଵሺΩഥሻܥ⋂ଶሺΩሻܥ ௬ୀ଴|ݑ ൌ ௬ୀగ|ݑ					,0 ൌ 0, ௫ୀିଵ|ݑ ,			
ݑ߲
ݔ߲
ฬ
௫ୀିଵ

ൌ 0ൠ ; 

We denote through ̅ܣ  the closure of the operator A in the space ܮଶሺΩሻ. 
The following theorem holds 
 
Theorem 1.  
(a) ܣ is closable, i.e. its closure exists; 
(b) ܣ is essentially self-adjoint in the space ܮଶሺΩሻ, i.e. the equality holds ሺ̅ܣሻ∗ ൌ  ;ܣ̅
(c) A is invertible, i.e.  ݇݁ܣ̅ݎ ൌ ሼ0ሽ, but the inverse operator ሺ̅ܣሻିଵ  is unlimited, and has the form  
 

,ݔሺݑ ሻݕ ൌ ሺ̅ܣሻିଵ݂ܵሺݔ, ሻݕ ൌ෍
ሺ݂ܵ, ௠௡ሻݑ

௠௡ߣ
,ݔ௠௡ሺݑ ሻݕ ൌ෍

ሾ݂, ௠௡ሿݑ

௠௡ߣ
,ݔ௠௡ሺݑ ,ሻݕ

∞

௠,௡

∞

௠,௡

 

 
whereሼݑ௠௡ሽ,݉ ൌ 1,2, … ; ݊ ൌ 0,1,2,... are the orthonormal eigenvectors of A, and ߣ௠௡are the 
corresponding eigenvalues; 

d)  ܴሺܣሻതതതതതതത ൌ ܪ ൌ ଶሺΩሻܮ ് ܴሺ̅ܣሻ; 
i.e. the operator equation 

ݑܣ̅ ൌ ݂ܵ 
is densely solvable in the space ܮଶሺΩሻ, but not everywhere solvable. The following theorem 2 reveals 

the spectral properties of the operator ̅ܣ. 
Theorem 2. The spectrum of operator ̅ܣ consists of four parts 
a) The negative part: 

െ݉ଶ െ ሺ݊ߨሻଶ ൏ ௠௡ିߣ ൏ െ݉ଶ െ ቀ݊ߨ ൅
ߨ
4
ቁ
ଶ
,			݉, ݊ ൌ 1,2, … ; 

b) the "zero" part: 

݉ଶ݁ିଶ√ଶ௠௖௢௦௨బሺ௠
మሻ ൏ ଴ሺ݉ଶሻߣ ൏ 2൫1 ൅ √2൯݉ଶ݁ିଶ√ଶ௠ୱ୧୬௨బ൫௠మ൯, 

where 
଴ሺ݉ଶሻݑ ൒ ଴ሺ1ሻݑ ൐ ଴ݑ

∗ሺ1ሻ ൐ 0, 
and 

lim
௠→∞

଴ሺ݉ଶሻݑ ൌ
ߨ
4
; 			݉ ൌ 1,2… 

c) the positive part 
݉ଶ ൅ ሺ݊ߨሻଶ ൏ ௠௡ାߣ ൏ ݉ଶ ൅ ሺ݊ߨ ൅

గ

ଶ
ሻଶ,    ݉, ݊ ൌ 1,2, … 

d) the limit part, i.e. point ߣ ൌ 0	belongs to the limit spectrum of the operator Аഥ, i.e. the equality 
holds 

ሼߣ௠௡ሽതതതതതതതത ∋ ሼ0ሽ 
g) theinequalities hold ߣ௠௡ ് 0,  ݉ ൌ 1,2, … ; 		݊ ൌ 0,1,2, … 
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Theorem 3. The boundary value problem 
௫௫ݑ ൅ ௬௬ݑ ൌ ,ݔሺെݑߣ ݔ					,ሻݕ ∈ ሺെ1,1ሿ, ,ݔሺݕ  ሻߨ

௬ୀ଴|ݑ ൌ ௬ୀగ|ݑ					,0 ൌ 0,		 

௫ୀିଵ|ݑ ,			
ݑ߲
ݔ߲
ฬ
௫ୀିଵ

ൌ 0, 

has a complete and orthogonal system of eigenvectors: 
,ݔ௠௡ሺݑ ሻݕ ൌ sin݉ݕ ∗ ,ሻݔ௠௡ሺݒ ݉ ൌ 1,2, … ; ݊ ൌ 0,1,2, … 

ሻݔ௠௡ሺݒ ൌ ௠௡ܭ ቂ݄ܿඥ݉ଶ ൅ ඥ݉ଶ݄ݏ௠௡ߣ െ ඥ݉ଶ݄ݏݔ௠௡ߣ െ ௠௡݄ܿඥ݉ଶߣ ൅  		,ቃݔ௠௡ߣ

݉ ൌ 1,2, … ; ݊ ൌ 0,1,2, … 
whereܭ௠௡ are the normalization coefficients, аndߣ௠௡are the roots of the equation 

ඥ݉ଶ݄ݐ െ ඥ݉ଶ݄ݐߣ ൅ ߣ ൌ
√݉ଶ െ ߣ

√݉ଶ ൅ ߣ
, 

for each fixed value m = 1,2, .... 
All the eigenvalues are simple, real and not equal to zero. 

