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NUMERICAL SOLUTION OF TWO-DIMENSIONAL
PROBLEMS OF THERMOVISCOELASTICITY

Abstract. This paper considers the numerical implementation of two-dimensional thermoviscoelastic waves.
The elastic collision of an aluminum cylinder with a two-layer plate of aluminum and iron is considered. In work [1]
the difference schemes and algorithm of their realization are given. The most complete reviews of the main methods
of calculation of transients in deformable solids can be found in [2, 3, 4], which also indicates the need and
importance of generalized studies on the comparative evaluation of different methods and identification of the areas
of their most rational application. In the analysis and physical interpretation of numerical results in this work it is
also useful to use a priori information about the qualitative behavior of the solution and all kinds of information
about the physics of the phenomena under study. Here is the stage of evolution of contact resistance of collision —
plate, stress profile.

Keywords: two-dimensional thermoviscoelastic waves, stability of the difference scheme, convergence of the
solution of the difference problem, indenter, deformation, tensor, stresses.

Introduction. To test the numerical method proposed in [1], we consider the elastic collision of an
aluminum cylinder of unit radius with a two-layer plate made of aluminum (/4 =0,75) and iron

(h, =0,25).

Figure 1 shows the normal voltage distribution o, (figure 1, a) and vertical speed v (figure 1, b) on
the axis of symmetry, at the points where the wave motion up to the moment of time ¢ =1,0 is one-
dimensional (self-similar). The information is presented in dimensionless form, where the linear
dimensions are related to the thickness of the plate /4, time — to ﬁ (a— velocity of propagation of
longitudinal waves in aluminum), stresses are divided by p-a”, and %elocities — by a. The solid curve
corresponds to the results of calculations with a step Ak =0,02, solid with a point — Ak =0,01; the
dashed line refers to the Lax-Wendroff Scheme at Ak = 0,02 ; the dashed line is the exact solution.

It can be seen from the graphs that with a sufficiently large number of integration nodes, the first-
order accuracy scheme for a strong gap gives a fairly clear and steep stress and velocity profile. The
convergence of difference solutions is monotonic, which allows their refinement by means of Richardson
extrapolation [5]. The "smearing" zone of the jump decreases proportionally to the decrease A/, and at
Ah=0,02 it practically disappears, the numerical solution coincides with the exact one. The results

presented here are consistent with the data of [6].
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Figure 1(a, b) - distribution of normal stress — o, and vertical velocity U

The non-monotonicity of the second-order accuracy scheme generates very significant oscillations in
the vicinity of the front, which are increasingly amplified as the waves reflect from the outer boundaries of
the plate. With decreasing grid spacing, the amplitude of oscillations decreases, while the width of the
zone of "spreading" at the same time narrows. Note that non-monotonicity scheme occurs only before
front. Oscillations are absent after the front. The amplitude of the oscillations in the vicinity of the jump
can be minimized by introducing a specially selected viscosity, however, as shown by Lax and Wendroff,
it is impossible to get rid of these oscillations at all. In addition, the introduction of artificial viscosity
reduces the accuracy of the difference scheme in the areas of smoothness of the solution. In some cases,
the attribution of different viscosities when they disappear can lead to different limit solutions [7]. The
advantages of high accuracy schemes, which include the Lax - Wendroff Scheme, are manifested in the
calculation of smooth solutions.

The results presented here clearly illustrate the advantages of a monotone (non-oscillating) scheme for
the calculation of jump motion. Countable phenomena, manifested in the through account of
discontinuous (generalized) solutions by schemes of increased order of accuracy without special allocation
of features, significantly complicate the analysis of the wave pattern, especially in cases where the exact
location of the discontinuities and their configuration are unknown. In addition, it is hardly advisable to
use a high approximation order to compute a solution that does not have the corresponding smoothness. It
should also be borne in mind that for any difference scheme, the order of approximation, and hence the
convergence of the solution in the areas of the influence of smearing discontinuities in the general case is
close to the first [8].

In the contact problem under consideration, the computational domain has a rather complex geometry,
so the study of the a posteriori accuracy of the desired functions, especially near the angular points where
the stresses may have features, required a special series of test computational experiments to obtain
convergent solutions on a sequence of grinding grids. Control of the calculation results was also carried
out by calculating the total thermomechanical energy, which should remain unchanged in time and be
equal to the kinetic energy of the translational and rotational movements originally stored by the stamp.
Note that when constructing the difference grid, the partition was chosen so that its nodes do not fall on
the contact boundaries (hence, in the angular points). The reduction of the integration step over space
makes it possible to determine the numerical solution outside an arbitrarily small neighborhood of singular
points (this approach eliminates the need for the averaging procedure of the solution at these points, which
is inevitable with other methods).

