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TRANSLATIONAL-ROTATIONAL MOTION
OF A NONSTATIONARY AXISYMMETRIC BODY

Abstract. A nonstationary two-body problem is considered such that one of the bodies has a spherically
symmetric density distribution and is central, while the other one is a satellite with axisymmetric dynamical
structure, shape, and variable oblateness. Newton’s interaction force is characterized by an approximate expression
of the force function up to the second harmonic. The masses of the central body and the satellite vary isotropically at
different rates and do not occur reactive forces and additional rotational moments. The nonstationary axisymmetric
body have an equatorial plane of symmetry. Thus, it has three mutually perpendicular planes of symmetry. The axes
of its intrinsic coordinate system coincide with the principal axes of inertia and they are directed along the
intersection lines of these three mutually perpendicular planes. This position remains unchangeable during the
evolution. Equations of motion of the satellite in a relative system of coordinates are considered. The translational-
rotational motion of the nonstationary axisymmetric body in the gravitational field of the nonstationary ball is studied
by perturbation theory methods. The equations of secular perturbations reduces to the fourth order system with one
first integral. This first integral is considered and three-dimensional graphs of this first integral are plotted using the
Wolfram Mathematica system.
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1. Introduction.

At present the observational data of astronomy show to the nonstationarity of real cosmic systems
associated with the effects of varying the masses of gravitating bodies with time, with variations in sizes
and shapes of bodies themselves and some other physical characteristics in the process of evolution [1]-
[3]. In this regard, creating mathematical models of motion of nonstationary celestial bodies becomes
relevant.

The purpose of this paper is to consider the first integral and to plot three-dimensional graphs of this
integral. Solving this problem involves rather cumbersome symbolic computations, which are best to
perform using computer algebra systems. In this work, all necessary symbolic computations are carried
out using the Wolfram Mathematica system [4].

2. The physical statement of the problem.
Let us consider the following conditions:
1. The first body is «central», it is a ball with variable mass m, =m, (t), with variable density,

spherical distribution and variable radius 7 =1, (¢);
2. The second body is a «satellite» with a mass m, = mz(t) has an axisymmetric dynamical structure
and a shape with a characteristic linear size [/, =1/, (t) and its second-order moments of inertia are

variable and given functions of time. Such a satellite is characterized by variable oblateness, and its
principal central moments of inertia 4, B,C satisfy the relations
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Aty =B(t) = C(1), €0 -40 # const ; (1)
C(t)

3. The nonstationary axisymmetric body have an equatorial plane of symmetry. Thus, it has three
mutually perpendicular planes of symmetry [1-4];
4. The masses of the central body and the satellite vary isotropically at different rates

n, /m, = m, /m, and do not occur reactive forces and additional rotational moments;

5. The axes of its intrinsic coordinate system coincide with the principal axes of inertia and they are
directed along the intersection lines of these three mutually perpendicular planes. This position remains
unchangeable during the evolution;

6. We restrict ourselves to an approximation of the force function up to the second harmonic
inclusive.

3. Equations of motion in the relative coordinate system.
The relative translational motion of the center of mass of the satellite around the central body is
described by the equations

ouU U . aU

i = =, E =, )

ox oy oz
where x,y,z are the coordinates of the center of mass of 7, in the relative coordinate system O,xyz with
the origin at the center of 7,, m = mm, / (m1 + mz) is the reduced mass, the force function of Newton’s

interaction of the two bodies has the form

szml;en2+U,R=x2+y2+zz, 3)
~ 24(t)+ C(t)—-3J
0 = i OO @

and the moment of inertia J of the axisymmetric body with respect to the vector O,0, connecting the
centers of mass of the two bodies is determined by the expression

J:A(a2+ﬂ2)+C72 (5

where «, g,y are the direction cosines of O,0, with the axes of the intrinsic coordinate system of the

satellite coinciding with its principal central axes of inertia.
The equation of perturbed translational motion has the form [3]

= + - =
R+fL3mzR—bR:grade, (6)
R
where
1 ~ 5 t t
o R MG )= ooy = M) 7
2 mm, o my (1) +m, (1)

The rotational motion of the satellite around its own center of mass in the Euler variables is governed
by the equations [3,5]

d (Ap)—(4—C) sing | oU eaU N ou

—(Ap)—(4-C)gr = ———cosfd— |+cosp—,

dt sinf | oy op o0

d ou ou ou
—(Aq)—(C—A)rpzcosq) ——cosfd— |—sinp—, 3
dt sind | Oy op 00

d
—(Cr)=0,
dt
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p=ysingsin@+60cosp, g=y cospsin@—0Osing, r=y cosd+¢. o)

where p,q,r are the projections of the angular velocity of the satellite onto the axes of its intrinsic
coordinate system and ¢,y ,6 are the Euler angles [6—8]. The problem in this statement is very
complicated; therefore, we will use the methods of perturbation theory to study it [3].

