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STEFAN PROBLEM IN ELLIPSOIDAL COORDINATES

Abstract. This paper presents the quasi-stationary Stefan problem in symmetric electrical contacts.The method
of the solution can be obtained from the suggestion that the identity of equipotential and isothermal surfaces in
contacts, which is correct for stationary fields in linear case, keeps safe for non-linear case as well. The idea
is,transform the system of problem which is given in cylindrical coordinates into ellipsoidal coordinates.The
analytical solution of stationary Stefan problem is found. Based on that decision was constructed the temperature
profile to the approximate solution of heat problem with Joule heating in ellipsoidal coordinates.

Keywords: quasi-stationary model, Stefan problem, integral method.

Introduction

Stationary temperature and electromagnetic fields in symmetric electrical contacts have been
described in [1]. Working with the scale of a mile second range, we think that every time the stationary
state manages to instantly achieve stationary. And therefore this solution is suitable for constructing a
temperature profile of the quasi-stationary problem.

Quasi-stationary nonlinear mathematical model of melting in ellipsoidal coordinates

The system of equations for the temperature 7,(#,z) and electrical potential @, (r,z) can be written

in the form

1
div(4, gradT,) +— grad’®, = 0
1
L1
div(— grad®,) =0
P
div(A, gradT,) + 1 grad’®, =0
P>
o1
div(— grad®,) =0
P>
where @,, A, p, are electrical potential, heat conductance and electrical resistivity respectively.

In cylindrical coordinates these equations can be written as

2 2 2 2
p AL [T | paar +[ 98] [ 22 (1)
dT’ |\ or Oz or Oz
LA@i_%%(ﬁ%jL@%j:o 2)
o dT p -\ or or 0z oz
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The index i =1 relates to the melted zone occupying the domain D,(0 <z <co, 1y <r<r, (¢), and

i =2 corresponds to the solid zone in the domain D, (0 <z <oo, 7, (f) <r <o0).

It has to be mentioned that this problem is essentially non-linear due to temperature dependence of
thermal conductivity 4, =A,(1}) and electrical conductivity p, = p,(7;) . The method of the solution can

be obtained from the suggestion that the identity of equipotential and isothermal surfaces in contacts,
which is correct for stationary fields in linear case, keeps safe for non-linear case as well. In linear case

these surfaces are ellipsoids of revolution.

Equations (1) and (2) can be transformed into ellipsoidal coordinates and using well known relations

among cylindrical and elliptical coordinates, if we suggest similarly like above that

D, =D,(5), T=T(S),

5:\/s+\/s2+4r0222 , S=F2+Zz—7"02
then the equations (1) and (2) should be replaced by the equation
2 2
. (dT, T, T, @,
pi%. L _|_pl/1ld—2l+pl/11d LI 22§ 2+ d L =0
dT, \ d& dé dé r°+¢ dé

4O, 26 do, 1dp dT, 4D,
A& 1P+ E dE p dT, dE dE

where

D:0<r<mw,0<z<w,z=0,U0<r<r, ,0<é<w, 0<y<y,

The boundary conditions are

drT, oD,
=0(=0 —1=0 7 D, =0 8 —1 =0
2=0(£=0) i " @, ® T
IL=T,=T, (10) D =P an
= t =& (t
g d¢ pds  p, dS
U.
z=worr=o(f=0w) T,=0 (14) D, = 2‘ 1s5)
while the solution for electric potentials
: Ip(T, : I’p,(T
@/ =—L00 9= L2
2r(ry+&7) 2r(y +&7)
Putting (16) into (4) we get
1 di, (dT,\ d°T, dT, 2¢ Ip,
Fy ' Tt T RN
A,dT, \ dé dé dé r”+& An (1, +&7)

— 20 ——

3)

“

)

(6)

)

(16)

(17)
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Let us introduce the new independent variable ¢ using formula and consider the case when thermal

conductivity doesn’t depend on temperature, d_T =0

g

¢ = arctanr— (18)
0

Taking into account that p, = p,,(1+ (T, =T))), p, = poy 1+, T,)

