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DESIGN OF THE THIRD-ORDER CURVES OF THE TYPE
THE HYPERBOLISM OF THE HYPERBOLA

Abstract. The solution of many engineering problems requires the construction of curves with given
characteristics. One way to create the curves is to obtain a new curve by some transformations of an already known
curve. This method is especially important because the line of the family of lines belonging to the prototype, is
definitely displayed in the relevant lines, of the family of lines of the constructed surface. And knowing the
properties of the transformation and the preimage, it is easy to establish the properties of the image.

In this regard, this article proposes an algorithm (method) for constructing a third-order curve, where the initial
image is a parabola. The choice of the parabola is based on the fact that among the set of curves of the third order
when modeling the technical curves in CAD, the most widely used is a cubic parabola due to its’ uniqueness. The
essence of the method is as follows. Each focal straight line of parabola crosses the parabola at two points, through
which two straight lines (parabolic beams) run parallel to the focal axis, and a set of pairs of these lines form a
bundle with an improper center. The set of points of intersection of the bundle of lines with the center at the point P
with a projective to thatbundle of straight lines (parabolic beams) forms a curve of the third order, namely
"hyperbolism of hyperbola™ according to Newton's classification.

Key words: Second order curves, curves of the third order, cubic parabola, a number of second-order, bundle of
the second order, hyperbolism of conic sections, the hyperbolism of the hyperbola.

Introduction. In the design of surfaces, especially non-linear, an important condition is to obtain its
model, described by the simplest algebraic equations. This allows you to produce a component a complex
surface, minimal cost and high accuracy. The line, line families belonging to the prototype are uniquely
mapped on corresponding lines, on line families of the surface being constructed [3]. The study of the
curve features and its properties by means of differential geometry is possible only if the curve is
expressed in an analytical form, i.e. by an equation. However, in many problems of theoretical and
especially of practical nature, before investigating the equation of the curve, it is necessary to make it on
the basis of some data that somehow determine this curve and expressed in the problem conditions [5].
Therefore, knowing the properties of the transformation and the prototype, it is not difficult to establish
the properties of the image. In this regard, research in this area is considered very relevant.

This article relates to the field of formation of third-order curves. It gives a method based on the use
of an auxiliary parabola of the second degree.

Of the many third-order curves, the cubic parabola is the most widely used for modeling the technical
curves in CAD because of its unambiguity. The parabola equation of the 3rd degree has the form

y =ax’ +bx* +cx+d

When considering the projective method of curve formation, the concept of the order of a series of
points and a beam of lines is introduced [15, 16]. The notion of a second-order series and a second-order
sheaf makes it possible to define with projective method algebraic curves of higher orders and classes.
Thus, in General, if two sheaves of first-order lines lie in the same plane and are projective with each
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other, then the intersection points of their respective lines form a second-order curve, and similarly, if a
sheaf of first-order lines and a sheaf of second-order lines lie in the same plane and are projective with
each other, then the intersection points of their respective lines form a third-order curve.

In theoretical and engineering practice it is developed and proposed, taking into account the above
mentioned, many ways of making the curves of the third order, where the original images are: a bundle of
conic sections and projective to it pencil of lines; the points and straight lines; triangle; circle; parabola;
conic sections; conic section and triangle, etc. [8,11, 12,13,14,17].

Materials and methods. It should be noted that for construction of the third order curve, where
parabola is the original image, 28 different approaches (methods) presented [14].
In the monograph of G. S. Ivanov [8, 9, 10] "Construction of technical surfaces" it is proposed to use
cubics given in the form
Ay taX+axt+ax
b, +b,x+b,x°

y

and obtained by means of cremonic involutions with non-owned center.
Here the involution 1, is given by non-owned point F*, the axis Oy of the reference system, and an

invariant cubic decayed into a straight line d* and a second-order curve d? (hyperbola with asymptot or a
parabola with a vertical axis) (figure 1).

yiF)

Figure 1 - Involution |3 with non-owned point

We propose an algorithm (method) for constructing a third-order curve, where the initial image is
parabola. The essence of the method is that the set of points of intersection of bundle of straight lines with
the center at the point P with a projective to it bundle of straight lines (parabolic rays), forms a curve of
the third order.

Let us have a parabola y = ax> +bx+c, with a vertex at the origin, ¢ = 0, and its focal axis

coincides with the ordinate axis (figure2) [4,6,7].

The straight lines of the beam P and the straight lines of the beam L form a bundle of first-order
straight lines (figure 3).

The projective correspondence of the first-order beam P with the center at p and the beam L
(parabolic rays) is established using the beam F of the focal lines of this parabola.

