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MULTI-LINE SOLITON SOLUTIONS FOR THE TWO-DIMENSIONAL
NONLINEAR HIROTA EQUATION

Abstract. At present, the question of studying multidimensional nonlinear integrable equations in the
framework of the theory of solitons is very interesting to foreign and Kazakh scientists. Many physical phenomena
that occur in nature can be described by nonlinearly integrated equations. Finding specific solutions to such
equations plays an important role in studying the dynamics of phenomena occurring in various scientific and
engineering fields, such as solid state physics, fluid mechanics, plasma physics and nonlinear optics. There are
several methods for obtaining real and soliton, soliton-like solutions of such equations: the inverse scattering method,
the Hirota’s bilinear method, Darboux transformation methods, the tanh-coth and the sine-cosine methods. In our
work, we studied the two-dimensional Hirota equation, which is a modified nonlinear Schrédinger equation. The
nonlinear Hirota equation is one of the integrating equations and the Hirota system is used in the field of study of
optical fiber systems, physics, telecommunications and other engineering fields to describe many nonlinear
phenomena. To date, the first, second, and n-order Darboux transformations have been developed for the two-
dimensional system of Hirota equations, and the soliton, rogue wave solutions have been determined by various
methods.

In this article, we consider the two-dimensional nonlinear Hirota equations. Using the Lax pair and Darboux
transformation we obtained the first and the second multi-line soliton solutions for this equation and provided
graphical representation.

Key words. two-dimensional nonlinear Hirota equations, nonlinear integrable equations, Lax pair, Darboux
transformation, multi-line soliton solutions.

Introduction. Solitons are important when considering nonlinear equations. Nonlinearly integrated
systems have been hotly debated among scientists. This area has developed extensively, mainly in all
areas covered by technology and science. There are several ways to obtain nonlinear soliton solutions of
evolutionary equations. These include the nonlinear method of the Hirota equation, the Darboux
transformation (DT), the Painleve analysis, and more [1-7].

In this paper, the two-dimensional nonlinear Hirota equation is a modified nonlinear Schrodinger
equation considered. The Hirota system is used to describe many nonlinear phenomena. It is widely used
in the field of study of optical fiber systems, in the mechanisms of physics, electrical communication and
other engineering sciences [8, 9].

Consider the one-component two-dimensional nonlinear Hirota equation as follows [10]:

iq, +aq.,, +ifq.., —vq+i(og), =0, (1)
v, +2a8(q|), - 2if(a,a~4q"q,) =0, )
o, -2p5(q"), =0, 3)
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where ¢g=g¢g(x,y,t) is the complex functions and v=v(x,y,t), w=w(x,y,t), (i=1,2) are the real

functions. It is integrated by the method of the inverse scattering method, thus, for its there is a Lax
representation. Its Lax representation is given in the form:

.= Ay, @)
v, =(20M+4ﬂ12)1//y +By. ®)
here A — spectral parameter, ¥ - independent function, particularly W(x, y,t; 1) = (‘I’l,‘l’z,‘lg)T. A

and B matrices
A=—idoy + 4,

6
B=/B, +B,, ©)

here 4y, Bp and o, [2 X 2] dimensional matrices:

0 ¢
A, = i
; 0 iog., — —
B, =5, +(, 9~ Py MJ
lOﬂ"y +

2 pry, +or 0
B, =iwd; + 2ifoyA

s (10
lo -1/

Using the Lax pair above, we can construct a Darboux transformation for a two-dimensional
nonlinear Hirota equation. Compatibility condition of this system:

0y

4, - B, +[4,B]-2al+4p1*)4, =0. (7
According to the above calculations, we can obtain a two-dimensional nonlinear Hirota system. The
spectral parameter A is obtained as follows:
A, =QaA+4PA1)A,.
In this article we will limit ourselves to the situation 6 = +1.
In our previous work, we have constructed the first-order Darboux transformation for the two-
dimensional nonlinear Hirota equation [1].
q[l] =q—=2iS,,
W=yy diasyy, + 4/3(31261; + 51*2% +2isy,8yy, — 2is:2S12y)7 (8)
ol =w—4ifs,,, =0+ 4ifs,,,.

here we define the components of the matrix S as follows:

s=1 ;t1|‘//1|2+/12|'/’2|2 (4 =2 s _
A (/11_/12)'//1*‘//2 /11|‘//2|2"‘/12|‘//1|2
A=l +lyal

Lets find further multi-line soliton solutions using this Darboux transformation.
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Multi-line soliton solutions
Here in order to find one soliton solution we choose seed solution as is the g =@ =v =0. When

solving a linear system under zero conditions, we obtain the following basic solution [11]:
o A (00)
V= eiix+g(y,t) (9)

here f and g - y and ¢ periodic differential functions.

