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THE METHOD OF NUMERICAL SOLUTION OF NONLINEAR
VOLTERRA INTEGRAL EQUATIONS OF THE FIRST KIND

Abstract. When considering systems of differential equations with very general boundary conditions, exact
solution methods encounter great difficulties, which become insurmountable in the study of nonlinear problems. In
this case it is necessary to apply to certain numerical methods. It is important to note that the use of numerical
methods often allows you to abandon the simplified interpretation of the mathematical model of the process. The
problems of numerical solution of nonlinear Volterra integral equations of the first kind with a differentiable kernel,
which degenerates at the initial point of the diagonal, are studied in the paper. This equation is reduced to the
Volterra integral equation of the third kind and a numerical method is developed on the basis of that regularized
equation. The convergence of the numerical solution to the exact solution of the Volterra integral equation of the
first kind is proved, an estimate of the permissible error and a recursive formula of the computational process are
obtained.

Keywords: nonlinear integral equation, system of nonlinear algebraic equations, error vectors, the Volterra
equation, small parameter, numerical methods.

Introduction

The problem of solving integral equations arises as an auxiliary problem for solving boundary value
problems for partial differential equations and as an independent one in the study of the operation of
nuclear reactors, in solving the so-called inverse problems of geophysics, in processing the results of
observations, and so on. We confine ourselves to the case of nonlinear Volterra integral equations of the
first kind.

Questions about the numerical solution of linear integrated equations of Vol'terraof the first sort are
explored in two case, when source K(x,t) on diagonal doesn’t return zero in any points of a section and the
source on diagonal is identical zero, a derivative on x on diagonal doesn’t return zero in any points of the
section [4-7]. In this research we considered the case non-liner integrated equations Vol’terra of the first
sort with allocated source, which can return zero in some points of the section of the diagonal.

Formulation of the problem
Consider the nonlinear Volterra integral equation of the first kind:
f;c No(x, t,u(®))dt = g(x), (1

where No(x, t,u(t)) =K(,tu(t)+ N (x, t,u(t)) and known functions K(x,t),N (x, t,u(t)),
g(x) obey conditions:

a) g(x) € C?[0,b],K(x,t) € C**(D),D = {(x,t)/0 <t < x < b},

g®0)=0,i =0,1,k(x) = K(x,x),k(0) = 0,0 < k(x) vx € (0,b], k(x) — nondecreasing
function;

b) G(x) =dqi,G(x) =L(x,x)+Cigx),L(x,t) =C,K(x,t) + K, (x,t),0 < dq, Cy,C, = const;

— 10 ——
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¢) N(x,t,u) € C**1(D x RY),My(x,t,u) € C*%1(D x RY), My(x, x,u) = 0, My(x, t,u(t)) =
CoN(x, t,u(t)) + No(x, t,u(t)), for x>t (x,5),(ts) € D, (x,s,u), (x,5,w),(t,s,w),(t,s,u) €D x
Rthe following inequality holds true
[Mo(x,s,u) — My(x,s,w) — My(t,s,w) + My(t,s,u)| < Ly(x —t)|lu—w|,
0 < Ly = const.

The research and solution of the basic equation

We get Volterra integral equation of the third kind from equation (1) after applying

D + CiT + C;1, where 1 is an identical operator, D is an operator of differentiation with respect to x, 7 is

Volterra operator kind of (Tv) (x) = f x u(t)v(t)dt [1]:
k) + f G(Ou(D)dt = f M(x, 6, u(®)dt +C; f w(O)dt X

0 0
X

X f K(s,t)u(s)ds + C; f f N(s, t,u(t))u(s)ds dt + f(x), (1p)
where M(x, t,u(t)) =t —M, (x, t,u(t)) + (Lo(t,tt) — L(x, t))u(t), f(x) =Cg(x) + g (x).

