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ABOUT ONE INVARIANT MULTIVALUED MAPPING
IN THE TASK OF THERMAL CONDUCTIVITY WITH TIME DELAY

Abstract. This paper considers a matter on the strong and weak invariance of the constant multi-valued
mapping towards thermal conductivity equation with boundary control in the presence of time delay. Sufficient
conditions for the strong and weak invariance of this multi-valued mapping were obtained for the heat transfer
control task with a delayed argument with boundary and initial conditions. The concept of "invariant sets" is applied
to a system with distributed parameters, the physical meaning of which is to "keep" the object in the desired state as
long as possible by controlling it. At the same time, here object retention is understood not in the geometric sense,
but in the sense of holding the average value relative to the volume of the object. The necessary conditions for
keeping the object in the desired state are proposed. To solve the equations, we first expand the definition of the
elliptic operator and the operator itself to a self-adjoint operator, and then consider the existence of a solution that
belongs to the energy space of this operator. This uses the fact that the extended operator has generalized eigenvalues
and generalized eigenfunctions that make up the complete system both in the energy space of the operator and in
each space. In this case, a generalized solution is understood as a solution, because it is represented as a Fourier
series whose coefficients satisfy infinite ordinary differential equations. Just in this system of differential equations
there is a control parameter. An essential point in considering this task is that the controls are located on the border of
the area. In this case, the control area is a convex compact polyhedron, and the restriction area and the terminal set
are half-spaces. This, in certain conditions, allows the possibility of applying the obtained results in solving practical
tasks.

Keywords: invariant set, control, multi-valued mapping, control of systems with distributed parameters, time
delay.

1. Introduction

Note that there are theoretical and practical issues in the controllable systems with distributed
parameters, incapable of solution with the help of known methods. Typical examples of such kind of tasks
are retention of temperature in the acceptance limits in a specified volume, avoidance of undesirable
conditions, etc.

Results in the matter about invariance of specified sets concerning systems with lumped parameters
were obtained earlier in the works of A. Feuer, M. Heymann, V.N. Ushakov, Kh.G. Gusseinov,
N.S. Rettiyev, A.Z. Fazylov and other authors [1-7]. As against the work [7], this paper considers
problems with boundary control. The works [7] consider interesting applied problems on the control by
convectors for heat distributions in a volume. As against the work, this paper considers tasks with
boundary control.

The theory of differential equations with a deviating argument has been developed in various
directions; natural formulations of tasks have been found [8-12].

As you know, many real controlled objects can be considered as objects with distributed parameters,
in which control parameters can be located both on the right side of the equation and in boundary
conditions.

In the work [13-15] considers tasks with distributed parameters.
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Invariant sets with respect to a system with distributed parameters, the physical meaning of which is
to keep the object in the desired state as long as possible by controlling it. Moreover, here the retention of
the object is understood not in the geometric sense, but in the sense of holding the average value relative
to the volume of the object. The works [16-19] considers questions of the invariance of given sets with
respect to systems with distributed parameters. In particular, the paper [17] is devoted to the questions of
the strong and weak invariance of a constant multivalued mapping with delay, and the paper [18] is
devoted to a controlled process, which is described by an equation of parabolic type, with the control
parameter participating in the additive form on the right side of the equation. This work [19] introduces
concept of the invariance of a multi-valued mapping with respect to a system with distributed parameters.
In [20], a numerically approximate method for solving of a control problem for integro-differential
equations of parabolic type was considered.

This work considers a matter on the strong and weak invariance of the constant multivalued mapping
towards thermal conductivity equation with boundary control in the presence of time delay.

A bounded region Q(C Rn) will be called a piecewise-smooth boundary, if a boundary I'=Q\Q of
the region €2 can be presented in the form I' = Z'J-\Ll Aj, where I' j < I' - the set open towards topology,
induced on I' by the topology R". Each Fj - a connected surface of class c?t, i.e. for each point Xg EFJ'
it is possible to indicate ball U, (xg) by so small radius & >0, that the set Fj ﬂUg(Xo) is defined by

equation of the type x, = fy (Xq,-.., Xk_1, Xk 110 Xn ), Where fi () € Cl, k1<k <n isasome number.

