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ON COMPLETENESS OF ROOT VECTORS
OF THE CAUCHY PROBLEM OF THE FIRST ORDER EQUATION
WITH DEVIATING ARGUMENT

Abstract. The main objective of this paper is to study the conditions under which the system of finite-
dimensional invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.

In the case of a general completely continuous operator, completeness may not take place. The simplest
example of this kind is the integration operator

Af = [ f(dt,a<x<b,

which acts in the Hilbert space of square-integrable functions on the interval (a, b). In what follows, we will denote
this space by L?(a, b).

In the present work, by the method of M.V. Keldysh, the completeness of the system of root vectors of the
operator corresponding to the Cauchy problem of a first-order equation with a variable coefficient and a deviating
argument is proved. The Volterra operator of the ordinary differential equation corresponding to the Cauchy problem
is well known, so the result is in sharp contrast with the known facts. It can be expected that the results obtained will
find application in theoretical physics, the theory of signal transmission, especially in fiber optic communications.
Since the coefficient of the equation is not assumed to be real, the corresponding operator is not self-adjoint;
therefore, questions of basicity were not considered. The result obtained is formulated in terms of the coefficient of
the equation, and is close to the necessary, which is confirmed by the constructed example. This condition is a
consequence of the method used; perhaps with other methods they can take a different look.

Note that the square of the operator A generates a sheaf of operators in the space L?(0,1); therefore, the results
of the paper are of interest also for the theory of sheaf.

Keywords. Spectrum, deviating argument, root subspace, completeness, Keldysh theorem, compactness,
Hilbert-Schmidt theorem, Green function, resolvent, sheaf of Keldysh operators.

1. One of the central concepts of the spectral theory of linear operators is completeness of the
system of its root vectors. In this paper, we consider a linear non-self-adjoint operator acting in a separable
Hilbert space H and having a discrete spectrum. The latter means that all points of the spectrum of the
operator A (with the possible exception of one) are isolated and the corresponding subspaces are finite-
dimensional. A finite-dimensional invariant subspace of the operator A related to some point A, of the
spectrum o (A) is usually called the root subspace. We will denote it by R,. The root subspace R can be
characterized as a set of elements f satisfying for some integer m > 1 the following equation

(A-AE)"f = 0. 1)

Discrete spectrum, as well known, is possessed by completely continuous operators, as well as

unbounded (for example, differential) operators having completely continuous inverse operators. In fact,
we consider only such operators.

The main objective of this paper is to study conditions under which the system of finite-dimensional

invariant (root) subspaces of the operator A turns out to be complete in H or in the range of the operator.
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We explain that a system of finite-dimensional invariant subspaces of an operator is commonly called
complete in a Hilbert space H if any element h € H can be approximated with a predetermined accuracy
by the norm by a finite linear combination of elements, each of which belongs to one of the invariant
subspaces. It is well known that if some completely continuous operator is self-adjoint, then the system of
its finite-dimensional invariant subspaces is complete in the range of the operator (in this case, the root
subspaces turn out to be eigenvalues, in the formula (1) m = 1).

In the case of a general completely continuous operator, completeness may not take place. The
simplest example of this kind is the integration operator

Af = [Ff(dt,a<x <, (2

which maps in a Hilbert space of functions having a Lebesgue integrable square on the interval (a, b).
Furthermore, we denote this space by La(a, b). It is easy to verify that the operator (2), being completely
continuous, has only a single point in the spectrum — zero, and does not have any eigenvectors.
Consequently, it does not have finite-dimensional invariant subspaces.

Although the question about completeness of the system of root subspaces for operators with a
discrete spectrum has long been considered in a large number of works, a decisive step on this path was
made only in 1951 by M. Keldysh in the fundamental paper [1], where he proved the general theorem, in
which completeness in a large number of boundary value problems for various series of equations with
ordinary and partial derivatives was established. In his research, M.V. Keldysh relied on the results of his
previous authors [1] - [7]. After this work, a number of papers [2] - [20], devoted to this theme, appeared.
After 20 years, M.V. Keldysh continued his research [21]. This paper contains a detailed exposition of the
first part of the work “On eigenvalues and eigenfunctions of some classes of non-self-adjoint equations”
published by the author in [1]. According to the author, content of the paper was reported in 1951 at the
meeting of the Moscow Mathematical Society. Then its manuscript was made available by the author to a
number of mathematicians.

