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THE METHOD OF NUMERICAL SOLUTION OF NONLINEAR 
VOLTERRA INTEGRAL EQUATIONS OF THE FIRST KIND 

 
Abstract. When considering systems of differential equations with very general boundary conditions, exact 

solution methods encounter great difficulties, which become insurmountable in the study of nonlinear problems. In 
this case it is necessary to apply to certain numerical methods. It is important to note that the use of numerical 
methods often allows you to abandon the simplified interpretation of the mathematical model of the process. The 
problems of numerical solution of nonlinear Volterra integral equations of the first kind with a differentiable kernel, 
which degenerates at the initial point of the diagonal, are studied in the paper. This equation is reduced to the 
Volterra integral equation of the third kind and a numerical method is developed on the basis of that regularized 
equation. The convergence of the numerical solution to the exact solution of the Volterra integral equation of the 
first kind is proved, an estimate of the permissible error and a recursive formula of the computational process are 
obtained. 

Keywords: nonlinear integral equation, system of nonlinear algebraic equations, error vectors, the Volterra 
equation, small parameter, numerical methods. 

 
Introduction 
The problem of solving integral equations arises as an auxiliary problem for solving boundary value 

problems for partial differential equations and as an independent one in the study of the operation of 
nuclear reactors, in solving the so-called inverse problems of geophysics, in processing the results of 
observations, and so on. We confine ourselves to the case of nonlinear Volterra integral equations of the 
first kind. 

Questions about the numerical solution of linear integrated equations of Vol'terraof the first sort are 
explored in two case, when source K(x,t) on diagonal doesn’t return zero in any points of a section and the 
source on diagonal is identical zero, a derivative on x on diagonal doesn’t return zero in any points of the 
section [4-7]. In this research we considered the case non-liner integrated equations Vol’terra of the first 
sort with allocated source, which can return zero in some points of the section of the diagonal. 

 
Formulation of the problem 
Consider the nonlinear Volterra integral equation of the first kind:   
׬      ଴ܰ൫ݔ, ,ݐ ݐሻ൯݀ݐሺݑ

௫
଴ 	ൌ ݃ሺݔሻ,														ሺ1ሻ 

where ଴ܰ൫ݔ, ,ݐ ሻ൯ݐሺݑ ൌ ,ݔሺܭ ሻݐሺݑሻݐ ൅ 	ܰ൫ݔ, ,ݐ ,ݔሺܭ ሻ൯ and known functionsݐሺݑ ,ሻݐ ܰ൫ݔ, ,ݐ  ,ሻ൯ݐሺݑ
݃ሺݔሻ obey conditions: 

a) ݃ሺݔሻ ∈ ,ଶሾ0ܥ ܾሿ, ,ݔሺܭ ሻݐ ∈ ܦ ,ሻܦଶ,ଵሺܥ ൌ ሼሺݔ, ሻ/0ݐ ൑ ݐ ൑ ݔ ൑ ܾሽ,	 
݃ሺ௜ሻሺ0ሻ ൌ 0, ݅ ൌ 0,1, ݇ሺݔሻ ൌ ,ݔሺܭ ,ሻݔ ݇ሺ0ሻ ൌ 0, 0 ൏ ݇ሺݔሻ	∀ݔ ∈ ሺ0, ܾሿ, ݇ሺݔሻ – nondecreasing 

function; 
b) ܩሺݔሻ ൒ ݀ଵ, ܩሺݔሻ ൌ ,ݔሺܮ ሻݔ ൅ ,ሻݔଵ݃ሺܥ ,ݔሺܮ ሻݐ ൌ ,ݔሺܭଶܥ ሻݐ ൅ ,ݔ௫ሺܭ ,ሻݐ 0 ൏ ݀ଵ, ,ଵܥ ଶܥ ൌ  ;ݐݏ݊݋ܿ
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c) ࡺሺ࢞, ,࢚ ሻ࢛ ∈ ࡰ૚,૙,૚൫࡯ ൈ ,࢞૙ሺࡹ,૚൯ࡾ ,࢚ ሻ࢛ ∈ ࡰ૙,૙,૚൫࡯ ൈ ,࢞૙ሺࡹ,૚൯ࡾ ,࢞ ሻ࢛ ൌ ૙,ࡹ૙൫࢞, ,࢚ ሻ൯࢚ሺ࢛ ൌ
С૛ࡺ൫࢞, ,࢚ ሻ൯࢚ሺ࢛ ൅ ,࢞൫࢞ࡺ ,࢚ ࢞ for	ሻ൯,࢚ሺ࢛ ൐ ,࢚ ሺ࢞, ,ሻ࢙ ሺ࢚, ሻ࢙ ∈ ,ࡰ ሺ࢞, ,࢙ ,ሻ࢛ ሺ࢞, ,࢙ ,ሻ࢝ ሺ࢚, ,࢙ ,ሻ࢝ ሺ࢚, ,࢙ ሻ࢛ ∈ ࡰ ൈ
 ૚the following inequality holds trueࡾ
,࢞૙ሺࡹ| ,࢙ ሻ࢛ െࡹ૙ሺ࢞, ,࢙ ሻ࢝ െࡹ૙ሺ࢚, ,࢙ ሻ࢝ ൅ࡹ૙ሺ࢚, ,࢙ |ሻ࢛ ൑ ࢞ሺࡺࡸ െ ࢛|ሻ࢚ െ  ,|࢝
0 ൏ ேܮ ൌ  .ݐݏ݊݋ܿ

