ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

KA3AKCTAH PECITYBJIMKACDI
YJITTBIK F'bIJIBIM AKAJJEMUACBIHBIH

On-Dapabu arbiHaarel Kazak yJITThIK YHUBEPCUTETIHIH

XABAPJJAPDI

HAILIMOHAJIbHON AKAJIEMHU HAVK OF THE ACADEMY OF SCIENCES

PECITYBJIMKU KA3AXCTAH OF THE REPUBLIC OF KAZAKHSTAN

Kazaxckuii HallnOHaIbHBIA YHUBEPCUTET Al-Farabi Kazakh

umeHn Anb-Papadu National University
SERIES

PHYSICO-MATHEMATICAL

3 (337)

MAY - JUNE 2021
PUBLISHED SINCE JANUARY 1963

PUBLISHED 6 TIMES A YEAR

ALMATY, NAS RK



2 Clarivate
Analytics

NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical journal
has been accepted for indexing in the Emerging Sources Citation Index, a new edition of Web of
Science. Content in this index is under consideration by Clarivate Analytics to be accepted in the
Science Citation Index Expanded, the Social Sciences Citation Index, and the Arts & Humanities
Citation Index. The quality and depth of content Web of Science offers to researchers, authors,
publishers, and institutions sets it apart from other research databases. The inclusion of News of
NAS RK. Series of chemistry and technologies in the Emerging Sources Citation Index demonstrates
our dedication to providing the most relevant and influential content of chemical sciences to our
community.

Kasakcmar Pecriybniukacbkl ¥nmmbiK fbliibiM akademusicbl «KP ¥FA Xabapnapbl. @u3ukasibik-
MamemMamukarsblK Cepusicbl» fbifibiMU XypHanbiHelH Web of Science-miH xaHanaHraH Hyckachl
Emerging Sources Citation Index-me uHOekcmeryee KabbindaHaaHbiH xabapnaldel. by
uHOekcmery 6apbicbiHOa Clarivate Analytics komnaHusicsl XXypHasndbl o0aH api the Science Citation
Index Expanded, the Social Sciences Citation Index xoaHe the Arts & Humanities Citation Index-ke
Kabbinday meacerneciH Kapacmbipyda. Webof Science sepmmeywinep, asmoprap, bacnawsinap
MeH MeKkemeriepee KoHmeHm mepeHOiai MeH canacbiH ycbiHadbl. KP ¥FA Xabapnapbl. Xumus
JK9HEe mexHonoaus cepusicbl Emerging Sources Citation Index-ke eHyi 6i30iH KoramOacmabIK YWiH eH
e3eKkmi xxeHe bedendi xumusinbIK fbibiMOap bolibiHwa KOoHmeHmke adandbiabiMbi30bi 6indipedi.

HAH PK coobwaem, ymo Hay4HblIlt XypHan «M3eecmusi HAH PK. Cepusi gpusuko-mamemamuyec-
Kasi» 6bii npuHsam dns uHOekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHoU eepcuu
Web of Science. CodepxaHue 8 amom uHOeKkcupogaHuu Haxodumcs 8 cmaduu paccMoOmpeHUs
komnaHuel Clarivate Analytics dnsa danbHelwez0 npuHaImMus xypHana e the Science Citation
Index Expanded, the Social Sciences Citation Index u the Arts & Humanities Citation Index. Web
of Science npednazaem kadecmeo u anybuHy KoHmeHma Ons uccriedoeamersnel, asmopos,
u3damened u y4ypexoeHul. Bkro-yeHue Ussecmuss HAH PK e Emerging Sources Citation Index
deMoHCmpupyem Hawly rnpueepxeHHOCMb K Haubornee akmyasnbHOMY U 811USSIMeibHOMY KOHMeHmy
10 XumMu4yeckum Haykam 05 Haule2o coobujecmea.




bac peapakrop:
MYTAHOB Faabivkaiiblp MyTaHy/1bl, TeXHUKa FBUIBIMAAPBIHBIH JOKTOPBI, Tipodeccop, KP ¥FA
akagemuri, KP BFM FK «AxmaparThik jkoHE ecenTey TeXHOJOTHsUIaphl HHCTHTYTHD) 0ac AUPEKTOPBIHBIH
M.a. (AmMatsl, Kasakcran) H=5

Pepakuus ankacer:

KAJIMMOJIZAEB Maxkcar Hypoainyabl (6ac penakTopablH opblHOAcapsl), (H3MKa-MaTeMaTHKa
FBUIBIMAAPBIHBIH JOKTOPHI, Tipodeccop, KP ¥HA axamemuri, KP BFM FK «AknaparTeik jkoHe ecenrtey
TEXHOJIOTHsIIaphl MHCTUTYTHD) 0ac TUPEKTOPBIHBIH KeHECIIIIC1, 3epTXana MeHrepyrici (Anmarsl, Kazakcran)
H=7