Note that the second part of this work did not appear, apparently, it was lost in archives of his
students. Works in this direction are published today. In development of this direction in the theory of
non-self-adjoint operators, the present paper is also written.

Compact operator A in a linear topological space E is called complete, if the system };,(A4) of root
vectors, corresponding to eigenvalues, which are nonzero, is complete in J/mA. In the case ker A = 0, it
means that for the operator A=1: JmA — E system of root vectors is complete in the domain (and complete
in E, if D(A™1) = JmA is possible). In usual concrete situations original operator is A=, for example,
A~ =L is a differential operator, A — is an integral operator, generated by the Green’s function of the
operator L. Any self-adjoint and compact operator A in a Hilbert space is complete. It is natural to expect
that for small perturbations of such operators the completeness is preserved. This expectation is justified if
eigenvalues of the unperturbed operator quickly tend to zero. As noted above, the first general result in
this direction belongs to 1.V. Keldysh [1].

Keldysh Theorem [1]. Suppose that operator A in a Hilbert space H has the form A = (I + R)S,
where S,R - are compact operators, moreover S — is self-adjoint and its eigenvalues
A, # 0(n=0,1,2,...), taking into account the multiplicities, satisfy the condition

S 12" <0
n=0

at some p > 0. Then the operator A - is complete.
The aim of this paper is to study the operator of the Cauchy problem for an equation with a
deviating argument for completeness.

2. Research Methods.
Let H = L?(0,1) be a Hilbert space, and q(x) be a continuous function. We consider the operator

Ay =Sy +Qy,D(4) = {y € *(0,1) n [0,1],y(0) = 0} @)
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Where S, Q are also operators, given by the formulas:
Sy(x) = y(1- X), Qy =q(x)- y(x) 3)
The question is whether the operator A™ will be complete in H . To answer this question, we study
the operator A according to the scheme of the Keldysh theorem.

Let
Ao =5L @
Where L = D(L)={y eCc*(0.1)nc[01] y(0)=0f
Then we get:
A=A +Q=All+AQ|=[1+QA] A,
A =1 ArQ] " A, ©
e AR = Zar (el =1+ X 0 (ae)” o

These equalities are true if A5 exists and the inequality |45 Q|| < 1 holds, therefore we study these

operators in detail.
We consider the spectral problem

Ao y =21y @)
for them in expanded form
{— y'(t-x)=2y(x)
¥(0)=0 ®)- @)

the following lemma holds.
Lemma 2.1. Spectral problem (8) +(9) has an infinite set of eigenvalues

Ao = (—1)"(”7”%) (n=012,..) (10)

and the corresponding eigenfunctions
u,(x)= \/E-sin(nn +%Jx

which form an orthonormal basis in the space L2(0,1).

(11)

Lemma 2.2.
(a) Operator Ag? is self-adjoint and almost continuous;

(b) For any p > 1 we have
+00 l
> < oo,
p
n=0

4]

where 151 — are eigenvalues of the operator Ay?.

© 143" < =

Proof.

(a) We show that if an operator A, is symmetric, then the operator Ag? is also symmetric; since it is
defined throughout the space H, then it is self-adjoint.

(b) Due to Lemma 1, we have
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207 A A & 1 pg@ "2
" (nn+2j np[n+2j

(c) Norm of the integration operator is known [3], it is equal, therefore

|23 =15 =] <[] st = -] =

2
.
Now we estimate norm of the operator A51Q.

Jaco] <ol 2 ol

alf v

Qv = Jla(tye)7 et =l [yle) e < ma

0<x<1

|yl < maxal-}y] = |Q] < max(al

0<x<1 0<x<1
Thus,
a 2
HAO QH <=-max(q|.
T 0=x<1 (12)
Lemma 2.3. If
max|q| < z
0<x<l1 2 , (13)

then the operator

+00
R=> (1" (A"Q)"

m=1 (]_4)
is almost continuous.

Proof. From the conditions (12)+(13) it follows that the series (14) converges uniformly; since each
term of this series is almost continuous, then the sum is also almost continuous operator. The proved
Lemmas imply Theorem 3.1.