Let € be the bounded region in R" with the piecewise-smooth boundary. Through A let us denote
the next differential operator [21]:

n o op
Ap=— X —(gj(X)=), 1
@ i,j:l@Xi( u()axj) 1
where functions aj (x) € L™ (Q) satisfy conditions: ajj (X)=aji(X) and
n n 9
& 8 (X)Sié; 27/_21§i , XeQ )
i, j= i=

forany (£,%9,...&,) € R". The inequality (2) is called a condition of uniform ellipticity of operator A(1).

As the domain of operator A space CZ(Q) is taken — the set of twice continuously differentiable
functions.
Let P be operator, which is defined by the inequality

P(0=_ % aij(x) a—(DCOS(LX)-H((X)(D, XeoQ,
ij=1 OX;
where | - the unit vector of outer normal to 62, k(x) - given positive, continuous function in 62 .
It is known that the elliptic operator A with the boundary condition P =0, X € 0C, has a discrete
spectrum, i.e. eigenvalues £, such that 0< 4 <A, <..,4 —+o0, and according Eigen functions
o x € Q, compose the complete orthonormal system in L,(Q) [21, 22]. As well as in [23] it is possible

to introduce a scalar product and appropriate norm in the space CZ(Q). Let’s denote completion of this
space through H, = H,(©2), where >0 - parameter.

2. Methods.
Consider the next task on the control by heat exchange with time delay [24]
52_?)+Az(t):z(t_h), 0<t<T, @)
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with boundary

Pz(t)=u(t), 0<t<T, xeoQ, (4)

and initial
2(t)=zo(t), —h<t<0 (5)
conditions, where zg(-)e X, X ={z():z(t)e H,,~h<t<0}. The controls are measurable functions

u()e H,, i. e. satisfying the condition X4 Ak[ u(z oy de <oo. Here z(-), u(-) are abstract functions,

i.e. at each t>0 they are unique elements of the space H, - positive fixed constant, T - positive

number.
A solution of the problem (3)-(5) in H, is defined by the Fourier method. If f,(-) denotes Fourier

coefficients of the function f(-) towards the system {p, }, then solution of the problem (3)—(5) on the
segment [0,h] has the next view [24]

2(t)= [0 —Ak j{ J‘u(r)gokdx}e’ik(tf)dr}wk, (6)
k=1 o0

where 2 = zqy (0), k =1, 2.... Using this solution, the solution is built on the segment [h, 2h]:

z(t+h)= i[ hle~ At +J‘{ I T+ h)(pkdx}e (tr)dr]wk,

o

where z, (h) is defined from (6) at t=h. In the same manner, continuations of the solution are built for

the next segments.
Further, through U we denote the totality of controls, which is specified below by a some positive
number o©.

Definition 1. A multivalued mapping D: [— h,T]—) 2R , where R =(—o0,00), Will be called strongly
invariant on the segment [— h, T] towards the problem (3)-(5), if for any <Zo(t)> € D(t), -h<t<0, and

u(-)euU the inclusion <Z(t)>€ D(t)holds for all 0<t<T, where <> - corresponding norm, z(-) -
corresponding solution of the problem (3)-(5) [21-23].

Definition 2. A multivalued mapping D [—h,T]—) 2R , where R =(—o0,0), will be called weakly
invariant on the segment [— h,T] towards the problem (3)-(5), if for any <Zo<'[)> € D(t), —h<t<0 there

is control u(-)eU such that <Z(t)>€ D(t) for all 0<t<T, where < > - corresponding norm, z(-) -

corresponding solution of the problem (3)—(5).
Statement of the problem
This work studies the weak and strong invariance of the constant multivalued mapping of the next
view
D(t)=[0,b] —h<t<T,
where b - positive constant.
Our further objective is to find the connection between parameters T,b, o and A; so that to provide

the weak or strong invariance of the multivalued mapping D(t), t [~ h,T] towards the problem (3)—(5).
3. Main results.
A) Let (2(t)) =z(t),, . 0<t<Tand




ISSN 1991-346X 2. 2020

= Ju(): glﬁﬂ[ju(t)(pkdxj <p, te[0,T]t.

