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ON ONE METHOD OF RESEARCH OF MULTIPERIODIC
SOLUTION OF BLOCK-MATRIX TYPE SYSTEM
WITH VARIOUS DIFFERENTIATION OPERATORS

Abstract. There is researched the problem of existence and integral representation of a unique multiperiodic
solution in all independent variables of a linear system with constant coefficients and with various differentiation
operators in the direction of a vector field. Based on the Cauchy characteristics method, a methodology is developed
for constructing solutions of initial problem for a linear system with constant coefficients and various special
differentiation operators along two straight lines of the independent variables space, where integration characteristics
are determined using a projector. It is given a methodology for constructing a matrix of homogeneous block-
triangular system, as well as a matricant of a homogeneous linear system in the general case when a Jordan block is
split into the sum of two sub-blocks. The Cauchy problems for linear homogeneous and nonhomogeneous systems
with integral representation are solved using this methodology. At the same time, the introduced projectors for
determining characteristics were of significant importance. Along with the construction of general solutions of linear
systems with two differentiation operators, a theorem on the conditions of multiperiodicity of their solutions is
proved. On their basis, in noncritical case, the theorem on existence and uniqueness of a multiperiodic solution of
linear nonhomogeneous system is proved and its integral representation is given. The developed methodology has the
perspective of extending the results obtained to the quasilinear case of system under consideration, as well as to the
cases of a system with n various differentiation operators and multiperiodic matrices with partial derivatives of the
desired vector function.

Key words: multiperiodic solution, method of characteristics, projection operators, differentiation operators by
vector fields, integral representation.

Introduction. In solving many problems of modern science and technology, we often have to deal
with oscillatory processes that are described by partial differential equations. Thusfore, research of
oscillatory processes described by single and multifrequency periodic solutions of differential equations
systems has important theoretical and applied value. It is known that basis of oscillatory solutions theory
of differential equations originates from classical works of A.Lyapunov, A.Poincare, N.N.Bogolyubov,
N.M.Krylov, Yu.A.Mitropolsky, A.M.Samoilenko, A.N.Kolmogorov, V.l.Arnold, Yu.Moser and et al.
Methods for integrating systems of quasilinear differential equations with identical main part are described
in fundamental works [1-6]. It is known that basis of the theory of almost periodic and multiperiodic
solutions of partial differential equations systems is laid down in the works [4-10]. The works of many
authors has been devoted to finding effective signs of solvability and constructing constructive methods
for researching problems for systems of differential equations. we note only [11,12]. The research of
periodic, both time and space variables of the wave motion of the particle flow, non-stationary flows of
compressible liquids and gases [2], and linear gas whose molecules have different velocity values that
change each other during collisions, described by a system of partial differential equations [13], is of
considerable interest in the continuum mechanics theory. Note that the integration of quasilinear
differential equations systems with different main parts is one of the little-studied problems in the partial
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differential equations theory. Therefore, the development of methods for solving multiperiodic solutions
problems of such systems is at the initial stage of its development. Some ideas of these works methods,
based on researches [14-17], are extended in [18,19] to study multiperiodic solutions problems of
quasilinear equations systems with various differentiation operators along their characteristics. The
questions of multiperiodic solutions of quasilinear equations systems with various differentiation operators
are studied in [5] in terms of the matricant when the matrix of coefficients is block-diagonal. In [20] in the
case of a triangular matrix and in [18] the block-matrix method is used to construct the matricant, and in
[19] the problems of multiperiodic solutions are researched by introducing projection operators [21].
Numerous applications of problems for differential equations with various differentiation operators and
the necessity to expand the class of multiperiodic functions solvable in space, the creation of new
approaches to solving such problems represents a new scientific interest. The article proposes a method for
researching a multiperiodic solution of system with various differentiation operators, constructing
matricant of a linear system in general case, when splitting a Jordan block into the sum of two sub-blocks,
introducing projectors to determine characteristics, and establishing conditions for the existence of ((9, a))

periodic solutions of the system under consideration and their integral representations.
1. Problem statement. We consider linear system

Dx=Ax+ f(z,t), (1.2)
where x=(x,X,) is unknown vector function; x, are n;-vector, n,+n,=n, D=(D,D,) is
differentiation operator with various components

0 0
D, =—+(a,—), 1.1
-2 fn2) o
0 0
D,=—+{(a,,—), 1.1"
2] ar)

Dx:(Dlxl, D2x2), <ai,§> is scalar product of vectors a; and %; a, #a, are constant m -vectors;

Q: ii , A:[AjJi,,-:Lz is constant block nxn -matrix with blocks A of dimension N xn;:
ot \oy ot
A:(A’ll AIZJ, (12)
An Ay

f(z,t)=(f,(r,t), f,(r,t)) is given n-vector function with vector components f,(z,t) of dimension n,

=12, (r,t) are independent variables, re(—oo,+oo): R, t=(t,..t,)eR".
We set the problem of developing a methodology for integration, establishing the conditions for the
existence of (0, a))-periodic solutions of system (1.1) and their integral representations. In connection with

introduction of operator with various components (1.1')-(1.1"), system (1.1) is represented by blocks of
matrix and functions of input data, which require a new approach to the issue of its integration.

