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EQUIVALENCE OF THE HUNTER-SAXON EQUATION AND THE
GENERALIZED HEISENBERG FERROMAGNET EQUATION

Abstract. Integrable systems play an important role in modern mathematics, theoretical and mathematical
physics. The display of integrable equations with exact solutions and some special solutions can provide important
guarantees for the analysis of its various properties. The Hunter-Saxton equation belongs to the family of integrable
systems. The extensive and interesting mathematical theory, underlying the Hunter-Saxton equation, creates active
mathematical and physical research. The Hunter-Saxton equation (HSE) is a high-frequency limit of the famous
Camassa-Holm equation. The physical interpretation of HSE is the propagation of weakly nonlinear orientation
waves in a massive nematic liquid crystal director field.

In this paper, we propose a matrix form of the Lax representation for HSE in su(n + 1)/s(u(1) @ u(n)) -
symmetric space for the case n = 2. Lax pairs, introduced in 1968 by Peter Lax, are a tool for finding conserved
quantities of integrable evolutionary differential equations. The Lax representation expands the possibilities of the
equation we are considering. For example, in this paper, we will use the matrix Lax representation for the HSE to
establish the gauge equivalence of this equation with the generalized Heisenberg ferromagnet equation (GHFE). The
famous Heisenberg Ferromagnet Equation (HFE) is one of the classical equations integrable through the inverse
scattering transform. In this paper, we will consider its generalization. Andalso the connection between the decisions
of the HSE and the GHFE will be presented.

Key words: integrable systems, the Hunter-Saxton equation, generalized Heisenberg ferromagnet equation, the
Lax representation, gauge equivalence.

Introduction.The equation describing an asymptotic model of liquid crystals was introduced by
J.K. Hunter and R. Saxton [1] in the form

(), = (1)
2 b

m, +um_+2u m=0, )

= Uy, 3)

where u = u(x,t) and m = m(x,t)- real functions.

J.K. Hunter and Y. Zheng Hunter and Zheng introduced the Hamiltonian structure of the HSE, and
they also proved the complete integrability of this equation [2]. Further, in work [3], was presented
solutions to the inverse scattering problem for HSE. In later works [4-8], analytical and geometric
interpretations were reduced to the equation (1).

Lax Representation of the Hunter-Saxton Equation

As mentioned above, the HSE (2), (3) is integrable using the inverse scattering method and has a
pseudo-differential formulation of a Lax representation [9] in the form

®_ = Amd, @)
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1 1
O, = —-u|® +-ud, &)
24 2
where q)(x,t) = q)(q)l , D, )T - eigenfunction and, accordingly, A -eigenvalues.
To establish the gauge equivalence between HSE and GFHE (spin system), we need the Lax matrix
representation. Since the coefficients of linear systems corresponding to the spin equations are related to
the symmetric matrix Lax representations [10].

Definition 1. (Lax Equations). Let @ (x,t,ﬂ) be SU(2) valued function such that (x,7) € O < R’
and A € C is spectral parameter. Lax equations are defined as

O =UD, O, =)D, (6)
where U (x,t ,/1) and V' (x,t , /1) are su (2) valued functions and they satisfy the following equation
U -V +[U,V]=0. (7)

Equation (7) is the compatibility condition of the (6). The matrices U and V are known as Lax pairs.
Proposition 1.1 The Lax representation for the HSE (2), (3) in symmetric space

su(n +1)/S(u(l)@u(n)) at n =2 is given in the form

©, =U,0, (®)
O, =V,0, )
where
Uy L
Uz{ y lj, V,= 3 24 (10)
Am 0 u—’”‘+(i—u)/1m e
2 24 2

Proof. From the compatibility condition for system (4), (5) matrices U,(x,t,A4) and V,(x,t,A)
satisfy the zero curvature condition

U, =V, +[U,,V,]1=0. (11)
Let us calculate the necessary components of the equation (11)
0 0 i
Ut = (/1 OJ s I/x = 1 2 u s
mt _(uxxx +mx)_ﬂ“(uxm+umx) -
2 2
uxx
2 h
[U.V]= 2|
Amu, ———*
2

and substitute it into the zero curvature condition. Equating the corresponding elements of the second rows
and first columns of the matrices in the equations (11), we obtain