BAUTYHYEKOB Kymanin XKana6aiiyas1 (6ac peqakTopIbiH OpsIHOACAPEI), TEXHUKA FHUIBIMIAPHI-
HBIH TOKTOPHI, podeccop, KP YT A akanemuri, KubepHeTunka skoHe aKIapaTThIK TEXHOIOTHSIIAp HHCTHTYTHI,
CarnaeB ynuBepcuteTiHiH KonganOanel MexaHHWKa KoHE HWHXKEHEpHiK rpaduka kadenpackl, (Ammarsl,
Kazakcran) H=3

BOMYUK Baabaemap, TeXHHMKa FHUTBIMIAPBIHBIH JOKTOPBI ((hm3uka), JIFOONHH TEXHOIOTHSIIBIK
yHUBepcuTeTiHIH podeccops! (JIrobmuH, [lonpma) H=23

BOUIKAEB KyanTaii ABra3piyibl, Ph.D. TeopusuibiK sxoHe SAPOIBIK Qr3uKa KadeIpachlHbIH JOIEHTI,
on-®apabu arerHaarel Kazak yirTeik yHUBepeuTeTi (AnmMarsl, Kazakcran) H-10

QUEVEDO Hemando, npodeccop, Saponbik FeuisiMaap nHCTUTyThl (Mexuko, Mekcuka) H=28

KYCIIIOB Mapar AéxaHyibl, (QU3NKa-MaTeMaTHKa FhUIBIMAAPBIHBIH JTOKTOPBI, TEOPUSUIBIK >KOHE
AaponblK Gu3uka KadenapacsiHbiH npodeccopsl, on-Papadu  arbiHmarel Kazak YJITTBIK YHHBEPCHUTETI
(Ammarsl, Kazakcran) H=7

KOBAJIEB Anekcanap MuxaiijioBu4, Gu3iKa-MaTeMaTHKa FhUTBIMAAPBIHBIH JOKTOPBI, YkpanHa ¥YFA
akagemuri, KonmanOanel MareMaTrKa )KoHe MeXxaHnka MHCTUTYTHI (loHernk, Ykpanna) H=5

MUXAJIEBUY Ajekcanap AJieKCaHAPOBHY, TEXHHUKA FBHUIBIMAAPBIHBIH JOKTOPHI, Tpodeccop,
benapycp YFA akanemuri (Munck, benapycs) H=2

PAMA3AHOB Tinekkaobr1 Co0uTyibl, PU3MKa-MaTeMaTHKa FHUIBIMAAPBIHBIH TOKTOPHI, podeccop,
KP ¥YFA akanmemuri, on-®apabu arbiHmarsl Kazak yJITTBIK YHUBEPCHUTETiIHIH FBHUIBIMU-HHHOBAIIHSIIBIK
KBI3MET JKOHIHJIET1 TPOopeKTophl, (AnMarsl, Kazakcran) H=26

TAKUBAEB Hypramun KabGarayabl, (usnka-MaTreMaTHKa FHUIBIMIAPBIHBIH JTOKTOPHI, mpodeccop,
KP ¥FA akanemuri, on-®apabu areiHgarsl Kazak ynTTeik yauBepcuteti (Anmarsl, Kazakcran) H=5

TUT'UHSHY Uon MuxaiinoBu4, pr3nKa-MaTeMaTHKa FBUTBIMIAPBIHBIH JTIOKTOPHI, akaieMuK, MoloBa
FrutbiM AkaieMusiICBIHBIH TTPE3UIeHTI, MomioBa TeXHUKaIbIK YHUBepcuTeTi (Kumunaes, Momnmosa) H=42

XAPUH Cranucnas HukonaeBuu, ¢u3MKa-mMareMaTHKa FBUIBIMIAPBIHBIH JOKTODBI, Hpodeccop,
KP ¥FA akanemuri, Kazakcran-bpuran Texaukanbik yauBepcurteTi (Anmarsl, Kazakcran) H=10

JABJIIETOB Ackap EpOynanoBu4, ¢u3nka-mMareMaTHKa FbUIBIMAAPBIHBIH JOKTOPHI, Hpodeccop,
on-®apadbu arerHmarsl Kazak yitTeik yHUBepcuTeTi (AnMatsl, Kazakcran) H=12

KAJIAHJIPA IIserpo, Ph.D (pusuka), HaHOKYpBUIBIMIIEI MaTepHasaapabl 3epTTey HWHCTUTYTHIHBIH
npoeccopsl (Pum, Uramus) H=26

«KP ¥T'A Xaoapaapbl. ®U3HKa-MATEeMATUKAJIBIK CEPUSICHI».
ISSN 2518-1726 (Online),
ISSN 2224-346X (Print)

Menmikrenymri: «Kazakcran PecrryOnukachiHbiH Y ITTHIK FRUTBIM akasieMusicby PKb (Anmmarsr k. ).
Kazakcran PecryOnukacbiHbIH AKnapar XoHe KOFaMJbIK JaMy MHUHHUCTPJITiIHIH AKIapaT KOMHUTETiHIE
14.02.2018 x. 6epinren Ne 16906-2K mep3iMik OacbUIbIM TipKeyiHe KOHBLTY Typalibl KyoJliK.

