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BOUNDEDNESS OF THE HILBERT TRANSFORM
FROM ONE ORLICZ SPACE TO ANOTHER

Abstract. In this paper, we investigate boundedness of the Hilbert transform from one Orlicz space to another.
D.W. Boyd gave examples (see [1]) showing that reflexivity of X is both unnecessary and insufficient for
boundedness of the Hilbert transform from X to itself. This may be somewhat surprising, since the condition for L,
to be reflexive (1 < p < o) is the same as the condition for the Hilbert transform to be bounded from L, to L,,.
However, D.W.Boyd considered only the cases when the domain and the range of the Hilbert transform coincide.
Since L,, spaces are examples of rearrangement-invariant (r.i.) Banach function spaces, we consider boundedness of
the Hilbert transform from one reaarangement-ivariant Banach function space to another. To be precise, we
generalise the Boyd’s results allowing the domain of the Hilbert transorm to be a particular Orlicz space defined on
(0,1), and the range is different from the domain an other Orlicz space defined on (0,1). Moreover, we also consider
boundedness of the Hilbert transform from one Lorentz space on (0,1) (which is also rearrangement invariant) to
another Lorentz space (0,1). In case when the domain of the Hilbert transform is a Lorentz space Ay, (R,) which
coincides with its range, the problems was fully resolved by D.W.Boyd. He showed (see [1]) that uniform convexity
of Ay, (R,) (1 <p < ) is necessary and sufficient condition for boundedness of the Hilbert transform. However,
for the most important case when p = 1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the
main theorem D.W.Boyd obtained the following [1]:

Let Ly be an Orlicz space. Then H' € B(Lg, Lg) if and only if Ly os reflexive.

Towards these goals we also investigate boundedness of the Calder6n operator from one rearrangement-
invariant Banach function space to another. Such questions have been attracting a great deal of attention for many
years, in particular in connection with embeddings of Sobolev spaces. In the present paper we discuss such
boundedness problems for classical operators of great interest in analysis and its applications, namely the Hilbert
transform and the Calderén operator. The action of these operators on specific classes of function spaces has been
extensively studied over the several decades. Classical results are available for example in connection with familiar
function spaces. Besides the importance of these operators is very well known, and their properties have been deeply
studied.Classical Lorentz spaces which originated in 1950s and have been occurring occasionally later became
extremely fashionable in 1990s when the fundamental papers appeared.

In this paper we study the boundedeness of such classical operators on rearrangement-invariant spaces, a class
of function spaces that includes for example all Lebesgue, Lorentz, Orlicz, Marcinkiewicz spaces and more. Our
focus is mainly on boundedness of the Hilbert transform from one Orlicz space to another. We also give examples of
particular rearrangement-invariant spaces on which the Hilbert transform acts boundedly.

Key words: Hilbert transform, Calderdn operator, Rearrangement invariant Banach functon spaces, Orlicz
spaces, Lorentz spaces, Marcinkiewicz spaces.

1 Introduction

The purpose of this paper is to determine Orlicz spaces such that the Hilbert transform defines a
bounded linear operator from one Orlicz space to another. Besides the Orlicz space, we deal with other
spaces having the property of rearrangement-invariance.
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Let H be the classical (singular) Hilbert transform (for measurable functions on R), given by the
formula

@) () =p.v.~ [ s,

t—s
If X is a Banach space, let B(X, X) denote the space of bounded linear operators from X into itself. A
classical result of M.Riesz states that H € B(L,, Ly,) if and only if 1 <p < co. The main result of the
paper by D.W.Boyd [1] generalises this as follows.

Theorem 1. Let X be a rearrangement-invariant space. Define the operator E; for 0 < s < oo by
(Esf)(x) = f(sx), f € X. Denote the norm of E as a member of B(X, X) by h(s; X). Then, ¥ € B(X,X)
if and only if

sh(s;X) > 0ass - 0+,and h(s; X) > 0ass — oo,

Using this result, D.W.Boyd gives examples showing that reflexivity of X is both unnecessary and
insufficient in order that 7' € B(X, X). This may be somewhat surprising, since the condition for L, to be
reflexive (i.e. 1 <p < o) is the same as the condition for } € B(L,, L,). However, 1 < p < o also
ensures that L,, is uniformly convex, so D.W.Boyd [1] obtained the following result:

Let X be the Lorentz space A(¢,p),1 <p < oo. Then H € B(X,X) if and only if X is uniformly
CONVex.