4. The proofs and discussion. 
4.1. On the solvability. 
Lemma 1. If the eigenvectors of a symmetric operator T, corresponding to non-zero eigenvalues, 

form an orthonormal basis of the Hilbert space H, then 
a) this operator is essentially self-adjoint; 
b) the operator തܶ is reversible; 
c) ܴሺ തܶሻതതതതതതത ൌ  ;ܪ
d) ܴሺ തܶሻതതതതതതത ൌ ܴሺ തܶሻ, 
if and only if the inequality holds 
 

|௡ߣ| ൒ ߝ ൐ 0, ݊ ൌ 1,2, … 
 

whereߣ௡ሺ݊ ൌ 1,2, … ሻ are the eigenvalues of the operator ܶ acting in a Hilbert space ܪ. 
4.2. On the spectrum of the operator B. 
Consider in the space ܮଶሺെ1,1ሻ  the following spectral problem 
ሻݔᇱᇱሺݒ െ ሻݔሺݒߤ ൌ ,ሻݔሺെݒߣ ݔ ∈ ሺെ1,1ሿ (8) 
ሺെ1ሻݒ ൌ ᇱሺെ1ሻݒ			,0 ൌ 0 (9) 
where μ  is  a fixed real quantity, λ is a spectral parameter. 
Let  ܤ ൌ   ෠, whereܮܵ

ݒ෠ܮ ൌ ݒ ′′ሺݔሻ െ ሻݔሺݑܵ																				,ሻݔሺݒߤ ൌ  ,ሻݔሺെݑ
 

then the spectral problem (8) - (9) takes the form  
 

ݒܤ ൌ ;ݒߣ ሺെ1ሻݒ		 ൌ 0, ݒ ′ሺെ1ሻ ൌ 0. 
 
Notice that 

ሻܤሺܦ ൌ ൛ݒሺݔሻ ∈ ଶሺെ1,1ሻܥ ∩ :ଵሾെ1,1ሿܥ ሺെ1ሻݒ ൌ 0, ݒ ′ሺെ1ሻ ൌ 0ൟ. 
Obviously ܥ଴

∞ሺെ1,1ሻ ⊂  ሻ. In addition, the equality holdsܤሺܦ
 

ሺݑܤ, ሻݒ ൌ ሺݑ, ,ሻݒܤ ,ݑ∀ ݒ ∈  ሻܤሺܦ
 
If ߣ ൌ 0,	then ݒሺݔሻ ൌ 0	 by virtue of the uniqueness of the solution of Cauchy problem, so ݇݁ܤݎ ൌ

ሼ0ሽ, i.e. the inverse operator ିܤଵ exists, which has the following form 
 

ሻݔሺݒ ൌ ሻݔଵ݂ሺିܤ ൌ ׬
௦௛√ఓሺ௫ି௧ሻௌ௙ሺ௧ሻ

√ఓ
ݐ݀

௫
ିଵ , 
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for any continuous function ݂ሺݔሻ ∈  ,ሾെ1,1ሿ. By means of the extension theorem (see [19]., C.154)ܥ
we will continue  this operator on the whole space ܮଶሺെ1,1ሻ as a continuous operator 

 

ሻݔଵതതതതത݂ሺିܤ ൌ න
ݔሺߤ√݄ݏ െ ሻݐሻ݂ܵሺݐ

ߤ√

௫

ିଵ
ሻݔሺ݂∀			,ݐ݀ ∈  .ଶሺെ1,1ሻܮ

 
It is obvious that the operator Bିଵതതതതത is completely continuous and self-adjoint in the space Lଶሺെ1,1ሻ. 

By the formula, 
Bିଵതതതതത ൌ ሺBഥሻିଵ 

we have that the operator Bഥ is reversible. Operator ሺBഥሻିଵ is completely continuous and self-adjoint in 
 .ଶሺെ1,1ሻܮ

 
By Hilbert-Schmidt Theorem (see [17], p. 226), for any ݂ሺݔሻ ∈  ଶሺെ1,1ሻ the formula holdsܮ

