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QUASICLASSICAL LIMIT OF THE SCHRODINGER-MAXWELL-
BLOCH EQUATIONS

Abstract. The study of integrable equations is one of the most important aspects of modern mathematical and
theoretical physics. Currently, there are a large number of nonlinear integrable equations that have a physical
application. The concept of nonlinear integrable equations is closely related to solitons. An object being in a
nonlinear medium that maintains its shape at moving, as well as when interacting with its own kind, is called a
soliton or a solitary wave. In many physical processes, nonlinearity is closely related to the concept of dispersion.
Soliton solutions have dispersionless properties. Connection with the fact that the nonlinear component of the
equation compensates for the dispersion term.

In addition to integrable nonlinear differential equations, there is also an important class of integrable partial
differential equations (PDEs), so-called the integrable equations of hydrodynamic type or dispersionless
(quasiclassical) equations [1-13]. Nonlinear dispersionless equations arise as a dispersionless (quasiclassical) limit of
known integrable equations. In recent years, the study of dispersionless systems has become of great importance,
since they arise as a result of the analysis of various problems, such as physics, mathematics, and applied
mathematics, from the theory of quantum fields and strings to the theory of conformal mappings on the complex
plane. Well-known classical methods of the theory of intrinsic systems are used to study dispersionless equations.

In this paper, we present the quasicalassical limit of the system of (1+1)-dimensional Schrodinger-Maxwell-
Bloch (NLS-MB) equations. The system of the NLS-MB equations is one of the classic examples of the theory of
nonlinear integrable equations. The NLS-MB equations describe the propagation of optical solitons in fibers with
resonance and doped with erbium. And we will also show the integrability of the quasiclassical limit of the NLS-MB
using the obtained Lax representation.

Key words. Dispersionless integrable system, quasiclassical limit, Schrodinger-Maxwell-Bloch equations, Lax
pair.

Introduction

The study of the integration of nonlinear equations and systems dominates one of the main places in
theoretical and mathematical physics. Such equations have physical applications that multiply interest in
similar studies. At the present time there are a lot of nonlinear integrable equations describing different
phenomena in different fields of physics.

The system of the (1+1)-dimensional Schrédinger-Maxwell-Bloch equations obtained by
A.L. Maimistov and E.A. Manykin [14] and were studied by different scientists [15-17].

The studied system of the (1+1)-dimensional Schrédinger-Maxwell-Bloch equations reads as

iq,+q,+2|q q—2ip=0, 1)
p. —2imyp—2nq =0, ()
n.+qp+qp=0, (3)
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where x and ¢ are the normalized distance and time, respectively; g(x,¢) is the slowly varying envelope
axial field, p(x,t) is the measure of the polarization of the resonant medium, 77(x,¢) represents the

extent of the population inversion, @, is a constant corresponding to the frequency. ¢, p are complex

variable functions, and 7 is a real variable function, @, is real constant. g,, .., p, and 77, are partial
derivatives with respect to variables x and t, i is an imaginary unit, ¢ and p are complex conjugates of g
and p quantities, respectively.

The system of the (1+1)-dimensional Schrodinger-Maxwell-Bloch equations is completely integrable
by the inverse scattering transformation (IST) [18]. It is known that the IST makes use of the Lax
equations to solve such systems. Lax pair for the system of the (1+1)-dimensional Schrodinger-Maxwell-
Bloch equations (1)-(3) has the form

O = Ud, @
O, =V, (%)
where the matrices U and V have the form
U=-lc,+U,, (6)
V==20,+2U,+V, + ! V.. (7)
+ o,

Here U, V,,V_ depend on g, p, i functions and U, V;, V| are 2 x 2 matrices

S (10 .
0 _(?0’0-3 0_15 ()

and A is the complex eigenvalue parameter (constant).