TaKbIPBINTHIK OAFBITHL: QUIUKA-MAMEMAMUKA bLILIMOAPLL JHCIHE AKNAPAMMBIK MEXHUKAAD CANACHIHOASb
bacvim evibiMu 3epmmeynepoi Hcapusnay.

Mep3imMaiiiri: KbIIbIHA 6 PET.

Tupaxsr: 300

Penaxuustapig MekeH-xkaiwl: 050010, Aimamet k., Lllesuenko xowt., 28, 219 6on., men.: 272-13-19, 272-13-18
http.://www.physico-mathematical.kz/index.php/en/

© Kazakcran PecrryOnukachiHBIH ¥ ITTHIK FBUIBIM akaneMusicol, 2021

Tunorpadusubig MekeH-xalbl: «Apynay» XK, Anmarsl k., Mypar6aesa kemr., 75.

3




I'naBHbIl pegakToOp:
MYTAHOB TI'aiumkaup MyTanoBH4, JOKTOp TEXHHUECKUX Hayk, mpodeccop, akagemuk HAH PK,
1.0. TeHepaIbHOro aupekTopa « MHcTHTyTa MHQOPMALMOHHBIX U BRIYHCIUTENBHBIX TexHoiorui» KH MOH
PK (Anmatsi, Kazaxctan) H=5

PepakunonHasi KoJIerus:

KAJIMMOJIJAEB Makcar HypaguioBu4, (3aMeCTHTENb IJIABHOTO PEAAKTOpa), JOKTOP (U3UKO-
MaTreMaTHuecKux Hayk, npodeccop, akageMuk HAH PK, coBeTHuK renepanbpHOro aupekropa «MHcTuTyTa
MH(GOPMAIIMOHHBIX Y BBIYUCIUTENBbHBIX TexHonorui» KH MOH PK, 3aBenyromumii naboparopueit
(Anmarsl, Kazaxcran) H=7

BAUT'YHYEKOB Kymaaui 2Kana6aeBu, (3aMeCTHTENb IIABHOTO PENAKTOPA), HOKTOP TEXHHUECKHX
HayK, mpodeccop, akagemuk HAH PK, MacTuTyT kuGepHeTHky 1 HHPOPMAIIMOHHBIX TEXHOJIOTHIA, Kadeapa
MPUKIaJHON MEXaHUKHU U MH)KCHEPHOU rpaduku, yHuBepcuteT Carnaesa (Anmarsl, Kazaxcran) H=3

BOMYUK Baibaemap, [OKTOp TeXHHUeCKMX HayK (u3.-Mar), mpodeccop JIr06IHHCKOTO
TexHojornyeckoro yuusepcureta (JIroomun, [Tonsmra) H=23

BOUNIKAEB KyanTaii ABra3sieBud, jjokrop Ph.D, npenonasarens, JOIEHT Kadeapbl TEOPETUICCKOM
u sinepHoii ¢pu3uky, Kazaxckuil HalMoHanbHbIH yHUBEpCUTET UM. anb-Dapadu (Anmarsl, Kazaxcran) H=10

QUEVEDO Hemando, npodeccop, Hanmonanbueiii aBroHoMHbIH yHUBepcuteT Mekcuku (UNAM),
WnctutyT anepusix Hayk (Mexuko, Mekcuka) H=28

KYCYIIOB Mapar A0:kaHOBHY, JOKTOp (DU3MKO-MaTeMaTHYECKHX HayK, mpodeccop Kadeapsl
TEOpEeTUYeCKOr U siiepHOl Gu3uky, Kasaxckuii HallMOHAJIBHBIA YHUBEPCUTET MM. anb-Dapadu (AnMarsl,
Kazaxcran) H=7

KOBAJIEB Aunexkcannp MuxaiiyioBu4, JOKTOp (QH3MKO-MareMaTHUECKMX Hayk, akageMuk HAH
VYkpaunsl, UHCTUTYT NpUKIaJHONW MaTeMaTuku U MexaHuku (Jlonenk, Ykpanna) H=5

MUXAJIEBUY Auiexkcanap AJieKcaHJIpPOBHY, JOKTOp TEXHUYECKHX HayK, Mpodeccop, aKaIeMuK
HAH benapycu (Munck, benapycs) H=2

