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ON THE RESTRICTED THREE-BODY PROBLEM

Abstract. The paper analytically investigates the classical restricted three-body problem in a special non-inertial
central coordinate system, with the origin at center of forces. In this coordinate system, an analytical expression of
the invariant of the centre of forces is given. The existence of the invariant of the centre of forces admits the correct
division of the problem into two problems. The first is a triangular restricted three-body problem. The second is a
collinear restricted three-body problem. In this paper the collinear restricted three-body problem is investigated.
Using the properties of the invariant of centre of forces of the restricted three-body problem in the special non-
inertial central coordinate system, the basic differential equations of motion for the collinear restricted three-body
problem are obtained when three bodies lie on the same line during all motion. Differential equations of the collinear
restricted three-body problem in the rotating non-inertial central coordinate system in pulsating variables are derived.
New differential equations of motion for the collinear restricted three-body problem in three regions of possible
location of the massless body with stationary solutions corresponding to the three Euler libration points have been
derived. The circular collinear restricted three-body problem is investigated in detail. The corresponding Jacobi
integrals are obtained. New exact non-stationary partial analytical solutions of the obtained new differential
equations of motion of the collinear restricted three-body problem have been found for the considered case.

Keywords: restricted three-body problem, non-inertial coordinate system, libration points, exact non-stationary
partial rectilinear solutions.

1. Introduction. The motion of a small natural or artificial celestial body in the gravitational field of
two large celestial bodies (hereinafter the primary bodies) is well described by the mathematical model of
the widely known limited three-body problem [1-9]. The problem has many applications. For arbitrary
values of the main body masses, the problem has five known libration points - stationary exact partial
solutions. Of these, three are Euler collinear solutions, when three bodies all the time moving on the same

line. Mathematical conditions of the restricted three-body problem with masses m, , m, ,m; can be written
in the form [1-6]

my <<my oy <<mymg > m, (1.1)

9 B

where the mass of a vanishingly small body (a massless body further) is denoted m, by the term. Due to

the lack of a general analytical solution in final form, many aspects of the problem have been studied by
various qualitative and numerical methods [1-10]. The search for new exact partial analytical solutions
seems to be relevant.

The present paper is a continuation of the works [11, 12]. The purpose of this paper is to investigate
the collinear restricted three-body problem in a special non-inertial central coordinate system and to
establish new exact particular analytic solutions. Using the properties of the invariant of center-of-forces
for the restricted three-body problem in a special non-inertial central coordinate system, the basic
differential equations of motion of the collinear restricted three-body problem when the three bodies lie on
the same line all the time of motion are investigated.
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Differential equations of the three-body collinear restricted problem in a rotating non-inertial central
coordinate system in pulsating variables are derived. Three new differential equations of motion for the
collinear restricted three-body problem in three regions of possible location of a massless body with
stationary solutions corresponding to the three Euler libration points have been derived. The circular
collinear restricted three-body problem is investigated in detail. The corresponding Jacob integrals are
obtained. New exact non-stationary partial analytical solutions of the three new differential equations of
motion of the collinear restricted three-body problem have been found in the case of the collinear circular
restricted three-body problem .

2. Differential equations of the collinear restricted three-body problem in a special non-inertial
central coordinate system and the invariant of forces center. In [11] differential equations of the
collinear restricted three-body problem in a special non inertial central coordinate system Gx)yz have been

derived in the form are

= m m km m -
P+ fl—+—F+ e ! =W 2.1
At ay P lareas (1+k>A;]“ @D

L (m, —km,) 7 - od( 1 d*( 1
W=W(t)=—f——"L3L 427 —[—]+?—[—], 2.2
O I ores Rt e 22)

where 7;, =7, —F, , f is the gravitational constant, 7;, 7, are radius vectors of the primary bodies, 7, is
the radius vector of a massless body, A, is the distance between the bodies, k =r, /7, . In deriving this

differential equation (2.1), (2.2) the center-of-forces invariant in the form
m m .
[—373—A—3‘r1]{rzsma}=0 (2.3)
21

In this paper we investigate the collinear restricted three-body problem , considering only the case
where

{r2 Sinoz}:(). 2.4)

It follows from this equality that in this case the three bodies lie on the same straight line all the time

they are moving. This straight line is on a fixed plane of motion of the main two bodies described by the
differential equation

5 m;+m
B == %’31' (2.5)

31
Equation (2.5) is the well-known equation of the classical two-body problem in a special non-inertial
central coordinate system. From the integral

1y, X1, =C,, = const (2.6)

follows that the orbit is planar, without loss of generality, one can assume that the orbit of the two
main body problem lies on the main plane Gxy . Therefore z, =0, i.e. the collinear restricted three-body
problem is planar.