2. Methodology for constructing matricant of a homogeneous block-triangular system

For this purpose, we consider homogeneous system

Dx = Ax, (2.1)
corresponding to the system (1.1), which we describe in the section of differentiation operators
DX = A X + ALX,,
D,X, = Ay Xy + ApX, . (2.2)
The problem of constructing a matricant X (r) of system (2.1), or (2.2), in accordance with the

division into blocks of A:[Aj Ji 12 At first, we consider the block-triangular case when A, =0,,.
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Therefore,
O
A:[All 12]' (2.3)
An Ap

In this case, we write the system (2.2) as
Dix = AypXy s (2.4))
D,%, = AyXy + ApX, . (2.4y)) (2.4)
Using [4-6, 8], we construct a matricant X,,(z) of system (2.4, ) with condition X,,(0)= E,, based on
Xyy(7)= E1+_|.A11X11(S)ds’ (2.5))

0

and then we define a solution X, = X,,(z) with initial condition X,,(0)= E, from the matrix equation
(2.4,), where E, and E, are identity matrices, E = diag|[E,,E,] is n-matrix.
It is obvious that such initial problem is equivalent to integral matrix equation

Xonl£) = Ex + [ Xoole = 8)An X (s)s (25, )

This solution X,,(z) can be built using the same methodology as the matrix X, (z) is built.
Thus, we have a matricant X (r) of system (2.4) in the form

X (r)=diag[X,,(z), X, (7)]- (2.5)

Lemma. If the matrix A has form (2.3), then the matricant X(r) of system (2.4) is represented as
(2.5), where the diagonal blocks are defined by the integral equations (2.5,) and (2.5, ).

3. Construction of matricant of a homogeneous linear system in the general case
By replacement

X=By (3.1)
with a nondegenerate constant n-matrix B, we bring the system (2.1) to the form
Dy =Jy, J =diag(J,,....J, ), (3.2)

J; are blocks of Jordan matrix J an order I; with subdiagonal units, ] =1k, L +..+l =n+n,=n,
according to components D,, D, of operator D, the unknown function y has coordinates vy, y,.
In connection with equality I, +...+1, =n, +n,, two cases should be distinguished:
Ll+.+l =n, b+l L, =Ny, where k; +k, =k .
I+l g+l =0, L+l g+t by, =0y, where |, + =1, 1, >0, 1, >0, k, +k, =k .
In the case I, the system (3.2) has the form
Dlylszl, \]':diag (Jl"""]kl)' (3.3',)
D,y, =3%,, 3"=diag (| ;... + 1., ) (33)) (3.3,)
Then its matricant is defined in the diagonal form
Y (z)=diag(¥,(r). Y,(c)) (3.4)

with n;-blocks Y; (r) that are constructed using known methodology for constructing matricant.
In the case II, the Jordan block J, is split into the sum of two sub-blocks J; , J;’l and the
connecting sub-block J;" anorders I, , Iy, I, +I¢ =1, and the system (3.2) is represented as

Dy, =3V, (3.3))
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DiYi, = Ji Vi, DaYie, = Je Ve, + Ik, Vi, » (3.31,)(3.3,)
D,y,=3%,, (3.31)
where (yi,ye )=y, . 3'=diag (3,... 3, ) I, =diag (3} 37 ) I"=diag (I, 1 dir, ) Ka+ky =K.

The matricants Y,(z) and Y,(r) of systems (3.3;,) and (3.37) are constructed using the known

methodology for constructing matricants of systems with single differentiation operator. In order to
determine the matricant of system (3.3}, ), corresponding to the block J, , what is represented in sub-

blocks Jy , Ji and J;’, we write in an easy-to-understand form

D, J 0 Yw
= L y W= ! y V= v y 35
( D2v] (J k. Je \v Yiu Yiu (35)

4 00 .. 0 0 4 00 .. 0 0 0
1 40 .. 00 1 40 .. 00
# H 0 .. 0
A U PN £ O O
0 00 .. uoO 0 0 0 0
H H 0 .. 00
00 .. 1 u 000 .. 1 u

Assuming A, = x write down the system (3.5) in coordinate form:

DWW, = uw, Dvi =W, + 1V,
...................................................... (3.6)
DyWyg = Wy + 4 Wiy DoVig e = Vigaies + # Vig e

Since the system (3.5) and, therefore, the system (3.6) has a block-triangular form, we construct its
matricant Y, (r) based on the proved lemma. So, in case Il, we have a matricant of the form