ሺܤതሻିଵ݂ ൌ ෍〈ሺܤതሻିଵ݂, ;ߤ௡ሺݒ ;ߤ௡ሺݒ〈ሻݔ ሻݔ ൌ

∞

௡ୀଵ

෍〈݂, ሺܤതሻିଵݒ௡ሺߤ; ;ߤ௡ሺݒ〈ሻݔ ሻݔ
∞

௡ୀଵ

ൌ෍ 〈݂, ଵതതതതതିܤ ;ߤ௡ሺݒ 〈ሻݔ ;ߤ௡ሺݒ ሻݔ ൌ

∞

௡ୀଵ

ฬିܤଵതതതതതݒ௡ ൌ ௡ݒଵିܤ ൌ
;ߤ௡ሺݒ ሻݔ
ሻߤ௡ሺߣ

ฬ

ൌ ෍〈݂, ;ߤ௡ሺݒ 〈ሻݔ
∞

௡ୀଵ

;ߤ௡ሺݒ ሻݔ
ሻߤ௡ሺߣ

, 

 
whereߣ௡ሺߤሻ are the eigenvalues of the operator  ܤ, and ݒ௡ሺߤ;   .ሻ are the corresponding eigenvectorsݔ

If 〈݂, ;ߤ௡ሺݒ 〈ሻݔ ൌ 0,	 for ݊ ൌ 1,2, …, then ሺܤതሻିଵ݂ ൌ 0,hence ݂ ൌ 0, i.e. the system ሼݒ௡ሺߤ; ,ሻሽݔ ݊ ൌ
1,2, …  is complete and orthogonal in the space ܮଶሺെ1,1ሻ. We formulate the obtained results as following 
lemma. 

Lemma 2. If  ߤ ൌ ഥ,ߤ  i.e. it is a real value, then 
a) the operator ሺܤതሻିଵ  is completely continuous and self-adjoint; 
b) the spectrum of ܤത  is discrete, i.e., it has no the condensation points; 
c) the normalized eigenvectors of Вഥ  form the orthonormal basis of the space ܮଶሺെ1,1ሻ. 
 
Let's find the eigenfunctions of the problem (8) - (9). The general solution of equation (8) has the 

form 
,ߤሺݒ  ;ߣ ሻݔ ൌ ܽሺߤ, ߤඥ݄ݏሻߣ െ ݔߣ ൅ ܾሺߤ, ߤሻ݄ܿඥߣ ൅  (10) ,ݔߣ

 
whereaሺμ, λሻ, bሺμ, λሻ are arbitrary constants. 

Indeed, 
ݒ  ′ሺߤ, ;ߣ ሻݔ ൌ ܽሺߤ, ߤሻඥߣ െ ߤඥ݄ܿߣ െ ݔߣ ൅ ܾሺߤ, ߤሻඥߣ ൅ ߤඥ݄ݏߣ ൅ ,ݔߣ  (11) 

ݒ ′′ሺߤ, ;ߣ ሻݔ ൌൌ ܽሺߤ, ߤሻሺߣ െ ߤඥ݄ݏሻߣ െ ݔߣ ൅ ܾሺߤ, ߤሻሺߣ ൅ ߤሻ݄ܿඥߣ ൅ ݔߣ
ൌ ,ߤሺߣߤ ;ߣ ,ߤሻൣെܽሺݔ ߤඥ݄ݏሻߣ െ ݔߣ ൅ ܾሺߤ, ߤሻ݄ܿඥߣ ൅ ߣ൧ݔߣ ൌ ,ߤሺݒߤ ;ߣ ሻݔ ൅ ,ߤሺݒߣ ;ߣ െݔሻ,
⇒ ݒ ′′ሺߤ, ;ߣ ሻݔ െ ,ߤሺݒߤ ;ߣ ሻݔ ൌ ,ߤሺݒߣ ;ߣ െݔሻ. 

 
Substituting (10) - (11) into the boundary conditions (9), we have 
 

ቊ
െ݄ܽݏඥߤ െ ߣ ൅ ܾ݄ܿඥߤ ൅ ߣ ൌ 0

ܽඥߤ െ ߤඥ݄ܿߣ െ ߣ െ ܾඥߤ ൅ ߤඥ݄ݏߣ ൅ ߣ ൌ 0
 (*) 

 
This system of equations has a nontrivial solution only if its determinant ∆ሺߤ,  ሻ equals 0, whereߣ
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∆ሺߤ, ሻߣ ൌ ቤ
െ݄ݏඥߤ െ ߣ ݄ܿඥߤ ൅ ߣ

ඥߤ െ ߤඥ݄ܿߣ െ ߣ െඥߤ ൅ ߤඥ݄ݏߣ ൅ ߣ
ቤ. 

 
Expanding this determinant, we obtain 
 
 ∆ሺߤ, ሻߣ ൌ ඥߤ ൅ ߤඥ݄ݏߣ ൅ ߤඥ݄ݏߣ െ ߣ െ ඥߤ െ ߤඥ݄ܿߣ െ ߤඥ݄ܿߣ ൅  (12) ߣ
 
If ߣ ൌ 0, then  

∆ሺߤ, 0ሻ ൌ ߤ√ଶ݄ݏߤ√ െ ߤ√ଶ݄ܿߤ√ ൌ െ√ߤሾ݄ܿଶ√ߤ െ ሿߤ√ଶ݄ݏ ൌ െ√ߤ, 
 
If in addition ߤ ൌ 0, then from (8) - (9) we have that ݒሺݔሻ ൌ 0. Consequently, the value of ߣ ൌ 0  is 

not an eigenvalue of the problem (8) - (9). 
If ߣ ൌ ,ߤthen ∆ሺ ,ߤ ሻߤ ൌ 0, therefore, the value of ߣ ൌ  is probably the eigenvalue of the problem ߤ