Quasiclassical limit of the system of (1+1)-dimentional Schriodinger-Maxwell-Bloch equations.
To find the quasiclassical limit of the given system, we use the following change of variables
X —> &, t —> &, where ¢ is a constant [13, 19-21]. Then, the partial derivatives will change as

0 o 0 0
— &=, —>&—.
ot ot Ox Oox

Taking into account the change of variables, the equations (1)-(3) has the next form

ieq, +&°q, + 2|q|2q —2ip=0, 9)
&, —2qn—2iw,p =0, (10)
en.+qp+qp=0. (11)

Now we enter the scale transformation in the forms of ¢, p and 7

q=\/;egs, p=i«/uwegs, n=~l-uw, (12)

. 2
where u =u(x,t), w=w(x,t) are real functions, p and 7 are related as 7’ +| p| =1. Further, to

calculate all the terms of the nonlinear system (9)-(11), we differentiate equation (12) with respect to the
variables x and t.
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u ) Ls u I Ls
= — +—S,\/; e, q. =| —=+—8Alu e, 13
q(z&g ] qx(zwwj (13)

T

. S, = (uw)
= - e, =———z 15
D, (1(«/ uw)x A/ uwje n. N (15)

Substituting formula (13)-(15) into system (9)-(11) and collecting the coefficients of different powers
of & we get the system of equation

u +2(ou), =0, (16)

v, +(0* - 2u-24w), =0, (17)

w ——2" o, (18)
2w, -V

where 0=3S_. Thus, system of equations (16)-(18) is the quasiclassical (or dispersionless) limit of the
system of the (1+1)-dimensional Schrodinger-Maxwell-Bloch equations.

Lax pair of the system of the (1+1)-dimensional dispersionless Schrodinger-Maxwell-Bloch
equations.To construct Lax pair of the system of the dispersionless (1+1)-dimentional Schrodinger-
Maxwell-Bloch equations (16)-(18), at first we note that the function @ in Lax pair (4)-(5) can be written

as ®=(y,, l//z)T. Let’s consider the system of differential equations with respect to variable x :

Vi, =AY, +qy,, (19)

Vor = —-q W, + M’Wz’ (20)

and variable ¢, respectively.

. . [ . i
Vi = [— 2K +ilql + 77]% + [2/161 +iq, - p}//z, (21)
A+, A+,
— I _ . . l
Wy = (— 24 +iq, - p}wl + (2112 —ilql - 77}//2- (22)
A+, A+,
Then using transformation similar to previous section
LFea] L[F+ix-s]
vi=et Ly, =gt (23)

where S 28;1\) and F, v(x,t), & are real functions. We obtain the equivalent relations to
differential systems (19)-(22)
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ey, = —ily,+qy,, (24)
&Y, =—qy, +idy,, (25)
ew, =| =20 +i|q] +——n y, +| 24q +isqg. ————p ., (26)
A+ w, A+ w,
— . 1 . . l
&Yy = [— 224 +igq, — p}//l + (21/12 +ilg[’ - 77}//2- (27)
A+, A+ o,
We differentiate (23) with respect to variables x and ¢:
i Feax ] L[F+ax-5]
v =lE 2k ={§X+E[Fx +/1—Sx]}e€ : (28)
& &
i Hrea) i£ U[Fsax-S]
Vi = ;F;eg > Wo = {éx + ;[F; - St ]}eg . (29)

Now by equating the expressions (19)-(22) and (28)-(29), and collecting the coefficients of different
powers of & we get the next equations

u

p+24— =0,
p-v (30)
pt_(u(p+2ﬂ,—2v)j _ 1 m_u\/; =0, (31)
p—v RO p—v

X

where p = F . Finally, last equations (30) and (31) are the Lax pair of the system of the (1+1)-

dimentional quasiclassical (dispersionless) Schrodinger-Maxwell-Bloch equations.

Conclusions. In this paper, we considered the system of (1+1)-dimentional Schrédinger-Maxwell-
Bloch equations, which are integrable by IST method. The quasiclassical limit of the system of (1+1)-
dimentional Schrodinger-Maxwell-Bloch equations were obtained using the scale transformation. Also we
presented its Lax representation, which proves its integrability. The resulting model can be used to
describe quantum-optical phenomena in the absence of dispersive properties of the medium.
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IPEJUHT'EP-MAKCBEJJI-BJIOX TEHAEYIHIH KBA3ZUKJIACCHUKAJIBIK HIEI'T