Y (7)=diag[¥,().Y,(7). Y3(7)]. (3.7)
Therefore, from the transformation (3.1) we have the matricant of the system (2.1)
X(r)=BY(r)B™, (3.8)

where Y(r) is determined by the relations (3.4) and (3.7). Thus, in this section it specifies a peculiar

approach to constructing a matrix of a homogeneous linear block-matrix system (2.2) and, consequently, a
system (2.1). Let's formalize the result in the form of the following theorem.
Theorem 1. The matricant of linear homogeneous system (2.1) with block constant matrix (1.2) has

the form (3.8), where the matrix Y(r) has form (3.4) or (3.7).

4. Solutions of linear systems with various operators and their integral representations
From the characteristic system

Ao ic12 (4.1)
T

we have solutions t =t° +ai(r—r°)z h, (r,ro,to), i =1,2 with arbitrary initial data (ro,to)e RxR™. Let's
assume that characteristic variable hzh(r,ro,to) changes on set of above defined characteristics
H :{hl(r,ro,to),hz(r,z'o,to)}. Note that hi(ro,r,t)zto, i=12 are the first integrals of (4.1). Functions
u(hi (ro,r,t)) are zeros of operators D;, respectively; where u(t)eCt(e)(Rm), e=(L...1) is m-vector.
Next, the matricant X(r) of system (2.1) is represented using block matrices X;; (z’) in the form
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X(T):[Xn(r) ilZ(T)J, Xij(r) are n; x n; -matrices. (4.2)

le(T) 22(7)

Let the operators P, act on function u(t) defined on one of two characteristics t=hi(r,r°,t°) as
follows

F’iu(h(r,ro,to))zu(hi (r,ro,to)), i=12, h(r,ro,to)e H. (4.3)

Operators P, can be called projectors that define a function on the corresponding characteristic.

We introduce the operator P associated with projectors B, and P, acting on matricant X(r) on the
right by following relation X (¢)P =|X;(r)R], i=12, where the blocks X;(r) and projectors P are
defined by the formulas (4.2) and (4.3). We set the problem of constructing a solution X of the system
(2.) with initial condition x_, =u(t), u(t)e C®/R"), e=(L,...1) is m -vector.

By checking directly, you can make sure that the problem has a unique solution of the form

X(Z’,t)= X(T—Z'O)PU(h(TO,Z',t)), h(f,ro,to)e H. (4.4)

Here X(r) is matricant of system (2.1), P is projector. Thus, the following theorem is proved.
Theorem 2. The unique solution of linear homogeneous system (2.1) with various differentiation
operators D, and D,, satisfying initial condition x|m0 =u(t) is determined by the relation (4.4).

Let the vector functions f(z,t) have smoothness property of the order (O,e)z (0,1,...,1):
t(r,t)eCO)(RxR"). (4.5)

Theorem 3. Under condition (4.5), the unique solution X of linear nonhomogeneous system (1.1)
that satisfies initial condition X|T=T° =u(t), u(t)e Ct(e)(Rm) is determined by the relation

X(e,t)= X (=2 Pulh(e®,z,t)+ [ X -5)PF (s, h(s, . t))ds (4.6)

0
T

Proof. It is obvious that the second term of equality (4.6) under condition (4.5) is a solution of a
nonhomogeneous system (1.1), and the first term, in accordance with theorem 2, is a solution of a
homogeneous system (2.1) that satisfies the given initial condition. Therefore, the relation (4.6) represents
the solution of the system (1.1). Uniqueness follows from theorem 2. Q.E.D.

5. Multiperiodic solutions of systems with various operators and their integral representations
Let the vector functions f,(z,t), i=12 have (H, a))-periodicity and the smoothness property

f(r+0,t+q0)= §(r.)eCEIRxR"), gz, 5.)

where (0, 0)=(6, @,,...,a,) is a period with rationally incommensurable coordinates w, =6, @,,..., @,
Theorem 4. Under condition (5.1) for (H,w)-periodicity of solution x(r,t)zgo(r,t,u(h(O,r,t))) of
system (1.1) with initial function u(t), it is necessary and sufficient that the functional-difference system

u(t)=e(0,t,ult +Alt))). (5.2)

was solvable in the class @ -periodic smooth functions u(t)=u(t +qw)e Ct(e)(Rm), qez™.

Proof. Note that if x=Xx(z,t) is solution of system (1.1), then y(r,t)=x(z + 6,t +qa), also satisfies
the system (1.1), and z(z,t)=y(z,t)—x(z,t) is solution of (2.1). It is obvious that if the initial function
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u(t) of solution x(z,t) of (1.1) has property u(t)=u(t+qa))eCt(e)(Rm), qeZ™, then x(z,t) is -
periodic by t e R™ and vice versa. In the future, we will assume that this condition always satisfied.