The position of the straight line of the first-order beam P with the corresponding straight line of the
beam F of the focal lines can be determined by the angular displacement A.

If the straight line of the beam P of the first order is located at an angle « to the abscissa axis, then
the corresponding straight line of the beam F of focal straight lines is located to the abscissa axis at an
angle a + A (figure 2).
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Figure 2 - Intersection points of projective lines

The focal straight line f crosses the parabola at points 1, 1°. Two straight lines I, I* (two parabolic
rays) pass through these points. The line p intersects with these lines at points M, M".

Each pair of straight lines 1., Ii' of the beam L is incident to the intersection points of the focal
straight line f; with a given parabola d?.

To each straight p; of the beam (P) corresponds two straight I; of the beam (L) and Vice versa, to each
straight I; of the beam (L) corresponds one straight p; of the beam (P).

Therefore, the correspondence between the straight of the beams (P) and (L) [1, 2] - valued.

2
Nl
ff}f/ﬂ—

Figure 3 - Building a lot of points

The order of an algebraic curve, as a result of the intersection of the corresponding straight lines of
two sheaves, is

1.1+1-2=3

Thus, each straight line p; of the beam (P) intersecting with two straight lines Ii of the beam ( L ),
located on different sides of the axis of symmetry of the parabola, gives a set of points Mi, constituting a
curve of the third-order.
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Derivation of the curve equation. We write the equation of the line passing through the focus F of
the parabola
y=kx+t
here the value t is the deviation of the focus from the origin in the direction of the axis y. We
calculate it from the parabola equation under the condition X = 2y (according to the geometric definition
of a parabola). Then,
1-2b
4a

Solving the equations of the parabola and the focal line together, we determine the coordinates X, X,
of the points of their intersection.

Substituting the coordinates X, X, in the equation of the line passing through the point P, we
calculate the coordinates Y,, Y, of the points of intersection of this line with projectively corresponding to
it the lines |, of the bundle L.

The set of points { X, Y, }, {X,, Y, } computed with the variable & (0 < o <180°) make up a third-
order curve of the type of hyperbolism of a hyperbola.

Results and discussion. The nature and shape of the obtained curves show that they belong to the
fourth class of Newton's classifications- "hyperbolisms of conical sections".
Hyperbolism of conical section

yx* +ex=cy+d (a=b=0)

can be considered as a special case of a parabolic hyperbola in which the parabolic asymptote has split

into two parallel lines: X = i\/g. Hyperbolisms have three asymptotes: y=0,Xx = i\/E and a double
infinitely distant point

Hyperbolisms of the conic sections are divided into three kinds [14]. Studies have found that the
position of the center of the bundle (P) determines belonging to a certain genus (Fig.4, 5 — hyperbolism of
the hyperbola). And the value of the parameter affects the position of the asymptotes and the shape of the

curves themselves.
¥

Figure 4 - The center P of the beam P is located outside the band bounded by the asymptotes
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Figure 5 - The center P of the beam P is located between the asymptotes

Conclusion. We have developed an algorithm (method) for constructing a third-order curve, where
the initial image is a parabola. In this case, the transformation results in a third-order curve belonging to
the fourth class of Newton's classifications- "hyperbolisms of conical sections”, namely hyperbolism of
hyperbola. Studies have shown that changes in the parameter A and the position of the center P of the
beam P can be controlled by the shape of the resulting curve.

H.C. Ym6eton', K. K. ’Kanaoaes!, I'.C. UBanoB?

IM. Oye3sor arbinaarsl Ourycrik Kazakcran memsekerTik yausepeuteti, [lIbivkent, Kazakcran;
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I'MIIEPBOJIAHBIH T'MITIEPBOJIM3MI YJIT'JIT
YIITHIII JOPEKEJI KUCBIKTAPAbI KYPACTBIPY