In [1], D.W. Boyd characterized Lorentz spaces Ay, (R,) in which the Hilbert transform  is
bounded from Ay ,(R,) into itself in the case when 1 < p < co. However, for the most important case
when p =1 the result was proved recently [2, Theorem 4.2]. Moreover, applying the main theorem
D.W.Boyd obtained the following [1]:

Let Ly be an Orlicz space. Then 3 € B(Lg, Lg) if and only if Ly os reflexive.

While D.W.Boyd investigated the boundedness of the Hilbert transform acting from a rearrangement-
invariant space into itself, we rather consider the boundedness of the Hilbert transform from one
(particular) Orlicz space, defined on (0,1), to another, i.e. we provide the Orlicz functions G; and G, such
that (see Corollary 10) the Hilbert transform

H:Lg,(0,1) > Lg, (0,1).
We also give examples of Lorentz spaces such that the Calder6n operator
S:A4(0,1) - A, (0,1).

2 Preliminaries

Let (I, m) denote the measure space, where throughout this paper I = (0,1), equipped with Lebesgue
measure m. Let L(I,m) be the space of all measurable real-valued functions on (0,1) equipped with
Lebesgue measure m, i.e. functions which coincide almost everywhere are considered identical. Let
L(1,m) be the space of all measurable real-valued functions on (0,1) equipped with Lebesgue measure m.
Define Ly(0,1) to be the subset of L(0,1) which consists of all functions x such that m({t: |x(t)| > s}) is
finite for some s > 0.

2.1 Rearrangement invariant Banach Function Spaces

Definition 2. [3, Definition I. 1.1, p. 2] A mapping p: L(I)* — [0, o] is called a Banach function
norm if, for all x,y, x,, (n = 1,2,3,...), in L(I)*, for all m-measurable subsets 4 of R, the following
properties hold:

1. pisanorm

20<y<xae=p@y) <pk)

3.0<x,Txae =p(x,) Tpk

4.p(8) <= p(xa) <

5.p(8) <= [, xdm < cpp(x)
for some constant c,, 0 < ¢, < oo, depending on A and p but independent of x.
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Let p be a function norm. The set E = E(p) of all functions x in L(I) for which p(|x|) < oo is called
a Banach function space. For any x € E, define

I x llg= p(lx]).
Define Ly (1) to be the subset of L(I) which consists of all functions x such that m({t: |x(t)| > s}) is
finite for some s > 0. Two functions x and y are called equimeasurable, if

m({t: |x(1)| > s}) = m({t: [y(O)] > s}).
For x € Ly(I), we denote by u(x) the decreasing rearrangement of the function |x|. That is,
u(t,x) =inf{s = 0: m({|x| > s}) <t} t > 0.

Definition 3. [3, Definition 4.1, p. 59] A Banach function space E is called rearrangement-invariant
if, whenever x belongs to E and y is equimeasurable with x, then y also belongsto E and Il y llz=Il x llg.

For the general theory of rearrangement invariant Banach function spaces, we refer the reader to
[3,4,5,6].

2.2 Kothe dual of Rearrangement invariant Function spaces

Next we define the Kéthe dual space of rearrangement invariant Banach function spaces. Given a
rearrangement invariant Banach function space E on (0,1), equipped with Lebesgue measure m, the
Kdéthe dual space, denoted by E*(0,1), is defined by

1
E(0,1)* = {y € S(O,l):f [x(®)y(t)|dt < oo, Vx € E(O,1)}.
0
E* is a Banach space with the norm

1
1Y lpgoay: = sup{f3 [x(©)y(©)ldt:x € EQ,1), 1 x g < 1} 2.1)

If E is a rearrangement invariant Banach function space, then (E*, |I-lzx) is also a rearrangement
invariant Banach function space (see [3, Section 2.4]). For more details on Kothe duality see [3, 5].

