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AN ALGORITHM FOR SOLVING A CONTROL PROBLEM
FOR A DIFFERENTIAL EQUATION WITH A PARAMETER

Abstract. On a finite interval, a control problem for a linear ordinary differential equations with a parameter is
considered. By partitioning the interval and introducing additional parameters, considered problem is reduced to the
equivalent multipoint boundary value problem with parameters. To find the parameters introduced, the continuity
conditions of the solution at the interior points of partition and boundary condition are used. For the fixed values of
the parameters, the Cauchy problems for ordinary differential equations are solved. By substituting the Cauchy
problem’s solutions into the boundary condition and the continuity conditions of the solution, a system of linear
algebraic equations with respect to parameters is constructed. The solvability of this system ensures the existence of
a solution to the original control problem. The system of linear algebraic equations is composed by the solutions of
the matrix and vector Cauchy problems for ordinary differential equations on the subintervals. A numerical method
for solving the origin control problem is offered based on the Runge-Kutta method of the 4-th order for solving the
Cauchy problem for ordinary differential equations.
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In the present paper we consider the control problem for the linear ordinary differential equations
with parameter

%:A(I)X'FB(I)/J"'f(I)a X,/JER", [E(O,T), (1)
X(O) = xo’ xo E Rﬂ 9 (2)
x(T)=x', x' eR", 3)

where the (72X 1) -matrices A(¢), B(¢) and n-vector-function f(¢) are continuous on [0,7].
Let C([0,T],R") denote the space of continuous functions X:[0,7]— R" with the norm

[, = max (1)}

1e[0,T]
Solution to problem (1), (2) is a pair (", x (¢)), where the function x"(¢) € C([0,T],R") is

continuously differentiable on (0,7") and satisfies Eq. (1) with (£ = " and additional conditions (2),
(3).

Qualitative properties of problem (1), (2) and methods for solving boundary value problems with
parameters studied by many authors (see [1-16, 19,20] and references cited therein).

In the present paper problem (1), (2) is solved by parametrization’s method [17, 18].




Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

Given the points: 7, =0<t, <...<ty <ty =T, and let A, be the partition of interval [0,7)
N
into /V subintervals: [0,7) =U[¢ .,z ).
r=1

By C ( [0, T ],AN , R"N) we denote the space of function systems
x{t]= (x, (1), x,(),...,x, (¢)), where x, :[t _,t )—>R" are continuous and have finite left-hand

limits Llll’[lo X (¢) forall r =1,_N, with the norm Hx”2 = max Su]pl )er (t)”

r=1,N telt
Denote by x (¢) the restriction of function X(?) to the 7 -th interval [¢ _,,¢ ) and reduce problem

(1)-(3) to the equivalent multipoint boundary-value problem
dx s

dt’ = A(t)x + B)u+ f (1), telt ,t), r=LN, (4)
x,(0)=x", ()

}ing (t)=x', (6)

limx (t)=x_ (), s=1,N-1, (7)

11,0
where (7) are the continuity conditions of the solution at the interior points of the partition.

A pair (u',x’[t]) with 1 eER" and
x'[t]=(x (1), x,(),....,x, () e C([0, T],A, ,R™) is called a solution to problem (4)-(7), if it
satisfies the system of differential equations (4) and conditions (5)-(7).

Introducing the additional parameters 2‘1 = U, ﬂ,p =X, (t o ), p= 2,_N , and performing the

substitutions u, () =x, ()—x", u (t)=x (t)—A4, (€[t _,t, ), p=2,N, we obtain the

boundary value problem with parameters

% = AW, + 3+ BOA + [(1), telt,.1,), ®)
u,(t,) =0, ©)

i -
:; =AW)(u, +1,)+BOA +f@), telt,.t,), p=2N, (10)
u @ )=0 p=2,N, (11)
A, +limu, (1) =x, (12)
x’ +,lj,f9)“1(f) =41, (13)
A +limu ()=24,, s=2N-L a4

Solution to problem (8)-(14) is a pair (A,u[t]) with A= (ﬂl ,ﬂz yeo .,ﬂN) € R"N,
ult]= (u,(t),u,(?),...,u, (t) e C((0,T],A, ,R™). If (A,u[t]) is a solution to problem (8)-(14),
then the pair (44, X(¢)) with parameter £ and the function X(#), defined by the equalities: U=,
x(t)=x"+u,(t), telt,,t), x()=A4, +u (), telt,,t,), p=2,N,
x(T)= ﬂN + LIP_’% u, (), is a solution to problem (1)- (3). Conversely, if (ﬁ, X (t)) is a solution to