Here ||z(t)|2H = I|z(t)|2dx: iﬂkzk (t) 0<t<T.
r by k=1

Assertion. For any function u(-)eU the next inequality holds:

Z/ik{_[ fe A (t=r) )¢’kdXd7J S{l_i_ﬂlt] p?

k=1 080 1

The proof of the assertion follows from the next correlations:

t (o) i
Z’lr [J. je At T) (/’kdXdTJ er J.e 2(t T)e_i - J.U(r)(pkdxdr <
=1 \0aQ 20
© 2 t 2 it 2
z .[e Act=7)g ;. J‘e A (t=7) ju(r)¢kdx dr < J‘e—ll(t—r)dz_ p2|1=e 2.
k=1 o0 0 M
Theorem 1. If the follow condition is satisfied

Yo < (2’1 —1)b y (7)
then the multivalued mapping D(t)=[0,b], t<[-h,T] is strongly invariant on the segment [~ h,T]
towards the problem (3)-(5), forany T >0.

Proof. Let zq(t) with c|zo(t),, <b, -h<t<0, and u(t) with [u(t)], <p, O<t<h, be
r r

arbitrary functions. Substituting these functions in the equation (3), we have solution of the problem (3)—
(5) on the segment [0,h] in the next view (6)

2(t)= i{zge_lkt +}[20k (r—h)+ J‘u(r)(pkdx}e_lk (t_T)dr}ok :

k=1 0 oQ

If we introduce denotation fi ()= zgy (z —h)+ [u(z)pdx, k=12,..., then for the function f (), with

o0
the Fourier coefficients f,(-), we have

1@, =lole=n)+ue)ly, <lzole=ny, +lu(e),, <b+p. ©
Hence,

2
2
8, = S fo e | = S
k=1

0

t t 2
2e~ 20 [e ) (c)dr + (J e, (T)J |

0 0

From here, using the Cauchy— Bunyakovskii inequality, assertion and inequality (8), we have
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t t ?
zﬂr( 24 of+2e—wzgfe—ﬂk<t—f>fk<r>dr+[Ie‘*k(“”fk@] <

0 0
0 o0 It

ot~ or |02 oAt 2,02 [~ (t-7)

e MY Ahfeg| 2o 2,1 022 [e A=)y (c)dr +
k=1 k=1 0

2
Zﬂr(je Klt=7)¢ k (z)d } <e 2hlp2 4 e At /Ziﬂ‘zgk g
k=1

0 t 2 1_9—/11t
YA Je At (e)ae +[ : J(mp)zge%tbh
k=1

0 1

2 2
oAt At oAt
2eAtpl=® p)+[l ¢ J (b+p)? = [e-ﬂﬂmle—(m p)J .
A A M

_p Mt
Let ;((t):e_ﬂltb+1i—(b+p), 0<t<h,
1
Then we have »(0)=b, ;('(t)z —x%le_lltb +e At (b +p): et (— Ab+b+ p). It follows that when
fulfilling condition of the theorem 1, 4'(t)<o0, i.e. the function 4(t) is nonincreasing. Thus, observing
x(t)>0, wehave [z(t)],, <b,0<t<h.
r

Now, by similar reasoning for the time interval [h, 2h] we have |z(t)|,, <b . Itis seen from here that
r
continuing this process it is possible to reach for any number T >0:
z(t)],, <b, 0<t<T.
20N,

By this, the theorem 1 is proved.

Theorem 2. If A1 > 1, then the multivalued mapping D(t) = [0,b] is weakly invariant on the segment
[=h, T]towards the problem (3)-(5), where T is any positive number.

Proof. Let 4, >1. Let’s show that the set w =[0,b] is weakly invariant towards the problem (3)-(5).

Assume that z,(-) is arbitrary function from X, let u(-)=0. Then from presentation of the solution (6) of
the problem (3)-(5) we have

Izt = > Ak e_ﬁktzg+J‘e_’1k(t_7)zk(t—r)dr <e 2ht 3 A ZE‘ +
Tok=1 0 k=1
o0 t e 0]
2e At kzl/lHZEUe_/lk (t_T)|ZOk (t- T]dT + kZ:l/lﬂ x ©)
= 0 =

t ’ 1-e At 1t )
[ t0)z0 (t—r)dr | <e 2Ap? 42 Atp b+ b2 =
0 4 i

2
-t
{e_/llt +£] b2 .
%

Here, the next inequality and assertion are used:
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2
Ue Alt=r |zOkt rfdr < z/lk‘z()k‘ \/Z/lr[je A= |20kt r)d J
k=1 0

