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GREEN TENSOR OF MOTION EQUATIONS
OF TWO COMPONENTS
BIOT’S MEDIUM BY STATIONARY VIBRATIONS

Abstract. Here processes of wave propagation in a two-component Biot’s medium are considered which are
generated by periodic forces actions. By use Fourier transformation of generalized functions, the Green tensor - a
fundamental solutions of oscillation equations of this medium has been constructed. This tensor describes the process
of propagation of harmonic waves of a fixed frequency in spaces of dimension N = 1,2,3 under the action of power
sources concentrated at the coordinates origin, described by a singular delta -function. Based on it, generalized
solutions of these equations are constructed under the action of various sources of periodic perturbations, which are
described by both regular and singular generalized functions. For regular acting forces, integral representations of
solutions are given that can be used to calculate the stress-strain state of a porous water-saturated medium.

Key words: Biot’s medium, solid and liquid components, fundamental solution, generalized direct and inverse
Fourier transform, regularization.

Various mathematical models of deformable solids mechanics are used in the study of seismic
processes in the earth's crust. The processes of waves propagation are most studied in elastic media. But
these models do not take into account many real properties of the ambient array. These are, for example,
the presence of groundwater, which complicates the construction and operation of surface and
underground structures, affect the magnitude and distribution of stresses. Models, which take into account
the water saturation form the earth's crust structures, the presence of gas bubbles, etc., are multi-
component medium. A variety of multicomponent media, the complexity of the processes associated with
their deformation, lead to a large difference in the methods of analysis and modelling used in the solution
of wave problems.

Porous medium saturated with liquid or gas, from the point of view of continuum mechanics, is
essentially a two-phase continuous medium, one phase of which is particles of liquid (gas), other solid
particles is its elastic skeleton. There are various mathematical models of such media, developed by
various authors. The most famous of them are the models of M. Biot, V.N. Nikolaevsky, L.P. Horoshun
[1-7]. However, the class of solved tasks to them is very limited and mainly associated with the
construction and study of particular solutions of these equations based on the methods of full and partial
separation of variables and theory of special functions in the works of Rakhmatullin, H. A., Saatov Ya. U.,
Filippov I. G., Artykov T. U. [6,7], Erzhanov Zh. S, Ataliev Sh.M., Alexeyeva L.A., Shershnev V.V. [8,9]
etc. In this regard, it is important to develop effective methods of solution of boundary value problems for
such media with use of modern mathematical methods.

Periodic on time processes are very widespread in practice. By this cause here we consider the
process of wave propagation in the Biot’s medium, posed by the periodic forces of different types. Based
on Fourier transformation of generalized functions we constructed fundamental solutions of oscillation
equations of Biot’s medium. It is Green’s tensor, which describes the process of propagation of harmonic
waves at a fixed frequency in the space-time of dimension N=1,2,3, under the action of concentrated at
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the coordinates origin. By use this tensor we construct generalized solutions of these equations for
arbitrary sources of periodic disturbances, which can be described both regular and singular distributions.
They can be used to calculate the stress-strain state of a porous water-saturated medium by seismic waves
propagation.

1 The parameters and motion equations of a two-components M. Biot medium
The equations of motion of a homogeneous isotropic two-component M. Biot medium are described
by the following system of second-order hyperbolic equations [1-3]:
(A + u)graddivu, + pAug +Qgraddivu, + F*(x,t) = pyl, + py,l;
: : . . @
Qgraddivu, + Rgraddivu, + F' (x,t) = py,l; + py,U,
(X,t) eR" x[O,oo) . Here N is the dimension of the space. At a plane deformation N=2, the total
spatial deformation corresponds to N=3, at N=1 the equations describe the dynamics of a porous liquid-
saturated rod. We denote  Ug =Uj (x,t)ej a displacements vector of the elastic skeleton,

U = Uy (x,t)ej is the displacements vector of a liquid, €; (j =1.., N) are the basic orts of the

Lagrangian Cartesian coordinate system (everywhere by repeating indices there is summation from 1 to
N).

