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PROBLEM FROM THE THEORY OF BRIDGE EROSION 
 
Abstract. In this paper, we represent the exact solution of a two phase Stefan problem. Radial heat 

polynomialsand integral error function are used for solving bridge problem. The recurrent expressions for the 
coefficients of these series are presented. The mathematical models describe the dynamics of contact opening and 
bridging.  

Keywords: radial heat polynomials, Stefan problem.  
 
Introduction 
In considerence the heat transfer, the shape of the liquid bridge plays an important role. The 

overwhelming majority of researchers proceed from the fact that the visible part of the bridge has the 
shape of a cylinder whose axis is directed perpendicular to the plane of the electrodes [1]. In the general 
case, in the result of the action of surface tension and the pinch effect, the bridge takes the form of a 
certain surface of revolution about the z- axis. In this problem, we consider a symmetric model of the 

bridge, where the shape of the bridge is described by a surface 2( , )y z t z . For a liquid bridge in we 
consider the generalized heat equation for and for solid contact we use the spherical Holm model [2]. 

Preliminaries  
The fundamental solution for the equation  
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2
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(1) 

can be obtained by the solution of this equation with the initial condition containing delta-function using 
the Laplace transform in the form [3] 
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If we consider the corresponding heat potentials for this solution 
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and integrating by parts we obtain the explicit formula for the heat polynomials  
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It is more convenient for applications to multiply both sides of this formula by 
( 1 )
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 (5)
 Mathematical model 

The heat equations for each zone are 
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The Stefan’s condition 
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Method of solution 
We represent solution of the problem (6)-(15) ii the form 
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Using the boundary condition (10) we get 
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where 
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Taking into account that ( )t  is given and using properties of raising the power series to a power[5] 
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Where coefficients ( )m   determined by  
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Substituting the formula (20) into (19) we obtain 

 
,

0 0 0
( ) ( ) ( )

n
m k

n n k m
n k m

A n k t F t  
 



  
    

 
(21) 

F(t) is given, can be expanded in Maclaourin series thus to derive mA , we take both sides of (21), l -

times derivative at 0t  we have  
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from (22) we can find nA . 

Satisfying the boundary conditions of conjugations of temperature (11) and heat flux (12) we get 
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from taking the m - times derivative of (23) and (24) we get  
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From expression (13a) when we put ( )r t we have  
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Multiplying both sides of (26) by ( )   we get 
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To comparing coefficients in (27) we applyLeibniz, Faa Di Bruno’s formula and Bell polynomials. 
Using Leibniz we have 
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Using Faa Di Bruno’s formula and Bell polynomials for a derivative of a composite function we have 
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by taking both sides of (27) l -times derivative at 0   we get 
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from (28), (23*) and (25) we can find n nC and D . 

By the properties of Integral error functions [6] and condition (9) we get 
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Suggesting that the initial function can be expanded in 
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we have 
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From condition (13b) we have  
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As previously by taking by both sides of (30), l – times derivatives at 0  by using Leibniz, Faa Di 
Bruno’s formulas and Bell polynomials we have  
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From expression (29) and (31) we can find nE and nG  

Satisfying Stefan’s condition (14) and substituting t   we have  
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Previously by taking both sides of (33)l – times derivatives 0   and for 1l  we have 
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For 0l   we have 
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From this recurrent formula we can express n . 

Conclusion 
To summarize, the coefficients , , , ,n n n n nA C D E G are determined from equations 

(22),(23*),(28),(29),(31) and (25), the moving boundary ( )t  obtained from equation (34). For the 

convergence of temperature functions 1 2 3, ,   , it is possible to follow the idea proposed in [6]. 
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