(8) - (9), to which the following eigenfunction corresponds 
 

,ߤሺݒ ;ߤ ሻݔ ൌ ܾሺߤ,  .ݔߤሻ݄ܿඥ2ߤ
 
But this function satisfies the boundary condition (9) only when the ܾሺߤ, ሻߤ ൌ 0, so there is no 

eigenvalues of the boundary value problem (8) - (9) in the segment ሾെߤ, 0ሿ, ߤ ൒ 0. 
Assuming ߤ ൐ 0 for definiteness, let us study the distribution of zeros of functions (12). 
Lemma 3. If ߤ ൐ ,ߤሺܨ ଴, then the functionߤ ଴, located in the interval0ݑ ሻhas a unique simple zeroݑ ൏

଴ݑ
∗ ൏ ଴ݑ ൏

గ

ସ
, where 

1 െ ඥ2ߤ଴݄ݐඥ2ߤ଴ ൌ 0,			
ܨ߲
ݑ߲

ห ௨ୀ௨బ
∗ ൌ 0.			 

Lemma 4. If ݖ ൌ  a real quantity, the ݑ
a) for 0 ൏ ߤ ൏ ,ߤ଴ segment ሾെߤ  ;ሿno eigenvaluesߤ
b) when ߤ ൒ ,଴in interval ሺ0ߤ ଴ߣ ሻwill be exactly one eigenvalueߤ

ାሺߤሻ, which satisfies the estimate 
 

ߤ ∙ ݁ିଶඥଶఓ ୡ୭ୱ௨బሺఓሻ ൏ ଴ߣ
ାሺߤሻ ൏ ൫1ߤ2 ൅ √2൯ ∙ ݁ିଶඥଶఓ ୱ୧୬௨బሺఓሻ, 

where 

ሻߤ଴ሺݑ ൐ ଴ݑ
∗ሺߤሻ ൐ ߤ∀				,0 ൐ ,଴ߤ lim

ఓ→ା∞
ሻߤ଴ሺݑ ൌ

ߨ
4
,			 

ܨ߲
ݑ߲

ห ௨ୀ௨బ
∗ ൌ 0,						1 െ ඥ2ߤ଴݄ݐඥ2ߤ଴ ൌ 0. 

a) 0 ൏ ߤ ൑  ଴ߤ
െ∞൅ ∞ 

െ0ߤ																	 ൅  ߤ
б)   ߤ ൐ ଴ߤ ൐ 0 
െ∞ߣ଴

ା 																																																											൅ ∞ 
 

െ0ߤ															 ൅  ߤ
fig 5. 
Consequence.Forall ߤ ൒ 1, the inequality holds 

 

ߤ ∙ ݁ିଶඥଶఓ ൏ ଴ߣ
ାሺߤሻ ൏ ሺ1ߤ2 ൅ √2ሻ݁ିଶඥଶఓ ୱ୧୬௨బ

∗ሺଵሻ 
where 

ݑ߲
ݑ߲

ห ௨ୀ௨బ
∗ሺଵሻ ൌ ଴ݑ			,0

∗ሺ1ሻ ൐ 0. 

Lemma 5. 
a)  If 0 ൏ ߤ ൏ ଴ߤ , then the eigenvalues of the spectral task   
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ሻݔᇱᇱሺݒ  െ ሻݔሺݒߤ ൌ ݔ					,ሻݔሺെݒߣ ∈ ሺെ1,1ሿ (8) 
 
ሺെ1ሻݒ  ൌ ᇱሺെ1ሻݒ				,0 ൌ 0 (9) 
 
consists of two series: negative 

െ൤ߤ ൅ ቀ݊ߨ ൅
గ

ଶ
ቁ
ଶ
൨ ൏ ௡ିߣ ൏ െ ൤ߤ ൅ ቀ݊ߨ ൅

గ

ସ
ቁ
ଶ
൨ ,			݊ ൌ 0,1,2, …, 

and positive 

ߤ ൅ ሺ݊ߨሻଶ ൏ ሻߤ௡ାሺߣ ൏ ߤ ൅ ሺ݊ߨ ൅
ߨ
2
ሻଶ,				݊ ൌ 0,1,2… 

 
b) If ߤ ൐ ,଴, then the third "zero" series  will appear, that lays in the interval ሺ0ߤ -ሻ, for which a twoߤ

sided estimate is valid   
 

ߤ ∙ ݁ିଶඥଶఓ ୡ୭ୱ௨బሺఓሻ ൏ ଴ߣ
ାሺߤሻ ൏ ሺ1ߤ2 ൅ √2ሻ݁ିଶඥଶఓ ୱ୧୬௨బሺఓሻ 

where 

ሻߤ଴ሺݑ ൐ ଴ݑ
∗ሺߤሻ ൐ ߤ∀						,0 ൐ ଴ߤ ,				 limఓ→ା∞

ሻߤ଴ሺݑ ൌ
ߨ
4

 