4. Differential equations of secular perturbations.

The equations of translational-rotational motion are described in the analogue of the Delaunay-
Andoyer variables. In this case, the unperturbed motion is analogous of Euler-Poinsot motion — the
rotational motion of the free non-stationary axisymmetric body around its own center of inertia [1-3].

Calculation of secular perturbations reduces to the fourth-order system with one first integral [9]

(28] ()] sl w-eolr] o
m(t) )| oh m(t) )| OH oh' oH'

3fm (C—A4) - mnm,
E(t)=-—L"0 =220 () = —2—. (11)
) 8c’a’(1-e)’? 7 m, +m,
I=I1(H,h,H',h'")=1,=const. (12)
I= —2G1G'3 (GG'3 (3+cos(2(h'—.0))+0052 I'cos® (h'+ ) +3cos’ I'cos(2J") cos® (h'+ 2) -
—cos2J’(1+cos(2(h'—(.2))+2cos(2(h'+.Q)))—%GG'3 cos’i (4cos’ (h'— Q)+ (13)

+ cos? I'(1+3cos.2J')(3+cos(2(h’+Q)))—2cos2 J’(3+cos(2(h'—Q))+2cos(2(h'+!2)))—
—4cosicos!'cos(h'+ Q2)NG® sinzi(—ZG'z cos? J'\NG?sin? I' + VG sin? J'AJG'* sin? I'sin? J'))

Upon solving system (10), we integrate the remaining equations [9]

LS@C = 0’ Gsec = 0’ l"sl'ec = 0’ G.;ec = Or (14)
i __ aI/Vsec ’ ¢ __ 6Wsec } l' = anec ) g' = anec ) (15)
sec aLr sec oG sec aL! sec aG!
sec sec sec sec
W - Moy [l_j+ml+m2 fm, (C - 4) 1 B
sec 20‘2(1‘) L2 m,m, 203 a}(l_ez) (16)

s f20)]
m,m, 20° 4a3(1—ez)3/2 2 2
O LI by CONECE e P et
¢ 24 2lc 4 2¢0° a*(1-e”)

_3fm1(C—A) ! —Lbaz{az(lﬁ-iezj}
20’ 4a3(1—ez)3/2 2 2

(17)

5. Graphs of the first integral
The resulting first integral (13) depends on the variables €,i,1’,h’. We set a constant value for one

variable and use the other three variables to plot the three-dimensional graph. To simplify the calculations
we use the dimensionless variables in the integral (13).
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Introduce the following dimensionless variables [10]. Dimensionless time ¢ is defined by 7 = Wyl ,

where w, :\/E/ay2 o = f (M 4 my).

Dimensionless masses and moments of inertia are given by m, (f ):ml (t)/ my ,

m, (f) =m, (t)/mm ’ ’ZI(Z) - A<t)/A(t0)’ é(f) - C<t>/c<t0)'
my, = m, <t0>, My, = m, (to), f,— an initial time . In equations (14), the Delaunay-Andoyer
elements are replaced by the corresponding dimensionless values G = G/ NI G = G’/ m,a’w, .

These data are sufficient to consider and obtain the graphs. The integral (13) in dimensionless values
has the form

I :261?(@@‘3 (3+ cos(2(h'—!2))+c052 I'cos? (h’+ .Q)+3(:052 I’cos(ZJ') cos? (h'+ .Q)—

—cos’ J'(l + cos(Z(h'— .Q))—i— 2cos(2(h'+ Q)))—%GGG cos’i (4cos’ (h'—2)+ (18)
+cos’ I’(1+3cos2J')(3+cos(2(h’+.(2)))—2cos2 J’(3+ cos(Z(h'—_Q))+2cos(2(h’+.(2)))—