2.1 The first multi-line soliton solution
we can rewrite the equation (9) to this type:

f)=iuy +iQai + 417 ) ut +c,
g(,0) =—ipy —iRad + 42 ) ut —c.

we use the N-order Darboux transformation to obtain a linear colitis solution:
€/+i;(j
e
5j = (egjﬂ'lj ] (10)

. . . . 2
0, +iy; =—id;x+ipu;y+iQQal; + 41, )u;t +c;,

here

where A, u;, c; are random real constants and A, =b; +id ;, u; =m; +in;, ¢, = kj +ilj, (j=2r-1,
r=12,.,N).

0, =dx—n,y—2(ab.n, +adm, +4pb.dm, +2fm b ~2pnd f+k,
Xy ==byx+m;y+ 2(0‘[’./’”./ —adn; —4pb,d n; +2pmb; _Zﬁmjdf>+lj

b,d,m,k,l #0, b,d,m,k,I[ -real constants.

Then ¢ U , U 1 , a)[l] we obtain a multi-line soliton solution for:
q" =2de™ sech(26,),
ol = 4d(tan 26, ]y +8if3d* ([tan 26, ]y —e M sech26, [62’7“ sech20, ]y ),
a)[l]=4ﬁ[tan2¢91]y. (1)
here

(O +ix) + (6, ~ix)) =26, = d\x—ny +(4fnb] —4pnd} —8fmbd,)t 20 (nby +myd, )t +ky;
(O +ix) = (0, —ix,) = 2ix, = =byx+myy+(4fmb’ —4pmd? —8Pnbd,)t +2a(mb, —nd,)t+1,.
Let's take q[l]

are affected. Using the calculated expressions, we can deduce from the equation the following physical
properties of the solution (11 a): the amplitude [2d1], the wave vector K = (KX,K y): (2d,,—2n,), the

as an example to analyze the distribution features of soliton, some parameters of which

d
frequency vV = [— 4(d1 —bl)-20£(n1b1 +md, )], the soliton direction g =—L. From the figure it can be seen
n

that the distribution of a linear soliton & ; depends on the change in magnitude.
To visualize the results of the first multi-line soliton solution, we construct graphs of the expressions
g", 01 and @ obtained with the help of Maple 2018:
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Figure | - a,d,,l, =1,m; =2,=2,b, =13 Figure 2 - a,d,,l, =1, =2,b, =1.3,m, =2,
(1] 0]

and ¢=0 soliton solution for ¢ k; =1,5 and =0 soliton solution for U

Figure 3 -a,d,,l, =1, =-2,b, =1.3,m, =2,n,,k, =1,5 and t=0 soliton solution for a)[l]

We obtained first-order multi-linear soliton solutions using the Darboux transformation for the two-
dimensional nonlinear Hirota equation with given seed solution conditions.

2.2 The second multi-line soliton solution
Now we obtain three two-line soliton solutions for N =2.

2ile? —6] +6,+6; a, + e**(91+91* )-65—6; a, + e*(gl+91* )+ e*(ﬁﬁrﬁ; )+6,-0; a )

2] _ 703“2_ 2
7= 2040y, -20+6,) 20-0,) . _-20-0,) i) ’
e +e 1B, +\e +e 1B, + e 1B,

(12)

By =(by —idy — by —id, )(b, +id| — by +id),
” By =(by —idy — by —id, )(by —id, — by —id}),
) g~ 2i(d, - dy).

a, =2id, (b, —id, — b, —id, (b, +id, — b, —id, ),
a, = 2idy(by —idy — b, —id, )(by +idy —b,

2] 2 . .
ol ],a)[ I Values are considered in the same way.
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ol = _4ip + 8iB(R - 0)
(62(01+91y+93+93y))+ 7 (62(91+91y_93_i13y))+ 7/12 (e