The research and solution of the basic equation 
  We get Volterra integral equation of the third kind from equation (1) after applying 

ܦ ൅ ଵܶܥ ൅  where I is an identical operator, D is an operator of differentiation with respect to x, T is ,ܫଶܥ
Volterra operator kind of ሺܶݒሻሺݔሻ ൌ ׬ ,ݐሻ݀ݐሺݒሻݐሺݑ

௫
଴  [1]: 

݇ሺݔሻݑሺݔሻ ൅ නܩሺݐሻݑሺݐሻ݀ݐ ൌ

௫

଴

නܯ൫ݔ, ,ݐ ݐሻ൯݀ݐሺݑ ൅

௫

଴

ଵܥ නݑሺݐሻ݀ݐ ൈ

௫

଴

 

ൈනܭሺݏ, ݏሻ݀ݏሺݑሻݐ ൅

௫

௧

ଵܥ නනܰ൫ݏ, ,ݐ ݐ݀	ݏሻ݀ݏሺݑሻ൯ݐሺݑ

௫

௧

௫

଴

൅ ݂ሺݔሻ, ሺ1଴ሻ 

where	ܯ൫ݔ, ,ݐ ሻ൯ݐሺݑ ൌ െܯ଴൫ݔ, ,ݐ ሻ൯ݐሺݑ ൅ ൫ܮሺݐ, ሻݐ െ ,ݔሺܮ ,ሻݐሺݑሻ൯ݐ ݂ሺݔሻ ൌ ሻݔଶ݃ሺܥ ൅ ݃′ሺݔሻ.	 
 
Consider regularized equation with a small parameter 

൫ߝ ൅ ݇ሺݔሻ൯ݑఌሺݔሻ ൅ නܩሺݐሻݑఌሺݐሻ݀ݐ ൌ නܯ൫ݔ, ,ݐ ݐሻ൯݀ݐఌሺݑ ൅

௫

଴

௫

଴

ଵܥ නݑఌሺݐሻ݀ݐ

௫

଴

ൈ 

																											ൈ නܭሺ߬, ሻݐ

௫

௧

ఌሺ߬ሻ݀߬ݑ ൅ ଵܥ නනܰ൫߬, ,ݐ ఌሺ߬ሻݑሻ൯ݐఌሺݑ

௫

௧

ݐ݀	߬݀ ൅	

௫

଴

ሺ0ሻݑߝ ൅ ݂ሺݔሻ,									ሺ2ሻ 

Transform equation (2) to the following form 

ሻݔఌሺݑ ൌ െ
1

ߝ ൅ ݇ሺݔሻ
න ݌ݔ݁ ቌെන

ሺ߬ሻܩ

ߝ ൅ ݇ሺ߬ሻ

௫

௧

݀߬ቍ
ሻݐሺܩ

ߝ ൅ ݇ሺݐሻ
ቐනܯ൫ݐ, ߬, ఌሺ߬ሻ൯݀߬ݑ

௧

଴

െ

௫

଴

 

െනܯ൫ݔ, ߬, ఌሺ߬ሻ൯݀߬ݑ

௫

଴

െ ଵܥ ቎නݑఌሺ߬ሻ݀߬නܭሺߥ, ߬ሻ

௧

௦

ߥሻ݀ߥఌሺݑ

௧

଴

൅ 

൅නݑఌሺ߬ሻ݀߬

௫

଴

නܭሺߥ, ߬ሻ

௫

௦

ߥሻ݀ߥఌሺݑ െ නනܰ൫ߥ, ߬, ߥሻ݀ߥఌሺݑఌሺ߬ሻ൯ݑ

௧

ఛ

௧

଴

݀߬ ൅ 

൅නනܰ൫ߥ, ߬, ߥሻ݀ߥఌሺݑఌሺ߬ሻ൯ݑ

௫

ఛ

௫

଴

݀߬൩ ൅ ݂ሺݐሻ െ ݂ሺݔሻൡ ݐ݀ ൅
1

ߝ ൅ ݇ሺݔሻ
ൈ 

ൈ ቌെන݌ݔ݁
ሺ߬ሻܩ

ߝ ൅ ݇ሺ߬ሻ

௫

଴

݀߬ቍ ൝නܯ൫ݔ, ,ݐ ሻ൯ݐఌሺݑ

௫

଴

ݐ݀ ൅ ଵܥ නݑఌሺݐሻ݀ݐ

௫

଴

ൈ 

ൈනܭሺ߬, ሻݐ

௫

௧

ఌሺ߬ሻ݀߬ݑ ൅ නනܰ൫߬, ,ݐ ఌሺ߬ሻ݀߬ݑሻ൯ݐఌሺݑ

௫

௧

௫

଴

൩ݐ݀ ൅ ଴,௛ݑߝ ൅ ݂ሺݔሻൡ.																								ሺ3ሻ 

 Introduce a uniform grid ߱௛ ൌ ሼݔ௜ ൌ ݄݅, ݅ ൌ 0. . ݊, ܾ ൌ ݄݊ሽ on the  b,0  segment, n – natural 