AnHoTanusi. HTerpanmaHaTbiH TeHACYJIeP/ll 3epTTey Ka3ipri MaTeMaTHKAaJbIK KOHE TEOPHSIIBIK (DU3HUKAHBIH
MaHBI3/Ibl acleKTiepiHiH Oipi Oonbin Tabbutanpl. Kazipri yakpiTTa (H3UKaJIbIK KOJNJAHYFa W€ CHI3BIKTBIK €MeC
MHTErpajIIaHaThiH TeHIEYyJep caHbl oTe Koll. CBI3bIKTHIK eMeC WHTErpajlaHaThiH TEHAEYJEpP YFBIMBI COJIMTOHMEH
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THIFbI3 OaiinanbicThl. CBI3BIKTHIK OpTajna Haiaa OoJaThlH, KO3Faly Ke3iHAe, COHaai-ak e31 Topi3fec TypiepMeH
opeKkeTTecy Ke3iHJe MIllliHIH CaKTaWThIH HbICAH COJIMTOH HEMece OHAIlAJaHFaH TOJKBIH Aemn aranaabl. Kemnreren
(hm3MKaNBIK TPOLIECTEPAE CHI3BIKTHIK €MEeC AMCHEPCHsT YFBIMBIMEH THIFbI3 OainaHpICThl. CONUTOHIBIK epiTiHILIep
JICTIEPCHSCHI3 KacueTke ue. TeHaeyiH ChI3BIKTHIK eMeC KOMIIOHEHTI JUCIEePCHsT MYIIECIHIH OPHBIH TOJNTHIPATHIH-
NIBIFbIHA OaliyIaHbIC.

WHTerpanmanatelH CHIBBIKTHIK eMec aAn(epeHInaIIblK TeHaeyIepaeH 0acka, TMAPOJUHAMHKAIbBIK THIITET]
HeMece JWCIIEPCHSCHI3 TEeHAEyJep AeN aTajlaThlH WHTerpalJaHaThiH jaepdec nuddepeHnnanaplK TeHAEyIepaiH
MaHbI3Bl Kiachl aa Oap. CBI3BIKTBI €Mec IUCIEPCHSCHI3 TeHAeyJep Oenrili MHTerpajiaHaThlH TEeHAEYJIepAiH
JUCTIeP-CUACHI3  (KBAa3WKIIACCHKANBIK) IHETi peTiHae TybHaaimel. COHFBI JKBUIAAPH AUCIEPCHSCHI3 IKYHelepi
3epTTeY YJIKEH MaHbI3Fa He OONIbl, OMTKeHI onap (H3nKa, MaTeMaTHKa JKOHE KOoJimaHOaibl MaTeMaTHKa, KBAaHTTHIK
epicTep MEH IIeKTep TEOPMSACHIHAH OacTanm KOMIUIEKCTI JKa3bIKTHIKTAaFrbl KOHPOPMIBI KECKIHAEP CHUSKTBHI op TYPIi
Moceneepl Tanjay HOTHXKeciHne maiina Oonnel. Jlucrepcuschi3 TeHAEyJepl 3epTTey YIIiH Oenriii kyienep
TEOPHUSICBIHBIH KJIACCUKAJIBIK OICTePi KON AaHbIIa bl

byn xymeicta 613 (1+1) emmemnai lIpenunrep-MakcBemi-biox Tenaeynep yieciHIH AMCHEPCUSCHI3 LIETIH
ycbiHamb3. [lIpenunrep-MakcBemi-biox TeHzeyi - ChI3BIKTBIK €MeC WHTErpajlaHaThiH TEHJEYJIEp TEOPHUSICHIHBIH
KJIaCCHKaJIBIK MbIcanapbIHbIH Oipi. Llpeaunrep-MakcBemi-biiox TeHIeyl ONTHKANBIK CONMUTOHAAP/IBIH PE30HAHCTHI
KOHEe IpOMHMEH KOCBUIATHIH TANIBIKTapJa TapajyblH cHUmaTtaiinel. AnbiHFaH Jlakc OeifHeciH maiinananeim, 0i3
peannrep-Makcsem-biox TeHzeynep *KyHeciHiH KBa3UKIACCHKAIBIK (AMCIEPCUSCHI3) MIErT WHTErPajiblIbIFbIH
KepceTeMmis.

Tyiiin ce3nep. Jucnepcusachi3 HHTETpalfaHATHIH KYHie, KBa3uKIaccuKanbIK meri, [peauarep-Makcsemi-bmox
Texaeynepi, Jlakc sxyObI.
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KBA3UKJIACCHUYECKHWM ITPEJEJ YPABHEHUM IIPEJIUHTEPA-MAKCBEJLIA-BJIOXA