2.3 Lorentz and Marcinkiewicz spaces

Definition 4. [4, Definition 1I. 1.1, p. 49] A function ¢ on the interval [0,1] is said to be
guasiconcave if

lLo®)=0et=0;

2. @ (t) is positive and increasing for t > 0;

3. @ is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes only at origin is
quasiconcave. The reverse, however, is not always true. But, we may replace, if necessary, a quasiconcave
function ¢ by its least concave majorant @ such that

P=p=¢

N | =

(see [3, Proposition 5.10, p. 71]).
Let Q denote the set of increasing concave functions ¢:[0,1] — [0,1] for which lim;_ ¢, ¢(t) =0
(or simply ¢(0+) = 0). For a function ¢ in (, the Lorentz space A, (0,1) is defined by setting
Ap(0,1): = {x € Lo(0,1): f; (s, x)dep(s) < oo}
equipped with the norm

1
Il x ”Aq,(O,l): = fo u(s, x)deo(s). (2.2)
The Lorentz spaces (A,(0,1), "'"A,,,(O,l)) are examples of rearrangement invariant Banach

function spaces. For more details on Lorentz spaces, we refer the reader to [3, Chapter I1.5] and [4,
Chapter 11.5]. Let ¢ be a quasiconcave function on (0,1). The space
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My(0,1) = {f € Ly: Il £ llyg, < 0}

equipped with the norm
1 t
(| = sup —- s, f)dm
f My (0,1) te(og)w(t) fo 1(s, f)

is the rearrangement invariant space with the fundamental function ¢@(t) = ﬁ- 1(0,1)(t)- The space
(My, "'"Mw) is called the Marcinkiewicz space.

2.4 Orlicz spaces

Definition 5. An Orlicz function is a function G: [0,1] — [0,1] such that

(1) G(0) =0, G(44) > 0 forsome 1; > 0and G(A,) < oo for some 4, > 0.

(2) G is increasing.

(B)Gisconvex: G(al;1 + (1 —a)Ay) <aG()+ (A1 —a)G(4,),0<a < 1.

(4) G is left-continuous.

In what follows, unless otherwise specified, we always denote by G an Orlicz function.
For every Orlicz function G, we define a functional

Ie(f) = [, G(Ifdm € [0,00]

and set
I1flle = inf{a > 0:15 (£) < 1} € [0, 0]
for every measurable function f:[0,1] = R. We put here inf{@®} = co. The set
Lo ={f € Lo:|Ifll1; < o0}

equipped with the norm || - ||, is the rearrangement invariant space. The space (Lg, || - ||.,) is called the

Orlicz space. Orlicz spaces which generalize Lebesgue’s scale in a direction essentially different from
Lorentz spaces, received much attention too, see for instance [7, 8, 9, 10, 11, 12, 13].

2.5 Calderdn operator and Hilbert transform
Let £(0,1) be a r.i. Banach function space. For a function x € E(0,1), define formally the operator S
as follows

(Sx)(B): =1 fy x(s)ds + [ x()5,t > 0. (2.3)

The operator S is called the Calderdn operator. It is obvious that S is a linear operator. If 0 < t; < t,,

then
. S . S tz . S
min (1,3) < min (1,2) < o min (1,;),5 > 0.

Let x be nonnegative function on [0,1]. It follows from the first of these inequalities that (Sx)(t) is a
decreasing function of t. The operator S is often applied to the decreasing rearrangement pu(x) of a
function x defined on some other measure space. Since Su(x) is non-increasing itself, it is easy to see that
u(Su(x)) = Su(x). Throughout this paper, we write A < B if there is a constant c,;s > 0 such that A <
CapsB- We write A ~ B if both A < B and A = B hold, possibly with different constants.

If x € E(0,1), (E is rearrangement-invariant space) then the classical Hilbert transform H is defined

by the principal-value integral

(#Hx)(s): = p.v.~ f, ’S‘%)dr,. (2.4)

(see, e.g. [3, Chapter I1l. 4]). Boundedness of such classical operators on rearrangement-invariant spaces
have attracted attention of leading mathematicians in the field of r.i. spaces and non-commutative analysis,
see for example [14, 15, 16, 17, 18, 19, 20].

3 Main results

3.1 Boundedness of the Calderédn operator on Orlicz spaces

Let S be the Calderdn operator acting on Lorentz spaces

— 34 ——
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S:A4(0,1) - Ay (0,1)

In the next lemma we find the Lorentz function ¢, such that S: A, (0,1) - L1(0,1) is bounded and
Ay, (0,1) is maximal.