ﬁmt—M"i— L—u Am | +Amu_=0. (12)
2 22 N

The rest of the elements will be identically equal to zero. Collecting the terms of the equation (12) by
degree A, we get the HSE (2),(3)

— 34 ——
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m=-u_,
A om +umt+um, +mu, =0,
m, +2mu_+um_ =0,
Thereby the proposition 1 is proved.
A Generalized Heisenberg Ferromagnet Equation

In this subsection, we present one of the integrable generalized Heisenberg ferromagnet equations,
which has the form

[4,4,+uA,) . ]1=0, (13)

where A =(A4,,A,,A4,) is the spin vector and 4> =1 .

Here the real function u is expressed in terms of the spin matrix A as follows:

| 2
u= o \tr(47)), 14
8ﬂ2 x ( ( X )) ( )
where S = const and
4, A x .
A=|"" , A =A ti4,. (15)
A" -4,
The Lax representation corresponding to the GHFE looks as follows
Y =UVY, (16)
¥, =VY, (17)
here
Ulz(ﬂ_ﬂ)|:A, [u_LjAX+At:|, (18)
2 25
m=(ﬁ_’1)(i—uj[A,A,]+M 1 Al (19)
2 24 2 24 20

Gauge equivalence HSE and GHFE

Definition 2. Two systems of nonlinear equations, integrable using the inverse scattering method, are
called gauge-equivalent if the corresponding flat connections U Iz Vj, j =1,2 are definedin one bundle
and are obtained from each other by a gauge transformation independent of A, that is, if

-1

U=gU,g ' '+g.g . Vi=ghg' +gg ",

where g(x,l) S GL(n,C ) It is clear that in this case, in the corresponding systems of linear differential
equation @, = gD, .

Proposition 2.2 The HSE (2), (3) with matrix Lax representation (8), (9) and the GHFE (13) with Lax
representation (16), (17)are gauge equivalent to each other[10, 11].

Proof.Based on the classical theory of gauge equivalence [10], we begin the proof of the theorem
with the transformation

Y=g g=0|,_,, (20)

where W is a solution to the system of the corresponding the GHFE (11), @ - solution of system,
corresponding to the HSE (2)-(3), and g(x,¢) - an arbitrary 2x2 matrix function that is a solution to the

system (8)-(9) forA = f.
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The derivative of the vector function ¥ with respect to x is equal to

¥, =(g" D), =(1-Pymg Tg=U¥. 1)
Carrying out a similar calculation for the derivatives with respect to ?, we obtain
¥, = (g"®), = (B Aumg'sg+ %gﬁg: Ny, (22)
where
0 0 0 1
X= , Y = .
I 0 0 0
Let us introduce the notation
A=glog, (23)
I 0
where oy = 0 is Pauli matrix.
After some calculations, we get
[A, Ax]=4ﬁmg’12g+4g’1Yg, (24)
2
[4.4]= e L[4 ]2 gy, (25)
2pm  2p Pm
g'Sg = [44]- g Vg (26)
4m" """ Pm ’
and
e Y=t 1+ | (4,4 ]- L™ (4 ua + 4], 27)
4 u, 2u

Substituting (24) - (27) into (21), (22), we obtain the Lax representation for GHFE (18), (19). Now it
is easy to verify that the zero curvature condition

Uy, =V +1U,, N1=0, (28)

with allowance for (16) and (17) is equivalent to the GHFE. Proposition 2 is proved.

Corollary. If the functions u(x,t) and m(x,¢) are solutions of the HSE (2)-(3), then their
connections with the solution 4 for the GHFE (13) are expressed as (14).

Conclusion. In this paper, a matrix form of the Lax representation of the HSE in symmetric space
su(n+1)/s(u(1l) ® u(n)) for the case n =2 was proposed. The Lax representation of this type expands

the possibilities of studying the equation under consideration. In particular, using the matrix form of the
Lax representation for the HSE, we have established the gauge equivalence of this equation to the GHFE
and presented the relationship between their solutions.

This research has been funded by the Science Committee of the Ministry of Education and Science of
the Republic of Kazakhstan (Grant No. AP 08856912).
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K. P. Muip3akynogsal, K. P. Ecmaxanosal, 7K. C. Ky6aesa?