Consider regularized equatlon with a small parameter
X

(& + k(x))ue(x) + f G(Ou(t)dt = f M(x, t,u.(t))dt + ¢ f u (t)dt x

0 0
X

fK(T t)u.(t)dt + C; f f N(T t, ug(t))ug(T) dt dt + u(0) + f(x), (2)

Transform equatlon (2) to the followmg form

B [ 6@ G(®)
ug(x)__e+k(x)0fexp _tfe+k(r)dr £+ k()

t
f M(t, T, ug(r))dr —
0

t

—fM(x,T,uS(T))dr— C; lf us(r)drjl((v,r) u.(v)dv +
0 0

N
X X

t ¢
+fu£(r)drfl((v,r) ug(v)dv—ffN(v,T,ug(T))ug(v)dv dr +

0 s

+ N(v T, us(r))us(v)dv dt
/]

1
+ f(t) — f(x)}dt+ +k()

X exp —Of%dr {Of M(x,t,u.(t)) dt+610fu£(t)dt><

X

x f K(7,8) ue(t)dt + Of tf N(t, t,ue (O))ue () dr dt

t

+ewﬁ+f@ﬁ. 3)

Introduce a uniform grid wy, = {x; = ih,i = 0..n,b = nh} on the [0, b] segment, n — natural
number and Cj, — space of grid functions u; = u(x;) with the following norm

U; = max|u;|.
” L”Ch Osisnl LI

Using the right Riemann sum and replacing u(0) to uy, = f;/(hGy + k1) , we obtain the next system
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of nonlinear algebraic equations from equation (3):
i-1 i

1 hz B z Gy Gj N
e+ k; '1exp e+ ks etk
]=

sj+

Ugi =

X<h

M&.

My (ites) = My (ue)] thls(um) clhzugs

s=1 s= ]+1

x h z Ko sttem - Coh Z Ue s h Z Ko stte m — Cthhx

m=j+1 S= ]+1 m=s+1
i

X Z Nin s (the,s) Ugm — Clhz Z Nins(Ue,s)tem + f; = fip +

m:]-}—l s=]j m=s+1

! h s M; Cih
kiexP - 4 5+ks l](u8])+ 1 qu ues

~

s=j+1

+C1hz Z S](ugj)ugs+eu0h+fl ,i=1..n, 4)

j=1 s=j+1

where Ml-'j(us,j) = M(xl-,xj,u(xj)),fi = f(x),x; = jh,j=1.i,i=1.n
Introduce the notations

d,bT,

1

2C;ToMbrd,h
—+
d,

h
q: (L2+C2L1+LN)(2E+8_1)+

2T d,h 1
+Qb(£; d)m@+xmom max|K (e, )], lup (1) < 7.
1 1

L, = mgxIKx(x, |, L, = mglexx(x, |, Ty = xrg[%l,)g]lG(x)I,

i-1 i i

d, = sup Zexp —h Z Gs h Z s ,
, — &+ kg — &+ kg
Jj=1 s=j+1 s=j+1

My = max|N(x,t,u)|, Ky = max|N,(x,t,u)|,
w=max|N(x,t,w)l, Ky = max|N, (x, 0|

Theorem. If the conditions a)—), ¢ < 1 and &€ = O(h%) for all 0 < a < 1/2 are satisfied, then the
solution of the system of equations (4) converges uniformly to the exact solution u; of equation (1) when

h - 0, thus we have the estimate

lue; — wi]| < Nyh® + N,h1™% + N3k, 0 < N; = const, i = 1,2,3.

Proof. Adding the quantity eu(x) to both sides of equation (1,), we reduce it to the form (3), where
ug(x) and eu, , are respectively instead of u(x) and eu(x). Putting x = x;,i = 1..n in the obtained
equation, we use the formula of the right Riemann sum and consider the difference of the resulting system
of algebraic equations with the remainder term and the system of equations (4). Then, using the error

vector ngi = u.(x;) —u(x;),i = 1..n, we obtain
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i

i-1 j-
1 G
h-:— — l —
Te.i £+kihzlexP h Z e+ kg £+k Z 15 (1te5)
]= =

s=j+1
i-1
_Mj,s(us) - Mi,s(ue,s) + Mi,s(us)] —h z [Mi,s(ue,s) - Mi,s(us)] -
s= ]+1
_Clhzus z Kmsnsm Clh 2 us 2 Kmsnsm
m= ]+1 s= ]+1 m= s+1
__Clhznss 2 Kmsum Clh Z nss Z K msUm —
m=j+1 s= ]+1 m=s+1
_Clhz Z Nms(us)nem Clh Z Z Nms(us)nem
s=1 m= ]+1 s=j+1 m=s+1
—Cthh Z Nm,s(us,s)_Nm,s(us)]um

