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THE PROBLEM OF THE OSCILLATION
OF THE ELASTIC LAYER BOUNDED BY RIGID BOUHDARIES

Abstract: In the case of harmonic oscillations of a cylindrical shell, the phase velocity is expressed in terms of
the frequency of natural oscillations freely supported along the edges of the shell, and therefore, the study of waves
in plane and circular elements has the most direct relation to the problem of determining its own forms and
oscillation frequencies shells finite length. Below let us consider some problems of oscillation of an elastic layer
bounded by rigid boundaries under the influence of a normal or rotational shear stress. The solutions of the problems
under consideration are obtained by using integral transformations by the coordinate.

Key words: harmonic oscillations, cylindrical shells, phase velocity, frequency, eigenvibrations, Bessel
function, wave, anisotropic, layer.

First we consider the problem for a half-space under the assumption that the half-space z >0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axisz),  and the surface of

which at the moment ¢ = 0 impulse voltage applied & , = —f (r, t).
Because of the symmetry of the mechanical properties of the medium relative to the axis z of the
unique nonzero component of the displacement vector U, (r,z,t), only the voltage &, and &, the ones

determined by formulas

or r

. 6]

-C 0

é:zO 66 aZ

The equation of motion reduces to one
08,0, 060 26, _ OU,

r + r + 14 — 2
o e - Cor @

Substituting the expressions for &, and &, from relations (1) into equation (2), we bring it to the

form:

0V, 10U, U,, »0U, _1 0%,
o’ ror 1 oz b or

3)

where

— 4y ——
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If the half-space is isotropic, then ¥ =1 and b = \/% .
The boundary conditions for U, have the form:
Eo=—flrt)atz=0, 120 (4)
Uy—>0atz—> (5)

The initial conditions of the problem are zero, i.e.

— 8I]O

U
ot

=0 at t=0 (6)

The solution of equation (3) for the boundary (4) - (5) and the initial conditions (6) will be sought, by
applying the Laplace transform#. Assuming that

o0

U(r,z,p)z J‘Uo(r,z,t)ef"'dt, Rep>0 (7

0

Obviously, for the function U (r, z, p) we obtain equation

o’'U 10U (1 p? ,0°U
t———| 5+ 5 U+y " —=0 8
or* r or (rz b’ 4 oz’ ®)
Moreover, U must satisfy the boundary conditions:
U __hlrp) oo 450 ©)
0z Ces
Uy—>0atz—> (10)
Where
fo(r,p) = J.(r,t)e’pldt.
0

The general solution of equation (8) is sought by the method of separation of variables (the Fourier
method) and has the form:

o 2|2 P z|,2,P
U(r,z,p)zja Ala,ple 7V 7 +Bla,ple’" ¥ U, (ar)da. (11)
0

where A(a, p) and B(a, p) are determined from the boundary conditions (9) - (10) and from (10) it
follows that
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Bla,p)=0

Using the boundary condition (9), to determine A(a, p) we obtain the integral equation:

@ 2
Jed(a, p) o + P i = 21, p)
0 66

o0

£l )= [ el pV (e

0

Suppose

Then

(e, p)

A p)=—2le2)_
Cyor| +%

(12)

(13)

(14)

(15)

Substituting expression (12) and (15) into formula (11), for U (r,z, p), we obtain the following

expression:

o z 2P
Ulr.2.p)= 2 [ AEL) ) (e Ve
66 0

In the case (17), the function

and (16)

® ol 2
U(r,z,p)=lj—%(p) e’ szl(ar')da:iq)o(p)Il P /Z—Jrrz—E
G . r G 2| 2 v 4
+?