3. Research Results.

Theorem 3.1. If max|q| < % then the operator A

0<x<1

d
A=S—+QDA)={y€ ¢*[0,1] n [0,1], y(0) = 0},
where Sy(x) = y(1 — x), Qy = q(x) — y(x) is complete in the space H = L?(0,1).
Our operator A is invertible, therefore its range is whole space H = L?(0,1), consequently, Theorem
3.2 also holds.

Theorem 3.2. If g(x) is a complex continuous function, satisfying the condition

max(q(x} <7

then the system of root vector of the operator
A=5+0Q,D(4) = {y € c*(0,1) n[0,1],y(0) = 0},
where Sy(x) = y(1 — x), Qy = q(x) - y(x) is complete in the space H = L?(0,1).
If g(x) is a real function, then the operator Q:
Qv =q(x)- y(x)
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will be self-adjoint in H = L2(0,1). Then the operator
A=A,+Q

Is also self-adjoint. From
Afl — [I + Aole]71 . A(;l
it follows that the operator A™ s almost continuous, moreover if A71f =0, then f = AA™1f = 0.

Therefore kerA=1 = 0. We have proved the following Theorem 3.3.
Theorem 3.3. If g(x) is a real continuous function, satisfying the condition

max(q(x)} <7

then the system of orthonormal eigenvectors of the operator A:
Ay =y'(L-x)+q(x)y(x) D(A)=1{yeC*(01)n[01] y(0)=0f

forms an orthonormal basis in the space H = L?(0,1).
Proof follows from the Hilbert-Schmidt theorem [36], and the above discussions.

4. Discussion.
Remark 4.1. Condition

V4
maxfale) <
provided invertibility of the operator A, as the following example shows, it may not be invertible. Then the
application of the Keldysh theorem becomes difficult.
Example 4.1. If
Q(x) = _gl‘x € [Oﬁl]
then the equation
y'(1-x)+a(x)y(x)=0

has a nontrivial solution. In fact, solution to this equation is the function
. 7X
y(x)=sin==,
2
which can be verified by direct calculation:

, T 7iX T T T T 7IX . T . 7X T . 7X
= — —, ’1— = — —1— = — —_ B — —_ _— = —,
y'(x) 2cos > y'(1-x) 2c032( X) 2[cos2 cos ) +sin 5 sin 2} 5 sin >

, T . X 7w . X
y'(L—x)+q(x)y(x) 5 Sin-—=sin=-=0.
Theorem 4.1. If symmetric operator A has a complete system of eigenvectors, then closure of this
operator A is self-adjoint in H, in other words, the operator A is self-adjoint in essential.
5. Conclusion. If g(x) is a real continuous function, satisfying the condition

max|q(x) < %

0<x<1

then
(a) system of orthonormal eigenvectors of the operator A:

Ay = y'(1-x)+q(x)y(x) D(A)= ly ec*(01)n[04] y(0)=0}
forms an orthonormal basis in the space H = L?(0,1).

(b) operator A is self-adjoint in essential.
The latter property is very important, see [21].
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APT'YMEHTI AYBITKbBIFAH, BIPIHIII PETTI JU®P®EPEHITUAJIABIK TEHAEY JIIH
KOHIWJIIK ECEBIHIH TYIIKI BEKTOPJIAPBIHBIH TOJBIMABIJIBIFBI TYPAJIBI