If the initial conditions for these solutions x(r,t) and y(z,t) for the same

x(0,t)=x(6,1), (5.3)

then these solutions are identically equal, moreover x(z,t)=x(r +6,t+qw). Conversely, if the solution
X(T,t) is @ -periodic by 7, then the condition (5.3) is satisfy. Then by virtue of theorem 3, we have
X(r,t)=p(z,t,u(h(0,7,t), at that x(0,t)=u(t) and x(6,t)=¢(0,t,u(h(0,6,t)=p(6,t,u(t+Al)),
A(t)z h (O,H,t)—t . Therefore, condition (5.3), depending on function u (t) has the form (5.2). Q.E.D.

Theorem 5. Linear system (1.1) with various operators (1.1 )-(1.1") under the conditions (5.1) and

ReA(A)<0, (5.4)

has a unique (49, a))-periodic solution x*(r,t) with integral representation

K (r.t)= [X(e-s)PF(s.h(s, .t (5.5)

—00

Proof. By virtue of structure of the general solution (4.6), the system (5.2) has the form
u(t)= X (@)Pult+A(t)+w(t), (5.6)
arbitrary term defines by w(t)= T X (0 —s)Pf (s,h(s,0,t))ds, w-periodic by t and A(t)=—-ad . If real parts
of eigenvalues A(A) of A are nggative (5.4), then after k of iterations, system (5.6) can be reduced
u(t)= X (k@)Pu(t + kA(t))+w, (t) (5.7)
with matrix X(k@) that is normally bounded by constant 6 from interval 0 <6 <1. Therefore, we have

[X (ko)< o <1. (5.8)

Then by the method of successive approximations by virtue of conditions (5.4) and (5.8) it is easy to
show that system (5.7) and, therefore, system (5.6) has unique smooth @ -periodic solution:

ut)= TX(Q—S)Pf (s,h(s,6,t))ds . (5.9)

It’s clear that corresponding homogeneous system (2.1) with various differentiation operators (1.1")

and (1.1") under the conditions (5.4) has only a zero (0, a))-periodic solution.
Substituting (5.9) in the formula of general solution (4.6) we have integral representation of the
unique (0, a))-periodic solution (5.5). Thus, theorem 5 is completely proved.

Conclusion. In article on the basis of the method of projection operator multiperiodic it is researched
the solution of system with various operators of differentiation, it is built a matricant of linear system in
the general case, the splitting Jordan block as a sum of two sub-blocks, it is established the conditions for
existence of (H,a))-periodic solutions of the considered system and their integral representations. Note

that the developed method can be generalized to the quasilinear case when the coefficients of linear part
are multiperiodic. Meanwhile, it will be necessary to use generalizations of methods of works [4-10],
[14-16] for the case under consideration.
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K.A. Caprabanos, 9.X. )Kymarazues, ['.A. AoaukaauKkoBa
K.XKy0aHoB aTeiHaFbI AKTOOE OHIPIIIK MEMIIEKETTIK yHUBEepcHUTeTI, AKToOe, KasakcTan

IOPTYPJII JU®DPEPEHIIUAJIIAY OHHEPATOPJIbI BJIOK-MATPULAJIBIK TYPIAEI'T
AKYUEHIH KOIIIIEPUOATHI INEINIMIH 3EPTTEYAIH BIP 9AICI TYPAJIBI

Annortauus. Jlepbec TYBIHIBUIBI TEHJIEYJIEP XKYHelepiMeH CUMATTalaThiH TepOeiic MpOLeCcTepiHiH
KOIIEPUOTHI KOHE MEePUOITHI JEpPIiK MemimMaepin 3eprrey auddepeHnnaniblK TeHACYIEp TEeOpHUs-
CBIHBIH Ka3ipri J1aMy Ke3eHIHJE YJIKeH KBI3BIFYIIBIIBIK TYFBI3yAa. by TyTac opTa MexaHHKa TEOPHSICHI,
CBIFBIJIATBIH CYHBIKTBIK TICH ra3fapiblH CTAlMOHAP €MEC arbIChl, OOJIIICKTEP aFbIHBIHBIH TOJIKBIHJIBIK
KO3FaJILICHIHBIH (PU3MKAIBIK-TEXHUKAJIBIK €CENTEePiHIH KOJIJaHBICTaphIMEH OaiinanbIcThl. Jledopmarusiia-
HATBIH, KPUCTAUIBIK €MEC OpTajlapJaFbl MPOLECTEP/Ii 3ePTTEy MEePUOATHUIBIK HEMECE MEePHOITHI JAEPIIiK
KacHeTTepl eCKepy KaKETTIIITIHE aJIbIT KEJIETiHIHEe eCKepe KETKEH JKOH.