- 1-e~At
If  we introduce notation ;((t)=e At +/1—’ 0<t<h, then  we have
1

Zﬁk

0)=1 7(t)=(-4)e™ <0.
Hence, 0< y(t)<1. From here and from (9) we obtain |z(t)|, <b, 0<t<h. Sequentially using
r
the same reasoning, if necessary, to the time intervals [jh, (j +1)h], j=1,2,... we come to the fact that
|z(t)], <b,at —h<t<T.Thetheorem 2 is proved.

Let (z(t)) = z(t)],, 0<t<T, and

2
0 t
AL (e fu(e+inpedx | dr < 2| eﬂ1t gl
ORI f Jox p
k=1 0

oQ

where 0<t<h and i=-1,0,1,....

Theorem 3. If p<(4 —1)b, then the multivalued mapping D(t)=[0,b] is strongly invariant on the
segment [— h,T ] towards the problem (3)-(5), where T is any positive number.

Proof. Let zo() be any element of the set X, satisfying the condition |zo(),, €D(t), i.e.

r

||zo(-)||Hr <b, —h<t<0,and u(-) be any permitted control, i.e. u(-)eU . For 0<t<h we have

t t 2
|2 t)|| /1& 22 (t)= lek[z()ke +J'e_’1k(t_r)zok(t—r)dr+'[e_jk(t_r)ju(r)qokdxer (10)

=1 0 0 o2

Using the Cauchy— Bunyakovskii inequality and definition of control domain U , it is possible to
show that

2 a2
Zﬂr('[e At=r)y0 (¢ - rdr+je At T)J'u(r)(pkdxer s(l_i ] (b+p)?

k=1 0 a0 1

After simple calculations from (10) we obtain
J2(t)],, <be ! +pT+b(1—e_’11t). (11)

Let’s introduce the following function
_ b -
t)=pe~At 4 PO _g—At),
£t)=be™ + = h-e)

Note that £(0)=b. As E(t)=(- /11b+p+b)e_’11t, therefore under the condition p<(4 —1)b, we
have &'(t)<0. Thus, from (5) we obtain that for all t[0,h] the inequality ||z(t)],, <b holds.

Accepting z(h)as a new initial position of the considered system for the time interval, [h, 2h] we have
2
0 t t
[2(t+h)?, S A22()= 3 L] 20 (he A + [e Atz () + [ [ulr+nlxdr | |
k=1 k=1 0 0 oQ
where 0<t<h.
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Similarly, to the previous step it is possible to obtain the next evaluation
z(t+h <b,0<t<h.
J2(t+h)l,, <b,
Repeating the same reasoning we obtain that ||z(tj|H <b,—h<t<T.
r

The theorem 3 is proved.

4. Conclusions. Many scientists have studied the conditions of strong and weak invariance of sets
with respect to differential inclusion. This work continues these studies for systems with distributed
parameters. The question of the strong and weak invariance of a multivalued mapping with respect to the
heat equation with boundary control is considered. The results obtained are useful for specialists in control
theory and differential games described by equations with distributed parameters.

0.M. Uoparumos?, JK.C. Kypaxoaes?, H.Opasos®, E.A.Heicanos*

124 M.Oye30B ateiHgarel OHTYCTIK Ka3akcTan MemiiekeTTik yHuBepcuteTi, LllpivMkenT, KasakcTaH;
3Koxa Axmer Slcayn aTbingarsl XaublKapaiblK Ka3ak - Typik yHuBepcuteti, Typkicran, Kazakcran