AnHoTauus. ChIHApIBl ONEPATOPJIAPABIH CIEKTPAIII TEOPHSICHI PETIHIE, OJAPJAbIH CIEKTPIJIIIK KACHETTEPiH
3epTTeyre apHaJFaH KeH ayKbIMIbI CYypaKTap Ti3iMi TaHbUIaJIbl, MBICAJIBI, CIICKPIH OpHAJIacy TOPTiOi MEH aCHMTOTHKACHI,
TYINKI BEKTOpJIAp Ti3IMiHIH TOJBIMBUIBIFBI, TYIIKI BEKTOpPJIAp CHCTEMACHIHBIH 0a3UCTIri, TYNKI BEKTOpJIapAaH )KacaKTaJFaH
KaTaplIapAblH >KMHAKTbUIbIFBIH B. Bb. Jlunckuiinin omici apkeuibl 3eprrey. Konmemi Mocenenepii 3epTTereHie, >KoHe
i depeHnnanaplK TeHAeYIep TEOPHICHIHIA OCBIFAH YKCac ecenTep Ke3lnecendi, OipakTa, OYJ1 coTTe omeparop YLIiH eMec
omepatop MoHII (yHkuusulap yuiH. OnepaTopiapiblH CIEKTPAIAIK TEOPUSCHIHBIH Oyl TYpiH, OpHHE, OIepaTop-
dyHruusIapabiH  (0.-().) CHEKTpasi TEopuschl Jien aTaraH eH. Omneparop-QyHKiusuapabiH (0.-.) crnekTpanmik
KacHEeTTEepiH 3epTTey eCeNTEpiHiH KaKeTTiNiriHe MaTeMaTUKTEePIiH Ha3apbl 6TKEH FACBHIPABIH OachbIHIA ayFaHbIMEH, 0.-¢.-
JapbIH a0CTPaKTi TEOPHSICHIHBIH Herisri HoThexenepiH Tek 1951 xbutel M. B. Kengpimn angpi, Oy eHOEKTe TYIKi
BEKTOpPJIAp CHUCTEMACBIHBIH N-PETTi TONBIMIBUIBIFBI YFBIMBI CHII3UIII,)KOHE A-Te€ MOJIMHOMOIAI TOyelal oeparop-
(YHKIMSITApIBIH TYTIKI BEKTOPIAP CHCTEMACBHIHBIH N-PETTi TOJBIMIBUIBIFBI JANIENACH I, KeHiHIpeK MyHIal oreparopiap
M. B. KennsluthlH onepaTopiap IIOFBIPHI AeniHAi. byn Teopema omneparop-auddepennuangik tennenepaiy Kommrik
ecenrtepin Dype oiciMeH 1menryre %ot amrtsl. Oneparop-anddepeHIuaIiK TeHaeyIepAiH 6acka ecenTepin 3epTTereHe,
M. B. KengplutiH n-peTTi TOJBIMABUIBIK YFBIMBIHBIH JKETKITIKCI3Airi OalKasibl, COHIBIKTAH, €CENIiK TOJIBIMIIBLIBIKTHI
3epTTey ecenTepi naiaa OOJIbL.

Tymki BEKTOpIap CHCTEMACHIHBIH TOJBIMIBUIBIFBI CHI3BIKTHIK OMEPATOPIAPABIH CIEKTPIIIIK TEOPHSCHIHBIH HETi3ri
YFBIMIApBIHGIH Oipi. By eHOekre runbepttiy cenapabenai H keHiCTIriHIEe CIEKTPi CUPEK CHI3BIKTHIK ChIHAPJIBI OIepaTop
KapacThIpbUIIbl. byl aercHiMi3z cnekTpaiH Oip HyKTeciHeH Oacka HYKTeNlepi OKUIayJlaHFaH, COHJAM aK oyapra ColKec
IIKeHICTIKTepl caHcanabl JereHnai Oinmipeni. A omeparopblHbIH G(A), CIEKTPiHIH Ag HYKTECIHE COWKec caHcajaibl
WHBapUaHTTH! 1IKEHICTITH TYNKI KEHICTIK Aen aray KaObuinaHraH. biz oHbl Rg apkpuibl Oenrineiimis. Tynki KeHICTIKTI
MmbiHa, ( A —A,E)™ = 0, m> 1 (1) Tenaeyin menriMaep *UBIHBI Ien cumartayra 6omanel. Erep ne m=1 6osnca, onna f
BEKTOpBI MEHIIIKTI BEeKTOp O0Jaibl, 0acKa jkarJaiija eHIlijgec BEKTOp Jell aTajabl.

9cipe y3iKci3 onepaTopiaapMeH, Kepici acipe y3ikci3 (Mbicaibl, AuddepeHHaIibK) onepaTopiaapAblH CIIEKTPi CUPEK
exeHi Oenrimi. Bi3niH omepaTopbIMbI3 a OCBUIAPIbIH KaTapblHA )KaTaJbl XKoHE Oi3 TeK COHAAM omepaTropiapAbl FaHa
KapacThIPaMbI3.