ܨ߲
ݑ߲
ฬ
௡ୀ௨బ

∗
ൌ 0, 1 െ ඥ2ߤ଴݄ݐඥ2ߤ଴ ൌ 0 

 
b) we will name the quantity  ߤ଴ the threshold, it is the root of the equation 
c)  

1 െ ඥ2݄ݐߤඥ2ߤ ൌ 0 
 
for it the assessment holds: 0,5 <μ_0 <0,72, see. ([18].,p.33)  
From the system of equations (*) and formula (10), see. P.10 assuming 
 

ܽ௡ ൌ ߤ௡݄ܿඥܭ ൅ ,௡ߣ ܾ௡ ൌ ߤඥ݄ݏ௡ܭ െ  ,௡ߣ
 

we will find the eigenfunctions of the boundary value problem (8) - (9) 
 

,ߤ௡ሺݒ ,௡ߣ ሻݔ ൌ ߤ௡ൣ݄ܿඥܭ ൅ ߤඥ݄ݏ௡ߣ െ ݔ௡ߣ ൅ ߤඥ݄ݏ െ ߤ௡݄ܿඥߣ െ  .൧ݔ௡ߣ
 
Lemma 6. If  ߤ ൒ 1 , then the spectral task   
 
ݒ  ′′ሺݔሻ െ ሻݔሺݒߤ ൌ ݔ					,ሻݔሺെݒߣ ∈ ሺെ1,1ሿ (8)

ሺെ1ሻݒ  ൌ ݒ				,0 ′ሺെ1ሻ ൌ 0																			         (9) 
 
has complete and orthogonal system of eigenvectors: 
 

,ߤ௡ሺݒ ,௡ߣ ሻݔ ൌ ߤ௡ൣ݄ܿඥܭ ൅ ߤඥ݄ݏ௡ߣ െ ݔ௡ߣ ൅ ߤඥ݄ݏ െ ߤ௡݄ܿඥߣ െ ,൧ݔ௡ߣ ݊ ൌ 0,1,2, … 
 
corresponding to the real eigenvalues ߣ௡ሺߤሻ,				݊ ൌ 0,1,2, …, which are distributed as follows: 

a) negative: 

ߤ]- ൅ ሺ݊ߨ ൅
గ

ଶ
ሻଶሿ ൏ ሻߤ௡ିሺߣ ൏ െ ൤ߤ ൅ ቀ݊ߨ ൅

గ

ସ
ቁ
ଶ
൨ ,					݊ ൌ 0,1,2… 

 
b) zero: 

ߤ ∙ ݁ିଶඥଶఓ ୡ୭ୱ௨బሺఓሻ ൏ ଴ߣ
ାሺߤሻ ൏ ሺ1ߤ2 ൅ √2ሻ݁ିଶඥଶఓ ୱ୧୬௨బሺఓሻ 

where 
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ሻߤ଴ሺݑ ൐ ଴ݑ
∗ሺߤሻ ൐ ߤ∀						,0 ൐ ଴ߤ ,				 limఓ→ା∞ ሻߤ଴ሺݑ ൌ

గ

ସ
 (monotonically) 

 
ܨ߲
ݑ߲
ฬ
௨ୀ௨బ

∗ሺఓሻ
ൌ 0,				1 െ ඥ2ߤ଴݄ݐඥ2ߤ଴ ൌ 0,							0,5 ൏ ଴ߤ ൏ 0,72 

c) positive: 

ߤ ൅ ሺ݊ߨሻଶ ൏ ሻߤ௡ାሺߣ ൏ ߤ ൅ ሺ݊ߨ ൅
ߨ
2
ሻଶ,				݊ ൌ 1,2… 

g) the interval [െߤ, 0] remains free of eigenvalues where ߤ ൒ 0; 
4.3. The proofs of theorems. 
Let's start with Theorem 3. Assuming 

,ݔ௠௡ሺݑ ሻݕ ൌ sin݉ݕ ∙ ݉			,ሻݔ௠௡ሺݒ ൌ 1,2, … . 
 
We divide the variables of the equation 
 

௫௫ݑ ൅ ௬௬ݑ ൌ ,ݔሺെݑߣ ݔ					,ሻݕ ∈ ሺെ1,1ሿ,			߳ݕሺ0,  ሻߨ
 
result for ݑ௠௡ሺݔ,  ሻ we obtain the spectral problemݕ
 

௠௡′′ݒ െ ݉ଶݒ௠௡ሺݔሻ ൌ ݉				,ሻݔ௠௡ሺെݒ௠௡ߣ ൌ 1,2, … 
௠௡ሺെ1ሻݒ ൌ ݒ			,0 ′௠௡ሺെ1ሻ ൌ 0. 