PAMA3AHOB Taekkadyn CadbutoBud, JOKTOP PU3UKO-MaTEMaTHYCCKUX HAYK, TPOdeccop, aKaIeMUK
HAH PK, npopekrop 1o HayuyHO-WHHOBAaLlMOHHOH AedTeabHOCTH, Kazaxckuil HallMOHAIBHBIA YHUBEPCUTET
um. anb-Dapabu (Anmarsl, Kazaxcran) H=26

TAKHUBAEB Hypraau JKadaraeBud4, T0KTOp (U3MKO-MaTeMaTHUECKUX HaykK, Mpodeccop, akaaeMuK
HAH PK, Ka3zaxckuii HalMoHaJ bHBINM YHUBEPCUTET M. alib-DPapadu (Anmarsl, Kazaxcran) H=5

TUTUHSAHY Hon MuxaiijoBu4, TOKTOp (U3UKO-MaTeMaTHYeCKHX HAyK, aKaJeMHK, MPE3HIICHT
Axkanemuu HayK MonnoBbl, Texunueckuii ynusepcuteT Mongossl (Kumnnes, Mongosa) H=42

XAPUH CranuciaaB HukosaeBud, JJ0KTOp GU3HKO-MaTEeMaTHYECKUX HayK, Mpodeccop, akaJeMruK
HAH PK, Kazaxcrancko-bputanckuit rexunueckuii yausepcuteT (Anmarsl, Kazaxcran) H=10

JABJIETOB Ackap EpOyianoBuy, 10KTOp PU3NKO-MaTeMaTHYECKUX HayK, podeccop, Kazaxckuit
HAIlMOHAJILHBINA YHUBEPCUTET UM. anb-Dapadu (Anmarsl, Kazaxcran) H=12

KAJIAHZIPA IIsetpo, noktop ¢unocodpun (Ph.D, dpusuka), npodeccop MucTuTyTa 1o u3yyeHuro
HAHOCTPYKTYpHUPOBaHHBIX MarepuanoB (Pum, Utanus) H=26

«H3Bectust HAH PK. Cepus puznka-mareMaTudeckas».

ISSN 2518-1726 (Online),

ISSN 2224-346X (Print)

CoOcTBennuk: Pecriyonukanckoe odiecTBeHHoe 00beanHenne «HanponansHas akagemust Hayk PecryOnuku
Kazaxcrany» (1. Anmarst).

CBUAETENBCTBO O MOCTAHOBKE Ha Y4YET MEPHOJUYECKOro MedaTHoro u3aanus B Komutere mHpopmannu
MunucTepcTBa nHbOpMaK 1 00mecTBeHHOTo pa3putus Pecyonuku Kazaxcran Ne 16906-2K BriganHoe
14.02.2018 r.

Temartudeckasi HAIIPaBIEHHOCTD: NYOIUKAYUS NPUOPUMEMHBIX HAYYHBIX UCCIe008aHU 8 001ACMU PU3UKO-
mMamema-muiecKux Hayk u UHGOpMayuoHHbIX MeXHONOUIL.

[lepuonnunocTs: 6 pa3 B roA.

Tupax: 300

Anpec penakuuu: 050010, e. Armamet, ya. lllesuenxo, 28, ogh. 219, men.: 272-13-19, 272-13-18
http://www.physico-mathematical.kz/index.php/en/

© HauwmonanbHas akagemus Hayk Pecnyonuku Kazaxcran, 2021

Anpec tunorpadun: UI1 «Apyna», r. Anmarsl, yin. Mypar6aesa, 75.
4




Editor in chief

MUTANOYV Galimkair Mutanovich, doctor of technical Sciences, Professor, Academician of
NAS RK, acting director of the Institute of Information and Computing Technologies of SC MES RK
(Almaty, Kazakhstan) H=5

Editorial board:

KALIMOLDAYEV Maksat Nuradilovich (Deputy Editor-in-Chief), doctor in Physics and
Mathematics, Professor, Academician of NAS RK, Advisor to the General Director of the Institute of
Information and Computing Technologies of SC MES RK, Head of the Laboratory (Almaty, Kazakhstan)
H=7

BAYGUNCHEKOV Zhumadil Zhanabayevich, (Deputy Editor-in-Chief), doctor of Technical
Sciences, Professor, Academician of NAS RK, Institute of Cybernetics and Information Technologies,
Department of Applied Mechanics and Engineering Graphics, Satbayev University (Almaty, Kazakhstan)
H=3

WOICIK Waldemar, Doctor of Phys.-Math. Sciences, Professor, Lublin University of Technology
(Lublin, Poland) H=23

BOSHKAYEV Kuantai Avgazievich, PhD, Lecturer, Associate Professor of the Department of
Theoretical and Nuclear Physics, Al-Farabi Kazakh National University (Almaty, Kazakhstan) H=10

