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TWO-PHASE STEFAN PROBLEM
FOR GENERALIZED HEAT EQUATION

Abstract. The generalized heat equation is very important for modeling of the heat transfer in bodies
with a variable cross section, when the radial component of the temperature gradient can be neglected in
comparison with the axial component. Such models can be applied in the theory of the heat- and mass
transfer in the electrical contacts. In particular, the temperature field in a liquid metal bridge appearing at
the opening electrical contacts can be modelled by the above considered Stefan problem for the
generalized heat equation. The exact solution in the case when the temperature field in a liquid bridge is
modelled by the generalized heat equation, while for the temperature of the solid contact zone is modelled
by the spherical model, can be represented in the form of series with radial heat polynomials and integral
error functions. The recurrence formulas for the coefficients of these series are given in papers published

earlier in “News of the National Academy of Sciences of the Republic of Kazakhstan, Physic-mathematical
series”.

The two-phase Stefan problem for the generalized heat equation is considered in this paper for the
case when one of the phases collapses into a point at the initial time. That creates a serious difficulty for
the solution by the standard method of reduction of the problem to the integral equations because these
equations are singular. Another method is used here in the case, when the functions appearing in the initial
and boundary conditions are analytical and can be expanded into Taylor series. Then the solution of the
problem can be represented in the form of series for special functions (Laguerre polynomials and the
confluent hypergeometric function) with undetermined coefficients. These special functions have a close
link with the heat polynomials introduced by P.C. Rosenbloom and D.V. Widder.

Keywords: Stefan problem, special functions, Laguerre polynomial, Faa-di Bruno formula.

1. Introduction

These special functions have a close link with the heat polynomials introduced by P.C. Rosenbloom
and D.V. Widder [1]. The similar approach was used for the solution of other free boundary problems [2], [3].

Let us consider the equation

,v=0, o< < @

It is well known that this equation has two linearly independent solutions
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where ®(a,b;x) is the confluent (degenerate) hypergeometric function . Setting T (z) = ¢(x), where
x =—z?, one can find that T (z) satisfies the equation

2
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Using this equation one can check up that the function

B
6(z,t) = (2a\t)’ T(—— a\[

satisfies the equation
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Hence the functions
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satisfy the equation (3).
If g isan even integer, B =2n, the function S, (z,t)can be expressed in terms of the generalized

Laguerre polynomials

) 2 B 2> ) nIT(w) 20\ (D _2_2
S, (2,1) = (4a°t)" q)( n, g, — 4a2t]_r(y+n)(4a t) L, ( 4a2tj (5)
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where 1 = TH It should be noted that this formula is valid for . > 0only.

Properties. Using the integral representation for the degenerate hypergeometric function

@(—g,,u;—zz) = 21q(ﬂ;exp(—zz)z“‘“jexp(—xz)x*‘”fIﬂ_l(22x)dx 7)
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2
and the asymptotic formula
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it is possible to show that
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In particular,
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For v =1both functions (1) coincide :
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In this case, the second linearly independent solution of the equation (3) is [4]
(/)Z(x):(I)(—g,l,lenHZkak (10)
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where
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Stefan problem for spherical case when v =2 is considered in works [5]-[7]. The case when we
represented spherical model as introduced in R. Holm [8] of heat transferring zones. In Stefan problem
with generalized heat equation we can represent solution in heat polynomials [9], but in this work we
represent in linear combination of two special functions. About special functions and their applications in
heat transfer problems we can see in [10].

The generalized heat equation can be used to describe the heat transfer in a bar with the variable
cross-section in the case when the radial component of the temperature gradient can be neglected in
comparison with the axial component. Such mathematical model is very useful for some applied problems,
in particular, for the dynamics of the heating with phase transformation in electrical contacts. Such
approach was used in the papers [11] and [12] for the calculation of the temperature fields in a liquid
metal bridge appearing at the contact opening, which was modelled by the generalized heat equation, and
the solid contact zone modelled by the spherical heat equation. The exact solution in this case was
represented in the form of radial heat polynomials and integral error functions.