Byn enOekTiH Herisri ece0i TYNKiI KEHICTIKTEp CHCTEMAChIHBIH TOJIBIMABLIBIFBIH KAMTaMachI3 €TETiH MIapTTapasl Taly
JKOHE 3epTTey, €H OoJIMaraHaa, olap OIepaTOpAbIH MOHIEPIHIH JKHBIHBIHAA TONBIK Oomysl mapT. Erep ruibeprtTiH
H kewnicririnin op06ip heH »neMeHTiH, ori TYNKEHICTIKTEpAE *KaTKaH 3JEMEHTTEPAIH ChI3BIKTHIK KOMOMHALUSCH! apKbUIBL,
KaJaFaH JQJJIIKIICH, JXYbIKTayFa 0oJica, OHJa QNI caHcaaalbl KEHICTITEp CHCTEeMachlH ochl H KeHiCTiriHae TOJBIK el
canaiimbi3. Erep-ne Oenrini Gip ocipe y3iKci3 ornepaTop >Kajkbl 0oJica, SSFHM OHBIH ChIHApPBI OHBIH €31 00Jica, OHJIa OHBIH
caHcasajgbl MHBAPUAHTTHI 1MIKEHICTIKTED CUCTEMAChl, OHBIH MEHJICPIHIH JKHUBIHBIHIA TOJBIMIBI eKeHi Oenrimi (Oyn coTte
OHBIH TYIKi KEHICTiKTepi MeHIUIKTi Oonansl, sFHU (1) Gopmynana m =1 Goxansl).ChiHAPIBI olepaTopiap YLIIH Xargai
MYyJijieM Oackaria MyMKiH.

TonBIMIBIIBIK KacHueTi ocipe Y3iKCi3 omeparopniap YUIiH >xanmbiiaid emec. OmepaTopablH ocipe Y3IKCi3aAiri OHBIH
TOJBIMABI OOJTybIHA JKEeTKiNikci3. YKanmel »karmaiifia, TOMBIMABUIBIK YIIIH ONEPAaTOPAbIH ocipe Y3IKCI3IIri JKETKUTIKCI3.
MyHBIH aiiKbIH MBICAJIBI PETiHAE, Kelleci,

Af =[f®dt,a<x<bh, 2

UHTErpajgay OIepaTopblH aiiTyra Ooxamel, Oy omepaTop MeninnepiHiH ksaxparrapbl Jleber OoiibiHIna (a, b)
UHTEpBallbIH/a UHTErpaJaHaTbiH (GYHKIUIAPAbIH TIOEPTTIK KEHICTIriHAe opekeT eTeni. byn keHicTikTi 613 opi Kapaii,
Obuaii L2(a, b) Genrineiimis. byn (2) oneparopasiy acipe y3ikci3 GonraHbiHa KapamacTaH, Oipze 6ip MEHIIIKTI MOHi XKOK,
OHBIH CIEKTPi TeK HeN HYKTECIHEH TYPAThIHBIH TeKcepy KBIBIH Mapya emec. JleMek OIepaTopablH CaHCalalbl
WHBApUAHTTHI KEHICTIKTEPI XKOK.

Byn enOexkte M.B.KennpluThlH oHmiCiMEH apryMeHTiI aybITKbIFaH KOI(Q@UIHMEHTI alHbIMaibl OipiHIN peTTi
muddepennuanabik TepaeyaiH Komu eceOiHiH TYNKi BEKTOpIAp CUCTEMACBHIHBIH TONBIMABLIBIFBL KepceTinai. bipinmi perri
komimri nuddepeHumanaplk TeHaeyAiH Kommnik eceOiHiH BONTEpii €KeHI KOIKe MoJiM, COHIBIKTaH, OyJl kail Oenrini
JKalnapJaH epekieneHesi. ANbIHFaH HOTUEXeIepli TEOpUsUIbIK (pU3UKa MEH JepeKTepAl TapaTy TeOpHACBhIHAA, acipece
OINITHKANBIK TapallbIM XKyiienepinae Konganslc Tabaabl A€l KyTyre 60iaibl.