QUEVEDO Hemando, Professor, National Autonomous University of Mexico (UNAM), Institute of
Nuclear Sciences (Mexico City, Mexico) H=28

ZHUSSUPOV Marat Abzhanovich, Doctor in Physics and Mathematics, Professor of the Department
of Theoretical and Nuclear Physics, al-Farabi Kazakh National University (Almaty, Kazakhstan) H=7

KOVALEV Alexander Mikhailovich, Doctor in Physics and Mathematics, Academician of NAS
of Ukraine, Director of the State Institution «Institute of Applied Mathematics and Mechanics» DPR
(Donetsk, Ukraine) H=5

MIKHALEVICH Alexander Alexandrovich, Doctor of Technical Sciences, Professor, Academician
of NAS of Belarus (Minsk, Belarus) H=2

RAMAZANOYV Tlekkabul Sabitovich, Doctor in Physics and Mathematics, Professor, Academician
of NAS RK, Vice-Rector for Scientific and Innovative Activity, al-Farabi Kazakh National University
(Almaty, Kazakhstan) H=26

TAKIBAYEYV Nurgali Zhabagaevich, Doctor in Physics and Mathematics, Professor, Academician of
NAS RK, al-Farabi Kazakh National University (Almaty, Kazakhstan) H=5

TIGHINEANU Ion Mikhailovich, Doctor in Physics and Mathematics, Academician, Full Member
of the Academy of Sciences of Moldova, President of the AS of Moldova, Technical University of
Moldova (Chisinau, Moldova) H=42

KHARIN Stanislav Nikolayevich, Doctor in Physics and Mathematics, Professor, Academician
of NAS RK, Kazakh-British Technical University (Almaty, Kazakhstan) H=10

DAVLETOYV Askar Erbulanovich, Doctor in Physics and Mathematics, Professor, al-Farabi Kazakh
National University (Almaty, Kazakhstan) H=12

CALANDRA Pietro, PhD in Physics, Professor at the Institute of Nanostructured Materials
(Monterotondo Station Rome, Italy) H=26

News of the National Academy of Sciences of the Republic of Kazakhstan.

Physical-mathematical series.

ISSN 2518-1726 (Online),

ISSN 2224-346X (Print)

Owner: RPA «National Academy of Sciences of the Republic of Kazakhstan» (Almaty). The certificate of
registration of a periodical printed publication in the Committee of information of the Ministry of Information
and Social Development of the Republic of Kazakhstan No. 16906-2K, issued 14.02.2018

Thematic scope: publication of priority research in the field of physical and mathematical sciences and
information technology.

Periodicity: 6 times a year.

Circulation: 300

Editorial address: 28, Shevchenko str., of. 219, Almaty, 050010, tel. 272-13-19, 272-13-18,
http://www.physico-mathematical.kz/index.php/en/

© National Academy of Sciences of the Republic of Kazakhstan, 2021

Address of printing house: ST «Arunay, 75, Muratbayev str, Almaty.
5




News of the National Academy of sciences of the Republic of Kazakhstan

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X

Volume 3, Number 331 (2021), 128 — 137 https://doi.org/10.32014/2021.2518-1726.55

UDC 519.6
IRSTI 27.41.19

A. Temirbekov!, Y. Malgazhdarov 2, A. Tleulessova?l, L. Temirbekova?
LAl-Farabi Kazakh National University, Almaty, Kazakhstan
2Sarsen Amanzholov East Kazakhstan State University, Ust-Kamenogorsk, Kazakhstan
*Abai Kazakh National Pedagogical University, Almaty, Kazakhstan
E-mail:_temirbekov@kaznu.kz

FICTITIOUS DOMAIN METHOD FOR THE NAVIER-STOKES EQUATIONS

Abstract. The paper is devoted to the study and mathematical justification of the fictitious domain
method for the Navier-Stokes equations. The method of fictitious domain with continuation by the lowest
coefficients for the Navier-Stokes equations is substantiated in the work. The theorem of unambiguous
solvability of the initial boundary value problem and the existence and uniqueness of the generalized
solution of the auxiliary problem for the Navier-Stokes equations in the case of two spatial variables is
proved. A numerical implementation of the proposed method of fictitious domain with continuation by the
lowest coefficients for the Navier-Stokes equations is carried out. Various graphical illustrations of the
results of numerical simulation using the fictitious domain method for the Navier-Stokes equations are
presented.

Keywords: Fictitious domain method, Navier-Stokes equation, solvability of the initial boundary
value problem, existence and uniqueness of the generalized solution, numerical calculations.

Introduction. Now the development of high-performance computing has made it possible to solve a
complex physical problem of continuous media which are of great practical importance. Numerical
simulation of flow of fluid in curved boundaries was carried out in most of the work based on the model of
a viscous incompressible fluid. Algorithms using the finite-difference scheme for the Navier-Stokes
equation are widely used. For numerical modeling of multidimensional problems of the mathematical
physics in complex domains are needed an effective, universal computational algorithms. One of universal,
effective computational algorithms is a fictitious domain method.