ﬂ1 (ez(a3+03y —Hly—il3y))+ ﬂz (e2(93y —%y))

_2(91+91y+93+i;(3y))+ )2 (e—2(91+01y —93—93y))
2

ol = —4ip 4l +

75 (eZi(zrz;))_,_ ¥ (e*2i(11713))
ﬁ3 (6*41‘(;{1 713))

+

To visualize the results obtained during the calculations on the second-order multi-linear soliton, we
construct graphs of the formulas q[z] , vl and @ obtained with the help of Maple 2018:

- 10 TTT -1
_j _5_
1
y 0 X {}_
- 5
] [ gug
4] |
| Iilll | T 1.1 rrri T F 01 l[} LEL L] L) l’l 1$l IIil
L 5 0 = =10 =10 =5 0 5 10
X W
Figure 4 - d|,ns,1,my, ky =1,k =1, Figure 5 - ny,b,,d\,l,,dy,ny,my, ks, 7, =1,
d3 =1.2,b3 =3,0!a,6al3 =2,b1,l’ll =1,5, 53,ﬂ1 =l,ﬂ,a,m1’l3,51’}/1,ﬂ2 =2’b3,52’}/3,

(]

and ¢=0 soliton solution for ¢ 5 =3,k; =—1 and 1=0 soliton solution for 1)[2]

Lh

|—+—
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=10 =5 0 3 10

Figure 6 - ny,ny,ky, 7, =Lk ==1,B,a,m,15,6,,7,,, =2, by =4,b5,6,,75, B3, B, =3,
my =2.5,d,,05,l, =1,5,d; =1.6 and t=0 soliton solution for a)[z]

In this section, we obtained second-order multi-linear soliton solutions for the two-dimensional
nonlinear Hirota equation with initial conditions. 3 decisions were obtained by introducing certain
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designations. As a result, we constructed graphs of the exact expressions to visualize the results of the
second multi-line soliton solution.

Conclusions. In this article, we considered the first and second multi-line soliton solutions for two-
dimensional nonlinear Hirota equations using the Lax pair and Darboux transformation. We also provided
graphical representation. The obtained result is used for further research of nonlinear integrable equations
when finding different soliton solutions.

I'. T. bekoBa, A. A. JKaasipanoBa

X.JlocmyxamenoB aTbIHIaFsl AThIpay yHUBEpCHTETI, AThIpay, Kasakcran
JL.H. 'ymunes arsiapars! Eypasus ynrTeik yausepceureti, Hyp-Cynran, Kazakcran

EKI ©JIINEM/I CBI3BIKThI EMEC XUPOTA TEHJAEYIHE APHAJIFAH
KOII CbI3bIKThI INEINIMIEP

Annotanusi. Kazipri yakpiTTa COMMTOHAAP TEOPHUSCHI MIEHOEPiHAE KOIl OIIIeMIl ChI3BIKTHI eMeC MHTerpaiia-
HaTBIH TEHJCYJIEpAl 3epTTey Moceneci ImeTenaik xoHe KasakcTaHIblK FajbIMIap YLIIH YJIKEH KbI3BIFYIIBLIBIK
Tyablpaabl. TaOuFaTTa Ke3JeceTiH KonTereH (GU3UKaiIbK KyObLIBICTApAbI CHI3BIKTHI €MEC MHTErpaIaHaThIH TEHICY-
Jiep apKbUIBI cUIarTayra Oojambl. MyHmal TEHICYNEpIiH HAKThl MICIIiMAEpiH Taly KaTThl JeHe (HU3UKACHI,
CYHMBIKTap MEXaHUKACHI, IUIa3Ma (PU3UKACHI KOHE CHI3BIKTBI €MEC ONTHKA CEKUIIi TYPii FBUIBIMHU KOHE MHKEHEPIIK
canajap/a Ke3JeceTiH KyObUIBICTapAbIH JUHAMHKACHIH 3epTTEYAe MaHbI3/Ibl pel atkapansl. OCbIHIAN TeHICyIepIiH
HAKTHI JKOHE COJIMTOHIBIK, COJUTOH TOPI3Mi IICHIMIEpiH axyAblH Oipiiama omici Oap: Kepi mammbsipay ecebi oici,
OHMCHI3BIKTE XupoTta omici, JapOy TypieHmipy omici, kepi mambipay ecebi 9ici TaHTEHC >KOHE CHHYC-KOCHHYC
dmicTepi CHUSAKTHI KONITEreH 9IiCTep YCHIHBIIFAH.