—4cosicosI'cos(h'+ .Q)\/Gz sin? i (—2(?'2 cos? J'NG? sin? I' + G sin? J'\/G'* sin? I'sin? J'))

We use here the following values of the physical parameters of Sun (central body) and Earth
(satellite). M is the mass of the Sun, A is the mass of the Earth, 4,,C is Earth's principal moments of

inertia for initial conditions [11]

my,=m(t,)=1M _, my, =m,(t,)=3-100°M _, e=10.017,
Ay = A(t,)=0.3295M _a®>, C,=C(1,)=0.3306M _a’, (19)
G=0999, G'=4372, W =x/18, Q=x/9, i=x/3, I'=x/9, J=nx/6.

Using the Mathematica system, three-dimensional graphs of the integral (18) are obtained, which are
shown in figures 1-4.

Figure 1 - Graph of the integral, when I =TT, / 3 =const, the others according to (19)
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Figure 3 - Graph of the integral, when [’ = 77/ 9 = const, the others according to (19)

Figure 4 - Graph of the integral, when 4’ = /18 = const, the others according to (19)

These figures are more informative and illustrative, a detailed analysis of which will be dealt with in
other papers.
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6. Conclusion.

The translational-rotational motion of the nonstationary axisymmetric body in the gravitational field
of a nonstationary ball is studied by perturbation theory methods. The equations of secular perturbations
reduce to the fourth order system with one first integral. The first integral is considered in dimensionless
variables and three-dimensional graphs of this integral plotted using Wolfram Mathematica.

M. JI:x. Munrau6aes'?, C.B. BuxanoBa'

'On-®apabu atemmarsl KazYV, Anvarer, Kazaxcran;
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BENCTALIMOHAP OCTIK CUMMETPHUAJIBI TEHEHIH
UITEPUIEMEJII-AUHAJIMAJIBI KO3FAJIBICHI

AnHoTanus. Makanaia e3apa rpaBHTAIMUIAHYIIBI OCHCTAIMOHAD €Ki JICHE KapacThIPhUIAbL: OipiHIII JACHE —
«LEHTPIIKY, SIFHA THIFBI3IBIFEI chepa OOMBIHIIA YIIECTIpIIreH map, ajl eKiHIIi JIeHe — «Cepik», SFHN JTUHAMHKAJIBIK
KYPBUIBIMBI JKOHE TIIIIHI ©CTIK CHMMeTpusuibl. HBIOTOHHBIH e3apa ocepiecy Kylli eKIHIII TapMOHHMKaHBI
eCKepreHsieri KYIITIK (YHKUUSHBIH JXYBIK ©pHETiMeH cunarTtairaH. [leHenepiH Maccackl MEH eJmieMi apTypii
KapKbIHIa H30TPOITH TYpAE ©3repeldi, COHIOBIKTaHOa KOCHIMIIA PEaKTHBTI KYLI JKOHE KOCHIMINA aiHaJBIPYIIbI
MOMEHTTEp TybIHIaMaiapl. belicTanoHap ©CTiK CHMMETPHSIBI JEHE SKBATOPIBIK CUMMETPUS Ka3bIKTBHIFBIHA He.
CoHIBIKTaH, OHBIH YIII ©3apa MePIeHANKYIAP CAMMETPHS JKa3bIKTHIFEI Oap. JleHeHiH 6ac nHepHus ocTepiMeH colkec
KeJeTiH O31HJIK KOOpAWHATalap JKYHWEeCIHIH OCTEpiH OChl VI ©3apa MEepHeHIUKYISP MKa3bIKTHIKTAPbIH KHBLUIBICY
CBI3BIFBI OOWBIMEH OarbITTaliMbI3. JleHere KaThICThl OChI OCTEPAIH OaFbIThI IBOMIOLHSI OaPBICHIH/A ©3TePICCi3 Kalabl.
CepiKTiH KO3FaJIbIC TEHJEYl CaJbICTHIPMalbl KOOpPAMHATANAp >KYHeciHAe aiblHFaH. beiicrannoHap IIapabiH
TPaBUTALMSIIBIK OPICIHIET OCTIK CHMMETpHsUIbI OeiicTalimoHap AEHEHIH UIrepijieMeni-aiiHamMalbl KO3FallbIChl
YHBITKY TEOPHMSCHIHBIH TOCUIAEpIMEH ainblHFaH. FachIpiblK YHBITKYJIapAblH TeHEYsepi Oip MHTErpanasl TOPTIHIII
perTi xylere kentipinreH. Ocbl OipiHIII MHTErpan KapacThIPBUIFaH KOHE OChI OIpIHIIT MHTETPAIABIH YII OJIIeM/Ii
rpagukrepi Wolfram Mathematica makeTiHiH KoMeriMeH TYPFBI3bIIFaH.