Lemma 6. If ¢y(t) = tlog( )+ t,0<t<1, then A, (0,1) is the maximal among all

rearrangement invariant spaces such that S: 4, (0,1) - L;(0,1). (Here and throughout this paper log
stands for the natural logarithm)
Proof.

1 11t 1 1
fy S0)@®dt = [} 5[5 x(s)dsde + [, [} *Pdsdt =
1 11 1 x(s)
= Jy x(s) [} cdeds + [ =2 [ deds =

= fol x(s) (log G) + 1) ds.
Hence ¢q(t) = log (g) Then, by integrating we obtain
@o(t) = tlog (%) +t
Now, we show that A, (0,1) is maximal among such rearrangement invariant spaces. Indeed, let
S:E(0,1) = L,(0,1),
where E(0,1) is arbitrary rearrangement invariant space. Then,

l1x[la,, = IISxllL, = l1x]|g. m
Therefore, £(0,1) c A, (0,1).

Lemma 7. Let o (t) = tlog (%), ¢ € (0,1) and ¢(t) = tlog? (%), t € (0,1). Then

S (tp(t)) < 2® ¢(t) t>0.
Proof. Indeed, integrating by parts, we obtain

(M)——f lo ()ds+f Uds-%(slog())|6+f0tds—%|%

2

10g()+1 - @=log(i)+ log()+—:

_ tlog(?)+%tlog2(%)+%t < tlogz(%)+%tlog2(%)Hflogz(%) _ Etlogz(%)

t t 2 t
Note that both ¢ (t) and ¢ (t) are Lorentz weight functions for t € (0,1).

Lemma 8. Let ¢(t) = tlog( ) t € (0,1) and ¢(t) = tlog? ( ) t € (0,1). Then the Calderon
operator

S:A4(0,1) > A,(0,1)
is bounded. Moreover,
S:M,(0,1) > My(0,1)
is also bounded.
Proof. First we show the boundedness of the Calderén operator from one Lorentz space to another. It

was shown in [17, lemma 10] that if lim,_,log (%) @(t) = 0and lim;_, e %t) = 0, then

S:Ap(Ry) = Ap(Ry)

5(@)5@,t>0.

if and only if
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Here we consider the boundedness of the Calderon operator
S:A4(0,1) - A, (0,1).
It is easy to see that the first condition in [17, lemma 10], lim,_,log (%) @(t) = 0, is satisfied. The

condition for a function ¢(t) such that S (%t)) s @ for all t > 0 is satisfied by lemma 7. Hence, by

[17, lemma 10] we obtain that the Calderén operator

S:A4(0,1) - A, (0,1)
is bounded. It is well known fact that the associate space (Kéthe dual) of the Lorentz space A, with
weight function ¢ is the Marcienkiewicz space My, and || - [|ax = || - [Im,,- [4, Theorem 5.2, p.112]

Hence,
§:M,(0,1) - My(0,1)
is also bounded.

Theorem 9. Let G, (t) = el*l

1
2

1
- lzﬂ — |t|z2 — 1 and G, (t) = e!*! — 1. Then the Calderdn operator

S:Lg,(0,1) = Lg, (0,1)
is bounded.
Proof. It is known from [19, see Lemma 4.3] that Ly, = My, (with norm equivalence) holds for

every p > 0, where

& t]*kP
Ny (t): = eltl” — ka=0 T P € (O1);

Ny(t):=ell" —1,p>1,t R
and

P(e): = tlogh? ()t > 0.

If we choose p = % then ¥ (t) = tlog? G) coincides with the ¢(t) above. The corresponding Orlicz

1 1
function is N1(t) = eltl* — lzﬂ — |t|z — 1. For convenience let us denote N1(t) = G,(t). Then
2 2

M4 (0,1) = Lg, (0,1).
Similarly, we need to find the Orlicz function G, such that M, (0,1) = Lg,(0,1). For p =1 we have

Y(t) = tlog (%) which is equal to ¢(t). Hence, the corresponding Orlicz function is Ny (t) = eltl — 1. Let

us denote Ny (t) = G,(t) so that M,,(0,1) = L, (0,1) holds. Thus, we have found the Orlicz functions G,
and G, such that the Calderdn operator
S:Lg,(0,1) — Lg, (0,1)

is bounded.