The solution of the differential equation of motion of the two-body problem (2.5) in a special non-
inertial central coordinate system will be written in the form [4-6]

V4 24
r,=r=————— ,rf0=c,=c=const=0 2.7
31 1—}—60059 31 ( )
p=a(l—€), & =puyp, p,=f(m+m,) (2.8)
x, =rcosf, y, =rsind, z,=0 ,r=r. 2.9)

In the case of , = 0, a massless body lies at the origin of the coordinate system. If in equality (2.4)

rp=0,sina=0 (2.10)
then three combinations of locations of three bodies on the same line are possible.
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In scalar form, equations (2. 1), (2.2) can be written as

m km, m
X, +f Lix, +f : J =W, , (2.11)
’ N A T aEnan T aveay
(m — km )x
W =—fr1 /3L 492% §4+x,§, 2.12
X f k+1 ’”331 31 31 ( )
B+ f At f L W (2.13)
? N A3 ? A+kAL A+kA )
(m km )y
Wo=— ol 3 =4 29,8 + , 2.14
=—f PR VS + y8 (2.14)
where, for convenience, it has been renamed
s=1/(1+k). (2.15)

The resulting differential equations of motion (2.11)-(2.15) will be called the basic scalar differential
equations of motion for the collinear restricted three-body problem in the special non-inertial central
coordinate system.

Note that the centre of force is always on the line connecting the two primary bodies. Therefore, any
point lying on this line can be chosen as the centre of force. Next, we will analyse this fact and specify a
specific point for determining the centre of force.

Note that in fact the system of equations (2.11) to (2.15) contains two unknowns k(¢) and 7 (7).
Therefore, in fact, we have two scalar equations with two unknowns.

3. Differential equations of motion of a collinear restricted three-body problem in a special non-
inertial central rotating coordinate system in pulsating variables. Consider the basic equations of
motion of the collinear restricted three-body problem (2.11)-(2.15) in a special non-inertial central
coordinate system. Let us consider the general case k = const . In the solution (2.7)-(2.9) of the two-body
problem c¢,, = const = 0, one can investigate elliptic, hyperbolic, parabolic restricted collinear three-body
problems.

Let's move to a rotating coordinate system. Let the new axis G¢, pass through the points with masses

of primary bodies and m, , m; . Since, we consider rectilinear motion along the axis G¢,, , so there is no
Gn,, motion along the axis. Hence, we obtainy,, = const =0. Therefore, the transition is done by

formulae
x,=§&,cos0, y,=¢ sinb, =, =p.,r=r’ (3.1)
where and 6 = 6(z) are defined r = r(r) by the solution of the two-body problem (2.7)-(2.9).

Calculating, we obtain

¥, = (&, —0°¢,, JoosO —(20€,, +0¢,, )sin0 , 3, = (20, +0¢, )sin0 + (€, —6°¢

6p

)cos@

As a result, we obtain the transformed equations of motion in a rotating coordinate system as

.o .2 .. .o m m .
(fgp —0 g@p)cosé—(m%gp +0¢,, )sm@—i—f AL A3 &,y €O +f[(1+k)A (1+k1)A; ]x31 = )
(rm, —km) x,, '
:—f— +25x, +x,, 8,
k+1  r
—6%¢, )sin6 4 (26€, +6 0+ + e sing+ s M -
(é.ep fep)sul ( ggp fep)cos f A3 A;l gep s f (1+k)A;3 (1 —i—k)A;l y31 (3 3)
iy '
= _fMy3l +2Sy31 +y31

k+1 1’31
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Multiplying (3.2) by (+cos8) and (3.3) by (+sin 6 ) then summing them we get

km, m
—6? + + ! r=Ww. 34
ggp ggp f A3 A3 égp f (1+k)A (l—f—k)A;l 13 ( )
= fmkf;" i (3.5)
Further, by multiplying (3.2) by (-sin € ) and (3.3) by (+ cos 8 ) then summing them we obtain
(20¢,, +0¢,, )+ 25 r0=0 (3.6)