TenaeyniH k03GPUIMEHTI HAKTHI O0JIMAaFaHAbIKTaH, €CENKe COUKEC ONepaTop ChIHAPIbl, COHABIKTaH 0a3UCTIK Typabl
MoceJeNiep Ha3apaH ThIC KaJ/ibl. AJIBIHFAH HOTHUEKENEp TeHAeyIiH KoeUIueHTi apKbUIbl ©PHEKTEI, JKOHE OJI KAXKETTI
MIapTKa SKaKblH, OHBICHI HAKThl MbICAJl apKbLIbl JAdiekrenreH.byn mapT KonjaHbulFaH OMICTIH caijapsl0acka dfic
KOJIJJaHFaH COTTE OHBIH TYPi ©3repyi ie MyMKIiH.
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KapacTeipbiiran onepatopabid keaaparsl L2(0,1) keHicTirinae omeparopnap IIOFBIPBIH TYbIHAATa[bl, COHIBIKTAH
aJBIHFAH HOTUEXKETIeP ONepaTopIiap MOFBIPBIHBIH TCOPUSCHIH/IAAA KbI3BIFYIIBUIBIK TYFBI3Ybl MyMKIiH.

Tyiiin ce3nep. CriekTp, aybITKbIFaH apryMEHT, TYIIKI KEHICTIK, TOJIBIMABLIBIK, KeIbIIITHIH T€OPEMaChl, KOMITOKTILIIK,
I'un6epr-1lIMuntin Teopemacsl, ' puHHIH QyHKIUACH, PE36IIBEHTA.

T.II. Kaamenos!, A.IlL.Ianxan6aes?, M.U.AkbL16aes’, A.H.Ypmarosa*

L2 HCTUTYT MaTeMaTUKH U MATEMATHYECKOTO MOJIEMpoBanus, Anmarsl, Kazaxcran;
*MesxmyHapo/IHBII TyMaHHTapHO — TEXHAYECKUH yHuHBEpCHUTeT, [lIbvkenT, Kazaxcran;
*IOKTY umenu M. Ayesosa, T. lllsivkent, Kazaxcran

O NOJIHOTE KOPHEBBIX BEKTOPOB 3A/TAYHM KOIIW YPABHEHMUSA ITIEPBOT'O IIOPSIJIKA
C OTKJIOHAIONIUMCA APTYMEHTOM

Annoranus. Ilox crnexTpanbHOW Teopuell HECAMOCONPSIKEHHBIX OINEPATOPOB NMPHUHATO MOHUMATh LIMPOKHUN Kpyr
BOIIPOCOB, CBSI3aHHBIX C M3YYEHHEM CIIEKTPAIBHBIX XapaKTEPHCTHK HECaMOCOIPSDKEHHBIX OIEpaTopoB, Harpumep,
HCCICAOBAHUEC ACUMIITOTUKHU W JIOKaJIW3allMU CIEKTpa, IOJIHOTBI KOPHEBLIX BEKTOPOB, 63.31/ICOB, COCTaABJICHHBIX H3
KOPHEBBIX BEKTOPOB, H3YyYeHHE BO3MOXXHOCTH CYMMHPOBaHHS KOPHEBBIX BEKTOPOB METOAOM, IPEIOKEHHBIM
B.b. Jluackum. Ho Bo MHOrux 3amauax, BcTpedaromuxcs B IuddepeHnnanbHbIX YpaBHEHUSX U NPUKIAJHBIX BOIPOCAX,
BO3HUKAEeT HEOOXOIMMOCTh HW3YUYHTh aHAJOTMYHBIE BONPOCH, HO HE U1 ONeparopa, a JiIs HEKOTOpod (yHKUIHUH,
[IPUHUMAIONIEH 3HaYECHUsI BO MHOXECTBE ONepaTopoB. Takoe 00001IeHNE CIEKTPAIbHON TEOPUU ONEPaTOPOB €CTECTBEHHO
Ha3BaTh CIEKTpaJbHOU Teopueil omepartop-pyHkuuit (0.-¢.). XoTs Ha HEOOXOIMMOCTH HCCIEHOBAHUS CHEKTPaTbHBIX
CBOWCTB 0.-(). BHMMaHHME MaTEeMaTHKOB ObUIO OOpalleHO elle B HayaJle Hallero BeKa, TeM HE MCEHee, NepBbIe
OCHOBOIIOJIATAIOIINE Pe3yNbTaThl B aOCTPakTHOM Teopuu o.-p. Obumm momydeHst M. B. Kenmemmem. B pabore,
omy0OiaukoBaHHOM B 1951 r., e BBeIEHO BaKHOE NOHSATHE N-KPATHOM TOJHOTHI KOPHEBBIX BEKTOPOB W JOKa3aHa
(yHnaMeHTanbHas TeopeMa 00 N-KpaTHOW IOJIHOTE KOPHEBBIX BEKTOPOB A MOIMHOMHANBHO 3aBUCAIUX OT 4 0.-¢.,
MOJMYYMBIIMX BIIOCICJICTBMM Ha3BaHHE Iy4koB omneparopoB M. B. Kengpima. OTta Teopema 00OCHOBBIBAaET
IPUHLUNUAIBHYI0 BO3MOXHOCTh IpuMeHeHus Merona Dypbe mpu pemieHuu 3agauu Komum s mumpoxoro kiacca
orepatopHo-nuddepeHInaNbHbIX ypaBHeHUH. VccnenoBanue ke Apyrux 3aaad s oneparopHo-auddepeHInaIbHbIX
ypaBHEHUH IUKTYET U3y4eHHE KPaTHOM MOIHOTHI KOPHEBBIX BEKTOPOB, OTIMYHOE OT N-KPATHOH IOJIHOTBI, PACCMOTPEHHOM
M. B. Kengpiiem.