There are now several methods for the numerical solution of a boundary-value problems in complex
geometric domains such as the method of curvilinear grid and the fictitious domain method. Using the
curvilinear grid method requires converting the equation to curved coordinates which is more complex than
the original equations. Also, the diverse requirements imposed on difference finite-difference grids make
constructing curvilinear grids a complex mathematical problem.

The method of fictitious domain is easy to use and easily implemented on a computer. However, its
disadvantage is in the loss of accuracy due to the presence of a small parameter in the auxiliary equations
which will lead to poor conditionality of the system of difference equations. Originally the fictitious domain
method was proposed in the works of Saulyev V.K. [1-2], Rikvind V.Ya. [3]. Justification of the fictitious
domain method for a nonlinear model of hydrodynamics is considered in [4-7]. The paper [8] is devoted to
the construction, research, and application of the augmented domain method for the approximate solution
of mathematical physics problems in irregular domains. A distinctive feature and advantage of the
augmented domain method is the absence of a small parameter in the auxiliary problem that affects the
numerical implementation of the equations. The main idea of the method is that the original irregular domain
£ is replaced by another, simpler region Q such that 2 < @ in this new domain, the original differential
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problem is replaced by a certain variational problem with a bounded operator. The equivalence of these
problems is proved and a method for minimizing the resulting functional is proposed.

In [9-10], we consider a variant of the method of fictitious domain associated with the modification
of nonlinear terms in a fictitious subdomain. The model problem shows the effectiveness of using such a
modification. The proposed version of the method is used to solve the problem of an arbitrary domain and
to set a boundary condition for the pressure. In [11], the method of fictitious domains with continuation by
lowest coefficients for the model of the boundary layer of the atmosphere is mathematically justified. This
model describes the distribution of pollutants in the atmosphere. To account for the terrain that affects the
distribution of pollutants in the atmosphere, the method of fictitious domains is used. In [12], an approximate
method based on the fictitious domain method is proposed for solving the two — dimensional Navier-Stokes
equations in irregular domains. A computational finite — difference algorithm for solving the auxiliary
problem of the fictitious domain method is developed. The results of numerical simulation of two-
dimensional Navier-Stokes equations by the method of fictitious domain with continuation by the lowest
coefficient are presented. For this task, a parallel algorithm was developed using the CUDA architecture,
which was tested on different grid dimensions. In [13-14], an original computational method was developed
for the numerical solution of an elliptic equation with strongly varying coefficients. Equations of this type
are obtained at the second stage when solving the Navier-Stokes equation and the boundary layer of the
atmosphere in regions of complex form by the method of fictitious domain. The proposed method is based
on a special variable substitution that leads a problem with discontinuous coefficients of the second kind to
a problem with discontinuous coefficients of the first kind. An iterative process with two parameters and
considering the ratio of the coefficients of the equation in the subdomains is constructed. A theorem is
proved for estimating the convergence rate of the developed iterative process. A computational algorithm is
developed, and numerical calculations are performed to illustrate the effectiveness of the proposed method.
In [15-16], we consider a family of domain separation methods based on the explicit use of the Lagrange
multiplier defined on the actual boundary. The technique proposed by the author associated with genuine
boundary conditions is common for modeling inviscid incompressible flows. In this method, the set
differential problem sets the optimal control problem with a saddle point, and for the numerical
implementation, the iterative conjugate gradient method is used.

Statement of the problem. In this part, let us consider the justification of the fictitious domain
method for the Navier-Stokes equations with continuation by the lowest coefficients. In the domain Q2 =
0y, % (0,T),S2=5%x(0,T), we consider the initial boundary value problem for the Navier-Stokes
equations:

Z_‘t’+ GV, +Vp = pAv + f(x,t)

(1)
diw =0
V‘tzo =a(x), v 50 =0 )
Q, is defined as follows:
Q= {(X%, %, %), 0<%, < X, 0<%, <Y, 8(X,%,) <X <Z} 3)

In the work of Ladyzhenskaya O. A. [17], a review is made to justify the initial boundary value
problem of the form (1), (2). The unique solvability of the boundary value problem of the form (1)-(2) with
two spatial variables is proved. The problem (1)-(2) will be solved by the method of splitting by physical
parameters, using the fictitious domain method with continuation by lowest coefficients to account the
internal subdomain.