Figure 2, a shows the distribution of the contact voltage o that occurs at the time ¢ =0,25 of
collision of an iron cylinder with a radius of 0.5 on a two-layer plate 0,754/ -0.25 Fe. Curves are
obtained at Az = 0,02 (1); 0,07 (2); 0,005 (3).

It can be seen from the graphs that when the grid thickens, the discrete functions differ slightly and
these differences are noticeable only in the diffraction region, where the unsteady field is essentially two-
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dimensional. In the zone of uniaxial stress state the calculated value o, =—0,72 coincides with the exact
solution [9], which is effectively calculated only in the region of one-dimensional wave motion:
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Figure 2(a, b, ¢) - distribution of the contact stresses — ¢ _ resulting from point-in-time ¢ = 0,25

Comparative analysis of the compared numerical results indicates their reliability and proximity to the
exact solution. On the basis of a posteriori estimates, it can be argued that the individual components of

the solution vector are with a relative error of 7 - 10% on the grid with a step Ak =0,02 in the norm L,,
R

and the accuracy of determining the mean at the site of contact stresses o =27 I o, (r,o,t)rdr is slightly
0

higher: 1 - (-0,588); 2 - (-0,591); 3 - (-0,592).
The imbalance of total energy is only a fraction of a percent on grid 3.
The results of calculations of contact voltage — o, according to the Lax-Wendroff (A =0) scheme

and the scheme with minimal dispersion ( 4 =1,3) on grids 1 and 2 reflect figure 2,b,c. Comparison of the

z

curves shows that both schemes give similar grids, in good agreement with the numerical data of the
scheme of first order of accuracy (q* = A=0). The schemes of the increased order of accuracy allow
revealing small features of a wave field when distribution of stresses is rather smooth. However, in the
area of pronounced discontinuity, the description of wave motion is preferable using a monotone scheme,
as evidenced by the results obtained » =0 in (figure 3). The amplitude of false oscillations in the scheme
of minimal dispersion is minimized by a special selection of the coefficient on the model problem of
collision of semi-infinite plates, for which the exact analytical solution in the form of series of
trigonometric functions is known [10, 11].

10
-0, a b c
2
2
” 0
> A\{/v e
1
05 \ \
N |
0 0,25 Z 0 0,25 z 0 0,25

Figure 3 - Description of the wave motion is preferable using a monotone scheme, at , = 0
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Stress profiles o, for dimensionless time moment 7= 0,5 in sections x:0(a); 0,2 (6); 0,4 (6) are

proved in figure 4. The exact distribution is plotted by a dashed line, the solid curve refers to the scheme
proposed in [1], and the dashed line refers to the scheme of the minimum dispersion. The diagrams show
that the numerical solutions obtained are close enough to the exact solution, tabulation of which is also
associated with some errors, which are inevitable, apparently, due to machine rounding.
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Figure 4 - Stress profiles o for dimensionless instant ¢ = 0,5 in cross sections by X 30(61); 0,2 (b), 0,4 (C)

o
05 ¥

The parametric scheme, which depends on q* and A and includes schemes of the first and second

order of accuracy, allows to calculate the desired solution depending on its local differential properties. In
the region of sufficient smoothness of the solution, it is advisable to use a scheme with minimal
dispersion, and in the vicinity of jumps or large gradients of the wave field - a monotone scheme. The
disadvantage of using the scheme of the second order of accuracy is due to the need for special allocation
of contact boundaries, near which interpolation formulas with unilateral derivatives are used. Thus, even
within the framework of the approach used, when auxiliary quantities are used to construct a numerical
algorithm, it is not possible to construct a homogeneous difference scheme of an increased order of
accuracy. Numerous calculations carried out by the parametric scheme have shown that its stability is
always provided under the following conditions

I 1
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Test calculations on grinding grids allowed us to estimate the actual rate of convergence of difference
solutions and determine the optimal size of the space-time grid, which achieved acceptable accuracy with

minimal machine time. The noted features of discrete solutions are characteristic and take place in the
study of other dynamic contact problems with discontinuous boundary conditions.
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EKIOJIIIEMAI TEPMOTYTKBIPJBI-CEPIIIMJAIIIK ECEBIHIH
CAHJABIK HIEINIMIHIH KY3EI'E ACBIPBLTYbBI

Annoranus. XXyMmpicTa eKiemmeM i TePMOTYTKBIPIBI-CEPIIMIUTIK TOIKBIHBI CAaHABIK IISIIIMIHIH JKy3ere achl-
PBUTYBI KapacTHIPBUIABL. ANIOMHUHHIA MEH TeMipJACH JKacallFaH eKiKaOaTThl IUTUTACH O0ap aTOMUHHAN IUIMHIPiHIH
CepHiH/I COKKBICHI KAPACTHIPBIIFaH.

