News of the National Academy of sciences of the Republic of Kazakhstan

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2020.2518-1726.23
Volume 2, Number 330 (2020), 120 — 126

D.N. Nurgabyl*?, T.M. Seitova?

Ynstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
2Zhetysu State University named after 1.Zhansugurov, Taldykorgan, Kazakhstan.
E-mail: kebek.kz@mail.ru, terasyltolganai@mail.ru

INTRODUCING METHOD OF GENERALIZED DERIVATIVE
CONCEPT IN MATHEMATICS

Abstract. In this paper, we consider a technique for introducing the concept of a generalized derivative function
of one variable. Some assertions of combinatorics are given and proved; the concept of the derivative of the natural
order is introduced using the limit of the sequence. Using the above statements, the concept of a fractional derivative
is introduced. The basic properties of the fractional derivative are formulated and proved. Examples are given
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Introduction

Mathematical analysis is a field of mathematics related to the concepts of function, derivative and
integral.

The great English physicist, astronomer and mathematician Isaac Newton and the German
mathematician and philosopher Gottfried Leibniz completed the construction of differential and integral
calculi by the end of the 17th century. The discovery of differential and integral calculus was the
beginning of a period of rapid development of mathematics.

Mathematics continues to develop rapidly. Various generalizations of the concepts of function,
derivatives, and integral have a particular interest. For example, mathematicians, including Leibniz, Euler,
Liouville, and Riemann, dealt with generalization of the concept of a derivative. Generalized functions
and their derivatives find various applications in real processes of the economy and production [1-4].

Our goal is to develop a methodology for introducing various definitions of a generalized derivative
function of one variable.

To achieve this goal, we first give some statements of combinatorics, introduce the concept of a
derivative of the natural order using the limit of the sequence. Using these statements, we introduce the
concept of a fractional derivative

1. Auxiliary definitions and formulas
As it is known [5], the number of combinations of /7 elements by & is equal

Kk n!

C, = m n>k. 1)
Here it is convenient to assume that 0! = 1. The following well-known equalities are justly:
Cp +Cn™ =Cit; @
cl.ck+cl.ckty  +ckt.cl +ck.cl=ck., mnxk. ©)
In particular, in n =m formula (3) takes the form:
Zk:cr']ckr:'zczkn, n>k 4)

i=0
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Obviously, that the formula (1) one can be wtitten in the form of

k _n(n-2..(n-k+1)

¢ n k! ®)

Now, we will consider a generalization of formulas (2), (3), (5). We notice that the right-hand side of
formula (5) is defined for any real values /7. Thus, by definition, we assume that

k _(@-0)(z-1)..(r-k+1)

C 6
T k! ©)
where 7 is a real number. For example:
c k- (2-0(2 —1)(—2k “2 220D (yreany, ot = ()
Lemma 1. For any real values of 7, the equality
K k k+1
C +C _=C ()
T 7+1 r+1
Proof: Using (4), we have
k k+1 - —(k - - —(k —
cfic +1_ 7(r -1)..(r = (k -1)) N (r-1)..(r —(k-2)(r +1) _
T T k! (k +1)!
_ (r -1)..(r = (k -1)) '(14_ T— kj (-1 (r—(k-D)(z+1)
k! k+1 (k +1)!
(t+1-0)(z +1-)(r +1-2)..(r +1-k) —Ck +1
(k +1)! r+1
Lemma 1 is proved.
Lemma 2. For any real values of 7, the equality
0 _k 1 k-1 k-1_1 k 0 k
CcC C +C C +..+C C +C C =C 8
T T T T T T T T 2t

Proof. We use the following statement [6].
If the polynomials P(x) and Q(x), whose degrees do not exceed /7, have equal values for more than
n different of values unknowns, then P(x) =Q(x).

Ko k=i k

We write the equalities P(z) = ZC C , Q(r)=C 2p where P(z) and P(z) are polynomials
A T

of degree K.