OIHMM U3 LEHTPAIbHBIX MOHATUH CHEKTPaJbHON TEOPUM JIMHEHHBIX OIEPATOPOB SIBJIAETCS MOJIHOTA CHUCTEMBI €rO
KOPHEBBIX BEKTOpPOB. B HacrosIei paboTe paccMaTprBaeTCs TIMHEWHBIH HECAMOCOIPSIKEHHBIN OMepaTop, ICHCTBYIONINN B
cenapabesbHOM I'MIb0epTOBOM IpocTpaHcTBe H, u obOnanaromuil auckpeTHelM crekTpoM. IlocnenHee o3HayaeT, 4To BCe
TOYKH CIIEKTpa omepaTopa A (3a UCKIIOUCHHEM, OBITh MOXET, OJTHOH) SIBISIOTCS H30JMPOBAHHBIMH U COOTBETCTBYIOILUE
UM INOJIPOCTPAHCTBA KOHEUHOMEPHbL. KOoHEUHOMEpPHOE MHBAPUAHTHOE IOANPOCTPAHCTBO OIEepaTopa A, OTHoOcsAIeecs K
HEKOTOpOU Touke Ag; cieKTpa 6(A), NPUHATO Ha3bIBaTh KOPHEBHIM MOANPOCTPAHCTBOM. MBI OyZieM ero 0003HayaTh uepes
R;. KopHeBoe moanpocTpaHcTBO Ry MOXKET OBITh OXapaKTepPU30BaHO KaK COBOKYITHOCTH JIEMEHTOB f , yIOBIETBOPSIOMINX
npH HeKoTopoM reniom m> 1 ypasuenuto ( A —A,E)™ =0, m=> 1. (1)

JIMCKpeTHBIM CIIEKTPOM, KaK H3BECTHO, OOJNANaIOT BIIOJHE HETPEpHIBHBIE OINEPaTOphl, a TaKKe HEOrpaHWYCHHEIE
(nanpumep, nuddepeHnuanbHple) onepaTopsl, UMEIOLINE BIIOJIHE HEeNpepbiBHbIE oOpaTHble. I1o cymiecTBy, TOIBKO Takue
OIIepaTopsl MBI M PACCMATPHBAEM.

OcHoBHOH 3aaueil HacTosdell pabOTHI SABISETCS UCCIEJOBAaHUE YCIIOBUI, IPU KOTOPBIX CUCTEMa KOHEYHOMEPHBIX
WHBApPHAHTHBIX (KOPHEBHIX) MOANIPOCTPAHCTB OlepaTopa A oKa3bIBaeTcs MoiaHoH B H nim B o6nactu 3Ha4eHHIA oneparopa.
W3BecTHO, YTO €CIM HEKOTOPHIH BIOJIHE HETPEPHIBHBIH ONEpaTtop SBISAETCS CaMOCONPSDKEHHBIM, TO CHCTEMa €ro
KOHEYHOMEPHBIX MHBApUAHTHBIX MOANPOCTPAHCTB IOJHA B 00NacTU 3HAa4YeHWH omeparopa (IIpU 3TOM KOPHEBBIE
MOJIIPOCTPAHCTBA OKAa3bIBAIOTCS COOCTBEHHBIMH, B hopmyuie (1) m =1).