number and	ܥ௛ – space of grid functions ݑ௜ ൌ  ௜ሻ with the following normݔሺݑ
 

௜‖஼೓ݑ‖ ൌ ݔܽ݉
଴ஸ௜ஸ௡

 .|௜ݑ|

 
Using the right Riemann sum and replacing ݑሺ0ሻ to ݑ଴௛ ൌ ଵ݂/ሺ݄ܩଵ ൅ ݇ଵሻ	, we obtain the next system 



Известия Национальной академии наук Республики Казахстан  
  

   
12  

of nonlinear algebraic equations from equation (3): 

ఌ,௜ݑ ൌ െ
1

ߝ ൅ ݇௜
݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ൈ

௜ିଵ

௝ୀଵ

 

ൈ ቐ݄෍ሾܯ௝,௦൫ݑఌ,௦൯

௝

௦ୀଵ

െ ఌ,௦൯ሿݑ௜,௦൫ܯ െ ݄ ෍ ఌ,௦൯ݑ௜,௦൫ܯ

௜ିଵ

௦ୀ௝ାଵ

െ ఌ,௦ݑଵ݄෍ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜

௠ୀ௝ାଵ

	– ଵ݄ܥ ෍ ఌ,௦ݑ

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜

௠ୀ௦ାଵ

െ ଵ݄෍݄ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ෍ ܰ௠,௦൫ݑఌ,௦൯

௜

௠ୀ௝ାଵ

ఌ,௠ݑ െ ଵ݄෍݄ܥ ෍ ܰ௠,௦൫ݑఌ,௦൯ݑఌ,௠

௜

௠ୀ௦ାଵ

൅ ௝݂ െ ௜݂ቑ

௜ିଵ

௦ୀ௝

൅ 

൅
1

ߝ ൅ ݇௜
݌ݔ݁ ቌെ݄෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍቐ݄෍ܯ௜,௝൫ݑఌ,௝൯ ൅

௜ିଵ

௝ୀଵ

ఌ,௝ݑଵ݄෍ܥ

௜ିଵ

௝ୀଵ

݄ ෍ ఌ,௦ݑ௦,௝ܭ

௜

௦ୀ௝ାଵ

൅ 

൅ܥଵ݄෍݄

௜ିଵ

௝ୀଵ

෍ ௦ܰ,௝൫ݑఌ,௝൯

௜

௦ୀ௝ାଵ

ఌ,௦ݑ ൅ ଴,௛ݑߝ ൅ ௜݂ቑ , ݅ ൌ 1. . ݊,																														ሺ4ሻ 

where ܯ௜,௝൫ݑఌ,௝൯ ൌ ,௜ݔ൫ܯ ,௝ݔ ,௝ሻ൯ݔሺݑ ௜݂ ൌ ݂ሺݔ௜ሻ, ௝ݔ ൌ ݆݄, ݆ ൌ 1. . ݅, ݅ ൌ 1. . ݊. 
Introduce the notations 
 

ݍ ൌ
݀ଶܾ ଴ܶ

݀ଵ
ሺܮଶ ൅ ଵܮଶܥ ൅ ேሻܮ ൬2

݄
ߝ
൅ ݁ିଵ൰ ൅

ଵܥ2 ଴ܶ݀ݎܾܯଶ݄
݀ଵߝ

൅ 

 

൅ܥଵܾ ൬
2 ଴ܶ݀ଶ݄
݀ଵߝ

൅
1
݁݀ଵ

൰ ሺܯே ൅ ܯ,ሻݎேܭ ൌ ݔܽ݉
஽

,ݔሺܭ| ,|ሻݐ |ሻݔఌሺݑ| ൑  .ݎ

 
	ଵܮ ൌ ݔܽ݉

஽
,ݔ௫ሺܭ| ,|ሻݐ 	ଶܮ ൌ ݔܽ݉

஽
,ݔ௫௫ሺܭ| |ሻݐ , ଴ܶ ൌ ݔܽ݉

௫∈ሾ଴,௕ሿ
 ,|ሻݔሺܩ|

 

݀ଶ ൌ ቌെ݄݌ݔቌ෍݁݌ݑݏ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍቌ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ

௜ିଵ

௝ୀଵ

ቍ, 

 
ேܯ ൌ ݔܽ݉

஽ൈோభ
|ܰሺݔ, ,ݐ ,|ሻݑ ேܭ ൌ ݔܽ݉

஽ൈோభ
| ௨ܰሺݔ, ,ݐ  ,|ሻݑ

 
Theorem. If the conditions a)–c), ݍ ൏ 1 and ߝ ൌ ܱሺ݄ఈሻ for all 0 ൏ ߙ ൏ 1/2 are satisfied, then the 

solution of the system of equations (4) converges uniformly to the exact solution ݑ௜ of equation (1) when 
݄ → 0, thus we have the estimate 

 
ฮݑఌ,௜ െ ௜ฮݑ ൑ ଵ݄ܰఈ ൅ ଶ݄ܰଵିఈ ൅ ଷ݄ܰ, 0 ൏ ௜ܰ ൌ ,ݐݏ݊݋ܿ ݅ ൌ 1,2,3. 