 
By virtue of the proven Lemma 6, eigenfunctions of the spectral problem :ሼݒ௠௡ሺݔሻሽ,			݉ ൌ

1,2, … , ݊ ൌ 0,1,2, …   form a complete orthogonal system in the space ܮଶሺെ1,1ሻ. Therefore, after 
normalization, they form an orthonormal basis of the space. 

Lemma 7. If the system ሼ߮௠ሺݕሻሽ,			݉ ൌ 1,2, …  is an orthonormal basis of the space ܮଶሺ0,  ሻ, and theߨ
system {߰௠௡ሺݔሻሽ,݉ ൌ 1,2, … ; 			݊ ൌ 0,1,2, … for each fixed value of m is an orthonormal basis of the 
space ܮଶሺെ1,1ሻ, then the system  

 
,ݔ௠௡ሺݑ ሻݕ ൌ ߰௠௡ሺݔሻ ∙ ߮௠ሺݕሻ,				݉ ൌ 1,2, … ; ݊ ൌ 0,1,2, … 

 
is an orthonormal basis of the space ܮଶሺΩሻ, where Ω ൌ ሾെ1,1ሿ ൈ ሾ0,  .ሿ. See the proof [14]ߨ

In our case, 

߮௠ሺݕሻ ൌ ඨ
2
ߨ
sin݉ݕ,				߰௠௡ሺݔሻ ൌ ௠௡ܭ ∙ ݉			,ሻݔ௠௡ሺݒ ൌ 1,2, … . ; ݊ ൌ 0,1,2, … , 

whereܭ௠௡ are  the normalization coefficients, hence eigenfunctions 
 

,ݔ௠௡ሺݑ ሻݕ ൌ ௠௡ܭ sin݉ݒݕ௠௡ሺݔሻ, ݉ ൌ 1,2, … ; ݊ ൌ 0,1,2, … 
 
of the boundary value problem 
 

௫௫ݑ ൅ ௬௬ݑ ൌ ,ݔሺെݑߣ ݔ					,ሻݕ ∈ ሺെ1,1ሿ, ݕ ∈ ሺ0,  ሻߨ
௬ୀ଴|ݑ ൌ ௬ୀగ|ݑ					,0 ൌ 0,		 

௫ୀିଵ|ݑ ,			
ݑ߲
ݔ߲
ฬ
௫ୀିଵ

ൌ 0, 

After normalization  form an orthonormal basis of the space ܮଶሺΩሻ. Theorem 3 is proved. 
Theorem 2 is a consequence of Lemma 6, when ߤ ൌ ݉ଶ, ݉ ൌ 1,2, … Theorem 1 follows from Lemma 1 
and Theorem 3. 

5. Conclusions. 
The operator A	ഥ  has a spectral hatch 
ሺെߤ଴, 0ሻ, where0,5 ൏ ଴ߤ ൏ 0,72; 
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1) If ݂ሺݔ, ሻݕ ∈  ଶሺΩሻ, then  the solution of (1) - (3) exists if and only ifܮ
2)  

෍ ෍
|ሺ݂ܵ, ௠௡ሻ|ଶݑ

௠௡ଶߣ ൏ ൅∞,

ା∞

௡ୀ଴

∞

௠ୀଵ

 

 
where݂ܵሺݔ, ሻݕ ൌ ݂ሺെݔ,  .ሻݕ
 
2) There is regularizing family of tasks, which has the form 
ݑܣ̅ ൅ ݑߤ ൌ ݂ܵ, где     0 ൏ ߤ ൏  .଴ߤ
 
Proof of paragraph 3). 
Let 0 ൏ ߤ ൏ ܣ଴, we estimate the resolution of ሺ̅ߤ ൅  ሻିଵ.  It's obvious thatܫߤ
௠௡ݑܣ̅ ൅ ௠௡ݑߤ ൌ ሺߣ௠௡ ൅ ܣ௠௡,thereforeሺ̅ݑሻߤ ൅ ௠௡ݑሻିଵܫߤ ൌ

௨೘೙

ఒ೘೙ାఓ
. 

 
,ݔఓሺݑ ሻݕ ൌ ሾ̅ܣ ൅ ሿିଵ݂ܵܫߤ

ൌ෍ ሺሾ̅ܣ ൅ ,ሿିଵ݂ܵܫߤ ௠௡ݑ௠௡ሻݑ
௠,௡

ൌ෍ ሺ݂ܵ, ሾ̅ܣ ൅ ,ሿିଵܫߤ ௠௡ݑ௠௡ሻݑ ൌ
௠,௡

෍
ሺ݂ܵ, ௠௡ሻݑ
ߤ ൅ ௠௡ߣ

.௠௡ݑ
௠,௡

 