— 26 ——
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problem  (1)-(3), then the  pair (Z, u[t]), with A= (u,x(t),...,x(t,.)),
ultl=(x@)-x", x()—-%(,), ..., X(t)—X(t,)), is a solution to problem (8)-(14).
Let CD(I ) be a fundamental matrix to the ordinary differential equation

dx
—=A(t)x, te[0,T].
2 (H)x, te€[0,T]

Then a unique solution of the Cauchy problem for the system of ordinary differential equations (8)-
(11) at the fixed values A= ( o 2 5e ﬂN) has the following form

u,(t) = O @ (2)B(r)d7 - A, + D)D" (D)[A()x" + f(D)Mz, telt,.1,), (15)

u (1) =D(t) [® (1) A()dTA, + D) [B ' (1)B(r)dr - A, +

+O(1) [0 (1) f(z)dr, telt .t), p=2.N. (16)

Substituting (15) and (16) into (12)-(14) yields the system of algebraic equations for finding the

unknown parameters /11 , /12 yeees Z

2, +O(T) [0 (©) A(2)d A, + (T [ (0)B(z)dz- A, + O(T) [ () f(2)dz=x", (17)

IN-1 IN-1 IN-1

X+ q)(rl)]lcp* (D) A(D)x"dz + q)(zl)]lcp* (©)B()Adr+ cp(zl)]lqr‘ O f(@)dr=14,, (18)

A, + (1, )j @7 (2){A(r)A, + B(2)A, JdT + (¢, )jcp (0)f(t)dr =2

s+12

s=2,N-1. (19)
Lo [
Let Q*( N) denote the matrix corresponding to the left-hand side of system (17)- (19). Then the
system can be written as

Q*(AN) :_F*(AN)’ ZERW’ (20)

where

F(A,)= ( x' +®(T) jCD‘](z') f(o)dzr,x" +D(t, )jX‘l(r)A(z')x"dr+CD(t )jX"(z’) f(r)dz,

N1

D)X () (M7 0,.) [ <r)f<r>dr].

IN-2

Lemma 1. The following assertions hold:
(a) The vector ' = (4, 4.,...,A,) € R™, consisting of A' = g and the values of the solution

X" (t) to problem (1)-(3) at the partition points /1; =x"(¢ i ), r=2,N, satisfies system (20).
(b) The pair (Z,X(f)) defined by the equalities i = /Tl, Xt)y=ut)+x", telt,t),
X(t)=u, (t)+ﬂ~,p, telt, ,t), p=2,N, ¥(T)= /TN + tlj%ﬁN (?) is a solution to problem (1)-

(3), where A= (/TI,Z ..,/TN) € R™ is a solution to system (20) and the system of functions
ult]=(u,(t),u,(t),...,u,(t)) e C([0,T],A,,R™) is solution to the Cauchy problem (8)- (11) for
Ao=p A =1, p:2,N.
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Definition. Problem (1)-(3) is called uniquely solvable if it has a unique solution for any x°,x' € R"
and f(¢) e C([0,T],R").
Theorem 1. Problem (1)-(3) is uniquely solvable if and only if the matrix Q,(A,):R"™ — R"

has an inverse one.
Proof. Necessity. Assume the opposite, i.e., that ,(A ) is not invertible. Then the homogeneous

system of equations
0.(A)A=0 (22)
has a nontrivial solution A = (/Tl , Zz yeves /TN) € R™ . In the case of a homogeneous boundary value
problem for the ordinary differential equation, i.e., for problem (1)-(3) with x" =0, x' =0, £(¢) = 0,
system (20) becomes (22). Therefore, by Lemma 1, the pair (Z,X(¢)) defined by the equalities
i=7%, IO=00+x", telt.t), IO=u,()+4, telt t) p=2N,

x(T)= ZN + ligloﬁN (¢), where the system of functions u[¢] = (u,(¢),u,(t),...,u,(t)) is solution to

following problem

%:A(t)ul +B(t)/119 te[toﬂtl)’ ul(to):()’

du —
d; =A)(u, +A)+BO)A, telt, ,t,), u,(t,)=0, p=2,N,
is a nontrivial solution of the homogeneous boundary value problem (1)-(3) (x" =0, x' =0, £(¢) = 0).
Since, problem (1)-(3) has the trivial solution X(¢) =0, 27 =0. This contradicts to a unique solvability
of problem (1)-(3).
Sufficiency. Due to the invertibility of the matrix O,(A, ), we can find unique solution of system

equation (20) A" =0, (A)]"'F.(A,), A =4, 4,,...,4,) € R™. Solving Cauchy problem (8)-
(11) for A =4, r=1,N, we obtain the system of functions u[¢]= (i, (2),u,(t),...,u, (?)).