Byn xxymeicta Hlpenuarepain MoanduKausIaHFaH CHI3BIKTHI eMec TeHeyi OOJBIN TaOBUIATHIH €Ki eJmeMIi
Xwupora teraeyi seprrenini. ChI3bIKThI eMec XHpOTa TeHIeYl MHTEerpalIaHaThIH TeHAEYAiH Oipi OOJbIN TaObLIa bl
koHe XUpoTa Kyieci KONTereH ChI3bIKThI eMeC KYOBUIBICTAP/Ibl CUNIATTAY YIUIH ONTHKAJBIK TAIIIBIKTADP XKYHECIHIH
3epITey aiMarbiHAa, PU3MKa FHUIBIMBIH/A, DIIEKTPIIIK OaiyiaHbIC yoHe OacKka Ja MHXKEHEPIiK cajajap/a KOoJIaHbl-
nanel. Ocbl yakpITTa JediH eki enmeMai XupoTa TeHaeysep xyieci yiin Oipinm, ekinmi, n-perti dapOy Typien-
Jipyi KYpBUIFaH )KOHE COMIUTOH/IBIK, KUPATYIIBI TOJKBIHIBI IISIIMICPi 9p TYPIi 9[iCTepPMEH aHBIKTAJIFaH.

By makanana eki enmiemIi ChI3BIKTHI eMec XHpOoTa TCHICYNEPiH KapacThipaMbi3. Jlakc »xyObIH xkoHe [apOy
TYpJICHIIPYIH KOJIZaHa OTBHIPBIN, Oi3 OCHI TEHJAEYre apHAJIFaH OIpIiHIII JKOHE eKiHIII KOIl CBHI3BIKTHI COJUTOHIBIK
HIEIIiMAEp aTbIHIBI )KOHE OCHI MMMl rpaduKaibIK OeiiHeney MakcateiHaa Maple 2018 GarmapiaMacsl KeMeriMeH
OPTYPIIi YaKbITTa KT ChI3BIKTHI COTUTOHIAPIBIH IPadHKTEPi KYPHUIIBL

Ochl Makanazna KOJTAHBUIFAaH OMICTI 0acKa Ja CHI3BIKTHI eMeC KOMIDICKCTI TeHAEYNIepi 3epTTey OaphICHIHIA,
OIapIBIH COMMTOHABIK MIemiMaepai Tady YIIiH naiinaranyra 6onaasl. COHBIMEH KaTap, allbIHFaH HOTHXKEHI XHUpoTa
TEHJAEYIH OJIaH 9pi 3epTTey YIIiH KOJJaHyFa OoIasl.

Tyiiin ce3nep. Exi enmemi cbi3bIKTB eMec XUpOTa TEHAEYJIePi, ChI3BIKTHI EMEC UHTETPaIJaHaAThIH TeHEYIIEp,
Jlakc xyOsr, JIapOy TypieHIipyi, MyJIbTH-CBI3BIKTBI COJIUTOH IISIIiM/EPI.

I'. T. bekoBa, A. A. JKaasipanoBa

Artslpayckuil yauBepcureT UM. X.JlocmyxaMmenosa, Ateipay, Kazaxcran
EBpasuiickuil HannoHansHbI yHuBepcuteT uMenu JI. H. I'ymunesa, Hyp-Cynran, Kazaxcran