As a consequence of the centrality of forces (integral of areas) we have (29561, + éﬁg p) =0 . Therefore,
given that =0, r=0 from equality (3.6) we obtain
s=0. (3.7)
Consequently, given the notation (2.15) we have
k = const . (3.9)
Thus, we have established that the origin of the non-inertial central coordinate system is a fixed point

on the segment 7;, . As noted above, any point lying on a straight line connecting two primary bodies can

be chosen as the centre of forces - the origin of the non-inertial central coordinate system. Therefore, it
becomes clear that the barycenter of two bodies may also be chosen as centre of force (k = m, /m, = const
). Next, for convenience, let us consider a non-inertial central coordinate system with k = const > 0. For
certain cases, let us define certain values k = const .

Accordingly, the distances between the bodies are

2 1/2 1 P 1/2 k
Doy =|& =& | =6 ] A=l —8) | St 69
:1/(1—|—k):const, £3z—k/(1+k):c0nst . (3.10)

Next, move to a pulsating coordinate £ with a new independent variable using the formulas 6
g, =r¢, di=(r/c)ab, (.11)
where 6=10 (t) and r= r(t) are defined c=const=0 by the solution of the two-body problem
(2.7)-(2.9). By calculating, we obtain

€, =0(re+re), &, =0(0'(Fe+re)+0(r"c+2r'¢ +1¢")),
where the dashed line denotes the differentials in the variable® . Given the relations 27/ +6'r =0 s
Or" +0'r —r = —(c/ p) differential equations of motion (3.4)-(3.5) in pulsating variables

&=, z{s—f[’” TRLIN PR L ﬂ]¢+i}, (3.12)

5_
A3 A;l /‘1’31 A3 A;l 1+k /‘1’31

where dimensionless values are indicated

1 1 k
& i |’ §|:H_k:const, A23:A23§:‘£+1—|—_k,

& ——L—const
Y14k '

21 = o

Substituting in equation (3.12) the solutions of the two-body problem (2.7) - (2.9) we finally obtain
the differential equation of motion of the collinear restricted three-body problem in a special non-inertial

rotating coordinate system in pulsating variables
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1 1 1 1
0 - m o e oy | 1L gl a3
1+ecost m +m (A5, A m +m (A, A J1+k
B:i: fam, = m, __ kv :consz,y:ﬂ ) (3.14)
ty (k+D0m +m)  (k+D1+v) m,
Relationships (3.13)-(3.14) can be written in a more convenient form
e 1 - (1—p) &+ (k/(k+1)) . E—(1/(k+1)) ) 1 (.15)
14 ecosf ‘f—i—(k/(k—i—l))r ‘ l/k—i—l r 1+k
where dimensionless values are indicated
1
p=—2 =" o<u<-. (3.16)
m, + m, m, + m, 2

The differential equation (3.15) is called the basic differential equation of the collinear restricted
three-body problem in a special non-inertial rotating coordinate system in pulsating variables.

As noted above, a massless body can be placed in three different positions on a straight line
connecting the two primary bodies. It is necessary to consider each position of the massless body
separately.

4. New differential equations of motion of the collinear restricted three-body problem in three
regions of possible motion and non-stationary exact partial analytical solutions of the collinear
circular restricted three-body problem. Let us consider the first case when a massless body is between
two primary bodies during the whole period of motion - the region of possible motion Z, . Let us denote

by the distance from the body of smaller mass to the massless body as follows

1
- _E=z. 4.1
1+k ‘ 1
Then we get
1
= —7z, 4.2
d 1+k : 42
k k
- =z, +—= — _— = . +_:1_ . 43
§1+k SALAE 51k251+k| - *3)

As aresult, given (4.1), (4.2), (4.3), from equation (3.15), we obtain

" 1 p—1 K
= —— —1 - — (=
z H—ecos@{z+<'u ) (l—z)2 zz}

1
" 1+4ecosd

(4.4)

{2

Equation (4.4) describes changes of length of segment (4.1) in a rectilinear restricted three-body
problem in the region of possible motion where the known stationary solution - libration point - L, is
located. Exactly analogously, we obtain differential equations of motion of the collinear restricted three-
body problem in the remaining two cases when a massless body lies in the regions of possible motion
L, and L,.