According to Lemma 1, the pair (& ,x (¢)) defined by equalities £’ =A,x (t)=u/ (t)+x°,
telt,t), x'(O)=2 +u (1), t[t

to problem (1)-(3).
Establish the uniqueness of the solution. Suppose that the problem (1)-(3) has another solution

t,,)a p=2,N, x(T)=41, +t1_i)1;{l()u;(t), is a solution

p-1?

(11,%(t)) except (4 ,x"(t)). Then the pair (/7,17[1]) composed by the parameter g and X(¢) is

also a solution of the boundary value problem with a parameter (8)-(14). By Lemma 1, A" and /7~, satisfy
the system of equations (20):

0.(A)A ==F.(A,), Q.(A)A =-F.(A,).
Invertibility of the matrix O, (A, ), yields: A" = Z . Unique solvability of the Cauchy problem (8)-
(11)  provides  fulfillment of  relationships u (t)y=u (1), telt ,t), r= I,_N,
limu, (1) = tli%ﬁN (t). Therefore, ¢" =& and x (t)=X(¢) for all £ €[0,T]. The proof is

complete.
The Cauchy problems for ordinary differential equations on the subintervals

% = Az + P(t), z(¢_)=0, r=1LN (23)

— 28 ——
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are a significant part of the proposed algorithm. Here P(¢) is either (n X n) matrix or ¥ vector,

continuous on [¢,_,¢,), r =1, N.Consequently, solution to problem (23) is a square matrix or a vector
of dimension 7. Denote by a, (P,t) the solution to the Cauchy problem (23). Obviously,

a (P,t) = @) [O (0)P(D)dz, [t .t), r

-

LN, (24)

where ®(¢) is a fundamental matrix of differential equation (23) on the r -th interval.

We offer the following numerical implementation of algorithm for finding solution of problem (1)-
(3) based on solving Cauchy problems by the Runge-Kutta method of 4-th order.
I. Suppose we have a partition 0=¢ <t <...<t, <t,=T. Divide each r—th interval

[¢.,,t.), r=1,N, into N, parts with the step /#, =(¢, =t _,)/ N, . Assume that on each interval
[t ,,t), the variable 7 takes its discrete values: 7 =t , f=t +h, ., t=t_ +(N —1)h
{= t_, and denote by {t

II. Solving the Cauchy problem for ordinary differential equations

% — A(t)z+ A(t), 2(,,)=0, r=LN,

r?

t } the set of such points.

r=12"r

% = A(t)z+ B(t), (1. )=0,r =1, N,

% Az + f(0), 2(t) =0, r =N,

by using Runge-Kutta method of the 4-th order, we find the values of the (7 x n)-matrix a, (A4, ¢ ),

a (B,t), and n-vector a (f,f)on {t ¢}, r=1,N.
III. Construct the system of linear algebraic equations with respect to parameters

O"(ANA=-F"(A,), A€R™, h =(h,h,,...,h,). (25)

Solving the system of algebraic equations (25) we find A eR™.
IV. To define the values of the approximate solution at the remaining points of the set {z ,¢, }, we

solve the following Cauchy problems by applying the Runge-Kutta method of the 4-th order

% = ADx+BOX + f(6), teli,r) x(t)=x", (26)

dx

—=AOx+ BOA + [0, teltt) x) =4, r=2N. @7)

r=12%r

To illustrate the proposed method for control problem (1)-(3) we consider the following example.
Example. Consider the control problem for differential equations with parameter:

€ )er B 10 1 o). ve @)
x(0) = x", (29)
x(1)=x', (30)

t t+4 t+1 1 —t' =4+ +2t-18) , (1 2
where A(t)z . , B(t)= | f) = , x\ = X = .
207 t 2 —-9¢" —9¢* +12¢-23 3 2
In this example, the matrix of the differential part is variable and construction of a fundamental
29
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matrix breaks down. We use the numerical implementation of the algorithm proposed. We provide the
results of the numerical implementation of the algorithm by partitioning the subintervals [0,0.5], [0.5,1]

with step hl = h2 =0.05.
Solving the system of equations (20) we obtain the numerical values of the parameters

e 1.9997698 e 1.500072
' 15.000474 ) T (2.1249704 )