3.2 Boundedness of the Hilbert transform from one Orlicz space to another

In this section we use the equivalence (up to equimeasurable functions) of the Calderdn operator S
and the Hilbert transform # [3, chapter 3.4].

Corollary 10. The Hilbert transform

H:Lg, (0,1) - Lg, (0,1),

1 1

where G, (t) = eltl — 1 and G, (t) = el** — lzﬂ — |t|2 = 1, is bounded.
Proof. An estimate of the Hilbert transform (# f)(t) from above by the function S(u(t, f)) is given
in [3, Theorem 111.4.8, p.138]. The theorem states that if S(u(1,f)) < oo, then the Hilbert transform

(Hf)(t) exists a.e. Furthermore,
u(t, Hf) < cS(u(t, f)),t >0
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for some constant ¢ independent of f and t. The corresponding lower estimate is false. However, there is
the following substitute. If S(u(1, f)) < oo, then there exists a function g equimeasurable with f such that

Sut, ) < 2mu(t,Hg),t > 0.
[see [3, Proposition 111.4.10, p. 140]].
Therefore, all results obtained in the previous section for the Calderén operator S will also remain
valid for the Hilbert transform # . In particular, we also obtain boundedness of the Hilbert transform from
one Lorentz space to another and from one Marcienkiewicz space to another as well.

E.X.Hecun6aes'??, K.C.Tyaenop!?

MHcTUTYT MaTEMATHKN 1 MATEMATHYECKOTO MOJIENTMPOBanus, Anvatel, Kasaxcraw;
2KasaxcKuii HalMOHANBHBII YHUBepcuTeT uM. Anb-Dapabu, Anmatel, Kazaxcran;
3MesxmyHapoaHblii yHHBEPCUTET MHPOPMAIMOHHBIX TEXHOJIOTH, AnMatsl, Kazaxcran

OI'PAHMYEHHOCTbDb IPEOBPA30OBAHUSA 'NJIBBEPTA
N3 OJHOI'O TIPOCTPAHCTBA OPJIMYA B JIPYT'OE

AnHoTtammsi. B 270l cratke wmccnenmyercs OrpaHMYEHHOCTh TIpeoOpa3oBanusi [uinbOepra W3 OIHOTO
npocrpanctBa Opnuya B npyroe. 1. B. boiin npusen npumeps (cM. [1]), mokaspiBaromue, 4To peIeKCHBHOCTh X
He SIBJISIETCS KaK HEOOXOIUMBIM, TaK U JOCTATOYHBIM YCJIOBHUEM JUIS OTPaHHYEHHOCTH IpeoOpasoBanus [ minbepTa.
DTO MOXET HECKONbKO yIHMBUTH, TOCKONBKY ycioBHe pedrexcuBHOCTH Ly (1 <p < ) coBmajaer ¢ ycrnoBueMm
OTpaHHYEHHOCTH NpeobpasoBanus ['mibbepra us Ly, B L,. Onnako JI. B. boiix paccMarpuBan TONbKO CllydaH, KOTa
obracTe ompeneneHns U 00IacTh 3HAUYCHUH mpeoOpa3oBanus [ mmsbepTa coBmamarT. [lockombKy mpocTpaHCcTBa Ly
SBISIFOTCS TPAMEPaMH  TI€PECTAHOBOYHO-WHBAPHAHTHBIX OaHAxXOBBIX (YHKIMOHAIBHBIX IPOCTPAHCTB, MBI
paccMaTpuBaeM OTrpPaHWYEHHOCTh IpeoOpa3zoBaHus [ 'mipOepra W3 OAHOIO IEPECTaHOBOYHO-WHBAPHAHTHOTO
GanaxoBa mpocTpaHcTBa (yHKIWH B Apyroe. Tounee, Mpl 00oOmaem pe3ynsTaTthl boiima, mo3Boisisi 0OMIacThIO
ompeneneHus nmpeoodpasosanus ['miasdepra OBITE KOHKPETHBIM NpocTpaHcTBoM Oprmya, omnpeneneHHsM B (0,1); a
o0jacTei0 3HA4YEHHMH Tarkke OBITH TpocTpaHcTBoM Opnuda, ompeneneHHsIM B (0,1), omimuHsM oT oOxactu
ompenenenus. Kpome Toro, Mbl Takke paccMaTpuBaeM OTpaHMYEHHOCTh NpeoOpasoBaHMs ['miibOepra M3 OJHOTO
npoctpancTtBa Jlopenna nHa (0,1) (koTopoe Taxke SBISETCS WHBapHUAHTHO-TICPECTAHOBOYHBIM) B JIpyroe
npoctpanctso Jlopenma (0,1).