AnHoTanus. KemnrereH WHKEHEpJiK Mocenenepni Imenry Oenriii cumarramanapbl 0ap KHCBHIK CBHI3BIKTapbI
cayabl KakeT erefi. KHUCBIK CBI3BIKTapAbl TYPFBI3YABIH Oip ofici — angslH-ana Oenrisli KUCHIKTHI KONTEreH Oenrisi
TeOMETPUSIIBIK TYPICHAIPY SicTepiHiH 0ipi apKbUIbI )KaHa KUCHIK CHI3BIKTHI aly. KUCBIKTBI KYPacThIPYIbIH OYIT 9/1ici
eH TUiMal 00JbIn TaObutaabl. O KaHa KUCBHIKTap/Ibl aHBIKTayFa apHAJFaH CapKbUIMANTHIH Kypaiaapasl Oepim KaHa
KOMMaii/ipl, COHBIMEH Karap ’aHa KHCBIKTBIH KaCHETTepiH TYPJICHAIPIJIETIH KUCHIKTBIH KECKiHI PETIHJe aHbIKTayFa
MyMKiHnik Oepeni. CoHbIMEH Kartap, OYJ OJICTIH €peKIle MaHBI3ABIFBI - TYPJICHAIPUICTIH KECKIHre »KaTaThlH
CBI3BIKTAp TOOBI CIliKeC ChI3BIKTApFa, KYPACTHIPHIIATHIH OET CHI3BIKTAPBIHBIH TOOBIHA Oip KAJIBINTHI KECKiHAEe 1. Al
TYPJACHIIPY OMICIHIH OHE OacTamKbl KUCBHIKTBIH KACHETTEPIH OUIC OTBHIPBIN, ANBIHATHIH CHI3BIKTHIH KAaCHETTCPIH
aHBIKTay KWBIH emec. berrepni, ocipece KHCBIK CBHI3BIKTHI OeTTepii camy Ke3iHAe KapamaibiM anredpaibiK
TEHJICYJIEPMEH CHUIATTaIFaH OHBIH YITICIH ady MaHBI3IbI MapT Ooubll Tabbutanel. by kypaem Oerti OGesmmekti
KYHBI K€M Jie KeM, JKOHE JKOFaphl JANIIriMeH jkacayFa MYMKIiHIIK Oepemi. OChIFaH OaijIaHBICTBI, OCHI CaaJaFbl
3epTTeyliep oTe ©3eKTi OOJBIN CaHaaIbl.

By makana yuriHmi gopeskenni KACBIKTapIbl TYPFBI3Y oficTepiHe KaTbicThl. OChIFaH OaimaHbICTHI, Oy MaKanaaa
eKIHII JopekeNi KOMEKII mapaboilaHel KOJNaHyFa HETI3IEeNTeH YIIIHII JOPeXelli KHUCHIK CBI3BIKTHI TYPFBIZY
anroput™i  (9mic) yceiHbUIFaH. [lapabonaHbl TaHIAynblH HETi3ri ce0edi - TEeXHUKAIBIK KUCBIKTAp.Ibl
aBTOMATTAHBIPbUIFAH €CeNTey XKyieJepiHae MOJeNbley/e CKIHII KOHEe YIIHII JOpeKeli KOI ChI3BIKTapIbIH
apacelHIa Oipereilik KacHeTiHiH apKachblHIa KEeHIHeH KOJJaHBUIATHIH mHapabosa Goiein TaObuiambl. by xepre,
TYpJIeHIIpy HoTIXKeciHAe HbIoTOHHBIH KiaccuuKanusachl OOHMBIHINA TOPTIHIN KiIacKa »aTaThblH «KOHYCTBIK
KAMalap/blH TUnepOoau3MIepi» THUNTI YHIHII J9pexedi KHCBIK ChI3bIK Maijga Oosaapl - artam aiTkaHzna
THIIepOO0IIaHbIH THIIEPOOTU3MBI.
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YCBHIHBUIBIIT OTBIPFAH OMICTIH MoHI Kenecifeif. Bisre exinmi gopexeni d? mapabomacel xkoHe P HykTeciHie
ILOFBIPJIAHFAH ) CHISBIKTAP LIOFHI Oepinren aemik. d? napaGonanbid op6ip GOKAIABIK ChI3bIFBI OCHI NapabosaHbl €Ki
HYKTE apKbLJIbl KUBII ©TE/I, OJ1 HYKTeIep apKbUIbl (POKANIBIK OChKE Mapajuieb eki Ty3y (mapabosaibsik coynenep) |,
I” ereni, skoHE OCBI CHI3BIKTAPBIH KOIITEreH XKYITAPhl ©31H/IIK eMeC IIEHTPMEH 10K Kypaiiasl. [lentpi P, p cri3bIkTap
IIOFBIHBIH OFAH MPOEKTHUBTI TY3yJep MOFbIMEH (mapabonanblk caynenep) |, I KubLibicy HyKTenepiHiH AKUBIHTBIFS! 03
YIIHIII JTOPEkKEITi KHUCHIK ChI3BIKTHI KYPAHIIBI, )KOHE O «THIepOOIaHbIH THIIEPOOTU3MBDy OO0k Tadbutansl. LeHTpi
P HyKTeciHze opHanacKaH OipiHIII Jopexkelni P Ty3yJiep WOFbIHBIH KOCapliaHFaH Ty3yJep (mapabomaibik coynenep) |,
I’ 1IoFpIMeH MPOEKTUBTI COMKECTIri 0ChI MapaboaaHbiH (POKYCTBIK ChI3BIKTAPBIHGIH, f [IIOFbI apKBUTBI TaFaibIHIATA b
Bipinmri gapexeni p MIOFbI TY3y CBI3bIFBIHBIH OFaH MPOEKTHBTI coiikec KeneTiH f (OKanIbIK MIOFbI ChI3BIFBIHBIH ©3-
apa opHajacy *arJaaibl oJlapAbIH OYPBIIITHIK KBUDKYbI A apKbUIbI aHBIKTATYbl MYMKIH. 3€pTTEyJIep HOTIKECIHIE p
HIOFBIHBIH P LIEHTPiHIH OpHBIH XoHE A mMapaMeTpiH e3repTy apKbUIbl Maiia OONFaH KHUCHIK CHI3BIKTBIH MilIiHI
OacKappUIATBIHABIFG AHBIKTANABL. ¥ CHIHBUIFAH OMICTIH aca epeKIIeNiri - TYpJeHIIpy HOTIDKeCiHIe makma OoiraH
CBI3BIK TCK KaHa «TUMEPOOTaHbIH THIIEPOOTHU3MBDY OOJIBII TAOBLIA B, )KOHE 0acKa KUCHIK CBI3BIK O0JIMAiiIbl, COHIAM-
aK, eCenTey KUCBIHIbI alTOPUTMACPAIH KapamalbIMIbLIBIFGI aBTOMATTAHABIPBUIFAH €CeNTey JKyHenepinae MyHaan
KHUCBIKTAP bl MOJICIIB/ICY KE31HC MAHBI3/IbL.