2. Problem definition
Let us consider the two-phase Stefan problem for the equations

2
%: Z(ZZ€1+%%} O<r<a(t), «(0)=0, 0<v<l, (11)
00, 0’0, v o0
8t2 = azz( 8222 +? 8r2 j at)<r<owo (12)
with the initial conditions
6,(0,0)=6, (13)
0,(r.0)=p(r),  ¢(0)=06, (14)
the boundary conditions
60)="1(), f(0)=6, (15)
6,(a(t).t)=6,(alt),t)=6, (16)
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6,(0,t)=0 (17)
and the Stefan condition
9 6, (a(t)t) 9 06, (a(t),t) da )
or or dt
2. The method of solution
Suggesting that the initial and boundary functions can be expanded in Maclaurin series
o f (n) 0 (2n) 0 ]
=22t =22 O (19

n=0

we represent the solution in the form
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where %<quv—+l<l.

2
r
Satisfying the boundary condition (15) and using the formula (8) for z = 2—\/f £ =2n we obtain
&

and
(0
= © (22)

Using the initial condition (14) and the formula (8) forz = > \/{ , B =2n for the first term with
&

Cn and g = 2(n + x —1) for the second term with Dn we get

(2n)
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Thus
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Now we should use the conditions (16) and (18) to get additional three equations for the definition of
all coefficients and the free boundary. Thus «(t) can be written in the form
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a(r) = ianf”’l
n=1
where 7 = \/E

Now we rewrite the conditions (16) and (18) in terms of ; and compare the powers in the left and the
right sides of equations using k -th differentiation and putting then = = 0. We obtain

8k¢91(a(r),r)| :6k¢92(a(r),r)|

k > =0, k=012,..
or or
=0 7=0
(24)
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T T

At first, we use Leibniz formula for k-th derivative for (24) equation and we obtain for the first term

of Q(rlt)l i:112.
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and for second term we have
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where 5(z) = ! (Zanrn‘l}, i=12..
n=1

4a°
In particular, when k =0 and 7 =0 we have
A=0., B,=0, C,=6, D,=0.

For this purpose, we use the Faa di Bruno formula (Arbogast formula) for a derivative of a composite
function. For the first term of temperature equation we have

ak—zn L (u-1) _S(r k—2n N e k —2n !5bz5b3 ___5bk_2n_m+z
[ n k,g(n ( ))]| — Z (—l) [I—gﬁml )(_51)]2( |) I2 3 k=2n-m+2
or 20 m=0 by b2 .b3 ""bk—2n—m+2 .

bz.bg, ... satisfy the following equations
bz + b3 R bk—2n—m+2 =m
2b, +3b,+...+(k—-2n-m+2)b, , .., =k-2n
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for the second term we have analogously.
Then from condition (16) we get the following recurrent formulas for determine coefficients
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As coefficient Ah is known from (22), then by making substitution to (26) we can find coefficient Bn :

From system of equations (24) and (27) we can determine the coefficients Cn and Dn

f™(0
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where n=1,2,... and
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From Stefan’s condition (18) and (24) we have the recurrent formula for free boundary
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We can find coefficient A], n, , and Dn from (22), (28)-(30) and free boundary we can determine
from (31).

3. Convergence of series

Convergence of series (20)-(21) can be proved as following. Let OC(tO) =1, for any t=t0. Then
series (20) can be written as

1-u
o n . 77 2 0 n 77 2 77 2
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The series (20) and (21) must be convergence because 6 (r,t)=6,(r,t)=6,. Then there exists some
constant E; independent of n, and for the first term of (32) we have

| A I<E, /(4a2t,)" L, [—%} (33)

2
Since A, bounded, then multiply both sides of (33) by (4at)"L *“™ (_(Zﬁ) we obtain
a't

(4a7t)"L, ™ (— (e () j .
Zw: A1(4a12t)n Ln(/l—l) _ (a(tZ) < Elzw: 4a1 t < Eli l (34)
n=0 4a’t n=0 24 \n | (u-1) 772 o\ L
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Similarly, for the second term of (33) we have some constant E2 which satisfy
7 2 O\ 7 2
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Analogously, if we multiple both sides of (35) by( a't) ( 4a12t H Yz, 4aft

we get
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These geometric series and 191(I’,t) convergence for all I' </, and the same 192 (r, t) convergence for

all I'> t; and t< to . Convergence for «(t) can be determined analogously from (31).