s=1 m=j+1

_Clh Z h Z [Nm,s(us,s) - Nm,s(us)]um + g(uj - ui)

s=j+1 m=s+1

i-1
exp —hz:e K. hz[Mi'j (ue,) — M ()] +

+C1h2n£] Z uS+Cthu] X h 2 Ks]nss

s= ]+1 s=j+1
+Clhz Z N j(ug,;) =N j (u;)] us +
j=1 s=j+1
+Clhz Z S](u])nss+su0h u; ¢ —R;,i = 1..n, (5)

j=1 s=j+1

where R; is a remainder term. We have the following estimates from (5):

1 i-1 i G G j-1
1 |- hz —h Z s J hz M, -
) stk ¢ exp etk etk LUBCEY)
j=1 s=j+1 s=1
i-1
_Mj,s(us) - Mi,s(ue,s) + Mi,s(us)] —h z [Mi,s(ue,s) - Mi,s(us)] <
s=j+1
2d,bTyh
< “de (Ly + CoLy + LN)”??QL'”C’I.
Where Ll = maxDle(xi t)ll LZ = maxDlex(x; t)l ) TO = maxxE[O,b] |G(x)|l
d, = li h ZL: s h ZL: s ;
2 = SUp £ exp — &+ kg — &+ kg ’
Jj=1 s=j+1 s=j+1
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i

i-1 i
G Gs
- N
r" 2o\ ) | ZhZ L
]=

s=j+1 s=1 m=j+1

i— i
2C;ToMyd,bh
+h z h Z Nm,s(us)ng,m —%” ”

2)

crn’
s=j+1 m=s+1
where My = Ir)rg(c}zgglN(X, t,u)l;
i-1 i j-1 i
3) |- hz h Z Gs h) h z [Noms (
)£+kl- : exp K, £+k msuss
s= ]+ s=1 m=j+1

ms(us)ummz Z [V (1) = N5 ()T

s=j+1 m=s+1

2C1TOKNrbd2
—— &l ., K = maxINy (.t w)l;
i—-1 i
gieo( 3 ) e
+ki 4 exp i g-|_k £+k uS msnsm
J=1 s=j+1 m= ]+1
i-
ClTth Gk 1
+h Z Z n 4 < Z h Z y
us msnem 8+pl : exp ' £+ks g-|-k].
§= ]+1 m=s+1 j=1 k=j+1
i
% thuslh Z 1] + R Z g b Z Il b <
m=j+1 s=j+1 m=j+1
ClTOMbT'dZ

where M = mgxIK(x, t)l, lu(x)| < r;

i—-1 i j- i
5) Cih b z G Z Z K +
e+ k; £ exp £+k s+k m.s Uem
j=1 s=j+1 s=1 m=j+1
i-1 i i-1 i
u = ex -
. Ne,s m,sUem e+k; p e+ kg 5+kj
s=]+1 m=s+1 Jj=1 s=j+1
x hZIHQSIh Z [tem] + 2 nts| 2 tem] { <
m= ]+1 s=j+1 m=j+1

ClToMrdZ Z| ClToMbrdz
Nejl =

UL

i—1
6) g_l_k'exp _hzs+sks h' [M; (u&j)—Mi_j(uj)] <
s=1 j=1
d,bT,
< 2 0(L2+C2L1+LN)||77 ||

—— |4 ——
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i i— i

7 G Z
)e+kiexp 4

i i-1 i

exp Z h h [Ns,j(us.j) - NS,f(uj)]uf =

j=1 s=j+1
SR e,

C{Myb
R h Z Ney (upnts| < =57 Ikl

J=1 s=j

ClKNbr

On the basis of estimates 1) -8) for the error vector 77?,1‘ from (5) we obtain
Izl < allnzall, + leHewil + IRil, (6)

Missing the cumbersome calculations, note that the next estimate for R; holds true as in [2]:
IR;llc, < Nyh/e + N3h,0 < N,, N3 = const.