Bekropnblk epic OarbITel OoiibiHINA opTypii auddepeHnuaniay ornepaTtopiibl CHI3BIKTHI TYPaKThI
k03 puIMeHTT KyHeHiH Oapiblk alHBIMATbLIAPHl OOMBIHINA JKAJFBI3 KOIMEPUOATHI IIEIIiMiHIH Oapbl
YKOHE MHTETPANIBIK OCHHEC] TypalTbl €Cell 3epTTETCH.

WuTerpangay cumarTayblTapbl MPOEKTOP apKbUIbI aHBIKTAJIATHIH TOYEJCi3 alfHbIMaTbIIap KEeHICTITi-
HiH €Ki Ty3yi OoHbIHAa OpTYpJi apHaifbl nuddepeHnrangay OnepaTopibl CHI3BIKTBI TYpakThl kK03hdu-
UEHTTI OJOK-MaTPULANBIK TYPJETi JKYie YIIiH 0acTanKel €CenTiy MmenrimMaepid Typrei3y Tocini Kommmig
CHTIATTAYBITITAp SiCi HEeTi3iHAe TY3UIIi.

YmOypeI-06J0KTEl  TypAeri OipTeKTi KYHeHIH MAaTpPULUAHTHIH KYpPY TociigeMeci KeNnTipiireH.
Juaronanpapl OJOKTapAbIH WHTETPANABIK MATPUIAIBIK TeHAeydepi TaObuiabl. JKopman Oiorsl eki
OJIOKIIAaHBIH KOCHIHABICHIHA aXKbIpaFaH/Ia KaJITbl JKaFTalIarsl ChI3BIKTHI OIpTEKTi KYHEeHIH MaTPHUIIAHTHIH
KYPYIbIH JKaHa TOCiIIeMeci YCHIHBUTFaH.

Kypbutran omicreMe OOMBIHIIIA BEKTOpJAp 6pici OaFbIThl OOMBIHIINA OPTYpJi apHaiibl nuddepeH-
Ualgay omepaTopiibl OIpTEKTi jkoHe OIpTeKTI eMec CHI3BIKTHI kyienep yimiH Komm eceGiHiH kKaiFbi3
menrimMiHig 6ap 601y Typabl eceOiHiH Cyparbl MIEMIJIAl )KOHE €HEeTiH IEpeKTep aHbIKTaIFaH JKaThIKTHIKKA
ve OOJIFaHIaFbI IIAPT OPBIHAIFAH 1A MHTETPAJIIBIK OeHHeNepl KenTipiii.

Ocwl TycTta muddepeHnuangay MXoHe HHTErpalay >KYPri3ileTiH colikec XapaKTepUCTHUKAIApIbl
aHBIKTAYIIIBI €HTI31ITeH MPOSKTOPIIapIbIH MaHbI36I IIenTyri 0oabl. IIpoekTopiapapiy keibdip KacuerTepi
TaralBIHIAIB], OHBIH INIHIE MPOCKTOPIAPIBIH €Ki XapaKTepUCTHKAIapIbIH OipiHae OepinreH BeKTOp-
(bYHKUMSFA )KOHE KYPBUIFAaH MaTPULIAHTKA 9Cepi KOpCEeTI.

OpTYpii exi auddepeHuangay onepaTopiibl ChI3BIKTH OIPTEKTI KoHE OIpTEeKTi eMec KyHenepiH
JKaJIbl IICIIIMIACPIH KYPYMEH Karap, MEePHOATHI JKAaThIK (DYHKIMSIAP KIAChIHIAAFbl (DYHKIIMOHAJIBIK-
AUBIPBIMIBIK KYHCHIH MISIIUTIMIUTITIHIH KQKETTI KOHE KETKUTIKTI MIapTTaphl OpPbIHIAIFaHIa KapacThl-
pbUFaH apHaiibl auddepeHnuaniay onepaTopibl XKYHeHIH KONIepHOATH LIeHTiMiHiH 6ap 00y mapTTapsl
JONIEICH 1. AJIBIHFaH HOTHIKE Te€OpeMa TYPIHAS TYXKBIPBIMIAIIbI.