4. Conclusion
A mathematical model of describing heat distribution for generalized heat in electrical contacts on

liquid and solid zone is constructed by two-phase Stefan problem. Temperature for liquid zone Hl(r,t)
and for solid zone Qz(r,t) which given in the form summation two special functions as Laguerre
polynomial and confluent hyper-geometric function are determined and their coefficients Aq, Bn,Cn and

Dn are founded from equations (22) and (28)-(30) and free boundary on melting isotherm is described in
recurrent formula (31). The convergence of series is proved.
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KAJIIBLITAHF AH XKbLTY TEHAEYI YIIIH EKI ®A3AJIbI CTE®PAH ECEBI

Annorauus. JXanneulaHraH JKbUTy TEHJEYI TeMIepaTypaiblK I'PaJMeHTTIH paauaibl KOMIOHEHTIH OHBIH OCBTIK
KOMITOHEHTIMEH CaJIBICTBIPFaH/a eJeMeyre OOJaThIH aybICIIanbl KUMAchl Oap JAeHeNeperi )Kbury Oepyai MoJebaey YIIiH
MaHbpI3Abl. MyHmail MonenbiaepAi »7aeKTp OainaHbICTApBIHAAFBl KBUIY JKOHE Macca ajaMacy TEOPHSCHIHIA KOJIIAaHYFa
Oomazpl. ATam aiTKaHIa, ambIK JJEKTp TyHiclenepiHae maiga OONAThIH CYHBIK METal KOHIpiHIEri TeMIIepaTypaibk
OpICTi KaJMbUIAaHFAH XbUIy TEHJEYI YIIIH JKOFapbina Kapacteippuiran CredaH ecebimMeH mopenbreyre Oosanbl. CyHbIK
KOIpIiH TeMIepaTypalblK opici JKajllblIaHFaH JKbUIy TEHICYyiMEH, aj KaTThl JKaHacy ailMarbIHBIH TeMIepaTypachl
chepanblK TypAe MOJEIBJICHICH Ke3[eri HakThl INENIM paJuaigsl TEPMUSUIBIK IMOJHMHOMIAP >KOHE KATENiKTepAiH
UHTETrpaniblK (GYHKUMSIApbl TYpiHAE YCHIHBUIYBI MyMKiH. Ocbl KaTapiuapAblH Ko3(GHULIUEHTTEpiHiH KalTanaHy
dhopmynanapsl KP ¥FA-ubiH «M3BecTrs» Qusnka-mMareMaTukaiblK CEPUICHIHA XKapHsIaHFaH eHOCKTEp/Ie KEeTiplIreH.

Byn makanana dazanapnein Oipeyl Oacramkpl yakbITTa Oip HYKTEre TOMEHAETeH jKarjaija >KajlbUlaHFaH XKbUTY
TeHeyi yuniH eki ¢azansl Credan ecebl KapacThIpbUIaibl. Byl ecenTi HHTErpaAbIK TeHICYIepre KeATIpYIiH CTaHAAPTThI
OMIiCi apKbUTBI INENIyre aWTapibIKTai KUBIHIBIKTAP TYFbI3aJbl, OHTKEHI Oyl Kargaiia TEHASYJep JKEeKe CHIaTKa He
Oomanpl. By KymbIcTa OacTamkbl JKOHE IMICKApaJbIK IIapTTapAa naiina 0oiaTelH (QYHKIMSIAP aHATUTHUKAIBIK OOJBIII,
onapzap! Telnop KarapblHa KEHEHTY MYMKiH OoiFaH jxarjaijga 0i3 Oacka onicTi KojjiaHambI3. byn skarnaiina MoceseHiH
menrimi  Genriciz ko3¢ ¢uimenTrepi 0ap apHaiibl (QyHKIMSIapAarbl KaTapiap TypiHAe YChIHBUTYBI MyMKiH (Jlaryepp
MOJIMHOMHUSCHI JKOHE JICTCHEPATUBTI THUIEPreOMETPUsUTBIK (QyHKuuWs). By apHaitel ¢yHkuusiap PoseHOnym sxone
J1.B. Buanep eHrisreH xbuty MOJTMHOMIAPBIMEH THIFbI3 OaliIaHbICTHI.