B cirydae ke 0011ero BIOJIHE HEIPEPHIBHOIO OIIEPATOpPa IOJHOTA MOKET M HE UMETh MECTA.

[IpocTedmmm MpUMEpPOM TaKOTO POJia CIIYKHUT OIEePATOP HHTETPUPOBAHHS

Af = [ f(B)dt,a<x <D, )

KOTOPBII JeHCTBYeT B THILOEPTOBOM MpOCTpaHCTBE (QYHKIMHA, 00IaJalomuX HHTErpupyeMbIM 1o Jlebery kBaapaTtoM Ha
uHTepBane (a, b). To NpOCTPaHCTBO MBI OyAeM B JaibHeimeMm 0003Hauath yepe3 La(a, b). HerpynHo mpoBeputsh, 4To
omeparop (2), Oyayun BIOJNHE HENPEPHIBHBIM, 00JagaeT JUIIb eJUHCTBEHHOW TOYKOM CHEKTpa — HyJlIeM M He MMeeT HH
OJHOro cOOCTBEHHOro BekTopa. ClenoBaTeNbHO, KOHEUHOMEPHblE HHBAapUAHTHBIE HOANPOCTPAHCTBA y HEro BooOLIe
OTCYTCTBYIOT.

B Hacrosimeit pabore, meromom M.B.Kenppima nokazaHa MOJHOTa CHUCTEMBI KOPHEBBIX BEKTOPOB OIleparopa,
COOTBETCTBYIOIIEro 3anade Komm ypaBHEHHS MEPBOrO MOpSAKA, ¢ MEpEeMEHHBIM KO3()(OHUIHUEHTOM, M OTKIOHSIO-IIUMCS
apryMeHTOM. BoubTeppoBOCTb ollepaTopa COOTBETCTBYMOLIEro 3agade Komm OOBIKHOBEHHOro auddepeH-IuaIbHOro
ypaBHEHHsI OOLICU3BECTHO, MMOITOMY PE3YJIBTAT PE3KO KOHTPACTHPYET C M3BECTHBIMH (hakTaMH. MOXHO OXKHIATh, YTO
MOJIyYCHHBIE PE3yJIbTAaThl HAUAYT NPHUIOKEHHE B TEOPETHUECKOH (U3MKe, TEOpUH Iepelaud CUTHAJIOB, OCOOCHHO B
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ONITHKO-BOJIOKOHHOM  cBsi3U. IlockonmbKy, Kodp@UIMEHT ypaBHEHUs He NPEIIOIaraeTcsi BEIIECTBEHHOH, TO
COOTBETCTBYIOIMH OIEPaTOp HE CaMOCOIPSIKEH, IOTOMY BOIPOCH! 0a3HMCHOCTH HE paccMaTpU-BalauCh. [lomydeHHbIH
pe3yipTaT copMyNIUpoBaH B TePMUHAX Kod(duIMeHTa ypaBHEHHUS, W OJM3KO K HEOOXOAU-MOMY, UTO ITOJATBEPKIAETCS
MOCTPOCHHBIM MPUMEPOM. ITO YCIIOBUE SBJISCTCS CICICTBUEM UCIIOJIb30BAHHOTO METOA, BO3MOXKHO IPH JIPYTUX METOJax
OHHU MOTYT IPUHAMATH JPYTOi BUI.

OTMeTuM, YTO KBaJpaT omeparopa A MOPOXKAAeT MyuoK orepaTopos B mpocTpanctse L2(0,1), I03TOMY pe3yabTaThl
PaboTHI MPEACTABISIET HHTEPEC U VIS TEOPHUHU ITyUYKOB.

KnroueBble cioBa. CrekTp, OTKIOHSIOIIUICSA apryMeHT, KOPHEBOE MOANPOCTPAHCTBO, IOJIHOTA, TeopeMa Kenppima,
KOMITaKTHOCTB, TeopeMa ['mnbepra-llImunra, dbynkius ['puHa, pe3osbBeHTA.
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