Constants 1y P21 Pap have the dimension of mass density and are associated with the density of

the masses of the particles, composing a skeleton Qsand a fluid o by relationships:

P11 :(1—m),05 — P2, P =Mp¢ — Py,

where mis a porosity of medium. The constant of the attached density 7 is related to the dispersion of

the deviation of the micro-velocities of the fluid particles in the pores from the average velocity of the
fluid flow and depends on the geometry of the pores. Elastic constants A, ; are the Lame parameters of an

isotropic elastic skeleton, and Q, R characterize the interaction of the skeleton with a liquid on the basis of
Biot law for stresses:

Gij :(ﬂ/akuk +Q8kUk)5U -I-,u(@iui +8jui)
O-:_mp = R@kUk +Q@kuk

)

Here O'ij(X,t) are the stress tensor in the skeleton, p(X,t) isa pressure in the fluid. Further we use

the notations for partial derivatives: Ok :ﬁ1 Uk :akuj, A =5k5k is Laplace operator. The
OX
external mass forces acting on the skeleton F3 :Fjs(x,t)ej and on the liquid component

f f
F'=F; (x,t)e;.

There are three sound speeds in this medium:

[, 2 [ 2
= s 5 = s 3=, |
\ a2

2
Cl 2a2 2062

where the next constants were introduced:
2
a, = (ﬂ' + 2:”)1022 +Rp, —2Qp,, @, =pupy, - (:012) r = (ﬂ’ + 2/”) R-Q*
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The first two speeds C,Co (cl > Cz) describe the velocity of propagation of two types of
dilatational waves. The second slower dilatation wave is called the repackaging wave. A third velocity Cq
corresponds to shear waves and at O = 0 coincides with velocity of transverse waves propagation in

an elastic skeleton (C3 < Cp).

We introduce also two velocities of propagation of dilatational waves in corresponding elastic
body and in an ideal compressible fluid:
A+ 2u R

S ) C¢ =

P11 P22

2 Problems of periodic oscillations of the Biot’s medium

Construction of motion equation solutions by periodic oscillations is very important for practice
since existing power sources of disturbances are often periodic in time and therefore can be decomposed
into a finite or infinite Fourier series in the form:

Fo(x,t)= Zn:FnS(x)e'i“’”t, Fh(xt)= Zn:an (x)en" ()

where periods of oscillation of each harmonic Tn = 272'/(0n are multiple to the general period T of

oscillation. Therefore, it is enough to consider the case of stationary oscillations, when the acting forces
are periodic on time with an oscillation frequency @ :

Fo(xt)=F(x)e™, F'(xt)=F"(x)e™ (5)
The solution of the equations (1) can be represented in the similar form:
Us (X,t)=ug(x)e™™, ug(x)=us(x)e™™ (6)

where the complex amplitudes of the displacements Ug (X) Us (X) must be determined. If the solution
has been known for any frequency mi, then we get similar decomposition for the displacements of the

medium:
us (X,t) _ Zursl (X)e_iw”t, u f (X,t) _ Zurr (X)e—ia)nt (7)
n n
which give us the solution of problem for forces (4).

We get equations for complex amplitudes by stationary oscillations, substituting (6) into the system
(D):
(2 + w)graddivu® + pgAu® +Qgraddivu’ + F*(x) = —pj0°U° - p,0°u’

Qgraddivu® + Rgraddivu’ + F " (x) = —p,0°u® - ppeu’

(8)
To construct the solutions of this system we define Green tensor of it.
3 Green tensor of Biot equations by stationary oscillations
Let’s construct fundamental solutions of the system (1) in the form:
o) (olile, ] |
= s(x)e™, k=1..,N,j=1..2N 9)

f - -
F Sihe

—— §4 ——
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where 5kj is Kronecker symbol. They describe the motion of Biot medium at the action of sources of

stationary oscillations, concentrated in the point x=0. The upper index of this tensor fixes the current
concentrated force and its direction. The lower index corresponds to component of the movement of the
skeleton and fluid, respectively k =1,...,N and k =N +1,...,2N .