 
Proof. Adding the quantity ݑߝሺݔሻ to both sides of equation (10), we reduce it to the form (3), where 

ݔ ሻ. Puttingݔሺݑߝ	and	ሻݔሺݑ  are respectively instead of�଴ݑε	and	ሻݔఌሺݑ ൌ ,௜ݔ ݅ ൌ 1. . ݊ in the obtained 
equation, we use the formula of the right Riemann sum and consider the difference of the resulting system 
of algebraic equations with the remainder term and the system of equations (4). Then, using the error 
vector ߟఌ,௜

௛ ൌ ௜ሻݔఌሺݑ െ ,௜ሻݔሺݑ ݅ ൌ 1. . ݊, we obtain 
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ఌ,௜ߟ
௛ ൌ െ

1
ߝ ൅ ݇௜

݄෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ቐ݄෍ሾܯ௝,௦൫ݑఌ,௦൯

௝ିଵ

௦ୀଵ

െ

௜ିଵ

௝ୀଵ

 

െܯ௝,௦ሺݑ௦ሻ െ ఌ,௦൯ݑ௜,௦൫ܯ ൅ ௦ሻሿݑ௜,௦ሺܯ െ ݄ ෍ ሾܯ௜,௦൫ݑఌ,௦൯ െ ௦ሻݑ௜,௦ሺܯ
௜ିଵ

௦ୀ௝ାଵ

ሿ െ 

െܥଵ݄෍ݑ௦

௝ିଵ

௦ୀଵ

݄ ෍ ఌ,௠௛ߟ௠,௦ܭ
௜

௠ୀ௝ାଵ

െ ଵ݄ܥ ෍ ௦ݑ

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ௠,௦ܭ

௜

௠ୀ௦ାଵ

ఌ,௠௛ߟ െ 

െ െ ఌ,௦௛ߟଵ݄෍ܥ
௝ିଵ

௦ୀଵ

݄ ෍ ௠,௦ܭ

௜

௠ୀ௝ାଵ

௠ݑ െ ଵ݄ܥ ෍ ఌ,௦௛ߟ 	݄ ෍ ௠ݑ௠,௦ܭ

௜

௠ୀ௦ାଵ

௜ିଵ

௦ୀ௝ାଵ

െ 

െܥଵ݄෍݄ ෍ ܰ௠,௦ሺݑ௦ሻ
௜

௠ୀ௝ାଵ

ఌ,௠௛ߟ
௝ିଵ

௦ୀଵ

െ ଵ݄ܥ ෍ ݄ ෍ ܰ௠,௦ሺݑ௦ሻ
௜

௠ୀ௦ାଵ

௜ିଵ

௦ୀ௝ାଵ

ఌ,௠௛ߟ െ 

െܥଵ݄෍݄

௝ିଵ

௦ୀଵ

෍ ሾܰ௠,௦൫ݑఌ,௦൯

௜

௠ୀ௝ାଵ

െ ܰ௠,௦ሺݑ௦ሻሿݑ௠ െ 

െܥଵ݄ ෍ ݄

௜ିଵ

௦ୀ௝ାଵ

෍ ሾܰ௠,௦൫ݑఌ,௦൯ െ ܰ௠,௦ሺݑ௦ሻሿݑ௠

௜

௠ୀ௦ାଵ

൅ ௝ݑ൫ߝ െ ௜൯ቑݑ ൅ 

൅
1

ߝ ൅ ݇௜
ቌെ݄෍݌ݔ݁

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍቐ݄෍ሾܯ௜,௝

௜ିଵ

௝ୀଵ

൫ݑఌ,௝൯ െ ௝൯ሿݑ௜,௝൫ܯ ൅ 

൅ܥଵ݄෍ߟఌ,௝
௛

௜ିଵ

௝ୀଵ

෍ ௦ݑ௦,௝ܭ

௜

௦ୀ௝ାଵ

൅ ௝ݑଵ݄෍ܥ

௜ିଵ

௝ୀଵ

	ൈ ݄ ෍ ఌ,௦௛ߟ௦,௝ܭ
௜

௦ୀ௝ାଵ

൅ 

൅ܥଵ݄෍	݄ ෍ ሾ ௦ܰ,௝൫ݑఌ,௝൯

௜

௦ୀ௝ାଵ

െ ௦ܰ,௝൫ݑ௝൯ሿ

௜ିଵ

௝ୀଵ

௦ݑ ൅ 

൅ܥଵ݄෍݄

௜ିଵ

௝ୀଵ

෍ ௦ܰ,௝൫ݑ௝൯ߟఌ,௦௛
௜

௦ୀ௝ାଵ

൅ ଴,௛ݑߝ െ ௜ቑݑߝ െ ܴ௜, ݅ ൌ 1. . ݊,								ሺ5ሻ 

 
where ܴ௜ is a remainder term. We have the following estimates from (5): 