In the case of

e=0, r,, =r=a=const (4.5)
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i.e. in the circular collinear restricted three-body problem , the differential equation (4.4) becomes
autonomous, hence the Jacobi integral takes place. Therefore, in case (4.5), differential equation (4.4)
reduces to quadrature. A detailed study of the found exact new partial non-stationary analytical solutions
of the collinear three-body bounded problem will be done in a separate paper.

5. Conclusion. The basic differential equations of motion for the collinear restricted three-body
problem when three bodies lie on the same line during all motion have been investigated. New differential
equations of the restricted collinear problem of three bodies in the rotating non-inertial central coordinate
system in pulsating variables were derived. New differential equations of the three-body collinear
restricted problem in three regions of possible motion of the massless body on the straight line joining the
primary bodies have been derived. In these three regions of possible motion, there are three stationary
solutions of the differential equations, the Euler libration points. The obtained new differential equations
for the motion of the collinear restricted three-body problem that describe the circular, elliptic, parabolic
and hyperbolic collinear restricted three-body problem.

In the case of the circular collinear restricted three-body problem, the derived differential equations of
motion become autonomous and hence integrable. New exact non-stationary partial analytical solutions
are established.

In the future, a detailed analysis of the obtained new exact non-stationary partial analytical solutions
of the collinear restricted three-body problemis planned. The basic idea of this paper and preliminary
results were stated in [11,15].

M. K. Munrautaes'?, T. M. Kymabek!'
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IEKTEJIT'EH YIII JEHE MOCEJIECIHE

AnHoTanms. JKyMmpIcTa aHATUTHKAIBIK TYple KIACCHKAJBIK IMIEKTENreH YII JeHe Maceneci 0achl MoCcesIeHEeIH
KYIITEp IEHTPiHAe OONATHIH apHAYJBl WHEpPIHAIABl eMeC IEHTPaJAbl CaHaK KYHeciHae 3epTTemiHred. byn caHak
JKYHeciHe KYITep IeHTPiHiH HHBaPHAHTHIHBIH aHAIMTHKAIBIK Typi 6epinren. Kymrep neHTpiHiH HHBapHAHTHIHBIH
Oap Goybl MoceneHi aypbic ekire 0ellin KapacThIpyIbl MYMKIH eTelli. BipiHIici ymOyphIIThl MEKTENreH VI JIeHe
Mmoceseci. ExiHIIicI KoiHeap mieKTeNlereH Yl AeHe Maceneci. byl skyMbicTa KOJUTMHEap bIK EKTENreH YIIl eHe
Mocereci 3epTTelliHreH. ApHayJibl HHEPLUAJIbl eMeC LIEHTPAJIIbl CaHAK JKYHECIH/Ie MIEKTIIEreH YIIl IeHe MOCENECIHIH
KYLITEp LEHTPiHIH HMHBAapWUAaHTBIH KAacCHETTEPiH KOJNJaHa OThIpa, YII JeHe Oip Ty3yaAiH OoWbIHIA »KaTKaHIa
KOJUTMHEAPJIBIK IICKTEJITeH YII JIGHE MOCeNeCiHiH 0a3aiblk Iu(QQEepeHIMaANIbIK TEeHACYJIEpl 3epTTEIiHI.
KosnuHeapspl MIEKTIEreH YII JeHe MOCeNeCiHiH aiHanmMalbl WHEepUHANAbl eMeC LCHTPaJIbl CaHak JKyHeciHne
MyJbCAIiMsIAY Bl alHBIMANTbUIAPBIHAA AU (epeHIHATIBIK TeHACYIepi alabIHABL. Y I MyMKiH OONAThIH Maccachl 6Te
a3 JICHEHIH OpHajacy aiiMarbl YINiH KOJUIMHEapibl LICKTEIreH YII JeHE MOCENCCiHIH KO3FalbICHIHBIH JKaHA
muddepeHIHaNabK TeHACYIepl AIBIHAB JKOHE OJIApIBIH CTAMOHAPIBIK MIeHTIiMaepi DWiepaiH Y JIuOpartus
HYKTeJepiHe coiikec kemeri. KommmHeapnbl meHOepITik MeKTIereH YII IeHe Maceleci TepeH 3eprreninmai. Colikec
Sxobu wmHTErpnBl anmeHABL. KojummHeapnbl meHOepiiK IIeKTeNreH VII JeHEe MOCENECiHiH KO3FABICHIHBIH JKaHa
muddepeHiranpIK TeHASYIIePiHiH XKaHa HaKThl OeiicTanmoHap 1epOec aHATMTUKANBIK HIeNIiMIepP] albIHAbL.