JUIst TOCTIDKEHUSI STHX Lelied MBI Takke pacCMOTPUM OrpaHMYEeHHOCTh omneparopa KampaepoHa u3 oxHOTO
NepecTaHOBOYHO-MHBAPHAHTHOTO OaHaxoBa IPOCTPaHCTBA B Jpyroe. B ciydae, xorma obnmacteio mpeoOpa3oBaHMs
I'unsbepra spisercss mpoctpancTBo Jlopenma Ay, (R,), coBmanaromee ¢ ero 06acThio 3HAYEHHH, 3a1a4u ObLIH
nonHocteio pemensl JI. B. Boitnom. On mokasan (cm. [1]), uro paBHOMepHas BBITYKIOCTh Ay ,(R,) (1 < p < )
SBJSIETCSl HEOOXOJMMBIM M JIOCTATOYHBIM YCIIOBHEM OIPaHUYEHHOCTH mpeolOpazoBanus ['mmsOepra. OmHako uist
HanOoJee BaKHOTO ciyyasi, Korjga p = 1, pe3ynbraT OblI HEAaBHO JioKa3aH [2, Teopema 4.2]. Kpome Toro, npumeHsis
ocHOBHyI0 Teopemy J1.boiin, nonxyuywnu cienyromee [1]:

Ilycte Ly - mpoctpanctBo Opnmua. Torma H € B(Lg,Ly) TOrma W TONBKO TOTAa, Koraa Lg sBISETCS
pedIIeKCUBHBIM.

Takue Bonpoch! MpHBIIEKalOT 0OJIBIIOE BHUMAaHHE MAaTEMAaTHKOB Ha MPOTSHKEHUH MHOTHX JIET, B YAaCTHOCTH, B
CBSI3U C BIOXKEHHSMH COOOJIEBCKMX IIPOCTpPAaHCTB. B HacTosmeid craTtbe MBI 00CyXHaeM Takue IpoOiIeMbl
OTPaHMYECHHOCTH [UI KJIACCHUYECKHX OIepaTopoB, MNPEACTABILIONIMX OOJIBIION HMHTEpeC Ui aHajiu3a MU €ero
TIPWJIOKEHUH, a UMEHHO sl TpeoOpaszoBanust [ minsbepra u oneparopa Kanpaepona. JleifictBue 3THX onepaTopoB Ha
KOHKPETHBIE KJIAacChl (PyHKIMOHAIBHBIX NMPOCTPAHCTB IIMPOKO H3y4YaJOCh B TEUYEHHE HECKOJBKHX JECSTHICTHH.
Krnaccuueckne pe3ynbTaThl AOCTYITHBI, HallPUMEP, B CBSI3M CO 3HAKOMBIMH (DYHKIIMOHAIBHBIMH MPOCTPAHCTBAMH.
Kpome TOro, MpHIOKEHUSI 3TUX ONEPaTOPOB OYEHb XOPOIIO M3BECTHBI, M MX CBOMCTBA OBUIM I'TyOOKO H3YUCHBI.
Kiaccuueckue npoctpanctsa JlopeHiia, kotopsie BO3HUKIN B 1950-X rogax, cTainu upe3BbrdaiiHO MoaHbIMU B 1990-
X Tofiax, KOT/ia MOSIBUINCH (PyHIaMEHTaIbHBIE CTAThH.