Since according to [3]:
||8H£[ui]||ch < N,;&,0 < N; = const,
then we get estimate by the grid norm from (6)
2, < (1= @) (Nae + Noh/e + Nsh).

Taking into account that € = O(h%), we arrive at the estimate of the theorem, which was to be
proved.

Equation (4) is a system of nonlinear, therefore we obtain the following system of equations with
respect to U, ;

— - X
, “xp ~ €+ks etk exp e+ kg
j=1 s=j+1 s=1

i-1 i—-1
h z Ki,sus,s + h Z Ni,s (ue,s) us,i +
s=1 s=1

i

! hli Y % )G _,
e+ k; llexp e+ ks [et+k;
]=

s=j+1
J
Z o(tes) = My (ugs)] = h Z My (ues) - cthugs
s=1 s= j+1
i—
x h 2 Ko sttem — Cih 2 U s h Z Ko sttem — Cthhx
m=j+1 s= ]+1 m=s+1
i—1
X Z Nms(ues)uem Clhz Z Nms(ues)uem +
m=j+1 s=j m=s+1
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exp —hz TE ZM”(ugj)+C1hZug] Z K jues +

s=j+1

+C1h2 z s](ugj)ugs+eu0h+fl ,i=1.n, (7)

j=1 s=j+1

Estimate the expression
i

Gs
Ui_1(uq,...,uj_1) ={exp —hz Tk, +hZexp —h Z FT k.

s=j+1

Gj
><e+k s+k ZK‘SU“ + hZN”(u”

putting C; = Coh?,0 < Cy = const.

Then
Mr + My)Cih - (Mr+ My)Coh
Uis Gty ) < ST IGR | g ) I+ M) Coh
ed; d,
i-1 i i
d h Z h z Gs
2= oUP _ £+ k P &+ kg
J=1\ s=j+1 s=j+1
If
edq
h<——— (8)
Tod,bMrC,

then |U;_; (uq,...,u;_1)| < 1. If condition (8) is satisfied, the system (7) can be rewritten in the form

=

i— i

-1 h G G;
u&i = (1 - Ui_l(ul,...,ui_l)) - exp —h Z s J X

e+ k; et ks etk
j=1 s=j+1
J -1
X0 ) (Mo (es) = My (tes)] hz My (ues) - cthugs
s=1 s= j+1
x h z Ko stte — Cih z Ue s h Z Ko sttem — Cthhx
m=j+1 s= ]+1 m=s+1
i-1
X Z Nms(ues)uem Clhz Z Nms(ues)uem +
m=j+1 s=j m=s+1
exp —hz Tk, ZMU(ug})+C1hZuSJ Z s, jUss T

s=j+1

+C1hz Z S](ugj)ugs+eu0h+fl ,i=1..n, 9

j=1 s=j+1

It is not difficult to see that (9) is a recursive formula.

— 16 ——
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Results

This equation is reduced to the Volterra integral equation of the third kind and a numerical method is
developed on the basis of that regularized equation. The convergence of the numerical solution to the
exact solution of the Volterra integral equation of the first kind is proved, an estimate of the permissible
error and a recursive formula of the computational process are obtained.
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METOJ YACJIEHHOI'O PEHIEHHSL HEJUHENHBIX
HUHTEI'PAJIBHBIX YPABHEHUU BOJIBTEPPA ITEPBOI'O POJA