JKorapbia KapacThIpbUIFaHAAPABIH HETi31HAC, CHETIH JCPEKTEp KOIIMEPUOATHUIBIK NIEH aHBIKTAIFaH
JKATBHIKTHIK KACHETTEpiHE KaHaFaTTaHIbIPFaHIA, KPUTHKAIBIK €MeC JKarjaiiga OipTeKTI eMeC CBHI3BIKTHI
OJIOK-MaTPHUIATBIK TYPJIETi )XYHEeHiH KONepruoIThI IIemiMiHiH 0ap KoHe KalFbI3 OOIYHI TYpajbl TeopemMa
JIONIETIICHA] JKOHE OHBIH TMPOEKIHSIIAY OIepaTopiapblHAH TAyeNIl WHTEeTpalAblK OeifHeci KenTipiimi.
TeopemaHnbl gonelney OapbIChIHAA KOMIEPHOATHI (YHKIMSIIAP KIAChIHIA (YHKIIHOHAIBIK-aibIPBIMIIBIK
JKYWEHIH MMEeNIUTIMAUTITT KoHE €HTI3UITeH MPOEKIHIay OlepaTopbl KOJIaHBUIABI. TeopeMaHbl Jolen-
JereHae OIpTIHAeN >KYBIKTAay oici MaJaJIaHBUTBITN, KPUTHKAIBIK €MeC XOHE AaHBIKTAJIFaH IKATBIKTHIK
KacHUeTTepiHe CyHeHe KapacThIPbUIFaH KYHEHIH JKaJIFbI3 )KaThIK KOIEPUOATHI HICIIiM TaObLIIbI.

Bekropnblk epic OarbIThl OoibIHIIA apHaiibl auddepennnanaay onepaTopisl OIOK-MaTPULATIBIK
TYpPIETi CBHI3BIKTBH UG PEpEeHIHANIBIK TEeHICYJIep J>KYHWeCiHIH KONNepHuoNThl IIEeIIMIiH KYpy JKoHE
MPOEKTOP TEOPHUSICHIH KOJJIAaHY KOMIMEPHOATH (YHKIMsUIAP KEHICTITIHAC MISHIUTIMII €CenTep KIaChIHBIH
KEHCIOIHE KEJTIPETIHIH ecKepeMmis.

Bipinmn perrti gepbec TYBIHIBUTBI CHI3BIKTHI TEHJAEYJEP JKYHECIH €HETiH AEepPeKTepiH MaTPHIIaIbIK
OJIOKTapel MEH BEKTOP-(YHKITUSIIAPHl apKBUIBI OPHEKTENETIHITI TOoyescCi3 alHBIMalIbuIap KEHICTITiHIH
BEKTOPJIBIK Opic OarbIThl OOWBIHINIA OPTYPIIl apHalBl CHI3BIKTHI TU(QepeHInaNIay ONepaTopibl KyHeHIH
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YaKBIT KOHE KEHICTIK TOyelCi3 aHbIMabLIaphl OOWBIHIIA KONIIEPHOATHI MEIIiMiHIH 0ap OONaTHIHIBIFBIH
3epTTEYAiH KaHa TICUIIeMEeCiH KYpyFa oKeJi.

Konnaneuiran oIicTeMeMEH aJIbIHFaH HOTWKETCPAlI KapacTBIPBUIFAH JKYMEHIH J>KaJllblIaHFaH
KBa3MCBI3BIKTHl JKarmaiiblHAa 1a, COHAal-ak, opTypii N auddepeHnmannay omeparopibl Xyie XKar-
JaiibIHAa JkoHe Oenrici3 BeKTOp-(YHKIMSHBIH AepOec TYBIHIBLUIAPBIHBIH KaHBIHAAFE Kod(dunmneHTTepi
KOIIIePUOITH MaTPHUITAIap OOJIFaH Ke37e 1€ OCHI OICTI KOJIAHBIN alTyFa O0JIapl.

Tyiiin ce3aep: KemnmepHONTH IIENIIM, XapaKTEPUCTHKAJap OMicCi, MPOeKIHsIay OrepaTopiaphl,
BEKTOPJIBIK epicTep OolibiHINa TuddepeHnraniay onepaTopiapbl, HHTErPAIIbIK OeiiHe.

K.A. Capradanos, A.X.’Kymarasues, I'.A.A0anKkaInKOBa
AKTIOOMHCKHH pernoHalIbHBIN rocynapcTBeHHbl yauBepeuter uMenn K. )Ky0anosa, Aktobe, Kazaxcran

Ob OJHOM METOJE NCCJIEJOBAHUA MHOTI'OIIEPUOJUYECKOI'O PEHIEHUA
CUCTEMBI BJIOYHO-MATPHUYHOI'O BUJA
C PA3JINYHBIMU OITIEPATOPAMU JTUO®OPEPEHIIUPOBAHUS