AJNBIHFaH KaTap anpuopiibl TYpHAE KbUIy TEHICYIH KaHaFaTTaHIbIPAJIbl, COHABIKTAH OacTalKbl KOHE IICKApPabIK
IapTTap/pl, CoHmaii-ak epkiH mekapa yiuriH CredaH mapThiH KaHaFaTTaHIBIPaThiH K03 duimentrepai tTaby kepek. by
TOCLI eTe Maiiianbl OOJIbII KepiHei, OUTKeH] LeKapablK KarJaiaap Tek kel0ip KaTediKTepMEH FaHa KaHaraTTaHIbIpbLICca
Jla, JKbUTY TCHICYIHIH MaKCHMAaJIbl MPUHIMII OOMBIHINIA IICHIIM KATEINIrl IIeKapa jKarJalblHAaFbl KaTENIKTeH achaysbl
Kepek. By epitinaiHi KaObUIIaFaHFa JCHiH OHBI JKAKbIHAATYIbIH OarachblH ailyra MYMKiHAIK Oepeni. Pa-au-BpyHo
(opMynacelH KOJIAHBI, OacTanmkbl JKOHE MNIeKapalblK IIapTTapiarbl (YHKIHUIapapl KaTapra KeOeWTim, koadou-
IUEHTTEepAl Oip yakbITTa peTKe KelTipe OTHIpHIN, 013 Oenrici3 ko3dduimenTTepai i3aey YiliH KaiTanaHaThIH TEHACYJIep
Kylecin anambi3. EpkiH miekapanbiH koddduimentTepi yiniH TeHaeylepaiH ykcac xyiecin CredaH mapThiH KOJJaHa
OTBIPBIN Ta0yFa Oonajbl. AJNBIHFAH KaTapiapAblH KOHBEPIeHIMACHI €PKiH IIeKapaarbl TYPAKThl TEMIIEpATypa KaFaailbiH
KOJIIaHa OTBIPBIN JaJelieH . by xarnail cCeprusHBIH TeOMETPHSUIBIK MPOrPECCHsIMEH MacIiTabTalybIHa jKOHE KaTapIblH
’KaKbIHAACYBI YIIiH KaXeTTi Oaranap/pl alnyra MYMKiHIIK Oepeni.

Tyiiin ce3nep: Credan ecebi, apHaiibl pyHkiusiiap, Jlareppa nomuaomsl, Paa-au bpyHo Gpopmynace.
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JABYX®A3ZHAS 3AJAYA CTE®AHA
JJIS1 OBOBINEHHOI'O YPABHEHUSA TEIIJIOITPOBOJHOCTH

AunnoTtanusi. OGOOIIEHHOS ypaBHEHHE TEIUIONPOBOJHOCTH MMEET BKHOE 3HAYCHUE ULl MOJACIHPOBAHHS TEILIO-
oOMeHa B Telax C MEPEMEHHBIM IONEPEYHBIM CEYCHHEM, KOT[a PaJHaIbHOM COCTaBISIIOIICH TPajHeHTa TeMIepaTyphl
MOXHO TPEeHeOpeUb M0 CPABHEHHIO C €¢ OCEBOW cocTaBistoniell. Takue MOIENU MOTYT OBITh MCIOJB30BAHBI B TEOPHU
TEIUIO- ¥ MAacCOIepeHoca B JJICKTPHYCCKHX KOHTAKTax. B YaCTHOCTH, TeMIEpaTypHOE MOJE B JKHIKOMETAILTHYECKOM
MOCTHKE, BO3HHMKAIOIIEM B Pa3MBIKAIOMINXCS JJCKTPUUYCCKHX KOHTAKTaX, MOXET OBITh MOJEIUPOBAHO PAaCCMOTPEHHOM
Beime 3amadeil Credana mis 0OOOILICHHOrO ypaBHEHMS TEIUIONPOBOAHOCTH. TOYHOE pelieHWe Uit Ciydas, KOraa
TeMIIepaTypHOe MOJE XHUIKOr0 MOCTHKA MOJACIUPYETCS 000OMICHHBIM YpaBHEHHEM TEIIONPOBOJHOCTH, B TO BpeMs Kak
TeMIepaTypa TBEPIOil KOHTAaKTHOH 30HBI MOACIHPYETCS B c(HEpPUYECKOM BapHaHTE, MOXKET OBITh IPEICTABICHO B BHIC
PSIOB MO paJHalbHBIM TEIUIOBBIM TIOJIMHOMaM W HMHTErPaibHbIM (DYHKLUSIM OMIMOOK. PekyppeHTHbIe (QopMyIbl is
K03 PUIIMEHTOB 3THX PSNOB JaHbl B paborax, omyOinmkoBaHHbIx paHee B «M3Bectusix HAH PK, cepus ¢wusuko-
MaTeMaTHYeCKas.
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B ar0ii cratee paccmarpuBaetcs aByx(asHas 3agava Credana s 000OLICHHOTO YpPaBHEHHS TEIJIONPOBOA-HOCTH
JUISL cIydasi, KOr/a ofHa U3 (a3 B HaualbHbI MOMEHT BPEMEHH BBIPOXKIAETCA B TOUKY. DTO CO3JIa€T CEPhE3HbIE TPYJHOCTH
JUISL PeIIeHHs 3aJa49l CTaHJapPTHBIM METOJIOM €€ CBEJCHHS K MHTEIPANbHBIM YPaBHEHUSM, IIOCKOIBKY YPaBHEHHUS B 3TOM
Cllydae CTAaHOBSTCS CHHIYJISIpHBIMH. B nanHO# paboTe ucrmosb3yercs AOpyroil MeTox I ciydas, Korjga (QyHKLUH,
¢urypupyromue B HaUaabHBIX U TPAHUYHBIX YCIOBHSAX, SBIAIOTCS aHAIMTHICCKHMH U MOTYT OBITH Pa3lIOXKEHBI B PSIBI
Teilinopa. B 3ToM ciydae penieHue 3agaul MOXKHO IPEICTaBUTh B BUJE PAIOB IO CHEIUANBHBIM (yHKIUSAM (MHOTOWICHBI
Jlareppa u BBIpOXIEHHAs THIEpreoMeTpudeckas GYHKIUS) ¢ HeolpeneaeH-HbIMH K03 GHUIMeHTaMI. DTH CHEIHANbHbIC
(YHKIIMH UMEIOT TECHYIO CBSI3b C TEIUIOBBIMU HoIMHOMaMy, BBeneHHbIMU I1.C. Pozenbmomom u J1.B. Yunnepom.

