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THE PROBLEM OF THE OSCILLATION  
OF THE ELASTIC LAYER BOUNDED BY RIGID BOUHDARIES 

 
Abstract: In the case of harmonic oscillations of a cylindrical shell, the phase velocity is expressed in terms of 

the frequency of natural oscillations freely supported along the edges of the shell, and therefore, the study of waves 
in plane and circular elements has the most direct relation to the problem of determining its own forms and 
oscillation frequencies shells finite length. Below let us consider some problems of oscillation of an elastic layer 
bounded by rigid boundaries under the influence of a normal or rotational shear stress. The solutions of the problems 
under consideration are obtained by using integral transformations by the coordinate.  

Key words: harmonic oscillations, cylindrical shells, phase velocity, frequency, eigenvibrations, Bessel 
function, wave, anisotropic, layer. 

 
First we consider the problem for a half-space under the assumption that the half-space 0z  is an 

anisotropic medium with the axis of symmetry of the mechanical properties (axis z ), and the surface of 
which at the moment 0t  impulse voltage applied  trfz ,0  . 

Because of the symmetry of the mechanical properties of the medium relative to the axis z of the 
unique nonzero component of the displacement vector  tzrU ,,0 , only the voltage 0r  and 0z  the ones 

determined by formulas 
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 The equation of motion reduces to one 
 

 
2

0
2

000 2

t

U

rzr
rrr










 

  (2) 

 
Substituting the expressions for 0r  and 0z  from relations (1) into equation (2), we bring it to the 

form: 
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If the half-space is isotropic, then 1  and 



b . 

The boundary conditions for 0U  have the form: 

 

 
 trfz ,0   at ,0z  0t   (4) 

 

 
00 U  at z   (5) 

 
The initial conditions of the problem are zero, i.e. 
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The solution of equation (3) for the boundary (4) - (5) and the initial conditions (6) will be sought, by 

applying the Laplace transform t . Assuming that 
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Obviously, for the function  pzrU ,,  we obtain equation 
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Moreover, U  must satisfy the boundary conditions: 
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00 U  at z   (10)  

Where 
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The general solution of equation (8) is sought by the method of separation of variables (the Fourier 

method) and has the form: 
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where  pA ,  and  pB ,  are determined from the boundary conditions (9) - (10) and from (10) it 

follows that 
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   0, pB    (12) 

Using the boundary condition (9), to determine  pA ,  we obtain the integral equation: 
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Then 
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Substituting expression (12) and (15) into formula (11), for  pzrU ,, , we obtain the following 

expression: 
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Let us consider a special case, when 
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In the case (17), the function 
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where 

2

1

2

1 , IK  is the Bessel function of the imaginary argument. Using the representations of the functions 

 
2

1I  and  
2

1K , for  pzrU ,, , we find that  
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Turning expression (18) to p , for the sought quantity  tzrU ,,0 , we obtain expression 
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Where 
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The resulting expression for  tzrU ,,0  consists of two terms, the first term corresponding to a plane 

wave propagating in a half-space with a velocity b  and parallel to the plane 0z , and the second term 

to a diffracted wave having the form of a semi-ellipsoid of revolution (hemispheres at 1 ) and in 

contact with a plane wave on the axis of rotation at tbz  . 

In addition, it follows from (19) that  tzrU ,,0  decays in r  as r/1 . 

If the acting function  trf ,  is arbitrary, then we represent it in the form of a Schlemmich series: 
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For  trf , the form (20), the function  pf ,1   in formula (16) is equal to 
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Where 
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Turning (24) to p  and applying the convolution theorem, we obtain 
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We generalize the problem for an anisotropic layer of thickness h . For hz   there can be two types 

of boundary conditions: 
 

1)  trFz ,0    at hz   

2) 00 U  at hz   

 
If   0, trF , then condition (27) means that surface hz   is voltages -free. 

First we consider the problem when the boundary condition (27) is given for hz  . 
The general solution of the problem still has the form (11), and 
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where  pf ,1   is determined from equation (13), and  pf ,2   is determined from equation 

 

       drJpfprF 1

0

20 ,, 



 

 (30) 

Suppose 
 

  0,0 prF ,  
  

i.e.   0,2 pf   and    trftrf ,, 1 . 
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Calculating the quadratures by   in (31) and then reversing by p , for  tzrU ,,0  we obtain the 
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expression: 
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    is the integer part of the number  . 
Formula (32) contains all flat and diffracted incident and reflected waves. 
Similarly, the problem for the layer under boundary condition (28) is solved and we have 
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