Let us add the domain £2, to the rectangular parallelepiped 2 = 2, U 2, and consider the following
auxiliary problem in Q; = 2 x (0,T):

— 129 ——



News of the National Academy of sciences of the Republic of Kazakhstan

: v 9008 +vpt = v — 20 gy o), ()
&
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Here, the complement of the main domain of €, to the rectangular parallelepiped Q is denoted by
Q, The boundary of the domain 2, at X, = (X, X,) has become the interface between the sub-domains
Q,,Q, and the following matching conditions must be met on it:

[vg]x3=5(xlvxz) =0, [(/JV\TS - pg) ﬁ]x3:5(x1,x2) =0. (6)

where 11 is the normal vector to boundary X, = 5(X;, X,).

Figure 1. Problem determination domain

The following initial boundary conditions are set on the boundary of the domain Q:

vid

\Y

wo=2a’(x), v°

Sr 0 (7)
a(x), xeQ,

where a“(x) = {O o
, XeQ,

Study of the problem. For further investigation of the problem (4)-(7), we use the spaces
L.(). L,(Q; ). L, (Q; ), and we denote the scalar product and the corresponding norms:
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1/m
)= o, -9, 80= oo, .., e
Q Q

Q

b ~[f{ 1] i~ o]

where Q; =Qx(0,T).
By M (Q; ) letus denote the following set of the function:

r

M(Q) = {7 € C*(Q).div =0, V|5 =0}

where C”(Q; ) is the set of infinite differentiable functions in the domain Q, . Closures of a set M (Q; )
innorm L, (Q;), W, (Q; ), W, (Q,) accordingly we denote as V, (Q; ), V,(Q; ), V, (Q; ).
Multiplying equation (4) scalar by V“to Q, we get the energy balance equation:

.:[[iw .%dxjdt+;[(ivs _Vpsdxjdt_’ui[iAvg 'ngdet+
j(f@'(vs)deJdt—j[jf -ngx]dtzo, @

0\Q
With the help of boundary conditions and integration in parts, we have:

%f f it - I(Ip dqudx]du
O[i [ ¥V€de}ﬁ_ !’ U: f .Vfdxjdtzo ©

Then taking into account diV\7 =0, we get

Aol
06 ol b

Using the Hdolder's inequality and the initial condition we have

2

t=T

2

Vx z,QT \/_

To obtain a further estimate, an additional solution estimation inequality is needed. Let us multiply (4) in
scalar by V“ to L,(€2) so we get

v

(11)

2, QT 2,Qr 2,Qr

1d

2 dt V) (12)

ve[
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From equation (12) by virtue of positivity vy ’ , we have
djv®
Al —g‘ fel-|ve
dt
this inequality holds if ”\/E(X,t)u =0 or
d & &
v .0 <[ x|

Since the continuous function ||V(X,t)|| of the argument T, integrating (14) by we have:

ve ()] < v (x0)|+ i” f (x,t)]dt
or
ve ()| < [ (0 + h £20x)dt
From (13) and (16), we get 0
Ve (T + 2 ;QT +2'§T(X)- Ve ;QT <[ac () +2( ag(x)H+j;‘ fe dtj.\ ), @

Definition. The generalized solution of the problem (4)-(7) is a function v*(x,t) eV, (Q;) N L, . (Q;)

that satisfies the integral identity
wodx— [agl,_odx= [ fdxdt (18)
Q Q

I[_Vs ‘¢t +ILN§ .¢X —19i8 Ve '¢Xi }ixdt +%J§(X)-V5¢dxdt+J'vf¢
Qr Q Q

for V¢ eWz Q)
Theorem 1. Let v*(x,t) eV, (Q;) L, (Qr), f(X,t) eV,(Q;) nL, (Qr). Then there isa

unique generalized solution to problem (4)-(7) and an estimate for the solution exists (17).
Proof. Omitting the parameter ¢ assuming that there are two solutions v and v for their difference
u=v —v from the identity (18) we get

H— U-g, + -4, — (Gu+uy')g, hxdt + %If(x)uyﬁdxdt + IU¢|H dx=0
Qr Q o

(13)

(14)

(15)

(16)

(19)

Reasoning similarly as in [17] U can be considered as the generalized solution from the L,(Q,) problem

u, — #Au = —gradq @u _
g OX;
divu =0, u‘ST =0,ul_,=0,
where T¥=90+U,-V',i=1,2,3. are considered as free terms.
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In [17], the uniqueness theorem for U(x,t) eV, (Q;) N L, ,(Q;) is proved with g and r satisfying the
conditions

lJrLSE,I‘G[Z,oo),qe(n,oo] (21)

r 29 2

or

g>n,r=o0 (22)

After scalar multiplication (20) we have

—||u(x O +x j Ju,*dt += j j E(X)u?(x)dxdt = j fXu, dxdt = j uv'u, dxdt (23)
Q Q

the right part od WhICh is

[ £4d, dxdt = [uv'd, dxdt (24)

Q Q
in the class of functions satisfying conditions (21) and (22), it is estimated using the Holder's inequality in
a special way [17].