Their complex amplitudes Ur{'](x, ®) (J,m=1,...,2N) satisfy to the next system of equation:

(/1+,L1)U lj(,ji +IUUI|TJJ +C£)2p11Uik +QU lj(le —a)zplzuik+N +5(X)5}( =0

(10)
k 21k k+N 21 1 k+N K
QUj i + P20 Ui ¢ +RU i + prr0”U; +5(x)5j+N -0
jzll---yzNg k=1,,2N
Since fundamental solutions are not unique, we’ll construct such, which tend to zero at infinity:
j
Ul (x,0) >0 at |[x|—> )

and satisfy to radiation condition of type of Somerfield radiation conditions [10].
Matrix of such fundamental equations is names Green tensor of Eq. (8).

4 Fourie transform of fundamental solutions

To construct U nJ1 (X, ®) we use the Fourier transformation, which for regular functions has the form:

Flp(x)1=9(&)= J‘ go(x)ei(f’X)dxl--.dXN

RN

(2i)N Ig(éz)e_i(é'x)dfl----di
RN

where é:: (51""’§N ) are Fourier variables. Let’s apply Fourier transformation to Eqgs (10), and use
property of Fourier transform of derivatives [10]:

Fa(¢)=0(x)=

0

— © - (12)
OX;

Then we get the system of 2N linear algebraic equations for the Fourier components of this tensor:
—K 2 —k —k o—k o—k K
—(ﬂ+ﬂ)§j§ju j —ﬂ||§|| Uj-QZiSjU i + puo°Uj+ pp0°Ujin + 65 =0,

—k —k —k —k
—Q¢igiUj—RSiGU jun +/7120)2U j +P22502U j+N +5}(+N =0,

j=1.,N, k=N+1..,2N (13)

By use gradient-divergence method this system has been solved by us. For this the next basic function
were introduced

1 fiao(&@) o
e~ (Ea)=—UT) g 14
Ck2||§||2 - 0* a (g a)) —lo . 44)

and the next theorem was proved [11,12].

fox (50))
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Theorem 1. Components of Fourier transform of fundamental solutions have the form
J=LN, k=1N,

:( If )(—ifk)[ﬂl f0+ 5,1, + 55 f23]+ai(p125Jk+N ,0225}-() fos

Ulj”“ :(_igj)(_iégk)[% fo+ 7250 +7s f23 : 5Jk+N ”é:” Fos = ('01151'(+N +,0125;<) fos
a,
j=1..,N k—N+1... 2N

:(_igj)( i& N)[771f21+772 fro +15 23]+ (p125}(+’\' '0225}() fos

UE”\' = (_iéi )(_ié:ka )[Q frtc,fnts; f23] - ,U J+N ||5|| fas = ('0115}(”\‘ + p125;() fos

2 2
where the next constants have been introduced:
1 2 2
Dl - Aol | m =G ~C, 0 =Qp —(A+4) P12, Uz =p1uR—Qpiy,
2U12
d, = (/1"'/1):022 -Qpy, 4, =Qp, —Rpy,, Oy = plZCjZ -0 (j=12)
Gv i) 2
By =) —L(dby+d,dy;), By=- (dby; +d,0s);
)5 U3 U3
i1 Dy f Dyciup,
7i=(1) (qlbfj +00s5), 73 Z——(Q1bf3+Q2d33);
OoU3 OpU31U3;
1 Dy 02 c2v
U =(-pit—=L (d jdzj +dab; ) 713 = ———(dydgs +d,bs, );
U3 UaU31U3
1 Dicf i
+ _QLy
= (-1’ (%daj +0abya j)S) Gy =~ (tyllas + Uplsg ) by = 0,0 = o0y,
A7V pU31U37