Tyiiin ce3aep: IIeKTeNreH Y JeHe MIceJeci, HHepIHaNbl eMeC CaHaK JKylheci, JIMOpalusi HyKTelepi, HaKThI
OetlictairioHap nep0Oec TY3y ChI3BIKTHI LICIIIMAEP.

M. [x. Munrau6aes’?, T. M. KymaGex!

'KaszHY um. anb-®apabu, Anmatsl, Kazaxcran;
2Actpodusnueckuii maCTUTYT MM. B. I'. ®ecenkoa, AnMarsl, Kazaxcran

K OTPAHUYEHHOM 3ATAYE TPEX TEJI

AHHoTanus. B pabore aHanMTHYECKH HCCIENOBaHAa KIACCHYECKas OrpaHMYEHHas 3ajJada TpeX Tesl B CIie-
LUaIbHON HEMHEPLMAJIbHOW LIEHTPAJIIBHON CUCTEMa KOOPAMHAT, C Ha4ajOM B LIEHTpE CWJI McclaeayeMoil 3anauu. B
9TOM cucTeMe KOOpAMHAT MPUBEAEHBI aHAIUTUUYECKOE BhIpaKEHHE MHBapHaHTa LieHTpa cuil. Hamnuue uHBapuaHTa
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LIEHTpa CHJI JJOIyCKaeT KOPPEKTHOE pa3zieieHHe 3a/lauu Ha JBe 3afaqu. [lepBast TpeyroibHas orpaHUYeHHas 3a1a4da
Tpex Teil. BTopas koimnHeapHast orpaHHUeHHas 3a/1ada Tpex Tel. B Hacrosmel paboTe ucciaenoBaHa KOJUIMHEapHas
orpaHMYeHHas 3ajqada Tpex Ten. Mcroib3ys cBOMCTBAa MHBapHaHTa IIEHTpPA CHJI OrPaHUYEHHOW 3a/1a4d TpeX Tell B
CHeUUaabHOW HEWHEPIMAIbHON LEHTPaJbHOW CHCTEMa KOOpAWHAT, MCCIEeNOBaHbl 0a30Bble AU QepeHIaIbHbIE
YpaBHEHUsI IBM)KEHHSI KOJUTMHEAPHOW OrpaHMueHHON 3a7a4d TpeX Tel, KOTJa TPU Tella BCe BPeMs IBIKEHHUS JIekaT
Ha OJTHOM M TOM ke npsiMoil. BeiBeneHs! muddepenHnuanbable ypaBHEHUs KOJUIMHEAPHOW OrpaHWYEHHOM 3a1a41 Tpex
TEJl B BpallalolIeicss HEWHEpPIHMANbHONH NEHTPAJbHOW CHCTEME KOOPAMHAT B IIyJILCHPYIOIIMX II€PEMEHHBIX.
[Moxydens! HOBbIe nuddepeHIaIbHbIe YPaBHEHUS IBIKCHUS] KOJUIMHEAPHOW OrpaHWYEHHOW 3a/aud TpeX Tew, B
Tpex 00JIACTAX BO3MOXKHOTO PACIIONOKEHHs 0€3MaccoBOTO Tela, CTA[MOHAPHBIE PEIICHNSI KOTOPBIX COOTBETCTBYET
TpeM ToukaMm Jmbpanuu Ditnepa. [TogpoGHO MccnenoBaHa KpyroBas KOJUIMHEapHAsk OTpaHWYIECHHAs 3aJadl TPEX TeIl.
[ToydeHs! cOOTBETCTBYIOMINE HHTErpaiibl SIKOOBI. Y CTaHOBIEHB! HOBBIE TOYHBIE HECTALMOHAPHBIC YACTHBIC aHAJIH-
THYECKHE PELIeHHs MOTyYeHHbBIX HOBBIX AU (epeHInanbHbIX YPaBHeHUH IBIDKEHHS KOJUIMHEApHOH OrpaHW4eHHON
3aJa4ull TpeX Tel, B pACCMOTPEHHOM CITydae.