MYJbTUWIVHEMHBIE PEIIEHUSA JIJI IBYMEPHOT' O
HEJMHEHWHOI'O YPABHEHUS XUPOTBI

AHHoTanus. B Hacrosiiee BpeMst BOIPOC N3yYeHUs] MHOTOMEPHBIX HETMHEWHBIX HHTETPUPYEMBIX YPaBHEHUN B
paMKax TEOpHUHM COJIMTOHOB HMMeeT OOJIBIION HHTepec Uil 3apyOeKHBIX M Ka3axCTaHCKUX Y4eHbIX. MHorue
(u3nueckue SBICHMUS, TPOUCXOIAIINE B PUPOJIE, MOXKHO ONUCATh HEIWHEHHO-MHTETPUPOBAHHBIMU YPaBHEHHUSIMH.
Haxo)xneHne KOHKPETHBIX pElIeHUH TaKUX ypaBHEHUH WIpaeT Ba)KHYIO POJb B HM3Y4YEHUHM IVHAMHUKHU SBJICHUH,
MPOUCXOSIINX B PA3IMYHBIX 00JIACTAX HAYKU U TEXHHKH, TAaKMX Kak (U3MKa TBEPAOTO Tejla, MEXaHWKa KHUIKOCTH,
¢u3uKa Tua3Mel ¥ HenMnMHeWHast onTHka. CyIIEeCTBYeT HECKOJIBKO METO/OB IONYyUYSHHS! PeajbHBIX M COJUTOHHBIX,
COJIMTOHOTIOJJOOHBIX PELICHUH TaKUX YPaBHEHHUH: METOJI 0OpaTHOH 3a/aull paccestHus], OMIMHEHHBIH MeTo] XHUPOTHI,
MmertoJ npeodpazoBanusi JapOy, METOBI TAaHT'€HCA U CHHYCa-KOCHHYCA.
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B nmanHOl paboTe HU3y4eHO OBYMEpHOE YypaBHEHHE XHPOTBHL, KOTOpOE SBISETCS MOIM(DUINPOBAHHBIM
HenuHeWHbIM ypaBHeHueM lllpenunrepa. HenuneliHoe ypaBHeHME XHUPOTHI SIBISETCS OIHUM M3 MHTETPUPYIOLIMX
YpaBHEHUIA, a crcteMa XUPOTHI UCIIOJIB3YETCsS B 00JIACTH MCCIENOBAaHHS BOJIOKOHHO-ONTHYECKHX CUCTEM, (DU3HKH,
TEJIEKOMMYHHUKALUI U IpyTUX MHKEHEPHBIX 00JIACTSX ISl ONIMCAHWSI MHOTHX HEJIMHEeWHbIX siBieHui. K HacTosmemy
BpeMeHH pa3paboraHbl mpeoOpazoBanusi JlapOy mnepBOro, BTOpOro W N-TO IOPsSAKA Uit ABYMEPHOW CHUCTEMBI
YpaBHEHUI XHUPOTHI, 8 COIMTOHHBIE PELICHUSI B BUJIE Pa3pyLIUTEIBHBIX BOJH ONPEIEIICHBI Pa3INYHBIMA METOJaMH.

B crathe paccMOTpeHBI IByMepHBIE HeNMHEHHble ypaBHeHMs XupoTbl. C mcronmbs3oBaHueM mnapsl Jlakca u
npeoOpazoBanus J{apOy IoydeHsI IepBOe W BTOPOE MYJIbTH-TMHEHHbBIE COJIMTOHHBIE PELICHUS ATOTO YPaBHEHHUS U
U Tpa)UIecKOTo MPEICTABICHHSI TOTO PEIISHHS ¢ TOMOIIBI0 TiporpaMMel Maple 2018 Obuti OCTpOSHBI TpaduKu
MHOTOJINHEHHBIX COJINTOHOB B PA3THMYHOE BPEMSI.

Merton, MCTIONIB30BAaHHBIA B IAHHOM CTAaThe, MOXKET OBITH MCIIONB30BaH JUI M3YYEHHS APYTHX HETHMHEHHBIX
KOMIUIEKCHBIX YPaBHEHHH C LIEJIbIO TOUCKA UX CONUTOHHBIX perieHnid. Kpome Toro, noyueHHbIN pe3ybTaT MOXKET
OBITh UCTIONIB30BAH IS JaJIbHEHIEro H3yYeHUs ypaBHEHHsT XUPOTHIL.

KiroueBble ciioBa: AByMEpHbIE HEIHMHEHHbIE ypaBHEHUS XMPOTHI, HEJIMHEHHbIE MHTETPUPYEMble YPaBHEHUS,
napa Jlaxca, npeodpazoBanue JlapOy, MyIbTHIMHEHHBIE COJIUTOHHbIE PEIICHHS.
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