 

1ሻ	ቮെ
1

ߝ ൅ ݇௜
݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ቐ݄෍ሾܯ௝,௦൫ݑఌ,௦൯

௝ିଵ

௦ୀଵ

െ

௜ିଵ

௝ୀଵ

 

െܯ௝,௦ሺݑ௦ሻ െ ఌ,௦൯ݑ௜,௦൫ܯ ൅ ௦ሻሿݑ௜,௦ሺܯ െ ݄ ෍ ሾܯ௜,௦൫ݑఌ,௦൯ െ ௦ሻݑ௜,௦ሺܯ
௜ିଵ

௦ୀ௝ାଵ

ሿቮ ൑ 

൑
2݀ଶܾ ଴݄ܶ
݀ଵߝ

ሺܮଶ ൅ ଵܮଶܥ ൅ ఌ,௜ߟேሻฮܮ
௛ ฮ

஼೓
,	 

where ܮଵ	 ൌ ,ݔ௫ሺܭ|஽ݔܽ݉ ,|ሻݐ 	ଶܮ ൌ ,ݔ௫௫ሺܭ|஽ݔܽ݉ |ሻݐ , ଴ܶ ൌ  ,|ሻݔሺܩ|௫∈ሾ଴,௕ሿݔܽ݉

݀ଶ ൌ ቌെ݄݌ݔቌ෍݁݌ݑݏ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍቌ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ

௜ିଵ

௝ୀଵ

ቍ ; 
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2ሻ	ቮ
ଵܥ

ߝ ൅ ݇௜
݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ቐ݄෍݄ ෍ ܰ௠,௦ሺݑ௦ሻ

௜

௠ୀ௝ାଵ

ఌ,௠௛ߟ
௝ିଵ

௦ୀଵ

൅

௜ିଵ

௝ୀଵ

 

൅݄ ෍ ݄ ෍ ܰ௠,௦ሺݑ௦ሻ
௜

௠ୀ௦ାଵ

௜ିଵ

௦ୀ௝ାଵ

ఌ,௠௛ߟ ቮ ൑
ଵܥ2 ଴ܶܯே݀ଶܾ݄

݀ଵߝ
ฮߟఌ,௜

௛ ฮ
஼೓
,	 

ேܯ	݁ݎ݄݁ݓ ൌ ݔܽ݉
஽ൈோభ

|ܰሺݔ, ,ݐ  ;|ሻݑ

 

3ሻ	ቮ
ଵܥ

ߝ ൅ ݇௜
݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇

௜ିଵ

௝ୀଵ

ቐ݄෍݄

௝ିଵ

௦ୀଵ

෍ ሾܰ௠,௦൫ݑఌ,௦൯

௜

௠ୀ௝ାଵ

െ 

െܰ௠,௦ሺݑ௦ሻሿݑ௠ ൅ ݄ ෍ ݄

௜ିଵ

௦ୀ௝ାଵ

෍ ሾܰ௠,௦൫ݑఌ,௦൯ െ ܰ௠,௦ሺݑ௦ሻሿݑ௠

௜

௠ୀ௦ାଵ

ቑቮ ൑ 

൑
ଵܥ2 ଴ܶܭேܾ݀ݎଶ݄

݀ଵߝ
ฮߟఌ,௜

௛ ฮ
஼೓
, ேܭ ൌ ݔܽ݉

஽ൈோభ
| ௨ܰሺݔ, ,ݐ  ;|ሻݑ

 

4ሻ	ቮ
ଵ݄ܥ
ߝ ൅ ݇௜

෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ቐ݄෍ݑ௦

௝ିଵ

௦ୀଵ

௜ିଵ

௝ୀଵ

݄ ෍ ఌ,௠௛ߟ௠,௦ܭ
௜

௠ୀ௝ାଵ

൅ 

൅݄ ෍ ௦ݑ

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ఌ,௠௛ߟ௠,௦ܭ
௜

௠ୀ௦ାଵ

ቑቮ ൑
ଵܥ ଴݄ܶܯ
ߝ ൅ ௜݌

෍݁݌ݔቌെ݄ ෍
௞ܩ

ߝ ൅ ݇௦

௜

௞ୀ௝ାଵ

ቍ

௜ିଵ

௝ୀଵ

1
ߝ ൅ ௝݇

ൈ 

ൈ ቐ݄෍|ݑ௦|

௝

௦ୀଵ

݄ ෍ หߟఌ,௠௛ ห

௜

௠ୀ௝ାଵ

൅ ݄ ෍ |௦ݑ|
௜ିଵ

௦ୀ௝ାଵ

݄ ෍ หߟఌ,௠௛ ห

௜

௠ୀ௝ାଵ

ቑ ൑ 

൑
ଵܥ ଴ܶ݀ݎܾܯଶ݄

݀ଵߝ
ฮߟఌ,௜

௛ ฮ
஼೓
; 

where	ܯ ൌ ݔܽ݉
஽

,ݔሺܭ| ,|ሻݐ |ሻݔሺݑ| ൑  ;ݎ

 