Annoranus. [Ipu paccMorpernn cucteM nudQepeHInaNbHEIX ypaBHEHHH C BEChbMa OOMIMMH KpPacBBIMH
YCIIOBUSIMH, TOYHBIE METOJbl PELICHHs HATAJKHBAIOTCSI Ha OOJBIINE TPYAHOCTH, KOTOPHIE CTAHOBSATCSI HEMpPEo0-
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JUMBIMH TP PAacCMOTPEHHN HENWHEHHBIX 3amad. B 3THX cilydasx NPUXOIUTCS OOpamaThCs K TeM WIH HHBIM
YUCIICHHBIM METOJIaM peIIeHHsI. BaXHO OTMETHTB, YTO MCIIONB30BAHUE YHCICHHBIX METOJOB 3a4acTYIO MO3BOJISICT
OTKa3aTbCs OT YIPOIIEHHOH TPAaKTOBKH MaTeMaTHYeCKOW MOJENH Tmporecca. B pabore m3ydaroTcs BOIIPOCHI
YHUCJIEHHOTO PEIleHUs] HEJIMHEHHBIX MHTErpalibHbIX ypaBHeHHU BosbTeppa nepBoro poaa ¢ muddepeHuupyemMbM
SIPOM, KOTOPOE BBIPOXKJACTCS B HA4dabHOH TOYKE IWAaroHaiW. PaccmaTpuBaeMoe ypaBHEHHE CBOIJUTCA K
HHTETPAIbHOMY YpaBHEHHIO BombTeppa TpeThero poaa W Ha OCHOBE PEryJIIpH30BaHHOIO YpaBHEHHS pa3paboTaH
YHUCIEHHBIH MeToA. J[oka3aHa CXOIUMOCTh YHCICHHOTO PELIeHHs K TOUHOMY PELICHUIO MHTErPaNbHOrO ypaBHEHUS
Bonbreppa mnepBoro poja, TOJNy4YeHHl OLEHKAa JIONYCKaeMOW IOTPElIHOCTH M PEeKypcuBHas —Qopmysia
BBIUMCIIUTENILHOTO TIpoLiecca.

KiroueBble cJI0Ba: HENWHEHHOE WHTETPAIGHOE YpaBHEHHE, CHCTEMY HEJIMHEHHBIX —alredpanyeckux
yYpaBHEHHI, BEKTOpa OrPEUIHOCTH, ypaBHeHUEe BonbTeppa, Manblil mapaMeTp, YUCICHHbBIH METO/,.
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BIPIHIIOI TYPJAEI'T CBI3BIKThI EMEC UHTEI'PAJIJIBI BOJIBTEPPA
TEHJAEYJEPIH CAHABIK INEITY 9ICI

AunHoramus. ubdepeHunanaplk TeHIeyaep KyHeciH eTe ajIbl MIEKapalblK IIapTTAPMEH KapacThIpFaH
Ke37¢, ChI3BIKTBI eMec MpoOieManapasl KapacThipy Ke3iHIe IICIITMEHTIH KUBIHIBIKTApFa alHAJIbIPYIbIH I
omicrepi. MyHnaii skargaiinapna Oenrimi Oip caHIBIK oxmicTepre XyriHy kepek. CaHABIK omicTepii KOJJIaHy,
MPOIIECTIH MAaTEeMAaTHUKAJIBIK MOIEINH OHAWIATHUIFaH TYCIHIIpyAeH Oac TapTyFa MYMKIHAIK Oepemi. AJFamIKel
TYpHEri CBI3BIKTBI emec Boibreppa HMHTErpainablk TEHICYJEPiH IHAroHAIbABl OacTankel HYKTECIHIE Here
KeNTipeTiH audQepeHnnanisl Iapo CaHOBIK MICIYIiH CaHABIK MoceJeliepi KapacThIphUIagbsl. KapacTBIpBLIBIIT
OThIpFaH TeHJIey BousibTeppa MHTErpaiiblK TEHJEYIH YIIIHII TYpre HeiiH a3alTa]bl jKOHE PETTENreH TEeHJACYIiH
Heri3iHae caHAabIK dic a3ipnenesi. CaHabIK HieliMHIH OipiHm Typaeri BonbTeppa MHTErpanblK TEHACYIHIH oI
HICIIIMIHE JIONENACHAl, PYKCaT eTUIreH KaTedikTi Oaranay »OHE ecenTey YAEpICIHIH peKypcuBTI (opmMyiacel
AIBIHJIBI.

Tyiiiaai ce3mep: CBHI3BIKTHI €MEC HMHTEIPANIIBIK TCHICY, CHI3BIKTHIK alreOpaiblK TEHICYJICP *KYyHeci, KaTelnik
BEKTOpBI, Bonbreppa Tenaeyi, Killi napamerp, CaHAbIK dic.
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