'JLH. T'ymunes ateianarst Eypasus ynrteik yausepeuteti, Hyp-Cysran, Kasakcran;
2 EypasusibIKXaJIbIKapaJIblK, TEOPUsIIbIK(H3KKa opTaibirbl, Hyp-Cynran, Kazakcran.

XAHTEP-CAKCTOH TEHJIEYI MEH T'EM3EHBEPI' ®EPPOMATHETHUI THIH,
KAJIIBIJIAHFAH TEHAEYIHIH DKBUBAJIEHTTLIITT

AnHotanus. VHTerpannaHaTeH XyHenep Ka3ipri MaTeMaTHKana, TeOPUSUIBIK J)KOHE MaTeMAaTHKAJBIK (pr3nkaga
MAaHBI3IBI pell aTKapaabl. HakTel mremnriMaepi 6ap MHTETpalgaHaTHIH TEHACYIIEp MEH KeOip apHalbl mIenriMaepIiy
KOpiHici OHBIH Op TYpJi KacHEeTTepiH TanmayJa MaHbBI3IBl MIapTTapabl KaMTaMachkl3 eTe ananbl. Mysnmai
MHTErpajlaHaThiH XKyienep ToObiHa XauTep-CakcToH TeHJeyl jkaTajibpl. byl TeHaey/iH Heri3iHae xKaTkaH KeJemi
9pi KbI3BIKTHI MAaTEeMaTHKAJIBIK TEOPHsl OEJICeH/II TypAe MaTeMaTHKAIBIK jKoHE (DU3UKAIBIK 3epTTeyliepre e OOJIbII
keneni. Xautep-Cakcton terueyi (XCT) — 6opimisre 6enrini Kamacca-Xonm TeHaeyiHIH JKOFapbl KHUITIKTI IIeTi.
XCT-HiH (u3MKaIbIK MaFbIHACKI OJICI3 CBI3BIKTBI €MeC OarjapiiaHfaH TOJKBIHIAPIBIH CYHBIK KPUCTAJLI
JIMPEKTOPBIHBIH MACCHUBTI HEMATHKAJIBIK OPICIHIIE TapaTybl OOJbIN TaA0bUIA/IBL.

Byn makanana su(n+1)/s(u(1)@u(n)) cummerpusnsik kenicriringe, n =2 xarmgaitel ymin XCT -uin Jlakc
KOPIHICIHIH MaTpUIAIBIK TYpiH ychiHaMbI3. 1968 xbuiel [Tutep Jlakc enrizred Jlakc >kynTapbl WHTETpaIIaHATBIH
IBOJIIOIISUTBIK, A depeHnnanaplk TeHASYIePAiH CaKTalaThlH IaMaiapblH Ta0yFa centirid turizeni. Jlakc kepiHici
KapacThIpaThlH TEHACYIIH MYMKIHIIUTIKTepiH apTThipaabl. Melcaner, OepinreH sxymbicTa 0613 ['eisenbepr
(eppomarnerurinin xkannbuianrad TeraeyiMen (I'®XKT) XCT-HiH kanuOpiiik SKBHBAJICHTTUIITIH OpHATY YIIiH,
XCT-nig MaTpuuanblk Typaeri Jlakc kepiHiciH naiinanana-mbi3. Oirini ['eiizenOeprrin geppomarHeTik TeHueyi
(I'®T) kepi mamibipay TYpJAeHIIPYi apKbUIbl HHTErPalJaHAThIH KIACCUKANBIK TeHIEYIepAiH Oipi Ooibin TadbuIaIbl.
byn makanmanma ©0i3 OHbBIH KkanmbuiayblH Kapactelpambl3. CobiMeH kKatap, XCT men TI'®OXT memimaepinin
apachIHJIaFbl Oaiila-HBICTHI KOPCETEMI3.

Tyiiin ce3mep: wWHTErpanmaHaThIH Xyhemep, XaHTep-CakcToH TeHAeyi, [eizeHOepr ¢eppomMarHeTH-TiHIH
JKaNMbIIaHFaH TeHaeyi, Jlakc kepiHici, KanuOpIiK SKBUBAIICHTTLIIK.