This form is very convenient for constructing originals of Green tensor.
5 Green tensor construction. Radiation conditions
At first let’s construct the originals of basic function:
D, (X,0) = F_l[ me(":’w)] ,
which, in accordance to its definition (14), satisfy to the equation
(cAllgl” - @?) fom =1. (15)

Using the property (12) for derivatives from here we get Helmholtz equation for fundamental
solution (accurate within a factor C;Z ):

—— ff ——
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(A+Kk2) Dy, +C.75(x)=0, k, :Cﬁ (16)

m

Fundamental solutions of Helmholtz equation which satisfy to Sommerfeld conditions of radiation: at
— o

Do () — k@ (1) = OG), N =3,
Do () = ik o () = OG- %), N=2.

are well known [10]. They are unique. Using them we obtain:

for N =3 Do, = 4;;02 e"‘mr, ko, :%;
for N =2 Dy =4L(:2Hél)(kmr),
where H 21) (kmr) is cylindrical Hankel function of the first kind;
o - sink,, |X
for N =1 om = m

. . —iot i . . e
These functions (subject to factor € @ )) describe harmonic waves which move from x=0 to infinity
and decay at infinity. Last property is true only for N=2,3. In the case N=1 all fundamental solutions of
Eq. (16) :

don’t decay at infinity.
From theorem 1 the next theorem follows.

Theorem 2. The components of Green tensor of Biot’s equations at stationary oscillations with
frequency 1, satisfying the conditions of radiation, have the form:

for j=1, k=1N,

52
_2 (DOm 1 k
= — 5K O: |Dpa,
E P OX 2%, 052 (/312 +N P22 1) 03

3 2
_ 0D y7i _ 1 K 4 055D
J+N ——w? E Ym o a?(r: + sz (0325( )+k3®0m)5J+N % (10115j+N P12 j) 03

for j=1,..,.N k=N+1,..,2N

52
_2 q)om 1 k
= E b} o; |D
T ox. 8xk a2(1012 j+N P22 j) 03

3 2
) 0 CDO 1 k
UJ+N =—® ng . 8Xn|: + a2w2 (c3 ( )"‘ k3q)0m)51+N (P115J+N +,0125j )‘DO3
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where

d’® 1 .
dxzom = (km2(3|nkm|x|)—2km5(x)) for N =1,

m'm

0%, i ) 1
8XjaXr|n( :_4(;% (0.5km(HO(kmr)_ Hz(kmr))r,j My +kH1(kml’)I’,jk) for N =2,

2
adjom = 1 2 eikr r’j Fy (Ikm _Ej +i2 + r-’J'k(ikm _lj for N =3;
OX;0X,  4nrc, r r r

X, 1 X X.
A L

c r r r
Proof. By use originals of basic functions , property (12) of derivatives, we can obtain from

m

—k
formulas for U j in theorem 1 the originals of all addends, beside that which contain factor ||.§||2 But
using (16) we have

AD =25 (X) + k2D <> [|E] fom = €2 + K2 o

Then formulas of Theorem 2 follow from formulas of Theorem 1.
Conclusion. Under the action of arbitrary mass forces with frequency @ in the Biot’s medium, the
solution for complex amplitudes has the form of a tensor-functional convolution:

u;(x,t) =U5(x,@)*F (x)e”", j,k =12N (17)

Note that mass forces may be different from the space of generalized vector-function, singular and
regular. Since Green tensor is singular, contains delta-functions, this convolution are calculated on the rule
of convolution in generalized function space. If a support of acting forces are bounded (contained in a ball
of finite radius), then all convolutions exist. If supports are not bounded, then the existence condition (17)
require some limitations on behavior of forces at infinity which depend on the type of mass forces.