KIAIPYJIEP OPBIH AJIATBIH KbLIYOTKI3I'IITIK ECEBIHAE
HNHBAPHUAHTTBI KOIIMOH/I BEMHEJIEY TYPAJIbI

AnHoTaums. Ka3ipri TaHgarel Kyp/eni, 6Ty aFbIHbI )KbUIIAM KOHE SHEPTrOCHIHBIMIBUIBIKTEI YPAICTEPAl OacKapy
TEOPUSCHIHBIH 3aMaHayH JKETICTIKTEPi MEH FhIIBIMU-TEXHUKAIBIK LITEpisieyci3 icke achlpy MYMKiH emec. Kemnreren
HaKThl 0acKapy HbICaHIapbIH TapaJiFaH MapameTpJi )KyHenep peTiHae KapacThlpyra OOJIBIHABIFE Oenrini, Oy perre
Oackapy mapaMmeTpiiepi TEHJEYAiH OH JKarblH/Ja HeMece IleKapallblK MIapT TypiHAe opHaiacybl MyMKiH. COHFBI
YaKbITTa OHIIPICTIK JKOHE TEXHOJIOTHSIIBIK YPICTEpAl aBTOMATTaHABIpYFa OapbIHIIa MaHbI3/(bl MOH OEpPLJIII OTHIp, all
TapaJFaH ImapameTpili TeHJIeyep xKyieci — Oy ypAiCTepIiH MaTeMaTHKaIIBIK MOZAEIbAepi 00BN TaObUIAIbL.

Backapy ecenrepin 3epTTeyAiH jkaHa SAiCTepiH Kypy/la TOMEHJIET] canaliblK CUITaTTarbl CypaKTapra xkayar oepy
KakeT 00JIajibl:

a) Oepinren G >KMBIHBI KYIICi3 (HeMece KYIITi) MHBApUAHTTHI Ma, SIFHM KapaJbIll JKaTKaH OacKapbLIaThIH
)xyiieHiH G KWBIHAAFBI Ke3 KeNreH OacTamkpl HYKTeCI YIIiH, em OojMaraHia Oip TpackTopus TaObuia ma? by
TpaeKTopus OEPUIreH HYKTEACH IIbIFbIT G JKHBIHIA TONBIK jKaTa Ma?

0) KapaJIblll J)KaTKaH OacKapbLIATHIH XKYHEre KYIICi3 HHBAPHAHTTHI G JKUBIHHBIH 00C eMec iIIKi KHUBIHBI 0ap Ma?

CoHbIMEH KaTap MbIHamai ecen TyblHmaiabl: G KUBIHHBIH TIPIIUTIK SIIPOCBIH KYpy ecedi, Hemece Kayircis
alfiMak Kypy, SFHU KapaJblll )KaTKaH 0acKapy >KMbIHbIHA KaThICThI KYIICI3 MHBAPUAHTTHI G *KUBIHHBIH €H YJIKEH 1LIKi
KUBIHBIH Ta0y. AliTa KeTeiik, OChl Mocesie OOMbIHINA KONTEreH 3epTTeyJiep HETi3iHEH JKUHAKTAJIFaH Mmapamerpli
Oackapy yiienepiHe apHanFaH. ¥ bIHBUIBII OTBIPFaH JXYMbBICTA Y/AEPICTIH YITICIH cHNaTTay/a, HaKThl Xarnainapaa
aKnaparThlH KeIIirin Kedyl apHaibl KOCBIHIBI apKbUIbI €CENKe aliblHa[bl. ONEeTTe OacKapy Mapamerpiiepi epKiH
OonMaiabl, COHIBIKTaH OJapFa 9pTYpJli TEOMETPHSJIBIK JKOHE HWHTETPANIABIK IIeKTeysep KoWbiiagsl. Ochl
HIeKTeyJepeH OacKka 0ackapy QyHKIUSICH aHBIKTAIFaH (YHKIMOHAIIBIK KeHICTIKTEH aJIbIHAIbI.