I? Yo )N
And using[2 o’ =L
g[2] Ry
then the equation (17) for melted zone can be reduced to the form
d’T o
_21+_1[1+a10(T1_Tm)]:O (19)
d; alO
The general solution of this equation is
A B . 1
I, =—tcoswd +—Ltsinwd+T,—— (20)
&y %o %o

and A4,, B, are arbitrary constants, which can be found from the boundary conditions (7) and (8)

From (7) and (10)
B =0
1
4 =——"
V4
cosm, —
2
Finally,

r :L(Mmm% _1]

&, \ coso¢,

The equation (17) for solid zone can be reduced to the form

2 2
Z—C:Tj+&[l+a20 T,]=0 @1
2%

the general solution can be represented

1
n=_4 COS @& N
Oy

sin@,§

B, 1 (22)

Vs . /s
cosw, — sinw, —
2 2

From (14) and (10) can be found A4,, B, and temperature 7, will be in the form

T, = ! {(l+a20Tm)sina)2(%—§)—Sinwz(gm—é’)—Sinwz(%_é,m)}

) Vi
sy, sma)z(z—(m)
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Noting first that

ar, _drl, dg __osined, 1
d§ E=E, (1) dé, d‘f E=£,(1) alO COS(OIé’m 7"02+§,i(l‘)
T
o, (1+a,T )cos| —— -1
A R S RI
' c 2 2
dSlecy A6 dSley ) a1, Sin @, (72[_ ng 1y +6,(0)
from (12),
s
Ao, | (1+a,,T Jcosw,| —— -1
ﬂla)lslna)lé/m_ 2 2|:( 20 m) 2(2 é/mj :|
%o €05 a)lé/m Ay sin @, (722- - é/mj

finally we get

<, :Larctanw{(1+a207“m)coth [%—é’mj—coseca)2 (%—{mﬂ

@, hoa,,

Approximate solution of heat problem in ellipsoidal coordinates

Considering the problem from the class of Stefan type problem, in first stage of heating electrical
contact, where contact material is solid and temperature attains softening point. In this case we consider
the heat equation

00 _a’ 6, 1
— =—-C0S +0 | 0+— || 0 2 23
o e ©) gl | G || 0<c </ @3)
subjected to boundary conditions
¢=0:
w =0 (24)
¢
C=nx/2:
0, (x/2,t)=0 (25)
and initial condition
t=0:
6,(£,0)=0 (26)
where

o = I P&
b2\ o

For the temperature distribution g, (¢, ¢), let us assume that the temperature profile as given in the

form

— 20 ——
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6,(¢,t)= A (t)cos(@,) + B,(t)sin(w, )+ C,(t)in 0< & S% (27)

where the coefficients are in general functions of time.
Using conditions (24) and (25) we get
B ()=0
(28)
A, (t)cos(e, %) +C,(H)=0

Integration equation (23) with respect to the space variable form ¢ =0to =7 /2, noting first that

/2 2 /2
4 891 2 1 4 06 3 . /2
coS +w | 6 +— | ldl =cos —L 4+46 cos sin +
{ @L}gz g JfE =o' @y +48es’©) )
3zw? R
e | [12cos2(§)+(a)f—16)cos4(§)}91d§
a9
then we have
2 72 2 x/2
nof 96 3mey 2 2 4
— | —d{ = + |12 + -16 0.d
el e e l[ cos’(§)+(@ =16)cos* (£) g

When the integral on the left-hand side is performed using Leibniz’s integral formula, we obtain

7/2

ﬁ@lg}:”“’f + | [12c0s2(;’)+(a)12—16)cos4(§)]€1d§ (29)

% d 3
0 l6c,

a’ dt
(29) is called the energy integral equation for the problem considered here.