KnroueBble coBa: orpaHuucHHas 3aJada TPeX Tell, HEMHEepIUanbHasl CUCTEMa KOOPAMWHAT, TOUKHU JIHOpaIyy,
TOYHBIE HECTAIMOHAPHBIE YaCTHBIEC IPSMOIMHEHHBIE PELICHUSL.

Information about authors:

Minglibayev Mukhtar Zhumabekovich, Doctor of Physical and Mathematical Sciences, Professor of al-Farabi Kazakh
National University, Chief Researcher of Fesenkov Astrophysical Institute, Almaty, Kazakhstan; minglibayev@gmail.com;
https://orcid.org/0000-0002-8724-2648;

Zhumabek Torebek Mukhtaruly, PhD student at al-farabi Kazakh National University, Almaty, Kazakhstan;
torebekzhumabek(@hotmail.com; https://orcid.org/0000-0001-6865-8309

REFERENCES

] Sebehely V. Theory of orbits. A restricted three-body problem. Moscow: Nauka, 1982 656 p.

] Markeev A.P. Libration points in celestial mechanics and cosmodynamics. Moscow: Nauka, 1978. 312 p.

] Bruno A.D. The restricted three-body problem . Planar periodic orbits. Moscow: Nauka, 1990. 295 c¢. ISBN 5-02-
-1.

] Duboshin G.N. Celestial Mechanics. Analytical and qualitative methods. 2nd ed. M.: Nauka, 1978. 456 p.

5] Grebenikov E.A. Mathematical Problems of Homographic Dynamics. M.: RUDN, 2011. 253 p. ISBN 978-5-209-03989-1

[6] Demin V.G., Kosenko 1.I., Krasilnikov P.S., Furta S.D. Selected Problems of Celestial Mechanics. Izhevsk: Udmurtian
University, 1999. 210c.

[7] Wintner A. The Analytical Foundations of Celestial Mechanics. Dover Publications, 464 p. ISBN-13: 978-0486780603

[8] Marshal K. The three-body problem. Moscow. Izhevsk: Inst. comp. research, 2014. 640p. ISBN 5-93972-387-X

[9] Morbidelli A. Modern celestial mechanics. Aspects of Solar System Dynamics. M. Izhevsk: Institute for Computer
Research, 2014. — 432p. ISBN 978-5-4344-0209-5

[10] Zotos E.E. Classifying of orbits in the restricted three-body problem // Nonlinear Dynamics. 2015. V. 82, P. 1233-1250.
DOI: 10.1007/s11071-015-2229-4

[11] Minglibaev M.Zh., Zhumabek T.M. , Memerova G.M. Investigation of the restricted three-body problem in a special
non-inertial central coordinate system. // Bulletin of Karaganda University, series "Mathematics". 2017. Ne3(87). P. 95-109. ISSN
0142-0843

[12] Minglibayev M.Zh. , Zhumabek T.M. New exact particular analytical solutions of the triangular restricted three-body
problem. // Bulletin of the Karaganda university, mathematics series. 2020. V 97(1). P.111-121. DOI: 10.31489/2020M1/111-121.
ISSN: 2663-4872 (Online)

[13] Minglibaev M.J., Zhumabek T.M. To the isosceles restricted three-body problem // Proceedings of the National
Academy of Sciences of Kazakhstan, Physics and Mathematics Series. 2016r. Ne6 (310). P. 67-73. ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

[14] Zhumabek T.M., Minglibaev M.J. On one particular case of the planar restricted three-body problem // Mathematical
Journal. Institute of Mathematics and Mathematical Modelling. Almaty. 2016r. Ne4 (62). P. 99-120. ISSN 2413 -6468.

[15] Minglibaev M.J., Zhumabek T.M. New exact partial solutions of the restricted three-body problem // Abstracts of the
International Scientific Conference "Actual problems of mathematics and informatics", dedicated to the 80th anniversary of
academician K.A. Kasymov, Almaty, Kazakhstan, December 21-23, 2015. P. 86 — 88.

[1
[2
3
000683
[4
[

— 44—