INocTpoeHHBIE PAABI ATPHOPH YIOBIETBOPSAIOT YPAaBHEHHUIO TEINIONPOBOJHOCTH, U HYKHO HAHTH MX KO3(D(HIHEHTHI,
YIOBIETBOPAIOIINE HAYAILHOMY M IPAaHUYHOMY YCJIOBHIO, a Taike ycioBuio Credana it cBoOOIHOM rpaHuIbl. Taxoit
MOAXOJ MpEJCTaBIAeTCS BecbMa IIOJE3HBIM, IOTOMY 4YTO Ja)Ke €CIM TPAHWYHBIC YCIOBUS BBIIOMHAIOTCS JIHIID
OpUONMKEHHO € HEKOTOpOH OMMOKOH, TO omuOKa peIIeHHs COINIaCHO MNPUHIMIY MAaKCUMyMa Al ypaBHEHMS
TETUTIONPOBOIHOCTH JODKHA OBITH He OOJbIIE, YeM OmMOKa B TPAHUYHBIX YCIOBHAX. DTO JaeT BO3MOXHOCTH HONIYYUTh
OLIEHKY HpHONMKEHMs pelieHus 10 ero mnomaydeHus. Mcmonndys dopmyny Paa-au BpyHo u pasmaras ¢yHKIMU B
HaYalbHBIX U TPAaHUYHBIX YCIOBHSAX HA POl W NpUpaBHUBAS KOS(P(UIMEHTH B OXHOM H TOM XK€ MOpSAKE BPEMEHH,
MOKHO TIOJIy4UTh CUCTEMY PEKYPPEHTHBIX YPAaBHEHUH Ul OMCKA HEU3BECTHBIX KOA(QUIIMEHTOB. AHAIOTMYHAs CUCTEMA
ypaBHeHUH Ui K03(duireHToB cBOOOIHOI rpaHUlbI MOXET ObITh HaiifieHa C Uclojb3oBaHueM ycioBus Credana.
CX0IMMOCTh TIOIYYeHHBIX PAAOB JOKAa3bIBACTCS, UCIIONB3YS yCIOBHE MMOCTOSHCTBA TEMIEPaTyphl Ha CBOOOIHOM TpaHHUIIE.
OT0 00CTOSITENBCTBO IO3BOJSIET MAXKOPUPOBATH PAbl TEOMETPUUECKON MPOrpeccuci U MOydUTh OLEHKH, HEOOXOIUMbIE
JUISL CXOAUMOCTH Psifia.

Karouesble cioBa: 3anaua Credana, crenuanpible ¢hyHKIMY, nonuHoM Jlareppa, Gpopmyna ®@aa-nu BpyHo.
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