By virtue of formula (4), the polynomials P(z) and Q(z) have equal values at z=n>k. Then, by
based on the above statement, it is easy to verify the validity of formula (8) for any real values 7. Lemma
2 is proved.

2. About a definition of a natural order derivative

For a function of one variable, we define a derivative of the natural order in a slightly different way.
Let the function f(x) be defined and continuous on the interval [a, b],a<0, b>0, atthat f(x)=0 for
x <0, where x is a fixed point of this interval.

We divide the segment [0, x] into equal n parts by points Oiﬁ% We define the increment
n n

n

of the function y = f(x) at the point X in the form Ay = f (x) — f(x —i) . As it is known, if the ratio
n
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F(x) = F(x=2)
n

Ay
X X
n n

has a limit is at n — oo, then this limit is called the derivative of the function f(x) at the point X and is

denoted by:
f(x)—f(x—XJ
£(x) = lim - n.

nN—oo

n
Now we define the increment AZ y:

A%y =f(x)- f(x—ﬁ){f(x—f)— f(x—z—x)}
n n n
Cr-2fx-5 s Fx-2y2cf ot rx- Xyl -2 2
n n 2 2 n 2 n
2
=Z(—1)k-c;f(x—k—xj,
etc. continuing this process, we obtain:

0 m K kx

A"y =>(-DC_f(x——). (9)
k=0 m n

Let m be a fixed positive integer. We choose a positive integer n so that n>m. Then the formula
(9) will take the form:

4 k
A"y =>"(-)¥C .f(x—k—xj, (10)
= m n
k . .
as Cm =0; k>m. Using (10), we obtain
m -m n
£ (x) = lim 2 =nm[ij Z(—nkc;.f(x_"_xj. (1)
n—w (y M nowo\ N k=0 n
5
As an example, we consider the function f (x) = x2:
2
X
x) 2 X 2x 27 k —
(x?)" = Iim(—j [xz—z(x——)%(x——)z}: lim =2, r5e C_=0,k=3n.
n—oo\ N n n n—o yx 2
n2

3. Definition of a fractional order derivative. Properties

k
Based on the fact that the expression C  according to (6) is defined for any real values of 7, then
T

the right-hand side of formula (10) is determined for any real values of 7.
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Now, using [7], for any real number 7 we define the derivative of the 7 th order:

f ) (x)= lim ! i(—l)kc';f(x_ﬁ). (12)

n—o y\? k=0
n

Since any real number is an infinite decimal fraction, we call the derivative (14) fractional.

For example, given that C‘_(l = (— 1)k , from (12) the formula we find:
n n
£ (D(x)= lim > f(x—k—XJz lim 3 f(x—ﬁ}-(ﬁj (13)
n n—o k=0 n n

1
n—oo X -1 k=0
2

Example: We define the (-1)st order derivative for function f(x)=x. From (13) we get:

100=tim X35 i 2 00« [ (xR [ -

k=0
2 2 2 2
= lim 5[(x—1)x—i-w}: jim [ 20D _ XD o X7 xE
n—ow N n 2 nn—oo n 2n2 2 2
x2
In this way, (x)™* = R
Now we give the main properties of the 7 th derivative for any real of values of 7.
Theorem 1. Right
(e 10+ B-9(x))) = £ (x)+ g9 (x), (14)

[ f (Tl)(x)](TZ): f (T1+T2)(X).

To establish relations (14), it suffices to use representation (12) of the derivative of an arbitrary
function.