Tyiiin ce3aep: aiiHbIManbl Macca, irepiiemMeri-aifHaIMalbl KO3FaJbIC, OCTIK CUMMETPHSIIBI JIEHE, FACBIPIIBIK
YHUBITKY.

M. JI:x. Munrau6aes'?, C. b. bu:kanosa!

'KasHY um. anp-Dapabu, Anmarsl, Kazaxcran;
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INOCTYHATEJIBHO-BPAIIATEJIBHOE 1B KEHUE
HECTAIHMOHAPHOI'O OCECUMMETPHUYHOTI'O TEJIA

AnHotanusi. PaccmarpuBaercst HecTaloHapHas 3ajada JBYX TeJl, OJHO M3 KOTOPBIX HMMeEeT CepHyecKd
CHUMMETPHYHOE paCIpeieICHHEe TUIOTHOCTH W SIBISIETCS “TIEHTPANBHBIM®, a BTOpOE — “‘CHyTHHK’’, 0OJamarominit
OCECHMMETPHUYHBIM JTUHAMHYECKHM CTpoeHHeM, GopMOl M IepeMeHHBIM CkaTheM. HBIOTOHOBCKas cuiia B3aHMO-
JEUCTBUS XapaKTepH3yeTCsl IPUOIMKEHHBIM BBIPQKCHUEM CHIIOBOM (D)YHKIUH C TOYHOCTBIO 10 BTOPOH FapMOHUKH.
Macchl EeHTPaJIbHOTO Tella M CIYTHHKA U3MEHSIOTCS M30TPOIHO B PAa3IMYHBIX TEMIIaX, IPHU 3TOM HE IOSBIIAIOTCS
pEaKTHBHBIE CHIBI W JOIOJHUTENbHBIE BpallaTelbHble MOMEHTHL. HecTanmoHapHOE OCECHMMETPUYHOE Teo
o0naiaeT HKBaTOPHAIBHON IIOCKOCTBIO cuMMeTpHu. CliefoBaTenbHO, OHO 00IagaeT TpeMs B3aUMHO NEpHEeHANKY-
JSIPHBIMH TUIOCKOCTSIMH CUMMeTpUH. OcH COOCTBEHHOW CHCTEMBI KOOPIMHAT COBMAAIOT TIIABHBIMH OCSIMH HHEPIIHH
W MX HaIllpaBUM BJIOJIb JIMHUH MEPECeYeHUs] TPEX B3aMMHO NMEPHEHANKYIISPHBIX [UIOCKOCTEH. JTO MOJI0KEHHE B XOJ1€
SBOJIIOLMM OCTAETCSl HEM3MEHHBIMH. [loJTydeHbl ypaBHEHHs JBMKCHUS CITyTHHKA B OTHOCHTENIBHOM CHCTEME KOOp-
muHaT. [locTynarensHo-BpamarebHOe JABM)KEHHE HECTAllMOHAPHOTO OCECHMMETPUYHOIO Tejla B TPaBUTAIIMOHHBIM
1OJI€ HECTAI[MOHAPHOTO MIapa H3yYeHO METOJaMH TEOpHHM BO3MYIIEHMH. YpaBHEHHS BEKOBBIX BO3MYIIECHHH
CBOAUTCS K CHCTEME YETBEPTOro IOPsIKa C OJHUM NEPBBIM HHTErpajioM. PacCMOTpPEHBI 3TOT MEpPBBI MHTETpal U
MTOCTPOCHBI TPEXMEPHBIE TPAPHKH STOTO IIEPBOTO UHTETpaa ¢ oMol makera Wolfram Mathematica.

KaroueBble ci10Ba: mepeMeHHas Macca, IOCTYIaTelIbHO-BPAIATENbHOE ABWKEHUE, OCECHMMETPHYHOE TEJIO,
BEKOBBIE BO3MYIIICHHUS.
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