The obtained solutions allow us to study the dynamics of porous water and gas-saturated media at the
action of periodic sources of disturbances of a sufficiently arbitrary form. In particular, under the action of
certain forces on surfaces, for example cracks, in porous media that can be simulated by simple and
double layers on the crack surface.

There is another interesting feature of the Green tensor of the Biot equations, which contains, as one
of the terms, the delta function what complicates the application of this tensor for solving boundary value
problems based on the boundary element method or boundary untegral equations method [13,14]. Here,
when constructing the model, the viscosity of the liquid is not taken into account, which, apparently, leads
to the presence of such terms, and requires improvement of this model taking into account the viscosity.
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JI.A. Anekceesal, E.B. Kypmanos!?

Maremarnka k9He MaTeMaTHKaNIbIK Moaenbaey uHeTuTyTsl KP BFM, Anmater, Kazakcran;
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CTAIHMOHAP TEPBEJIICTEP KE3IHAET'T
EKI KOMITIOHEHTTI M. BUO OPTACBIHBIH
KO3FAJIbIC TEHAEYIHIH I'PUH TEH30PbI

AnHoTtanusi. KarTel cepmimzai koHE WUACaNIbl CYHWBIKTAH TYpPAaThIH €Ki KOMIIOHEHTTI bwo opTaHb
KapacThlpaMbl3. MyHzaif OpTaHBIH KO3FAJIBICHI KATTHl JKOHE CYWBIK KOMIIOHCHTTEPIiH OpPBIH aybICTHIPYHI YILIH
TUITepOOJIANBIK THIITET] eKiHIIl peTTi AuddepeHInanapK TeHIeYIepAiH OipikKKeH KYHeciMeH CHIaTTaIaabl. OpTypii
THUITErl HePUOATHI KYIITEp TYABIPAThIH OO OPTaNarkl TOIKBIHAAPIBIH Tapaly IpOLecTepi 3epTTeNreH.

Byn xytieHiq cramuonapisl memiMaepi N = 1,23 enmemaep KeHICTITiHAETi TapMOHHUKAIBIK TepoOemicTepi
cumartaiinel. bynm skarmaiima Kypaeni TepOelic aMIUIMTyJachl VINIH TEHZAEYNep JKYHeci SIUTUNTHKAIBIK TYpIe
Oomamsl. XKanmeimasrad QyHKIUSUTapIBIH JKOHE OHBIH KacueTTepiniH Oypre TypieHaipyi Heri3iHae oprara Tepoeric
TEH/ICYJIEPiHiH ipreii meniMi — CHHTYISIPIIE 1enbTa (YHKIUACHIMEH CUITaTTallFaH MIBIFY KO3iHe MOFBIpIIaHFaH KYII
KO3JepiHiH oCEepiHEH TYpPaKTHl KUUTIKTETI yaKBITTHIK-TAPMOHHUKAIBIK TOJKBIHAAPABIH TapalyblH CHIIATTaWTHIH Bro
opta — ['pHH TEeH30PbI TYPFHI3BULIBL.

TypakTsl ’KoOHE CHHTYJISPIbI JKalNblIaHFaH (QYHKIMSUIAPMEH CHUIIATTaNaThIH IIEPUOATHIK OY3yJapaslH SpTYpIi
KO3JepiHiH acepi Ke3iHae, OCHl TeHACYNIepIiH JKaNIbUIaHFaH IIemiMAepi TYPFRI3BUIABL. AJBIHFaH HOTIDKENEPIi Ta3
JKOHE CYHBIK KaHBIKKAH KEYEeKTi OpTaJarbl TOJIKBIHABIK IIPOLIECTEPAl 3epTTey YIIiH KOJITaHyFa Oonasl.

Tyiiin ce3gep: bro opracel, KaTTHI KoHE CYHBIK KOMIIOHEHTTED, iprelli mIemIiM, JKaJlbUIaHFaH Typa XKoHe Kepi
®Dypre TYpIeHAIpYIEpi, peryIsapu3alus.