Tyiiin ce3mep: Exinmr nopexeni KUCHIK CBI3BIKTAp, YIIIHII JOPEKENT KUCBIKTApP, TCKINETIK napadoia, eKiHIii
JIOpeXKENi KaTapiap, CKIHII JOPEKENi CHI3BIKTAP IIKFBI, KOHYC KHMAachl THIEPOOIM3MIIEpPi, THIepOOIaHbIH
runepoonn3Mi.
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KOHCTPYUPOBAHUE KPUBBIX TPETBEI'O ITIOPAIKA
THUIIA TMITEPBOJIN3M I'MITEPBOJIbBI

AnHoTanusi. PernieHne MHOTMX HWHXKEHEPHBIX 3aiad TpeOyeT IOCTPOEHHsS KPUBBIX JIMHUHA C 33JaHHBIMU
xapakrepuctikamu. OTHUM U3 cItocoO0B 00pa30BaHUS KPUBBIX SBJISACTCS MOTYICHHE HOBOW KPUBOH IyTEM TOTO HITH
MHOTO TEOMETPHUYECKOTO MPeoOpa3oBaHMsl YK€ M3BECTHOW KPHUBOW. DTOT CIOCOO0 0O0pa30oBaHMS KPHBBIX SBIISCTCS
Hambonee 3ddexkTuBHBIM. OH HE TONBKO NAaéT HEHCCSIKAaeMBIE CPEICTBA [UIA ONPENCICHUS HOBBIX KPHUBBIX, HO U
MO3BOJISIET ONPEAEIATh CBOMCTBA HOBOM KPHBOHM Kak OTpa)XKeHHWE CBOWCTB MIpeoOpazyemoi KpuBoil. Takxke, 3TOT
crnoco0 0co0eHHO BakKeH MOTOMY, YTO JIMHHSA, CEMEHCTBa JMHHH, NPHHAUICKANINX MHpooOpa3y, OTHO3HAYHO
0TOOpakaloTCsl B COOTBETCTBYIOIINE JIMHHUM, CEMEHCTBA JTMHUN KOHCTPYHPYEMOW TOBEPXHOCTH. A 3Has CBOWCTBA
npeobpa3oBaHus U MpooOpasza, HETPYIHO YCTaHOBHUTH CBOMCTBa obOpasa. Ilpu KOHCTpyHpOBaHHM NOBEPXHOCTEH,
OCO6CHHO HeﬂHHeﬁ'-laTbIX, BaXHBIM YCJIOBUEM MABJACTCA IOJYYCHHUE €€ MOJICIIN, ONMChIBAEMOM HpOCTeﬁLHHMPI
anre6pa14quK14M1/1 YpPaBHCHUSAMMU. 3TO MO3BOJIAET U3TOTOBUTH JA€Tajlab CO CJIOKHOM TMOBEPXHOCTHIO C MUHUMAJIbHBIMU
3aTpaTaMH W BBICOKOH TOYHOCTBIO. B CBsI3M € 3THM, HCCleIOBaHHMS B JaHHOW 00JAacTH CUMTAIOTCS BEChbMa
AKTYaJIbHBIMH.