5ሻ	ቮ
ଵ݄ܥ
ߝ ൅ 	݇௜

෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ቐ݄෍ߟఌ,௦௛

௝ିଵ

௦ୀଵ

݄ ෍ ௠,௦ܭ

௜

௠ୀ௝ାଵ

ఌ,௠ݑ ൅

௜ିଵ

௝ୀଵ

 

൅݄ ෍ ఌ,௦௛ߟ
௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜

௠ୀ௦ାଵ

ቑቮ ൑
ଵܥ ଴݄ܶܯ
ߝ ൅ ݇௜

෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
1

ߝ ൅ ௝݇
ൈ

௜ିଵ

௝ୀଵ

 

ൈ ቐ݄෍หߟఌ,௦௛ ห

௝ିଵ

௦ୀଵ

݄ ෍ หݑఌ,௠ห

௜

௠ୀ௝ାଵ

൅ ݄ ෍ หߟఌ,௦௛ ห

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ หݑఌ,௠ห

௜

௠ୀ௝ାଵ

ቑ ൑ 

൑
ଵܥ ଴ܶ݀ݎܯଶ݄

݀ଵߝ
݄෍หߟఌ,௝

௛ ห ൑

௜ିଵ

௝ୀଵ

ଵܥ ଴ܶ݀ݎܾܯଶ݄
݀ଵߝ

ฮߟఌ,௜
௛ ฮ

஼೓
; 

6ሻ	ቮ
1

ߝ ൅ ݇௜
݌ݔ݁ ቌെ݄෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍ݄෍ሾܯ௜,௝

௜ିଵ

௝ୀଵ

൫ݑఌ,௝൯ െ ௝൯ሿቮݑ௜,௝൫ܯ ൑ 

൑
݀ଶܾ ଴ܶ

݀ଵ݁
ሺܮଶ ൅ ଵܮଶܥ ൅ ఌ,௜ߟேሻฮܮ

௛ ฮ
஼೓
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7ሻ ቮ
ଵܥ

ߝ ൅ ݇௜
ቌെ݄෍݌ݔ݁

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍ ݄෍݄

௜ିଵ

௝ୀଵ

෍ ௦ܰ,௝

௜

௦ୀ௝ାଵ

൫ݑ௝൯ߟఌ,௦௛ ቮ ൑
ேܾܯଵܥ
݁݀ଵ

ฮߟఌ,௜
௛ ฮ

஼೓
; 

 

8ሻ	ቮ
ଵܥ

ߝ ൅ ݇௜
݌ݔ݁ ቌെ݄෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍ݄෍݄ ෍ ൣ ௦ܰ,௝൫ݑఌ,௝൯

௜

௦ୀ௝ାଵ

െ ௦ܰ,௝൫ݑ௝൯൧ݑ௝ቮ ൑

௜ିଵ

௝ୀଵ

 

൑
ݎேܾܭଵܥ
݁݀ଵ

ฮߟఌ,௜
௛ ฮ

஼೓
. 

 
On the basis of estimates 1) -8) for the error vector ߟఌ,௜

௛  from (5) we obtain 

หߟఌ,௜
௛ ห ൑ ఌ,௜ߟฮݍ

௛ ฮ
஼೓
൅ |௜ݑఌܪߝ| ൅ |ܴ௜|, ሺ6ሻ 

Missing the cumbersome calculations, note that the next estimate for ܴ௜ holds true as in [2]:  
‖ܴ௜‖஼೓ ൑ ଶ݄ܰ/ߝ ൅ ଷ݄ܰ, 0 ൏ ଶܰ, 	 ଷܰ ൌ  .ݐݏ݊݋ܿ

 
Since according to [3]: 
 

ฮܪߝఌ௛ሾݑ௜ሿฮ஼೓
൑ ଵܰߝ, 0 ൏ ଵܰ ൌ  ,ݐݏ݊݋ܿ

 
then we get estimate by the grid norm from (6) 
 

ฮߟఌ,௜
௛ ฮ

஼೓
൑ ሺ1 െ ሻିଵሺݍ ଵܰߝ ൅ ଶ݄ܰ/ߝ ൅ ଷ݄ܰሻ. 