By sxympIcTa Kifipyiep OpBIH alaThIH HIEKapallblK OacKapyMeH OepilreH >KbUTYyeTKI3TIIITIK TeHACYiHEe ColKec
TYPaKTBI KOIIMOH I OelHeneynepIaiH I/l )KoHe 9JICi3 HHBAPUAHTTHUIBIFBI TYpalbl Macelie KapayraH. Kimipyiep opsiH
aJaThlH apryMEHTTI IIeKapalbIK jKoHE OacTamKhl MApPTTapAa JKbUTY alaMacyasl Oackapy eceOi YIIiH OChl KOTIMOHII
OeitHeneyIepaiH QM1 KOHE QJICI3 MHBAPUAHTTHI OOJTybIHA JKETKIJIKTI MapTTap ajblHFaH. TapajnFaH KepceTKimTepi
Oap Kyiiere KaTbICThl «MHBAPHAHTTHI KUbIHY» YFbIMbIHAH maiinananpurad. OHbIH (U3UKAJIBIK MaFbIHACKI OOBEKTiHI
0Oackapy apKpUIbl HUET €TKEH jKal-Kyiae MYMKIHIITIHIIE Y3aK «ycTam Typy». by perte, oOBeKTiHI ycTam Typy
TeOMETPUSIIBIK TYPFbIIaH eMec, OOBEKTIHIH KeJeMiHe Kapall opraimia MoOHJAI YCTall Typy [JereH YFhIMMEH
tycinaipiieni. OOBEKTIHI HHMET €TKeH jKail-Kyie ycram Typy YIIiH KeWOip >karjaiiapaa >KEeTKUIIKTI mapTrap
ycbiHbaael. Tenueynepai menly YIIH ajablMeH SJUIMITHKAIBIK ONEepaToOpAbIH MEH OIepaTOpAbIH ©3iHe-e3i
TYWiH/ECKe NeHiH aHBIKTay aiiMarbl KEHEHTLIeAl, ComaH KEeHiH OChl ONepaTOpbIH SHEPreTHKAaNbIK KEHICTIriHe
JKaTaThlH IIEIIiMHIH OOJybl KapacThIpbUIaibl. By perre, KEHEWTUIreH OoIepaTopiblH TOJBIK JKYHEHI >KoHe
OTIEPATOPIBIH YHEPTETHUKAIBIK KCHICTITIHIE JkKoHEe opOip KEHICTIKTE KYPAWThIH JKaIIblIaHFaH MEHIIIIKTI CaHaapbl MCH
JKaJIMbUTAaHFaH MEHINKTI (QyHKIusIapbl Oap (akT maigaraHbuianel. by skarmaiiia miennM skaiambbiama  JIel
KapacThIPbIIAAbI, SFHU MICIIM KO3(PQOUIMEHTTEepl Iekci3 kak muddepeHIanaplK TeHACYIepai KaHaraTTaH-
neipateiH Dyphe KaTapsl TypiHzme Oepimeni. Tam ocel nuddepeHIMANIBIK TEHAEYIEp KyieciHae Oackapy
napameTpiepi kesgeceni. ConapikTaH, memimai any yuid dypbe omici, an Oacramkel ecenTi Oackapymaa Pypne
KO3 PHUIHUEHTTEP] KOIIaHBUIAIBI.

—— g4 ——
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By Moceneni KapacTeIpynarbl MaHBI3BI COT, Oackapy dJIEeMEHTTepi aliMaKThIH IIeKapachlHIa OpHanacKaH. by
perre Oackapy aiiMarbl IOHEC BIKIIAM KOI KbIPJbI, aJl IIEKTey aliMarbl MEH TePMHHAJIBIK KOI - >KapThLIaif
KeHicTikrep Oonbln TaObuianbsl. byn Oenrimi Oip jkarmainapia anblHFaH HOTIDKENEPAl MPaKTHKAJIBIK ecenTepli
HIeIIy e KOJIaHyFa MYMKIHIIK Oepeti.

Tyilin ce3mep: WHBapHAHTTHI >KUBIHIApP, 0ackapy, KOIIMOHII OeliHeley, TapajfaH IapaMeTpiii JKyhenepmi
Oackapy, Kigipy.

0O.M. Uobparumos?, JK.C. Kypak6aes?, U. Opasos®, E.A. Heicanos*

124105xn0-Kasaxcranckuil yauBepcuteT nM.M.Ayesosa, IllsimkenT, Kazaxcran;
$ MexmyHapomHbIil Ka3axcKo-Typenkui yausepcuteT uM.X. A Scasu, Typkectan, Kazaxcran