From formula (15), we note that the sum Z f(x—ﬁj-i represents the integral sum of the
n)n
=0

function f(x) for a given partition {k_x} k=1,n of the segment [0;x], x [0, x].
n
Since the function f(x), being continuous on the segment [0, x], is integrable on [0, x|, therefore,

n X
the limit (13) gives us a definite integral lim »° f[x—ﬁjlz J f (t)dt and thus, we obtain
n)n
k=0 0

n—oo ™

F00)= [ £ (Rt (15)
0

Theorem 2. For the natural value m, the derivative of the (—-m)th order function is determined by the
formula:

£ = [ £ ()x— 1)t (16)
0

(m 1)
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Proof: By hypothesis, the function f(x) is continuous at any point x € [a,b]. Therefore, the function
X
f((x)= g(x):J- f(t)dt is also continuous in the same x € [a,b]. Therefore, for the point x [0, x] we

£ C200= [ £ )t

FE0(= T e Lot a7

Theorem 2 is proved.

Conclusions

Thus, in this paper, we propose a technique for introducing the concept of a fractional derivative.
Using the limit of the sequence, the notion of a derivative of the natural order is introduced, the definition
of a fractional derivative is given for any real values of x. The basic properties of a fractional derivative
are proved. Examples are given.

Practice has shown that this approach of introducing the concept of a generalized derivative
contributes to the effective assimilation by students of various definitions of generalized functions.

I.H. Hypraobuit?, T.M. Ceutona®

! Maremaruka jxoHe MaTEMATHKANIBIK MOJIEbIEY HHCTHTYTHI, Anmarsl, Kasakcras;
21. Xancyripos arteinaarsl XKeticy MemiiekeTTik yHuBepcureTi, Tanasikopran, Kazakcran

MATEMATHKA KYPCBIHJA KAJIIIBIVIAHFAH TYBIH/BI YFBIMBIH BEPY 9/IICTEMECI

Kasipri maremaTukana QyHKIU, TYBIHABI )KOHE HHTETPAN YFBIMIAPBIHBIH SPTYPIIi XKaIblIaMa TY>KbIPIMIaphl
€peKIlIe KBI3BIFYIIBUIBIK TYAbIpYJa. MBbICaibl, TYBIHABl YFBIMHBIH JKaIbIIAybIMEH MaTeMaTHUKTEp, OHBIH IIIiHze
Jle6uum, Oinep, JlnyBwis sxone Puman aiinanbickad. JKanmbeiianraH QYHKOWSUIAp MEH OJIAPIBIH TYBIHABUIAPHI
HKOHOMUKA MEH OHIIPIiCTIH HAKTHI IPOLECTEPIHIC OPTYPIi KONTAHBICTAphIH Ta0yaa. Byir >KYMBICTBIH MaKcaThl Oip
aifHBIMAITB (DYHKIMSTHBIH KATBIIAHFaH TYBIHABICEIHBIH 9P TYPJIi aHBIKTaMaIapblH SHTi3y 9MIICTEMECiH jkacay OOJIbITT
TaOBUTAaIBl. ATalFaH MaKCaTKa JKeTy YIIH Oyl Makanaga anfbIMeH KOMOWHATOPWKAHBIH TY)KBIPBIMAAPBIH, Ti30€K
mieTi YFBIMBIH TaiiianaHa OTBIPBIN, HATypal PeTTi TYBIHAB YFBIMBI eHTi3inreH. OCBl TYKBIpBIMIApABl KOJIaHa
OTBIPBIIL, OOJIIIEK TYBIH/IbI IETeH YFbIM €HTi31Ie].

KomGunaropukana N snementren K GOMbIHIIA aNbIHFAH TEPYIEP CAHBI

ckonm-1..(n—k+1) &)
n k!

(hopMyJIachIMEH aHBIKTAJIAThIHBI Oenrii. (1) dhopMynaHbIH OH JKarbl Ke3KeldreH I =7 HaKThl CaHbl CaHbI YIIIH 1€
aHBIKTAJIATBIHBIH OaiikaiiMbr3. OHa aHBIKTaMa OOMBIHIIIA

C|<:(r—0)(r—1)...(r—k+1) ) )
T k!