JanHas crtathst OTHOCHTCS K 00JlacTH OOpa3oBaHMs KPHUBBIX TPETHETO NOpsAKa. B CBs3M ¢ 3TuM B JaHHOU
CTaTbe MpeIiaraeTcst aNropuT™ (CIoco0) MOCTPOCHUST KPHBOH TPETHETO MOPSIIKA, OCHOBAHHBIN Ha WMCIOIH30BaHUH
BCIIOMOTATENFHON TMapa0obl BTOPOH cTermeHH. BriOop mapaboibl OCHOBaH Ha TOM, YTO M3 MHOXECTBAa KPHUBBIX
BTOPOTO ¥ TPETHETO MOPSIKA P MOACTHPOBAHUH TeXHIMUECKUX KpUBHIX B CAIIP Hambosee mupoKo MPUMEHSETCS
nmapaboJa u3-3a ee 0HO3HAYHOCTH. IIpu 3TOM B pe3ynbTaTe MpeoOpa3oBaHus MOITy9IaeTCsl KPUBAs TPETHEro MOPSIKa,
OTHOCSIIAsICS K YETBEPTOMY Kiaccy mo kimaccuukanuii HeroToHa — «I'HmepOomn3Mbl KOHHUECKUX CEUCHUI», a
MMEHHO TUNepOOoIU3M TUIepOOIIBI.

CyTb crniocoba 3aKiiodaeTcs B cieayrouieM. IlycTb Mbl iMeeM napaboity BToporo nopsiaka d2 u myuék npsaMeix p
c uentpoM B Touke P. Kaxnas dokanbhas npsmas f mapa6ossr d? nepecexaer sty napaboiy B JByX TOYKax, 4epe3
KOTOpBIE POXOJST ABE HpsiMble (apabonmyeckux Jiyun) |, I” mapasnensHo (pokanbHON OCH, @ MHOXKECTBO Map THX
HPSIMBIX 00pa3yIoT IMy4OK C HECOOCTBEHHBIM [IEHTPOM. MHOXECTBO TOUEK IIepecedeH s IyYKa NPsIMBIX P ¢ IIEHTPOM
B Touke P ¢ MPOCKTHBHBIM €My My4YKOM NpsiMbIX (mapabosinyeckux sydeid) |, I, o6pasyer KpuBy0 TpeThero mopsaka
d® a umeHHO «runep6OIU3M THIEPOObDY. TIPOEKTUBHOE COOTBETCTBUE MydKa [ IIEPBOrO IMOPAAKA C LEHTPOM B
touke P u myuka (mapaGonuueckux yueid) |, I’ ycranasmuBaercst ¢ momornsio mydka f poKambHBIX MPAMBIX JaHHON
napaboisl. ITojokeHne MPSMOM TIydka P TEPBOTO MOPSAKA C MPOSKTHBHO COOTBETCTBYIOMIEH TpsiMoi myuka f
(l)OKaJ'le])lX NnpsAMBIX MOXKET OINPEACIATECA YIJIOBBIM CMCIICHUEM A. I/ICCﬂeZlOBaHI/IHMI/I YCTaHOBJICHO, YTO
N3MEHEHMsIMHU TapaMeTpa A 1 IoJ0XKEeHHeM IeHTpa P mydka P MOXHO yHpaBisiTh (POPMOM ITOJTy4aeMoil KpHUBOM.
OTIMYUTENBEHON OCOOCHHOCTBIO IPEUIaraeMoro Crocooda sBISIeTCsl TO, YTO Pe3yJIbTaTe MpeoOpa3oBaHus MOITy4aeTCs
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HUMEHHO «THIIEpOOJIN3M TUIEpOOIb», U HUKAKas APyras KpHUBas, a TaK ’Ke, IPOCTOTa BEIYUCIUTEIbHBIX allTOPUTMOB,
9TO Ba)KHO IIPH MOJEIHPOBAaHUN TakuX KpuBbix B CATIIP.

KaioueBbie ciioBa. KpuBble BTOpOro mopsijika, KpHBbIE TPEThEro MOpsaKa, KyOudeckas mnapaboia, psja
BTOPOTO MOPSIJIKA, IyYOK BTOPOTO MOPSI/IKA, TUIEPOOIN3Mbl KOHUUECKHX CEUSHHH, THIIEPO0IJIN3M IHIIEPOOIBL.
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