AnHoramms. Ha coBpemMeHHOM »JTame pasBHTHSI TeOpUH AWQPQGEpPEHITHAIBHBIX  YpaBHEHUH
HauOOJNBIINI HHTEPEC MPEICTaBISACT HCCIEIOBAHWE MHOTONEPUOIMYECKHX W TMOYTH IEPHOJANIECKUX
peleHnii KoeOaTeNnbHBIX MPOLECCOB, OMUCHIBAIOIIMXCS cucTeMamu Au(depeHInalbHbIX YpaBHEHUH B
YaCTHBIX MPOU3BOIHBIX. DTO CBSI3aHO C NPWIOKEHUAMHU (DPU3MKO-TEXHHUECKUX 3aJad TEOPHU MEXaHHKH
CIUIOIIHOM cpelibl, HECTALIMOHAPHBIX TEUEHUH CXHUMAEMbIX XKMIKOCTEH M Ta30B, BOJHOBOTO JBIKEHUS
MOTOKA YacTHIl. 3aMETHM, YTO UCCIIEI0OBaHUE MPOLECCOB B 1e(POPMUPYEMBIX, HEKPUCTAIIIMYECKIX CPEelax
NPUBOJIUT K HEOOXOJUMOCTHU Y4eTa CBOMCTBA MEPHUOANYHOCTH MM MOYTH NEPHOANIHOCTH.

HccnenoBaHa 3aa4ya O CyLIECTBOBAHUM U MHTETPAJIbHOM IIPEICTABICHUN €IMHCTBEHHOTO MHOIOIIE-
PHUOIMYECKOTO IO BCEM HE3aBUCHUMBIM II€PEMEHHBIM pEUICHHS JIMHEHHONW CHUCTEMBI C IOCTOSHHBIMU
koo dumeHTaMu U ¢ pazIMYHBIMH OrepaTopaMu AU GepeHIUPOBAaHHUS M0 HAMPaBICHUIO BEKTOPHOTO
0TI IPOCTPAHCTBA HE3aBUCHMBIX IIEPEMEHHBIX.

Ha ocnoBe merona xapaktepuctuk Komm pazpaborana MeToanKa IMOCTPOCHHUS PEUICHUH HadalbHON
3a7aul JUIsl TUHEWHOW CHCTEMBI C TIOCTOSHHBIMH KOX(Q(QHUIMEHTAMH M C Pa3lUYHBIMH CIIEHUATBHBIMU
oneparopamu au¢epeHINPOBaHU BAOIb ABYX HPSAMBIX NPOCTPAHCTBA HE3aBHCUMBIX NEPEMEHHBIX, TI€
XapaKTePUCTUKU UHTETPUPOBAHMS ONIPENEIISIOTCS TP IOMOIIH [IPOEKTOPA.

[IpuBeneHa MeTOAMKAa TMOCTPOSHHSI MAaTPUIIAHTA OJHOPOIHOW CHCTEMBI OJIOYHO-TPEYTONBHOTO BUA.
Haiinensl mHTErpasibHBle MaTpUYHBIC YPaBHEHHS IUAroHANbHBIX OnokoB. IlpemyioskeH HOBBIA MOAXOX
MIOCTPOCHUSI MaTPULIaHTa JIMHEHHOW OJHOPOJOHOI CHCTEMBbI B 0OLIeM ciydae, KOT[a >KOpAAHOBBIM OJIOK
pacIeruisieTcss Ha CyMMy ABYX MOAOJIOKOB.

Ilo pa3zpa®oTaHHOI METOIWKE pEIIeH BOIPOC O CYIIECTBOBAHWU €AMHCTBEHHOTO PEIEHUs 3aJayu
Komm g nuHelHOM 0AHOPOAHON 1 HEOIHOPOIHOM CUCTEM C Pa3IMYHBIMU CIIELMATBHBIMH ONEPATOpaMHU
nmuddhepeHInpOBaHus 10 HANPABIEHUIO BEKTOPHOTO TOJIS M HAHACHBI X MHTETPaJbHBIE MPEACTABICHUS,
NpU YCJIOBHH, YTO BXOJHBIC JITaHHBIE O0JIAAAIOT ONpEAETICHHOW TiagkocThio. [Ipu 3ToM cyliecTBeHHOE
3HaYeHHE MMEIU BBEJICHHBIC IPOEKTOPHI IO OINPENEIECHUI0 COOTBETCTBYIOIIMX XapaKTEPHUCTHK, IO
KOTOPBIM BeayTcs AndepeHurpoBaHue U HHTETPUPOBAHUE. Y CTAHOBJIEHBI HEKOTOPBIE CBOMCTBA MIPOEK-
TOpPOB, B TOM 4YHCJE JeHCTBHE MPOEKTOPOB HAa BEKTOP-(PYHKIMIO 3aJaHHBIX HAa OJHOM W3 ABYX
XapaKTEePHUCTHUK, a TAK)Ke BO3/ICHCTBUE HAa TOCTPOEHHBIN MaTPHUIIAHT.