We find the numerical solutions at the other points of the subintervals applying the Runge-Kutta
method of the 4th order to the following Cauchy problems:

d -
= AOR T BOZ 10, €0 ] x0=x
dt 2
dx 7 _
== A()x, + BOA + f(©), te[l,lj, xz(ljzﬁ;’.
t 2 2
* * * 2
The exact solution of the problem (28)-(30) is a pair (u ,x (¢)), where u' = 5P
‘W=, T ] e
X = , te€]0,1].
1 —2t+3

The results of calculations of numerical and exact solutions at the partition points are presented in the
following table:

t a0 X (1) 0 X3 (1)
(numerical solution) (numerical solution)
0.05 1.050012 1.05 2.900125 2.900125
0.1 1.1000233 1.1 2.8009992 2.801
0.15 1.1500338 1.15 2.7033727 2.703375
0.2 1.2000432 1.2 2.6079955 2.608
0.25 1.2500516 1.25 2.5156176 2.515625
0.3 1.3000587 1.3 2.426989 2.427
0.35 1.3500644 1.35 2.3428599 2.342875
0.4 1.4000686 1.4 2.2639803 2.264
0.45 1.4500712 1.45 2.1911004 2.191125
0.5 1.500072 1.5 2.1249704 2.125
0.55 1.5500709 1.55 2.0663403 2.066375
0.6 1.6000679 1.6 2.0159606 2.016
0.65 1.650063 1.65 1.9745814 1.974625
0.7 1.7000563 1.7 1.9429532 1.943
0.75 1.7500478 1.75 1.9218265 1.921875
0.8 1.800038 1.8 1.9119519 1.912
0.85 1.8500272 1.85 1.9140803 1.914125
0.9 1.9000163 1.9 1.9289631 1.929
0.95 1.9500066 1.95 1.957352 1.957375
1 2 2 2 2
~ W ~ Ak
H, /111 o/ Hy = 112 M,
numerical solution numerical solution
ical soluti ical soluti
1.9997698 2 5.000474 5

For the difference of the corresponding values of the exact and constructed solutions of the problem
the following estimate is true:

max 1" - fi| < 0.0002,
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max
j=0,20

x'(¢,)-%(, ) < &, &=0.000072.
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JI.C. I:xymabaes'?, I.A. Bakuposa'?, 7K.M. Kaxnp6aesa'”

'“MaremaruKa %oHe MaTeMATHKAIBIK MOJIE/bCY HHCTHTYThI, AMatsl, Kasakcran;
'2 AKIapaTThIK XOHE eCerTeyill TeXHOIOTHsIIap HHCTUTYThI, AMaThl, Kasakcran

IMAPAMETPI BAP JUOO®EPEHIINAJIIBIK TEHAEYJIEP YIIIH
BACKAPY ECEBIH WIEITY AIH BIP AJITOPUTMI TYPAJIBI

Annotanus. Illekrenren apanbikTa napamerpi 6ap ChI3BIKTHI ol nudepeHnnanablK TeHIey YIIiH 6ackapy
ecebl KapacThIpbuIa/ibl. ApPaJBIKTEI 06y MEH KOCHIMIIA NapaMeTpiep €HIi3y apKblIbl KapacTHIPBUIBII OTBIPFaH
CBI3BIKTHI Oackapy eceOi mapamerpiiepi Oap SKBHBAJIEHTTI KOIHYKTEJN INETTIK ecenke Kenripuieni. EHrizinren
mapaMeTpiIepai aHBIKTay YIIiH MIemIiMHIH imKi OellikTey HYKTeIepiHiH Y3LTiCCi3MiK MIapTTaphIMEeH MIeTTIK IIapT
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naiinananemanel. [lapameTprepain OexiTinreH MoHiHIE kol auddepernnanaslk Tegaeynep ymin Kommu ecenrepi
memnrireni. Komu ecentepiniy menriMaepid METTIK MapTKa )KoHE MISHIMHIH Y31UTICCI3OiK mapTTapblHa KOKO apKbLUTBI
SHTI3UITeH TapaMeTpiiepre KaTBICTBl CBI3BIKTHIK anreOpaiblK TeHAEyNep Kyheci Kypsuiamel. OCBl KYHEHiH
HIeMTiMIir 0acrankel Oackapy eceOiHiH memriMiHiH 6ap 6onyblH KamTamachi3 etelli. ChI3bIKTBIK allreOpasibik
TEHJIEYJIep JKYHWECIHIH HIenIiMi kol AudQpepeHIraIIbplK TeHaeyIep YUIIH 1IIKI WHTepBalJarbl MATPHLAIBIK KOHE
BekTopabK Komm ecentepiniy menriMaepi KeMeriMeH Ky3ere achlpbiiajibl. bacTankel 0ackapy eceOiHiH MIeniMiH
TaOynblH kol nuddepeHunanaplk TeHaeynep ymidn Komu ecenrtepiH mienmiyre apHajiraH TepTiHIII peTti PyHre-
KyTTaHbIH 9J1iCiHE HEri3/IeNITeH CaH IBIK 9J1iC1 YChIHBLIA bI.
Tyiiin ce3nep: napamerpi 6ap merTik ecer, TUPpPepeHIHANIBIK TEHACY, MEMUTIMALTIK, alTOPUTM.