(16)

(17)

where K,/ is the Bessel function of the imaginary argument. Using the representations of the functions

2 2

Il(é,) and Kl(é’),for Ul(r,z, p), we find that

2 2

(18)
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Turning expression (18) to p , for the sought quantity U, (r, Z,l‘) , We obtain expression

U,(r,z,t)= 7Cb rjﬁ(z—g){ﬂ(g—%}—]{[g—% %HZJ dé (19)

Where

f(r,t)=f1(t).

r

The resulting expression for U, (I”,Z,t ) consists of two terms, the first term corresponding to a plane
wave propagating in a half-space with a velocity b and parallel to the plane z =0, and the second term
to a diffracted wave having the form of a semi-ellipsoid of revolution (hemispheres at ¥ =1) and in
contact with a plane wave on the axis of rotation at z = bz .

In addition, it follows from (19) that U, (r, Z,t) decaysin r as 1/r.

If the acting function f (r, t) is arbitrary, then we represent it in the form of a Schlemmich series:

1) =13 0y ) =20 @
Where :
o (&)
-1 o el
ao(t)—ﬁ£ f,(O,t)+U! e dE U,
9,(eU.1)
2 . or .
\t)=—|H UK|——d&dU;j=12,. 21
@,(0)= [ Heos(UR/ e il @D

For f (r,t)the form (20), the function £ (a, p) in formula (16) is equal to

1 & .
flap)=—2 au(p)H(a- ) (22)
j=0
Where
a,o(p)=[a,(p) " dt 23)
0
Therefore,
7 < i e_i“awl%
U(",Z,P)Zc—zajo(P) —le(a’”)da 24)
66 j=0 0 2 p

Turning (24) to p and applying the convolution theorem, we obtain
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U(rzp 22 i!a}t—g‘)T rzf)f (25)

:()g

J}(F,z,f)zb]ng(ar)J{a % ——:lda (26)
j 7

We generalize the problem for an anisotropic layer of thickness /2. For z = & there can be two types

where

of boundary conditions:
) 1,=—F(rt) at z=h
2) U,=0 at z=nh

If F (r,t) = 0, then condition (27) means that surface z = & is voltages -free.

First we consider the problem when the boundary condition (27) is given for z = .
The general solution of the problem still has the form (11), and

Ala,p)= B(a,p)+CLf1(a,p)

66

B(O( ) /4 fl(aap)ei; —fz(a,p) (29)
h[ a’+ Il}
¥ b

where f(a, p) is determined from equation (13), and £, (a, p) is determined from equation

Fy(r.p)=[ofs(a, ) (ar)da (30)
0

Suppose
F(r,p)=0,
i.e. fz(a,p) 0 and f(r t) f(r t).
Then

=h | 5 p’ =h | 5 p’

| +b—2 +

or
_z+2nh a4 p z—2(n+l)h P p
! 2,(p) 4 ¥ re 7 G J,(ar)da (31)

Calculating the quadratures by « in (31) and then reversing by p , for U, (r,z,t) we obtain the

— 46 ——
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expression:
L z+ 2nh

Uo(r,z,z)—wcéﬁnZ_@{{fl(r—f)H{f " }df—

[ A G-¢)n é—;—\/r2+(ﬂ] delb o+

0 v

R WS ' IR ) A

”7C66 n=0 0 : 7b _

[ AG-&Hm 5—;—\/r2+[z‘2(;”)’“j a¢ (2)
where

{z+2nh} {—z+2(n+l)h}
n=——»\ n=——mm—="—
7t bt

[§ ] is the integer part of the number &.

Formula (32) contains all flat and diffracted incident and reflected waves.
Similarly, the problem for the layer under boundary condition (28) is solved and we have

()= z(—oﬂ{jfl(z-s)ﬂ{ 2 g

66 n=0 7b

/4

[ nGe-o)m 5—2—\/r2+(ﬂ] dg -

(33)

r7C(,(, ' yb

Sy {jm g r 222 s 0y

/4

—ifl(r—f)H é—;—\/rz +[Mj a¢
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A.K. Ceiitmyparos', C.III. Tiney6aii', C.K. Tokcanosa',
H.K. I/Iﬁpammonaz, B.A. I[ocmaﬂonl, M.K. Aiitumos’

'KopkbiT ATa aTeingarsl KpI3bIIopaa MEMIEKETTIK yHHBEPCHTETI;
«bonamax» yausepcureri, Kbizsuiopzaa