[1] XKymbIcTa allbIpBIMIIBIK CXEMAChl MEH OJIapbl JKY3€re achlpy alroputmi keiripiaret. JledhopmaiusianaTeiH
KaTThI JICHeNepAe OTIeN YAepiCTepAl ecenTey/ IiH Heri3ri 9iCTepiHIH TOJBIK IOy XKaraaibl [2, 3, 4] KkepceTiireH,
OHJIa TYpJI ONICTEpAl CAIBICTHIpMabl Oarajiay MaceJieJiepiHe JKOHE HEFYpJIbIM YTHIMIBI KOJJaHy callajlapblH
aHBIKTayFa apHAJIFaH JKaJlbUIaMa 3epTTeyJiep KAKETTUIIrN MEH MaHbI3AbLIbIFbl Al KbIHIaJIFaH.
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JKyMbIcTa CaHIBIK HOTIIKENEPAl Taliay kKoHe (GU3MKAIIBIK MHTEpIIpETalusiiay Ke3iH e HIeUIMHIH caraiblK Top-
TiO1 TypaJibl alPUOPIIbI AKMAPATTHI HKOHE 3ePTTENIETIH KYObUIbICTAp (PH3UKACHI TYPalbl OapIIbIK BIKTUMAT MAJIIMETTED
nainananeibel. ECenTik xKoHe dKCIIepUMEHTANAbI AePEKTEPAl COUKECTEHIIPY IIEeIiM AJIITiHIH HEFYPIIbIM 00beK-
THUBTI ©JIIIeMi OOJIBITT caHaJla (bl, OFaH MaTEMaTHKAIIBIK MOJICIBIIH TOJIBIK a/IeKBATTHIK TEKCEPY XKaraaibl Kipei.

Tyiiin ce3mep: eKiomIEMIi TEPMOTYTKBIPIBI-CEPIIMII TOJKBIHAAP, AWBIPHIMABIK Ti30CTiHIH TYPAKTHUIBIFBI,
AMBIPBIMIBIK €Cel MICIIIMiHIH )XUHAKTBUIBIFBI, HHICHTOP, Ae(hOopMaLus, TSH30p, KEpHEY.

M.M. Bbykenos, E.M. MyxamertoB
EBpaswmiickuit HannoHanbHEI yEHUBepcuTeT nMeHn JI.H. ['ymunesa, Acrana
YNCJTEHHASA PEAJINZALIUA PEHTEHUA IBYMEPHBIX 3AJIAY TEPMOBA3KOYIIPYT'OCTU

AnHoTaums. B nannoi pabore paccMoTpeHa YMCIEHHAs peann3anusi IBYMEPHBIX TEPMOBA3KOYNPYTHX BOJIH.
PaccMoTpeHo ynpyroe coyaapeHue altOMMHUEBOTO WIMHAPA ¢ ABYXCIONHON IUIUTON U3 QJIFOMUHMS U XKeJe3a.

B paGorte [1] mpuBeeHbl pa3HOCTHBIE CXEMbI M alITOPUTM MX peanu3anuu. Hanbonee nosiHbie 0030pbl OCHOB-
HBIX METOJ/IOB pacyeTa NEepPexXOAHBIX MPOLECCOB B NeGOpMHUPYEMBIX TBEPABIX TENaXx MOXHO HaWTH B [2, 3, 4], rae
YKa3bIBaeTCsl TAKXKE HEOOXOAMMOCTh U BaKHOCTH 00OOIIAIOIINX HCCIIEIOBAaHHUH, MMOCBSIICHHBIX BONPOCAM CPaBHH-
TEJILHOHM OIIEHKH Pa3JIMYHBIX METOIOB U BBISIBIICHHIO 00JIacTel MX Hanbosee palioHaaIbHOTO IPUMEHEHUSL.

[Ipn anammse u (U3MUECKON MHTEpIpETalNy YHCICHHBIX DPE3yJbTaTOB B JAaHHOM pabOTe MOJE3HO TaKKe
UCIIONIb30BaTh ANPHOPHYI0 MH(OpMALMIO O KayeCTBEHHOM IIOBEJCHHH DPELICHHS M BCEBO3MOJKHBIC CBEICHUS O
¢u3uke umccnenyeMplx siBieHHH. COIOCTaBIEHHE PACUCTHBIX M 3KCIEPUMEHTATBHBIX JAHHBIX CIYXXHT HanOoiee
00BEKTUBHBIM KPHUTEPUEM TOYHOCTH PEIICHHS, BKIIOYAIONIEM B ceOsl M MPOBEPKY aJCKBATHOCTH MaTeMaTH4eCKON
MOJIETIH SIBJICHHIO B IIEJIOM.

KaroueBble cjioBa: AByMEpHbIE TEPMOBSI3KOYIPYIHe BOJIHBI, YCTOHYMBOCTh PA3HOCTHOH CXEMBI, CXOIUMOCTb
peLIeHHs pa3HOCTHOH 3aa4u, HHACHTOP, Ae(opMarysl, TEH30D, HAIPSKEHHS.
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