(opMynaceiH KaObUIIAybIMBI3Fa Oomanpl. Ochl QopMynaHBl MaligajnaHa OTBIPHII Oip alHBIMABl (PYHKITUSHBIH
HATypaJl PETTi TybIHABICHIH coy Oackama enrizenik. f(X) ¢ynxmuace [@, b], a<0, b> 0 apansireina
aHBIKTAJICBIH OHE OChl MHTCPBAJIIBIH KE3KEIreH HAKThl X HYKTECI YIIiH f(X) =0, myama x<0. 0’5127x‘mln7x
n'n n

HYKTeJIepIMEeH [0, X] kecinmicia N OGipaeit 6emikTepre G6emnernik. Conna

f(x) - F(x=2)
_ n

3\><‘.’<>

X
n
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KaThICBIHBIH N —> 00 -y1a 1weri 6ap Goinca, onua 6y mwekti f(X) QyHKuMACBIHBIN X HYKTeCiHIEri TyBIHIBICHI e
aTtaiiMbI13. COHBIMEH:

f(x)—f(x—x)
f/(x) = lim n

; . Amy . AR K ~k kx ). 3)
C M) = lim == lim | = - Cp - fl x——
N—>c0 5 ( ) n—>o0 "y M noool N g( ) m n
" (ﬁj
N k . :
Conpa (2) popmynara coiikec C  epHeri Ke3KelreH 7 HAKThl CaHbl YIIiH aHBIKTANATBIH OONFaHIBIKTaH (3)
T

(hopMyITaHBIH OH JKaKTapbl Ke3KeAreH 7 HAKThI CaHbl YIIIH J¢ aHbIKTamateiH Gomaael. Omail Gonca, Ke3kenreH 7
HakThl canbl yuiin f (X) QyHKOMACHIHBIH X HYKTECiHAEri 7 —Ii PeTTi TybIHIABICHI

O (x)= lim S (-1)kck f(x—ﬁj- @

n—wo (y\? k=0 n
n

dopmysaceiMeH aHBIKTaJaJbl. AJl KE3KEJIreH HaKThl CaH LIeKCI3 OHJBIK Oeiuek OoiFaHIbIKTaH, (4) —mi
TYBIHJIBIHBI OOJIIIEK PETTI TYBIH/BI A€M aTaiMBbI3 .
Teopema . M Hatypan canbl yurie T (X) QyHKUMACHIHBIH (— M )-11i PETTi TYBIHABICHI:

S — j F(O)x - )™t -

(hopMyIachIMEH aHBIKTAIAIbI.
Tyiiin ce3aep: MaTeMaTHUKAJIBIK aHAIN3, TYBIHBI, TEPY, IIEKKE KOIIY, OOIIIEK PETTI TYBIH/IbI

J.H. Hypraosui'?, T.M.Ceuropa?

MHcTUTyT MaTEMAaTHKN M MATEMATHYECKOTO MOJleTMpoBanus, Anmarsl, Kasaxcran;
2 etbicyckuii rocyapcreeHHblii ynusepcurer uM. M. XKancyryposa, Tansixopran, Kazaxcran

METO/IMKA BBEJEHMS NOHATUS OBOBIIEHHOI ITPON3BOIHOM
B KYPCE MATEMATHUKH

AHHoOTanusi. B coBpeMeHHOH MareMaTHKe OCOObI MHTEpEC MPECTaBIISIOT pa3sinuHble 0000IIEHHS MOHITHI
(yHKIMH, TPOU3BOJHBIX M UHTErpaia. Hanpumep, Bompocamu 06 0600IIEHHN TOHATHS IPOU3BOAHON 3aHUMAIIHCh
MaTeMaTukd, B ToM uucie Jlewonun, Ditnep, Jluysmwin u Puman. O0oOmeHHble (QYHKIMH ¥ WX TPOW3BOTHBIC
HaXOJAT pa3INyHble IPUMEHEHHS B peabHBIX IIPolieccaXx IKOHOMUKH U MIPOU3BO/CTBA.