KATAH IIEKAPAJIAPMEH INEKTEJTEH CEPIIIM/II KABAT TEPBEJIICI KAMJIbI ECEIT

AnnoTtammsa. [{uiuHAipiik KaObIKIMIATApABIH TapMOHUKAIBIK TepOeici karmaiibiHma (asayblK SKbULIAMIBIK  COJ
KaOBIKILIATap/IbIH LIETiHE epKiH OSKITIIreH 031HIIK KUK TeHAeYi apKbUIbl OPHEKTeNe (i, COHABIKTAH JKaJIaK XKoHE alfHaIMalIbl
JNEMEHTTEep/iH TepOeNiCiH 3epTTey TYNKUIKTI Y3bIHABIKTAFbl ©3IHAIK MilliHAepi MEH TepOenic JKHijire Tikeaed KaTbhICTBIL.
Bepinren TemeHzeri ecente KaJbIITH HEMECE aifHAIMalbl Kepily KepHEYi JKaraiblHAa, KaTaH IIerapaga OIEKTENreH CepriMIi
Kabat TepOernic TeHAEyIepi KapacThIpblIagsl. KapacThIpbUIATHIH €CETI My MaceNeIepaiH menimMmaepi KOOpaJuHaT OOHbIHIIA
HHTETPAIIBIK TYPICHIIPY SAICTEPiH KOJIaHy apKbUIbI aJIbIH/IbI.

Tyiiin: rapMoHMKAIBIK TepOetic, MIIMHAPIIK KaObIKImIanap, (aszaiblk KbUIIaMIbIK, KUUIK, o3iHmik Tepberic, beccens
(YHKLUSCHI, TOJKBIH, aHH30TPOITHI, KATHAP

AJK. Ceiitmyparos', C.11I. Tuaey6aii', C.K. Toxcanosa',
H.K. M6parumosa’, B.A. Jloc:kanos', M.JK. Aiitumos’

'KBI3bITOp AHHCKHIT TOCYJApCTBEHHEIN yHHBepcuTeT nM. KOpPKBIT ATa;
zyHI/IBCpCI/ITeT «bomnamax» ,r.Ke3suiopaa

3AJIAYA O KOJIEBAHWMU YIIPYT'OI'O CJ1051 OTPAHUYEHHBIE ' KECTKUMU I'PAHUTIAMHU

AnHOTamMsa B ciydae rapMOHMYECKUX KOJICOAHWH NMMIMHAPUYECKON 000J0YKK (Pa3oBas CKOPOCTh BBIPAXKACTCS depe3
4acTOTy COOCTBEHHBIX KOJCOaHUN CBOOOIHO OINMEPTOU MO KpasM OOOJOYKH, W MOITOMY, HMCCICIOBAHHEC BOJH B IUIOCKHX H
KPYTOBBIX 3JIEMEHTaX MMEET caMoe IMpPsIMOE OTHOIIEHHE K MpobieMe ompeneneHHs COOCTBEHHBIX (OPM M 4acTOT KojeOaHui
0007104eK KOHeuHOH AnuHbl. Hipke paccMaTpuBaloTCs HEKOTOpbIE 3aayll KojeOaHus YIpPYroro Ciosi OrpaHuYeHbIE YKECTKHUMU
TpaHULAMH TIpH BO3ICHCTBMM Ha HET0 HOPMAJIbHOTO WJIM BpAaIATEIbHOTO KAacaTeNbHOTO HampsDKeHWs. Pemenwns
paccMaTpuBaeMBbIX 3a7ad MOJTYYEHBI C CTIOIF30BAHUEM WHTErPABHBIX PeoOpa30BaHuil 10 KOOPAWHATE.

KnioueBble ci1oBa: rapMOHHYECKasl KoJIeOaHMs, IMINHAPHYECKHEe 000JI09KH, (a3oBasi CKOPOCT , YaCTOTa, COOCTBEHHAs
koneOanust, pyHKIW beccens, BoiHa, aHU30TPOIHBIH, CIIOH.
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