K. P. Muip3akynogal, K. P. Ecmaxanosal, 7K. C. Ky6aesa?

! Epasuiickuit HannonansHeli yuusepeuter umenn JIL.H. T'ymunesa, Hyp-Cynran, Kazaxcran;
2 Eppa3suiickuii MeX/[yHapOIHbIH LEHTp TeopeTHueckoi pusuku, Hyp-Cynran, Kazaxcran

9KBUBAJIEHTHOCTb YPABHEHUSA XAHTEPA-CAKCOHA
M OBOBIIEHHOI'O YPABHEHUSI ®EPPOMATHETHKA 'EM3EHBEPT A

AnHOTanus. IHTErprpyemMble CHCTEMBI UTPAIOT BAKHYIO POJIb B COBPEMEHHOI MaTEMAaTHKE, TEOPETUUECKON U
MaremMaTtuueckoi (usnke. OTOOpa’keHWE WHTErPHUPYEMBIX YPABHEHHWH € TOYHBIMH PEUICHUSIMH M HEKOTOPBIX
CHELHUATbHBIX PEIICHNI MOKET 00eCIeunTh BasKHBIE YCIOBUS Ul aHAJIN3a €r0 Pa3IndHBIX CBOHCTB. K cemelcTBy
TaKUX MHTETPHPYEMbIX CHCTEM NPUHAMICKHUT ypaBHeHHEe XaHTepa-Cakcrona. OOmupHas 1 HHTEPECHas] MaTeMaTH-
JecKasi TEOpHsl, KOTOpasl JISKUT B OCHOBE ypaBHEHHsI XaHTepa-CaKkcTOHA BBI3BIBACT aKTHBHBIE MaTEMAaTHUECKHE U
¢dusnueckue uccieaoBanus. YpaBHeHue XaHTepa-CakcroHa (YXC) — 3TO BBICOKOYACTOTHBIN TpeJeNl U3BECTHOTO
ypaBHeHust Kamaccel-Xonma. ®@usunyeckoit natepnperanueii YXC sBiIseTcs pacpoCTpaHEHUE CIIA00HCTUHEHHBIX
OPUEHTAIMOHHBIX BOJIH B MACCUBHOM HEMAaTHYECKOM I0JIe TUPEKTOpa KUAKOT0 KpUCTaIlIa.

B oroii crarbe MBI mpezyiaraeM MatpuuHylo (opmy mpencrasienus Jlakca YXC B cHMMETpHYHOM Ipoc-
tpanctBe su(n+1)s(u(l)®@u(n)) nna ciydas n = 2. Ilapsr Jlakca, BBenennble B 1968 rogy Ilutepom Jlakcom,

SIBIISTIOTCSL WHCTPYMEHTOM JUISI HAXOXKICHHUA COXPAHSIOMIUXCA BEIWYMH HWHTETPUPYEMBIX DBOJFOIHOHHBIX
muddepeHmanbHbIX ypaBHeHnH. [Ipencrapnenne Jlakca pacuipsieT BO3MOKHOCTH PacCMaTPUBAEMOTO YPaBHEHHS.
Hanpumep, B naHHO# pabore Mbl OylneM HCIOJIb30BaTh MarpuuHoe npexactasienue Jlakca must YXC, 4ToObl
YCTaHOBHUTH KaJHOPOBOYHYIO 3KBHBAJCHTHOCTH ITOTO YPaBHEHHUS C OOOOIICHHBIM ypaBHEHHEM (peppoMarHeTuka
I'eiizenbepra (OY®I'). 3namenuroe ypaBHeHHE ¢eppomarHeTnka [eizenbepra (Y®I') sBugercs omHuM H3
KJIACCMUYECKUX YPAaBHEHMH, MHTErPUPYEMBbIX IOCPEICTBOM OOpaTHOro IpeoOpa3oBaHMsi paccesHus. B aToii crarbe
MBI PACCMOTPUM ero 00o0IeH e, a Takxke OyIeT npeIcTaBiIeHa cBs3b Mexay peeHusmMu YXC u OYDI.

KaioueBble ciioBa: HMHTErpupyeMble CHCTEMBI, ypaBHeHHe XaHTepa-CakcroHa, 000OIIEHHOE YpaBHEHHUE
(deppomarneruka [ eitsenbepra, npencrasieHue Jlakca, kKaTuOpoBOYHAasI SKBUBAJICHTHOCTb.
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