Henp Hacrosmeit pa®oTel — pa3paboTKa METOAMKH BBEICHMS pa3IMYHBIX OMNpEAETIeHHH 0000meHHON
TIPOU3BOTHON (DYHKIIMU OTHOM IEpEeMEHHOI.

Jnist nocTrKeHUs! 3TOH LielIi BHAaYaJIle IPUBEACHBI HEKOTOPBIC YTBEPKACHHUST KOMOWHATOPHKH, BBEJICHBI IOHSITHE
MPOU3BOJHON HATYpAJIBHOIO MOPsAKA C MOMOINBIO Ipefena MOCIeN0BATENbHOCTH. VCnonb3ys 3TH YTBEPKACHUS,
BBE/ICHBI IOHATHE PON3BOIHOM IPOOHOTO MOPSAIKA.

B xoMmbunaTopuke 4ucio couetanuit u3 N snementoB no K ompenensiercs o Gpopmyie

k n(n-1)..(n—k+1)
n k! '

3amerum, 4To mpaBas 4acTh Gopmyisl (1) ompeneneHa mpu TFOOBIX BEIIECTBEHHBIX 3HadeHUsAX N =7 . Torma
TI0 OIPEAEICHHIO MOXKEM IOJIOKHTH, YTO

C

@)

k (z-0)(r-1)..(r —k+1) )
. k! '

Hcnons3ys 3Ty hopmyiy onpenenuM i GYHKIIUK OTHON EPEMEHHOM MPOU3BOIHYI0 HATYPAILHOTO MOPsIKA
HECKOJIbKO MHBIM 00pa3oM.

Hycrs ¢pynxmms f (X) ompenenena n menpepriBHa Ha npomexytke [a, b], a<0, b>0, npuuem f(x)=0

C

npu X <0, rae X -puKcupoBaHHHAsA TOYKA STOrO MHTEPBATIA.
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X 2X nx
OTpe3ox [0, X] pasoObeM Ha N paBHbIX yactei Toukamu 0, —,—,...,— . Tormaa, eciiu OTHOLIEHHE
n n
X
f(x)- f(x—=
Ay () - flx=)
X X
n n
UMeET Ipeen npu N — 00, To STOT Ipees HasbiBaeTcs npousBoanol Gynkmuu f (X) B Touke X u oGo3Hauaercs:
X
f(x)—f[x—j m “m n
. . A . (X kx
o) = lim ——— "2 g My = im 2Y _ gim [ 2 > kel o x-= ®)
n—o X n—o (y\M  n-ew\ N = n
n (nj _

Ha ocHoBanuu Toro, uto Beipakeane C  cormacHo (2) OmpeaeneHo MpH JTOObIX BEMIECTBEHHBIX 3HAYCHHAX
T

T , TO TIpaBas 9acTh GOpMyIIEI (3) ompeenseTcs Py JTIOOBIX BeNIeCTBEHHBIX 3HAYCHUAX T .
CrieIoBaTENBHO, IS JIOOOTO BEIECTBEHHOTO YMCIa T Mpou3BojHas T —To nopsaka Gynkuun T (X) B Touke
X ompenensercs B BUIE:

@ (x)= lim —* %(—1)"c';f[x_k_xj. 4

n—o v\ k=0 n
n

Tak kak m000€ BEIIECTBEHHOE YHUCIO 3TO OCCKOHEYHAs AECATHUYHAs APoOb, TO MPOHM3BOAHYIO (4) Ha3zoBeM
JIPOOHBIM .

Teopema . Jlns HaTypanbHOro 3HaueHns M mpoussoaHas pynkiuu f (X) (—=m)-ro nopska onpeaensercs no
hopmye:

£ M) ()= (mfl)' j F(O)(x =)™t -
0

KaioueBble ciioBa: maremMarHueckuid aHalii3, NPOW3BOJHAS, COYETAHHE, NPEAENbHBIN Hepexol, IpoOHas
MPOM3BO/IHASL.
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