JI.A. Anekceepal, E.B. Kypmanos!?

MucTuTyT MaTeMaTHKH 1 MaTeMaTHueckoro moaenuposanns MOH PK, Anvatsl, Kasaxcran;
?Kasaxckuii HallMOHANILHEIN YHUBEPCUTET UMeHH anb-Papabu, Anmartel, Kasaxcran

TEH30P T'PUHA YPABHEHU
JBAKEHUS IBYXKOMITIOHEHTHOM
CPEJbI M. BUO TP CTAIIMOHAPHBIX KOJIEBAHUAX

AHnHoTanus. PaccMaTpuBaeTcs AByXKOMIIOHEHTHas cpena bro, comepxamus TBEpAYIO YIPYTYI0 KOMIOHEHTY
U WACANBHYIO JKHAKYI0. JIBIDKEHHME TaKOH Cpeapl OINHWCHIBAaeTCS CBS3aHHON cucTteMol auddepeHnnarbHbIX
YpaBHEHHH B YacCTHBIX HMPOM3BOJHBIX BTOPOTO IOPsAKAa TMIEPOOIHMYECKOTO THUIA Ui MEpeMEIICHHH TBEpPIOW U
KUAKOW KOMIIOHEHTHI. MccneayroTess mpouecchl pacpoCTpaHEeHUs BOJH B cpene buo, nmopoxnaeMele AecTBYIO-
IIAMH NEPHOANYECKIMH CHIIaMH PA3IMYHOTO THIIA.

CrposiTcst  CTaMOHApHBIE PEHICHHS JTOM CHCTEMbI, OIMCHIBAIOIINE TapMOHHYECKHE KOJeOaHHs B
npoctparctBax pasmepHocT N = 1,23. B »TOoM ciydae cucreMa ypaBHEHHH sl KOMIUICKCHBIX aMIUTHTYX
KonebaHnii sBisieTcs uunTrdeckoil. Ha ocHoBe mpeobOpa3oBanns @ypre 000OIIEHHBIX (YHKIHH M €ro CBOWCTB
mocTpoeHo (hyHIAMEHTAIbHOE pellleHue ypaBHEHHH Koiebanuid cpensl bruo - TeHzop I'pmHa, KOTOPEHIN ONMMCHIBAaeT
MPOLIECC PACIPOCTPAHEHUS] TAapPMOHMYECKHX II0 BPEMEHM BOJMH (PUKCHPOBAHHON dYAcCTOTHI MpH JEHCTBHU
COCPEIOTOYEHHBIX B HaYaJle KOOPIMHAT CHJIOBBIX HCTOYHHKOB, OTIMCHIBACMBIX CHHTYJIAPHOM AenbTa-(DyHKIHEH.

Ha ero ocHoBe mocTpoeHB OOOOIIECHHBIE pEIICHMS ATHX YPaBHEHUH TIpH AEHCTBHH pPa3zHOOOPa3HBIX
HCTOYHHMKOB MEPHOANYECKHX BO3MYIIEHHH, KOTOPHIE OIMCHIBAIOTCA KaK DETyJSPHBIMH, TaK W CHHTYJISAPHBIMHU
0006meHHbIME QyHKIMSIMH. [ToTydeHHbIE peneHns] MOJKHO HCIIOIb30BaTh JJISl HCCIIEIOBAHMSI BOJIHOBBIX IIPOIIECCOB
B Ta30- ¥ )KUAKOHACHIIIEHHBIX IIOPUCTBIX CPEAaX.

KaroueBsie ciioBa: cpena buo, TBepiast u jkujikash KOMIIOHEHTHI, ()yHIAMEHTAJILHOE PEIIeHHE, 0000meHHOe
npsiMoe 1 obpatHoe npeodpazoBanue Oypre, perysspu3amnms.
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