 
Taking into account that ߝ ൌ ܱሺ݄ఈሻ, we arrive at the estimate of the theorem, which was to be 

proved. 
Equation (4) is a system of nonlinear, therefore we obtain the following system of equations with 

respect to ݑఌ,௜ 

ఌ,௜ݑ ൌ
ଵܥ

ߝ ൅ ݇௜
ቐ݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇

௜ିଵ

௝ୀଵ

൅ ቌെ݄෍݌ݔ݁
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀଵ

ቍቑ ൈ 

 

ൈ ݄ ቐቌ݄෍ܭ௜,௦ݑఌ,௦

௜ିଵ

	௦ୀଵ

ቍ ൅ ቌ݄෍ ௜ܰ,௦൫ݑఌ,௦൯

௜ିଵ

௦ୀଵ

ቍቑݑఌ,௜ ൅ 

 

െ
1

ߝ ൅ ݇௜
݄෍݁݌ݔቌെ݄ ෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇
ൈ

௜ିଵ

௝ୀଵ

 

 

ൈ ቐ݄෍ሾܯ௝,௦൫ݑఌ,௦൯

௝

௦ୀଵ

െ ఌ,௦൯ሿݑ௜,௦൫ܯ െ ݄ ෍ ఌ,௦൯ݑ௜,௦൫ܯ

௜ିଵ

௦ୀ௝ାଵ

െ ఌ,௦ݑଵ݄෍ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜ିଵ

௠ୀ௝ାଵ

	െ ଵ݄ܥ ෍ ఌ,௦ݑ

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜ିଵ

௠ୀ௦ାଵ

െ ଵ݄෍݄ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ෍ ܰ௠,௦൫ݑఌ,௦൯

௜ିଵ

௠ୀ௝ାଵ

ఌ,௠ݑ െ ଵ݄෍݄ܥ ෍ ܰ௠,௦൫ݑఌ,௦൯ݑఌ,௠

௜ିଵ

௠ୀ௦ାଵ

൅ ௝݂ െ ௜݂ቑ

௜ିଵ

௦ୀ௝

൅ 
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൅
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ߝ ൅ ݇௜
݌ݔ݁ ቌെ݄෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍቐ݄෍ܯ௜,௝൫ݑఌ,௝൯ ൅

௜ିଵ

௝ୀଵ

ఌ,௝ݑଵ݄෍ܥ

௜ିଵ

௝ୀଵ

݄ ෍ ఌ,௦ݑ௦,௝ܭ

௜ିଵ

௦ୀ௝ାଵ

൅ 

൅ܥଵ݄෍݄

௜ିଵ

௝ୀଵ

෍ ௦ܰ,௝൫ݑఌ,௝൯

௜ିଵ

௦ୀ௝ାଵ

ఌ,௦ݑ ൅ ଴,௛ݑߝ ൅ ௜݂ቑ , ݅ ൌ 1. . ݊,							ሺ7ሻ 

 
Estimate the expression 

௜ܷିଵሺݑଵ, . . . , ௜ିଵሻݑ ൌ ቐ݁݌ݔ ቌെ݄෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀଵ

ቍ ൅ ݄෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ ൈ

௜ିଵ

௝ୀଵ

 

ൈ
௝ܩ

ߝ ൅ ௝݇
ቋ
ଵ݄ܥ
ߝ ൅ ݇௜

ቐቌ݄෍ܭ௜,௦ݑఌ,௦

௜ିଵ

	௦ୀଵ

ቍ ൅ ቌ݄෍ ௜ܰ,௦൫ݑఌ,௦൯

௜ିଵ

௦ୀଵ

ቍቑ 

putting ܥଵ ൌ ,଴݄ଶܥ 0 ൏ ଴ܥ ൌ  .ݐݏ݊݋ܿ
Then 

| ௜ܷିଵሺݑଵ, . . . , |௜ିଵሻݑ ൑
ሺݎܯ ൅ܯேሻܥଵ݄

݁݀ଵ
൅ ଴ܶ݀̅ଶܾ

ሺݎܯ ൅ܯேሻܥ଴݄
݀ଵ

, 

 

݀̅ଶ ൌ ݌ݑݏ ቮ݄෍ቌ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ ቌെ݄݌ݔ݁ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ

௜ିଵ

௝ୀଵ

ቮ. 

If  

݄ ൏
݁݀ଵ

଴ܶ݀̅ଶܾܥݎܯ଴
,			ሺ8ሻ 

 
then | ௜ܷିଵሺݑଵ, . . . , |௜ିଵሻݑ ൏ 1. If condition (8) is satisfied, the system (7) can be rewritten in the form 
 