AnHoTauus. VMccnenoBaHue MHTETPUPYEMBIX YPABHEHUM SBIISETCS OJHUM U3 BaXKHEHIIMX aclEKTOB COBpE-
MEHHOH MaTeMaTHIeCKOW M TeOpeTHIecKoi ¢pu3uku. B HacTosIee BpeMst CymecTByeT OONbIIIOoe KOJMIECTBO HEIH-
HEHHBIX MHTETPUPYEMBbIe YPaBHEHHH, KOTOpbIe HMeeloT pusnyeckoe npuiokenue. [lonsaTre HenMHEeHHbIX HHTErPH-
PYEMBIX ypaBHEHHH TECHO CBSI3aHO C COJIMTOHOMH. OOBEKT, BO3HHMKAIOIINI B HEIIMHEHHOH cpelie, COXPaHSFOIIHI
(hopMy IIpH ABMKEHUH, a TAKKe ITPU B30MMOAEHCTBHH ¢ cebe og0OHBIMH, Ha3bIBAETCSI COJIMTOHOM WM YEeUHEHHOM
BOJHOM. Bo MHOrMX (u3nueckux mporeccax HEITMHEHHOCTh TECHO CBs3aHA C MOHATHEM aucrepcuii. ColMTOHHBIE
pemieHus: 00NanaloT OE3MUCIIEPCHOHHBIM CBOMCTBOM, B CBSI3M C TE€M, YTO HEJIMHEHHBIH KOMIIOHEHT ypaBHEHHS
KOMIIEHCUPYET AUCIEPCHOHHBIN YJIeH.

[ToMuMO HMHTETPUPYEMBIX HEJNMHEHHBIX AN (epeHINaIbHBIX YPaBHEHUH CYIIECTBYET TaKKe BayKHBIM Kilacc
MHTErPUPYEMbIX YPaBHEHHH B YaCTHBIX MPOU3BOIHBIX, TAK HA3bIBAEMbIE HHTETPUPYEMbIE YPaBHEHHS I'MPOIMHAMHI-
YecKOro THIIAa Win Oe3ancriepcuoHHble ypaBHeHMs. HenmuHeiHble Oe3qucnepcHOHHBIE YPAaBHEHHS BO3HUKAIOT Kak
6e31uCTIepCHOHHBIA (KBa3WKIACCHUECKHUI) TpEeeNl M3BECTHBIX HMHTETPUPYEMBIX ypaBHEHHH. B mocnemHme roms
GosbIIoe 3HAUEHHE MPHOOPETaeT M3yUeHHE OE3IUCIIEPCHOHHBIX CHCTEM, OCKOJIBKY OHM BO3HHMKAIOT B PE3yJIbTaTe
aHaJIM3a Pa3IMYHBIX MPOOJeM, TakuX Kak (pr3nka, MaTeMaTuka W NPHUKIaJHAss MaTeMaTuka, OT TEOPHH KBAHTOBBIX
MoJIel U CTPYH JI0 TEOPUH KOH(MOPMHBIX OTOOPaKEHUI HA KOMILJIEKCHOM MIOCKOCTH. JIjist n3yueHus Oe3qucnepcron-
HBIX YPaBHEHUH HCIIOJIB3YIOTCS XOPOILIO U3BECTHBIE KIACCHUECKHUE METOBI TEOPUH HHTETPUPYEMBIX CUCTEM.

B nanHoit pabore npeacraBiieH Oe3MUCIepCHOHHBIN Tpesen cucteMsl (1+1)-mMepHbix ypaBaenuii [lIpenunrepa-
Makcsenna-binoxa. Ypasuenue lllpeaunrepa-Makcpenna-bioxa sBiseTcs OIHUM W3 KJIACCUYECKUX MPUMEPOB
TEOpUHU HEJIMHEWHBIX UHTETpUpyeMbIX ypaBHeHMH. YpaBHeHue I[lIpenunrepa-Maxkcsemna-bioxa omnuceiBaeT
pacnpocTpaHeHUEe ONTHYECKUX COJMTOHOB B BOJIOKHAaX C PE30HAHCHBIMH M JIETMPOBaHHBIMH 3pOuem. Taxxke
MOKaXEM HHTErpHpyeMocTh Oe3ancnepcuonHoro mpexaena YIIIMB ¢ momomiplo MOJydeHHOTO TpeicTaBlICHHE
Jlakca.

KiroueBble cjioBa: 0e3QHCIEPCHOHHAs WHTETpHUpyeMas CHCTEMa, KBa3HKJIACCHYECKHH MpeAeN, ypaBHEHHS
Ipeaunrepa-Makcgeinna-bioxa, napa Jlakca.
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