A.C. I[mymaﬁaenl’z, J.A. Bakuposa'?, ’K.M. Kagup6aepa'?

"“HHCTHTYT MaTeMaTHKH M MATEMATHYECKOTO MOJETHPOBaHus, AnMathl, Kazaxcran;
" HHeTHTYT HHOPMALIMOHHBIX 1 BHIYMCIIMTEIBHBIX TEXHONOTHI, AnMaThl, Kazaxcran

Ob OJHOM AJI'OPUTME PEHIEHUSA 3AJJTAYH YIIPABJIEHUSA
JJISI AN ®PEPEHIIMAJIBHBIX YPABHEHU C IAPAMETPOM

AnHoranusi. Ha orpaHuueHHOM OTpe3ke paccMaTpHBaeTCs 3ajaya YIpaBieHHs JUisl  JIMHEHHOTO
00BIKHOBEHHOTO UG (DEPEHIINATHFHOIO YPaBHEHHS, COMIeprKaIlero mapamMerp. PazdoueHneM WHTEpBaJia U BBEICHHEM
JIOTIOJTHUTEIBHBIX I1apaMeTpoB paccMaTpuBaeMas JIMHEIHas 3ajava yNpaBiIeHUs CBOAUTCS K OSKBUBAJICHTHOM
MHOTOTOYCYHON KpaeBoi 3amaue ¢ mapamerpamu. Jis omnpeneneHus BBEICHHBIX apaMeTpOB HCIOIb3YIOTCS
YCIIOBUSI HENPEPHIBHOCTH PEUIEHHs] BO BHYTPEHHHUX TOUYKaxX pa3OMeHHst U KpaeBoe ycnosue. [Ipu puxcupoBaHHBIX
3HAYCHUAX I1apaMeTpoOB pelarorcs 3agayd Komm st OOBIKHOBEHHBIX JH((GEpeHIUATbHBIX YpaBHCHUH.
[MoxcTaBisis penieHus 3axad Koy B KpaeBoe yCIIOBHE M YCIIOBUS HENIPEPHIBHOCTH PELICHHS COCTABIISIETCS CHCTEMa
JTUHEWHBIX anreOpandecKuX ypaBHEHHH OTHOCHTEIHFHO BBEACHHBIX IapaMeTpoB. Pa3pemmMocTh 3TOW CHCTEMBI
o0ecrieunBaeT CyIIECTBOBaHHE pEIICHUS MCXONHOW 3agaud ynpasieHus. HaxoxaeHue cHCTEMBl JHMHEHHBIX
areOpanyeckux ypaBHEHUH OCYLIECTBIISETCS C IOMOLIBIO PELICHWI MAaTPUYHBIX M BEKTOPHBIX 3amad Komm s
OOBIKHOBEHHBIX AU(depeHIanbHbIX ypaBHEHUH Ha MOXuHTepBanax. [Ipennaraercs YMCICHHBIA METOX PELICHUS
WCXOJHOM 3a7ia4M yIpaBJIeHHs, OCHOBaHHBIH Ha Meroje PyHre-Kyrra uerBeproro mopsika [uisi pelieHus 3aaad
Ko 00bIKHOBEHHBIX T depeHIHanbHbIX YpaBHEHUH.

KaloueBble cioBa: KkpaeBas 3azada ¢ mnapamerpoM, auddepeHnnansHoe ypaBHEHHE, Pa3peLIMMOCTb,
AITOPUTM.
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