Hapsizy ¢ moctpoeHnem oOIIMX peIIeHHH JMHEHHBIX CHUCTEM C IIByMs omneparopamu anddepeHm-
pOBaHHMA JTOKa3aHa TeopeMa 00 YCIOBHSAX CYIIECTBOBAHHS MHOTOINEPHOANYECKOTO PEIIeHUsI paccMaTpH-
BaeMOU CHCTEMBI CO CIEIUANTBHBIM OIIEPaTOPOM IU(GepeHINPOBaHHS P HEOOXOAUMOM U JIOCTATOYHOM
YCIIOBUM Pa3peIIUMOCTH (DYHKIIMOHAIBHO-PA3HOCTHOW CHUCTEMBI B KJIACCE€ TEPUOIUYECKUX TIIAJKUX
(GYHKITHIA.

[Ipn mpennonoKeHHH MHOTONEPHOAMYHOCTH M OIPENETICHHON TJIAAKOCTH BXOJHBIX JaHHBIX Ha
OCHOBE BBIIIEU3TIOKEHHOTO B HEKPUTHUECKOM Cllydae JOoKa3aHa TeopeMa O CYLIECTBOBAaHHUM U
€AMHCTBEHHOCTH MHOTONEPUOINYECKOTO PEIICHHUS JHMHEHHOH HEOZHOPOJHOM CHCTEMBbl OJIOYHO-
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MAaTpUYHOIO BUAA U JJAHO €r0 MHTETPAIBHOE IPEACTABICHUE, 3aBUCAIIECE OT ONEPATOPOB IPOEKTUPO-
BaHMs. B mpomecce moka3aTedbcTBA TEOPEMBI BOCIOJIB30BAIHMCH Pa3peIIMMOCTHIO (PYHKIHOHAIBHO-
Pa3sHOCTHOM CHCTEMBI B KJlacCe€ MHOTONEPHOANYECKUX (PYHKIMH U BBEIECHHBIM ONEPaTOPOM MPOEKTHPO-
BaHMUs. B Xone MOKa3aTeslbCTBAa MCIOJNIB3Ysl METOH IOCIENOBAaTENbHBIX NPUOIMKCHUN, B CHIIY YCIOBHUIl
HEKPUTUYHOCTH M TJAAKOCTH IIOJy4YEHO E€IUHCTBEHHOE TJIAJKOE MHOIOIEPUOJUYECKOE PELICHUE
paccMaTpuBaeMON CHCTEMBI.

OTMeTHM, 4YTO IOCTPOCHHE MHOTOIEPUOJNYECKOI0 peIIeHUsT cucteMsl An(depeHInaIbHbIX
YpaBHEHUH OJIOYHO-MATPUYHOTO BHUJA CO CHECHUAIBLHBIMH OINEpaTopaMu TUPPEepeHIIUPOBAHUS 10
HaIIPaBJICHUIO BEKTOPHOIO IOJISI C IIPUMEHEHUEM TEOPUH INPOEKTOpPA IMPUBOJUT K PACUIMPEHHUIO Kilacca
paspeIInMBbIX 3aJa4 B IPOCTPAHCTBE MHOTOIIEPUOINYECKIX (DYHKIIHH.

IIpencraBneHue NMHEHMHON CUCTEMBl YPaBHEHUIN B YaCTHBIX IPOU3BOAHBIX IEPBOTO MOPSAKA 4yepes
OJIOKM MaTpUYHOW M BEKTOpHOW (YHKUMI BXOOHBIX JaHHBIX MPHUBEJO K pa3paboTKe HOBOTO MOAXOAA
UCCIIEZIOBAHUS BOIIPOCA CYHIECTBOBAHUS MHOTONEPHOAMUYECKOTO PEUIEHHs KaK M0 BPEMEHHBIM TakK M I10
IIPOCTPAHCTBEHHBIM II€PEMEHHBIM CHCTEMbI C PAa3JIMYHBIMHM OIlepaTopaMu JudQepeHIupoBaHus 110
HaIIpaBJICHUIO BEKTOPHOIO MOJISI IPOCTPAHCTBA HE3ABUCUMBIX IIEPEMEHHBIX.

Pazpaborannass mMeTonWMKa HMMEET MEPCIEKTHBY pPAacHpOCTPaHEHMs MOIYYCHHBIX pPE3yJlIbTaToB Ha
KBa3WINHEHHBIN Cilydall pacCMaTpHBAaeMOH CHCTEMBI, a TaKXe Ha CIy4dal CHCTEMBI ¢ N pasInYHBIMU
oneparopamyd AU((HEPEHIUPOBAHUST W MHOTONEPHUOAMYECKUX MATPUI] NPH YacTHBIX ITPOU3BOIHBIX
HMCKOMOH BEKTOP-(YHKITHH.

KiroueBblie cjioBa: MHOIONEPUOJMUYECKOE PELICHUE, METOJ XapaKTEPHUCTHUK, ONEPaTOphbl MPOEKTU-
pOBaHmUsI, ONlepaTOpbl TUPPEepEeHINPOBAHUS TI0 BEKTOPHBIM TOJISM, HHTETPAIBHOE MIPEACTaBICHHE.
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