ఌ,௜ݑ ൌ ൫1 െ ௜ܷିଵሺݑଵ, . . . , ௜ିଵሻ൯ݑ
ିଵ
቎െ

݄
ߝ ൅ ݇௜

෍݁݌ݔቌെ݄ ෍
௦ܩ

ߝ ൅ ݇௦

௜

௦ୀ௝ାଵ

ቍ
௝ܩ

ߝ ൅ ௝݇

௜ିଵ

௝ୀଵ

ൈ 

ൈ ቐ݄෍ሾܯ௝,௦൫ݑఌ,௦൯

௝

௦ୀଵ

െ ఌ,௦൯ሿݑ௜,௦൫ܯ െ ݄ ෍ ఌ,௦൯ݑ௜,௦൫ܯ

௜ିଵ

௦ୀ௝ାଵ

െ ఌ,௦ݑଵ݄෍ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜ିଵ

௠ୀ௝ାଵ

	െ ଵ݄ܥ ෍ ఌ,௦ݑ

௜ିଵ

௦ୀ௝ାଵ

݄ ෍ ఌ,௠ݑ௠,௦ܭ

௜ିଵ

௠ୀ௦ାଵ

െ ଵ݄෍݄ܥ

௝ିଵ

௦ୀଵ

ൈ 

ൈ ෍ ܰ௠,௦൫ݑఌ,௦൯

௜ିଵ

௠ୀ௝ାଵ

ఌ,௠ݑ െ ଵ݄෍݄ܥ ෍ ܰ௠,௦൫ݑఌ,௦൯ݑఌ,௠

௜ିଵ

௠ୀ௦ାଵ

൅ ௝݂ െ ௜݂ቑ

௜ିଵ

௦ୀ௝

൅ 

൅
1

ߝ ൅ ݇௜
݌ݔ݁ ቌെ݄෍

௦ܩ
ߝ ൅ ݇௦

௜

௦ୀଵ

ቍቐ݄෍ܯ௜,௝൫ݑఌ,௝൯ ൅

௜ିଵ

௝ୀଵ

ఌ,௝ݑଵ݄෍ܥ

௜ିଵ

௝ୀଵ

݄ ෍ ఌ,௦ݑ௦,௝ܭ

௜ିଵ

௦ୀ௝ାଵ

൅ 

൅ܥଵ݄෍݄

௜ିଵ

௝ୀଵ

෍ ௦ܰ,௝൫ݑఌ,௝൯

௜ିଵ

௦ୀ௝ାଵ

ఌ,௦ݑ ൅ ଴,௛ݑߝ ൅ ௜݂ቑ , ݅ ൌ 1. . ݊,								ሺ9ሻ 

 
It is not difficult to see that (9) is a recursive formula. 
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Results 
This equation is reduced to the Volterra integral equation of the third kind and a numerical method is 

developed on the basis of that regularized equation. The convergence of the numerical solution to the 
exact solution of the Volterra integral equation of the first kind is proved, an estimate of the permissible 
error and a recursive formula of the computational process are obtained. 
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МЕТОД ЧИСЛЕННОГО РЕШЕНИЯ НЕЛИНЕЙНЫХ 

ИНТЕГРАЛЬНЫХ УРАВНЕНИЙ ВОЛЬТЕРРА ПЕРВОГО РОДА 
 
Аннотация. При рассмотрении систем дифференциальных уравнений с весьма общими краевыми 

условиями, точные методы решения наталкиваются на большие трудности, которые становятся непреодо-
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лимыми при рассмотреиии нелинейных задач. В этих случаях приходится обращаться к тем или иным 
численным методам решения. Важно отметить, что использование численных методов зачастую позволяет 
отказаться от упрощенной трактовки математической модели процесса. В работе изучаются вопросы 
численного решения нелинейных интегральных уравнений Вольтерра первого рода с дифференцируемым 
ядром, которое вырождается в начальной точке диагонали. Рассматриваемое уравнение сводится к 
интегральному уравнению Вольтерра третьего рода и на основе регуляризованного уравнения разработан 
численный метод. Доказана сходимость численного решения к точному решению интегрального уравнения 
Вольтерра первого рода, получены оценка допускаемой погрешности и рекурсивная формула 
вычислительного процесса. 

Ключевые слова: нелинейное интегральное уравнение, систему нелинейных алгебраических 
уравнений, вектора погрешности, уравнение Вольтерра, малый параметр, численный метод. 
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БІРІНШІ ТҮРДЕГІ СЫЗЫҚТЫ ЕМЕС ИНТЕГРАЛДЫ ВОЛЬТЕРРА 
ТЕҢДЕУЛЕРІН САНДЫҚ ШЕШУ ƏДІСІ 

 
Аннотация. Дифференциалдық теңдеулер жүйесін өте жалпы шекаралық шарттармен қарастырған 

кезде, сызықты емес проблемаларды қарастыру кезінде шешілмейтін қиындықтарға айналдырудың дəл 
əдістері. Мұндай жағдайларда белгілі бір сандық əдістерге жүгіну керек. Сандық əдістерді қолдану, 
процестің математикалық моделін оңайлатылған түсіндіруден бас тартуға мүмкіндік береді. Алғашқы 
түрдегі сызықты емес Вольтерра интегралдық теңдеулерін диагональды бастапқы нүктесінде нөлге 
келтіретін дифференциалды ядро сандық шешудің сандық мəселелері қарастырылады. Қарастырылып 
отырған теңдеу Вольтерра интегралдық теңдеуін үшінші түрге дейін азайтады жəне реттелген теңдеудің 
негізінде сандық əдіс əзірленеді. Сандық шешімнің бірінші түрдегі Вольтерра интегралдық теңдеуінің дəл 
шешіміне дəлелденді, рұқсат етілген қателікті бағалау жəне есептеу үдерісінің рекурсивті формуласы 
алынды. 
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