 
Next, we estimate the distance from the point –  .ܣto the spectrum of the operator̅  ߤ

a) For the negative eigenvalues of the operator̅ܣ  thefollowing inequality holds 

െ݉ଶ െ ሺ݊ߨሻଶ ൏ ௠௡ିߣ ൏ െ݉ଶ െ ሺ݊ߨ െ
ߨ
2
ሻଶ,݉, ݊ ൌ 1,2, …, 

Therefore 
െ∞൅ ∞ 

െ∞൅ ∞ 
௠௡ିߣ െ 1 െ ሺ

గ

ଶ
ሻଶ െ 1െߤ଴ െ  0      ߤ

 
since, 0 ൏ ߤ ൏ ଴ߤ ൏ 0,72,then 0,72 ൏ െߤ଴ ൏ െߤ ൏ 0; 
 

௠௡ିߣ| ൅ |ߤ ൐ ቚെ1 െ ሺ
ߨ
2
ሻଶ ൅ ቚߤ ൐ ቚെ1 െ ሺ

ߨ
2
ሻଶ ൅ ଴ቚߤ ൌ ቚ1 ൅ ሺ

ߨ
2
ሻଶ െ ଴ቚߤ ൌ 1 െ ଴ߤ ൅ ሺ

ߨ
2
ሻଶ; 

 
 
b) to "zero" eigenvalues  λ୫୬

ା ൐ 0, we have 
|െߤ െ ௠௡ାߣ | ൐ |െߤ െ 0| ൌ |െߤ| ൌ ߤ ൐ 0; 

 
For positive eigenvalues the following inequalities hold 

݉ଶ ൅ ሺ݊ߨሻଶ ൏ ௠௡ାߣ ൏ ݉ଶ ൅ ሺ݊ߨ ൅
ߨ
2
ሻଶ,					݉, ݊ ൌ 1,2, … 

െ∞൅ ∞ 
 

െ1 െ ଴ߤ െ 1									1									0								ߤ ൅ ௠௡ାߣ													ଶߨ  
 

|െߤ െ ௠௡ାߤ | ൒ ߤ ൅ ௠௡ାߣ ൐ ߤ ൅ 1 ൅ ଶߨ ൐ 1 ൅  .ଶߨ
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Based on these inequalities, we estimate the resolventof̅ܣ,  at   ߣ ൌ െߤ଴. 
From the equation, 
 
ሺ̅ܣ ൅ ఓݑሻܫߤ ൌ ݂ܵ, 
 
we have 

,ݔఓሺݑ ሻݕ ൌ ሾ̅ܣ ൅ ሿିଵ݂ܵܫߤ

ൌ෍
ሺ݂ܵ, ௠௡ሻݑ
௠௡ߣ ൅ ߤ

௠௡ݑ 		
௠,௡

ൌ෍
ሺ݂ܵ, ௠௡ሻݑ
௠௡ିߣ ൅ ߤ

௠௡ݑ ൅ ෍
ሺ݂ܵ, ௠௡ݑ௠௡ሻݑ
௠௡ିߣ ൅ ߤ

∞

௠ୀଵ

൅ൌ
௠,௡

෍
ሺ݂ܵ, ௠௡ሻݑ
௠௡ߣ ൅ ߤ

௠௡ݑ
௠,௡

; 

 

ฮݑఓฮ
ଶ
ൌ෍

ሺ݂ܵ, ௠௡ሻଶݑ

ሺߣ௠௡ି ൅ ሻଶߤ
൅ ෍

ሺ݂ܵ, ௠଴ሻଶݑ

ሺߣ௠௡
ା ൅ ሻଶߤ

∞

௠ୀଵ௠,௡

൅෍
ሺ݂ܵ, ௠௡ሻଶݑ

ሺߣ௠௡
ା ൅ ሻଶߤ

௠,௡

൑
1

ቂ1 െ ଴ߤ ൅ ሺ
ߨ
2ሻ

ଶቃ
ଶ෍|ሺ݂ܵ, ௠௡|ଶݑ

௠,௡

൅
1
ଶߝ

෍|ሺ݂ܵ, ௠଴ሻ|ଶݑ ൅
1

1 ൅ ଶߨ
෍|ሺ݂ݏ, ௠௡ሻ|ଶݑ ൑ ଶ‖݂ݏ‖ሻߝଶሺܭ ൑ ሻߝଶሺܭ ∙ ‖݂‖ଶ,
௠,௡

∞

௠ୀଵ

 

where 

ሻߝሺܭ ൌ max	 ൜
ଵ

ଵିμబାሺ
π
మ
ሻమ
,
ଵ

εమ
,

ଵ

ଵାπమ
ൠ. 

 
Assume that for a given ݂ ∈  ଶሺΩሻ there exists a solution of equationܮ
ݑܣ̅ ൌ ݂ܵ. 
then 

lim
ఓ→଴

ฮݑఓ െ ฮݑ ൌ 0. 