Ob OJHOM HHBAPUAHTHOM MHOI'O3HAYHOM OTOBPA’)KEHUN
B 3AJAYE TEIIVIOITPOBOJHOCTH C 3AITIA3/IBIBAHUEM

Annortanusi. COBpeMEHHBIE CJIOXHBIE, OBICTPO IPOTEKAIOIINE W DHEProeMKHE IPOLECChl HEBO3MOXKHO
pcain30BaTb 663 JOTOJIHEHUA X COBPEMEHHBIMH JOCTUIKCHHUAMU TCOPHUU YIPABJICHUA W HAYYHO-TEXHHUYECKOI'O
nporpecca. Kak HW3BECTHO, MHOTHE pEaNbHBIC YIPABISIEMble OOBEKTHI MOXXKHO pPacCMaTpPHBATh KaK OOBEKTHI C
pacrpeeNieHHbIMU MapaMeTpaMy, B KOTOPBIX YIPABISIONIAE MMapaMeTPhl MOTYT HAaXOJUTHCS KaK B MPaBOH 4YacTH
ypaBHEHHs, TaKk W B TpPaHUYHBIX YCIOBHAX. B TociemHee BpeMs BCEBO3pacTaiollee 3HAYCHHE NPUIACTCS
aBTOMATH3aIlM TIPOW3BOJCTBEHHBIX W TEXHOJOTHYECKHX IPOIECCOB, MATEMAaTHUYECKUMH MOJEISIMH KOTOPBIX
SIBITFOTCS] CHCTEMBI YPaBHEHHUH ¢ pacIpeesieHHBIME napaMeTpamu. [Ipu pa3paboTke HOBBIX METOIOB HCCIEIOBAHMUS
3a/1a4 yIpaBJICHH CIeIyeT OTBETHTh Ha CIEAYIONINE BOMPOCH KaYeCTBEHHOT'O XapaKTepa:

a) ABJISIETCS M MHOXKECTBO G CHIbHO (MM C€)1a00) WHBApHAHTHBIM, T.C. U JIFOOOW HAYaabHON TOYKH u3 G
CYIIECTBYET JIM XOTs ObI OHA TPAaeKTOPHs (BCE TPACKTOPHN) PAaCCMAaTPUBAEMON YIIPABIIAEMON CHCTEMBI, BBIXOSIIAS
13 JaHHOW TOYKH, OTIPE/ICIICHHAs Ha OECKOHEYHOM HHTEPBAJIe BPEMEHH U LIEIMKOM Jiexkarias B G?

0) cyuiecTByer JM XOTs Obl OJJTHO HEIyCTOE ITOJIMHOXKECTBO MHOKecTBa G, c11a00 MHBApUAHTHOE OTHOCUTEIBHO
JIaHHOM YTIpaBIsieMOM CUCTEMBI?

Kpome Toro, Bo3HMKaIOT 33/1a4u: 331a4a MoCTpOeHUs siipa xuBydectd G, mim To ke camoe 0e301macHOi 30HBI,
T... MaKCHMAaJbHOTO MOJMHOXeCcTBa MHOxecTBa G, cnmabo (WM CWIBHO) WHBAPUAHTHOTO OTHOCHUTEIBHO
paccMmarprBaeMoi ynpasisieMol cucteMbl. OTMETHM, 4TO ITOYTH BCE MCCIIEAOBAHMUS 110 3TOH Mpo0iieMe IMOCBSIIEHBI
YOpaBsIEeMBIM CHCTEMaM CO COCPEAOTOYCHHBIMH TapamMeTpaMu. B mpennaraemoit paboTe B ONHMCAaHWHA MOJICIH
mporecca ¢ MOMOIIBI0 CHEIHATBHOTO CIIAraeMoOro YYUTHIBACTCS TO, YTO B PEaJbHBIX CHUTYAINSIX Bce MH(OpMAIUL
MOCTYTIAaeT C 3ama3JplBaHUEM. TaK KakK YIPaBIIONINE TapamMeTphl He OBIBAIOT MPOU3BOJIBHBIMH, TIOITOMY Ha HHX
HAJIaraloTCs pa3IM4yHble OTPAHWYEHHUS B BHUIE TCOMETPUYECKHX M HHTETpalIbHBIX. KpoMe 3THX OrpaHHYeHHH,
yrpasiisifone GyHKIHHA OepyTCcsi U3 ONPeeIeHHOro (yHKIMOHAIBHOTO MPOCTPAHCTRA.