B »oT0ll crathe MBI H3y4aeM OIpPaHHYEHHOCTh TaKHX KJIACCHYECKUX OIEepaTOpOB Ha IPOCTPAHCTBAX,
HWHBAPUAHTHBIX OTHOCHUTECJIBHO MEPECTAHOBKH, TO €CTh KJIaccC (byHKLII/IOHaJ'[I)HBIX IMPOCTPAHCTB, KOTOpBIﬁ BKJIFOHACT,
Hampumep, Bce npoctpancTBa Jlebera, Jlopenma, Opinua, Maprmakesrya 1 MHOTHE Apyriue. OCHOBHOE BHHIMAaHUE
MBI y/IeJIsieM OIpaHWYEeHHOCTH npeoOpasoBaHus [ mibOepra U3 oxHOro npocrpancrea Opnuya B pyroe. Mbl Takxe
NPUBOJUM TIPUMEPhl KOHKPETHBIX I1€PEeCTaHOBOYHO-MHBAPUAHTHBIX IPOCTPAHCTB, B KOTOPBIX NpeoOpa3oBaHKE
I'mnpbepra neiicTByeT orpaHMyYeHHO.
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KaroueBble cioBa: npeoOpazoBanue ['unbbOepra, omeparop KanbliepoHa, mnepecTaHOBOYHO-MHBapHAHTHBIC
OaHaxoBbI pocTpaHcTBa GyHkuuit, npoctpancTea Opiuya, npoctpancTsa JlopeHna, npocrpancTsa MapunHkeBHYa.
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! Marematuka oHe MaTeMAaTUKAIIBIK MOJIENBIEY HHCTUTYTHI, Anmatsl, Kasakcran;
2 On-Mapabu atbinaarsl Kasak yITTHIK yHHBEpCUTETI, AnMathl, Kazakcras.
3 XapIKapajblK aKIapaTThIK TEXHOIOTHSUIap YHUBEpCHTETI, AnMatsl, KazakcTas;

T'MJIBBEPT TYPJEHAIPYIHIH BIP OPJIMY KEHICTITTHEH
EKIHINICIHE IEHEJITEHAIT'T

AnHoTauusa. by makanaga 6i3 ['mne0ept Typrenaipyinin 0ip Opawmy keHicTirined ekinmi Opiand KeHiCTirine
meHenreHairin 3eprreiimiz. J.B. boin e3imiH sxymeiceiHa [1] T'mmebept TypreHzmipyiHiHy X KeHIiCTiriHmeri
HICHENTeHAIT] YImiH X KeHICTITiHIH pe(IeKCUBTLIIr KaXKeT Te KETKIUTIKTI e eMec eKeHIriH kepcerTi. by 6ipmama
TaHKAJIAPJBIK XKarmai 60i1ybl MyMKiH, eiiTkeHi Ly, (1 < p < ) pedekcti 6oajipl COH/Ia TeK cOHia FaHa ['miibbept
TYpieHaipyi L,-mnan Ly,-Fa menenren omneparop 6onca. Anmaiima, J.B. boiix I'mnbepr TypnenmipyiHiH aHbIKTaIy
OONBICEI MEH MOHJEp OOJBICH Oipicl KEHICTiK OoNaThiH JKarjainapiabl TONBIKTAH 3epTTedi. L, KeHicTiri
aJMacThIPMalbl-UHBAPUAHTTHl (YHKIMSIApbIHBIH baHax keHicriri OonraHabIKTaH, 0i3 Oyn kymbicta ['misdept
TYPACHIIPYiHIH aHBIKTaXy OOJBICEI MEH MOHAEP OONBICTAphl op TYpii OoNFaH KargaiIel KapacThIpaMbl3. ATam
aiitkanma, [wnbepr typnenaipyinin (0,1) apaneiFplHAa aHBIKTAFaH —emmeMal QyHKmsuapasiH  Opiamy
KEHICTIKTepiH/e MIeHeITeHAIrH 3epTTeiMi3, arau 0ip Opnnd keHictirineH 6acka Opnud KeHICTITiHe MeHeIreHairiH
kepceremi3. CoHbIMEH KaTap, 0i3 ['mmebepT Typrenaipyiniy Oip Jlopenn keHictirineH O6acka JlopeHIl KeHicTirine
IICHENTeHIIK KPUTEpHifiH KapacTelpaMbi3. Erep ['mnbept TyprenmipyiHiH aHBIKTady oOmbIchl JIopeHI KeHicTiri
Ay p(R,) Gomica, xoHe OHBIH MoHEp 00ibICH a con Jlopenn kenicTiri Ag,(R,) (1 < p < o0) Gonca, oHza OCHI
npoGnemansl J[.B.boiin tomeikraii memken. On ([1]) Jlopenm kemicririnin Ag,(Ry) (1 <p < ) 6Giprexti
nmeHecTiniri ['wsbepT TyprieHAipyiHiH MEHeNTeHIIr YIIiH KaXKeTTi )KoHe JKeTKITIKTI MapT eKeHiH KepceTTi. Anaiiia,
€H MaHBI3/IbI JKaFrJai yirid p = 1 6oiFaH Ke3/1eri HOTIKe TeK KaHa jkKakbIHaa npanenaenai [2, Teopema 4.2]. ConsiMeH
karap, J{.B.boiin Heri3ri TeopemMachiH KOJIZIaHa OTBHIPBIT, TOMEHIET] HOTIKe angsl [1]:

Lg Orlicz xenicriri 6oncwin. Onna 3 € B(Lg, Ly) conna xoune Tek Kana conna erep Ly peduexcusti 6oica.
Ocbl MakcarTapra kery yuiH 0i3 Kanpgepon onepatopbiHblH Oip 0aHax —aiMacThIpMalbl-MHBAPUAHTTHI
(hyHKIIIapEIHEIH baHax KeHiCTiriHeH ekiHmricine OeHHeIeHTIHAITiH KapacThIPaMBbI3.

MyHpaii cypakrap KenTereH Xpuigap 00iibl, acipece CoboeB KEHICTITIH eHIipyre OaiIaHbICThI KOIIIITIKTIH
HazapblH aypapapl. Ocbkl skymbictTa 6i3 Tajgayra >KOHE OHBI KOJJAaHYFa YJKEH KBI3BIFYIIBUIBIK TYABIPATHIH
KJIaCCHKAJBIK OIepaTopiap YIIiH, MbIcaybsl, [Hiap0OepT TypieHnipyi »xoHe KanpaepoH omeparopbl YINiH MyHAi
IICHENTeHIIK MpoOJieMallapblH TaNKbUIAMBI3. Byl omeparopiapibiH (yHKIHOHAIABIK KEHICTIKTEPIiH apHaibl
KJIaCTapbIHIAFBl OpeKeTi OipHelle OHIaraH Kbuimap OOMBI KeH 3epTrenreH. KiiaccuKanblK HOTHXKEIepre, MBICAIBL,
TaHBIC (PYHKIUUIAP KCHICTIriHE OaiiaHbICTBI KO *keTiMi. COHBIMEH KaTap, OChl ONEPaTOPIIAP/IbIH MaHbI3IbLIBIFBI
Oenriyi, KOHE OJNIAPJABIH KacHeTTepi TepeH 3eprreireH. 1950 »kpuimapbl maiina OonFaH KiacCHKaibIK JlopeHI|
keHicTiri 1990 xpuinapaan 6actamn Heri3ri 3epTTeyiep naiiaa OoJFaH Ke3zie oTe KON KOJJaHbUIA b

Byn kymbicta 0i3 OChIHIAal KJIaCCHKAJBIK OIEpaTOPIIapblH I[ICHENTSHAITH aJMacThpMaJibl-HHBAPHAHTTHI
KEHICTiKTepAe, Mbicanbl, Oapiablk Jleber, Jlopenn, Opnny, MapIiHKeBHY KEHICTIKTEpiHAE KoHE Oacka
(OYHKIIMOHAIABIK KEHICTIKTEpae 3epTTerimi3. Bi3miH HasapbiMbI3, HeriziHeH, ['wisdept TypiaeHaipyidiy 6ip Opiwny
KeHICTIriHeH eKiHmmiciHe menenreHairiaae. CoHpIMEeH KaTap, 0i3 ['minbept TypieHmipyiHiH mekTeyni OonaTbiHaai
WHBapUAHTTHIK KeHICTIKTEPiH MBICATIIapbIH KeITipeMis.

Tyiiin  cesmep: Tumnnbepr Typrennipyi, Kanpaepon — omeparopbl, — anMacThlpMaibl-MHBAPUAHTTHI
¢yskumsmapsiabie banax kenicriri, Opnny kenicriri, JlopeH keHicriri, MapiuHKeBUY KeHICTEpi.
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