Substituting (27) and (28) the above into the energy integral equation (29) we obtain the following
ordinary for C,(?)

s [E_ tan(e, 72/2)] dC,(t) _ 37 ( 1. (t)j

a\ 2 o, dt  16¢, | a

C,(0)=0

At =-C,(1) sec(a)l gj

The solution of equation

C.()= exp[(% _ tan(w, 7/2) j 37[0)1241212 tln(al)} 1

o, 16ay7; I

and

A (t)= L exp {(% _tan(a, ”/2)] 37ra)12a212 t— ln(al)J sec (501 %)

a @, 16a1;
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Finally temperature profile

-1 2
7 tan(w 7/2) | 37w,

1 a’ T
0(L,t)=| ——ex Lt —In(a sec| @, = |cos(w,{) +
/(&) o P15 o L6017 () ( ‘2} (@)

-1 P
7 tan(w 7/2) | 37moy

2
1
+exp Y t—In(e,) |-—
, 16a,7, a,
Conclusion
The problem (23)-(26) is solved by integral method. All coefficients of temperature profile is found.
This method is useful to apply to solving the phase-change problem with moving boundary.
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IJVIMIICOUATTIK KOOPJUHATTAPJAFbBI CTE®AH ECEBI

AHHOTanus. byn Makanaga CHMMETPHSJIBIK 3JICKTPIIiK Oaiianpicta kBasucTannoHapislk Ctedan moceneci Gepin-
reH. EpiTinai onici CBHI3BIKTBIK JKarAaiifia CTAllMOHAPIIBIK epicTepre Aypbic OOJAaThIH KOHTAKTiIEepAEe TEH MOTEHLUAIIbI
JKOHE M30TEPMUSIIBIK OCTTep IiH NACHTH(HKAIMACKH, COHNA-aKCHI3BIKTHI eMeC JKaF/aiia 1a Kayirci3 OOIyBIH YCHIHBICTICH
anyra Oonanpl. Byn uies LWIMHAPNIK KOOpAMHATTapAa JIIMICOMATIK KOOpAMHATTapra OepiireH mpobiema xyilecin
e3repTy Oombin TaObuTambel. CTehaHHBIH CTAIMOHAPIBIK MOCENECIHIH aHATMTHKANBIK MIemiMi TaObuiasl. Ochl HIemriM
HETi31H/Ie SIIMICOUTIK KoOpaAuHaTTapaa Koyl KbUTyMeH JKbUTy IPOOIeMachlH JKYbIKTAIl LIENTy YIIiH TeMIEepaTypaiblK
IpOGUITb KYPBUIIBL
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3AJJAYA CTE®AHA B 3JIVIMIICOUJAJIBHBIX KOOPJIMHATAX

AGcTpakTHBle. B HacTosmel paboTe mpencraBieHa KBasucTanMoHapHas 3amada CredaHa B CHMMETPHYHBIX
JNIEKTPUYECKUX KOHTaKTaX. MeTox pemieHuss MOXKEeT OBITb IOJAy4eH W3 TNPEANOIOKEHHsS, 4YTO HASHTHYHOCTD
9KBUIOTEHIUATIBHBIX ¥ M30TEPMHUYCCKHX TOBEPXHOCTEH B KOHTAKTaX, KOTOpas MpaBUJbHA JIsI CTAl[HOHAPHOTO MOJS B
JMHEHHOM Cllydae TakKe M Ul HEeJIMHEeHHOro ciaydas. Maes cocToMT B TOM, YTOOBI mpeoOpa3oBaTh CHUCTEMY 3ajad,
3aJlaHHYI0 B LIJIMHAPHUYECKAX KOOPIMHATAX, B JJUIMIICOUNAIBHBIC KOOPIWHATHI. [IONy4eHO aHaJMTHYECKOE pEIICHUE
craunoHapHoii 3anaun Credana. Ha ocHoBaHMHU 3TOrO pelieHus: ObUT MOCTPOSH NPOQHIb TEMIIEPATYPhl TPUOIMKEHHOMY
PELICHUIO TEIUIOBOI 3a1auu ¢ J[)KOYJIEBBIM HArPEBOM B JIUTUTICOMIATIBHBIX KOOPANHATAX.

KiueBble ci10Ba: KBa3ucTaloHapHasi MOJielb, npodiiema Credana, MHTErpaabHbBIH METO/.
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