B nmanHoil paboTe pacCMOTPEH BOMPOC O CHILHOM W CJIa00W WHBAPHAHTHOCTH MOCTOSHHOTO MHOTO3HAYHOTO
0T06pa)KeHI/lﬂ OTHOCUTECJIIbHO YPAaBHCHUA TCIUIONPOBOJHOCTH C TI'PAHUYHBIM YIIpaBJICHUEM IIpHU HaAJIWUYUU
3anasapiBanus. Jls 3ajauM  ynpaBieHWs TEIIoOOMEHa C 3ama3/bIBaloIlUM apryMEHTOM C TPaHWYHBIMH U
HAYaJbHBIMH YCIOBHSIMHU TOJYYCHBI JTOCTATOYHBIC YCIOBHS JUIS CHJIBHOW W CJIa0OH MHBAPHUAHTHOCTH JTaHHOTO
MHOTO3HAYHOTO OTOOpakeHUs. [I[pUMEHEHO TOHATHE — «WHBAapUAHTHBIC MHOYKECTBA» OTHOCUTEIBHO CHUCTEMEI C
pacrpeeNeHHbIMU TTapaMeTpaMu, (PU3MYSCKHIA CMBICT KOTOPBIX 3aKJIFOYACTCS B TOM, YTO OBl MO BO3MOXKHOCTH
JONBIIIE «yAEpKaTh» OOBEKT B JKEJTAEMOM COCTOSIHUM C IIOMOINBIO yTpaBieHUs uM. [Ipum 3ToM, 37€ch TOJ
yaepkaHHeM 00BbeKTa IOHUMAETCS HE B TEOMETPUIECKOM CMBICIIE, @ B CMBICIIE yIepKAHUS YCPETHEHHOTO 3HAUCHUS
OTHOCHUTEJIBHO 00beMa 00bekTa. [IpemToskeHbl HeO0OXOIUMBbIC YCIOBHS I YICpXKaHUS OOBEKTa B IKEIaeMBIX
cocTosTHUAX. [t peleHns ypaBHEHHH CHadala pacIIupsieTcs 00JIacTh ONPEeaesICHIs HIUIMIITHYECKOTO OlepaTropa u
caMoro omepaTopa J0 CaMOCOIPSDKEHHOTO, U 3aTEM pacCMaTPUBAETCs CYIIECTBOBAHMS PEIICHUS, PUHAIICKAIIETO
9HEPreTU4eCKOMY IMPOCTPAaHCTBY [AHHOrO orepartopa. IIpu 3ToM wHcnonb3yercss TOT (DakT, YTO PACIIMPEHHBIN
orepaTop uMeeT 0000IeHHbIE COOCTBEHHBIE YMCIa U 0000IIeHHbIE COOCTBEHHBIE (PYHKIINH, COCTABIISAIOUINE ITOTHYIO
CHCTEMY U B DHEPI'€TUYECKOM IPOCTPAHCTBE ONEPaTopa, U B KAXKIOM MPOCTPaHCTBE. B aHHOM cilydae B KauecTBe
peleHusl NOHMMaeTcsi 00OOIEHHOe, MOTOMY YTO OHO NpejacTaBisiercss B Buae psaa dypbe, k0dhGULMEHTHI
KOTOPOTO Y/IOBJIETBOPSIOT OCCKOHEYHBIM OOBIKHOBCHHBIM Ju((epeHIManbHbIM ypaBHeHHIM. Kak pa3 B 3Toit
cucreMe IuQQepeHINATEHBIX ypPaBHCHAN MPUCYTCTBYET YNPABIIONIMKA MapaMeTp. Tak dYTo s TOJXYYCHUS
pemieHust npuMensiercst meron Pypbe, a ynpaBieHHE HUCXOAHOW 3aJadd OCYIIECTBIAETCS 4epe3 Kod(h(HUIMEHTHI
®dypoe.

CyImecTBeHHBIM MOMEHTOM DPAacCMOTPEHHS NAHHOM 3agadd SBISETCS TO, YTO YIPABICHUS HAXOAATCS Ha
rparute oomactu. [Ipu 3ToM 001acTh yIIpaBIIeHHUS SABISECTCS BBITYKIBIM KOMIAKTHEIM MHOTOTPaHHHUKOM, a 00J1acTh
OTPAaHWYCHUS U TEPMHHAIHHOE MHOXECTBO - IOJyIPOCTPAHCTBAMHU. JTO, B OINPEIENICHHBIX YCIOBHUSX, ITO3BOJISET
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