Indeed, 
 
 

ฮݑఓሺݔ, ሻݕ െ ,ݔሺݑ ሻฮݕ
ଶ
ൌ෍൬

1
௠௡ߣ ൅ ߤ

െ
1
௠௡ߣ

൰
ଶ

|ሺ݂ܵ, ௠௡ሻ|ଶݑ ൑෍
ଶߤ

ሺߣ௠௡ ൅ ሻଶߤ
௠,௡௠,௡

|ሺ݂ܵ, ௠௡ሻ|ଶݑ

൑෍
ଶߤ

ሺߣ௠௡ି ൅ ௠௡ିߣሻଶሺߤ ሻଶ
|ሺ݂ܵ, ௠௡ሻ|ଶݑ

௠,௡

൅෍
ଶߤ

ሺߣ௠଴
ା ൅ ௠଴ߣሻଶሺߤ

ା ሻଶ
|ሺ݂ܵ, ௠଴ሻ|ଶݑ

௠,௡

൅෍
ଶߤ

ሺߣ௠௡
ା ൅ ሻଶߤ

|ሺ݂ܵ, ௠௡ሻ|ଶݑ
ା∞

௠,௡

൑
μଶ

ቂ1 െ μ଴ ൅ ሺ
π
2ሻ

ଶቃ
ଶ෍

|ሺSf, u୫୬|ଶ

ሺλ୫୬
ି ሻଶ

୫,୬

൅
μଶ

ሺ1 ൅ πଶሻଶ
෍

|ሺSf, u୫୬|ଶ

൫λ୫୬
ା ൯

ଶ
୫,୬

൅ ෍
μଶ

൫λ୫଴
ା ൅ ε൯

ଶ
൫λ୫଴

ା ൯
ଶ

∞

୫ୀଵ

|ሺ݂ܵ, ௠଴ሻ|ଶݑ ൏ 
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൏ μଶ

ۏ
ێ
ێ
ۍ 1

൤1 െ μ଴ ൅ ቀπ2ቁ
ଶ
൨
ଶ ൅

1
ሺ1 ൅ πଶሻଶ

ے
ۑ
ۑ
ې
‖f‖ଶ

൅ ෍
μଶ|ሺSf, u୫଴|ଶ

൫λ୫଴
ା ൯

ଶ
ሺλ୫଴
ା ൅ μሻ

൏
2μଶ

൤1 െ μ଴ ൅ ቀπ2ቁ
ଶ
൨
ଶ ൅ ෍

μଶ

ቀ൫λ୫଴
ା ൯

ଶ
λ୫଴
ା ൅ μቁ

ଶ

∞

୫ୀଵ

|ሺ݂ܵ, ௠଴ሻ|ଶݑ
∞

୫ୀଵ

൑ ቮ
ଵ଴ߣ
ା ൐ ଶ଴ߣ

ା ൐ ⋯ ൐ ே଴ߣ
ା

ߤ
௠଴ߣ
ା ൅ ߤ

൏ 1 ቮ

൑
2μଶ

൤1 െ μ଴ ൅ ቀπ2ቁ
ଶ
൨
ଶ ‖f‖

ଶ

൅
μଶ

൫λ୒
ା൯

ା ෍|ሺSf, u୫଴ሻ|ଶ
୒

୫ୀଵ

൅ ෍
|ሺSf, u୫଴ሻ|ଶ

൫λ୫଴
ା ൯

ଶ

∞

୒ାଵ

൏
2μଶ‖f‖ଶ

൤1 െ μ଴ ൅ ቀπ2ቁ
ଶ
൨
ଶ ൅

μଶ

൫λ୒
ା൯

ା ‖f‖
ଶ

൅ ෍
|ሺSf, u୫଴ሻ|ଶ

൫λ୫଴
ା ൯

ଶ ൑
3μଶ

൫λ୒
ା൯

ଶ ‖f‖
ଶ ൅෍

|ሺSf, u୫଴ሻ|ଶ

൫λ୫଴
ା ൯

ଶ

∞

୒ାଵ

∞

୒ାଵ

. 

 
 

By our assumption∑
|ሺୗ୤,୳ౣబሻ|మ

൫λౣబ
శ ൯

మ ൏ ൅∞,∞
௠ୀଵ   therefore for any ߝ ൐ 0there exists a number ܰሺߝሻsuch 

that for all ܯ ൐ ܰሺߝሻ the inequality holds  

∑ |ሺୗ୤,୳ౣబሻ|మ

൫λౣబ
శ ൯

మ ൏
εమ

ଶ
ା∞
ெ . 

 
Then, at a fixed ܰሺߝሻ, there exists a number ߜ ൐ 0such that for all 0 ൑ ߤ ൏  the following inequalityߜ

holds 
ଶ‖݂‖ଶߤ3

ሺߣே
ାሻଶ

൏
εଶ

2
 

 
Consequently, for any ߝ ൐ 0 there exists ߜ ൐ 0 such that 

ฮݑఓ െ ฮݑ
ଶ
൏ ఓݑଶ i.e.  ฮߝ െ ฮݑ ൏ for all 0ߝ ൑ ߤ ൏  .as required ,ߜ
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