12

V2 a2
<| |GZdxdt v aldxdt | <[a V' 2d 2‘quqd <
] o v ] o

r-2
r =
y q—2_ 2r r
r—

t 2
1 (I e deJ | = ol W, e, @9
0 q-2r-2

[u, V't dxdt

N\"

2
1 t vid a
<l ][ [l e
0\Q
Then using the inequality
g <056 s

6],

2
ol ) = Sl

where 24 ;__2r —supli il -
q q_2’r r_2’ : ! —i_HuXHZ,Qt
from (25) we get
lal o, <+ @y + (s/2°)
t

from which it follows that U=0 for 1 satisfying the requirement
L+ @) ¥+ (/2 )N <

(26)

qutl |Q

The theorem is proved.

Numerical calculations. To perform a methodical calculation, let us consider a numerical solution of the
auxiliary problem (4)-(5) with the following initial and boundary conditions:

T=0,u|X—UVOxOU—UVOxXZ—OVO)}OYUOVO

X
As the domain under consideration, let us take a channel with an obstacle and with solid boundaries

(Figure 2). Domain €2, is the fictitious domain, Q2 is the physical domain.
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v

Figure 2. Schematic representation of the domain under consideration

For the numerical implementation of the auxiliary problem (4)-(5) let us the finite difference method
and the splitting by physical parameters scheme [18]. The solution domain is covered by the so-called MAC-
grid [19], in which the pressure determination nodes are located inside a rectangular grid cell, and the
velocity component determination nodes are located on its faces. When approximating convective terms, a
sign-sensitive scheme is used. This provides an approximation with second-order accuracy in space and
first-order accuracy in time.

Let us assume that at some time t™ = nt (T is time step, I is number of steps) the velocity field is

known as V". Then the scheme for determining unknown functions at a time t™ =(n+1)r can be
represented as a three-stage splitting scheme:

I-stage
\7n+1/2 —\7” -~ ~ ) )
— _ _(an)\/n+1/2 VP 4 uE AT fi )Vn+1/2 en
Il-stage
V\—in+1/2

Ap™ —Ap" = —— (28)
I11-stage
\—/~n+1 _\7n+1/2

. — _vpml +Vpn (29)
where &(x)= 0. (xy)eQ . fxt) (xy)eQ

L (x9eQ " |0, (xy)eQ

In the numerical implementation, the values and zero values of the tangent component of the fluid
flow velocity at the inlet and outlet to the computational domain were set. At the “solid: boundaries, the
pressure values are given as linear functions and the tangent component of the velocity is zero.

The following physical interpretation of the given splitting scheme is proposed. At the first stage, it
is assumed that the transfer of the amount of motion (momentum of a unit of mass) is carried out only by
convention and diffusion. The velocity field obtained in this way does not satisfy the incompressibility
condition. In this paper, in contrast to the classical version of the method of splitting by physical parameters
[18], an implicit scheme is used at the first stage in the form of (27). This approach was substantiated and
numerically implemented in [20]. Iterative schemes for solving auxiliary grid Navier-Stokes equations have
been proposed. This approach improves the conditionality number of the matrix of a system of linear
equations and accelerates the convergence of the solution.
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At the second stage, the pressure field is found according to the intermediate velocity field, considering
the condition of solenoidality of the velocity vector from the solution of the Poisson equation. At the second
stage, numerical methods for solving grid elliptic equations with Dirichlet boundary conditions for pressure
are used.

At stage I11, it is assumed that the transfer is carried out only due to the pressure gradient (convection
and diffusion do not occure).

In this case, tracking the actual boundary of the source area is necessary to set the coefficients of the
auxiliary problem. To ensure a smooth change in the viscosity coefficient of the auxiliary problem, bicubic
spline interpolation of two-dimensional function is used. This function, interpolated in a small neighborhood
of the boundary region, provides a smooth change that will increase computational accuracy and reliability.
A 50x20 grid and the following dimensionless parameter values are used in the numerical implementation:

0<x <2,0<y, <1, r=0.001, u=1/Re=0.001, £ =10".
The upper and lower solid boundary curves are described by the equations

0.8k

02 - - - = = -
- - - - I. _I - ) '... .I - ) " l - I. : .I " ) . I .. . I - -. i
0 0.5 1 1.5 2

Figure 3. Velocity vector fields

0.8 = T

0.6

0.4

0.2

o
[4]
-
-k
(4]
[ ]

Figure 4. Isolines of the stream function

Conclusion. The fictitious domain method for the Navier-Stokes equations is studied and
mathematically justified in the work. The theorem of unambiguous solvability of the initial boundary value
problem and the existence and uniqueness of the generalized solution of the auxiliary problem for the
Navier-Stokes equations in the case of two spatial variables are proved. A numerical implementation of the
proposed method of fictitious domain with continuation by the lowest coefficients for the Navier-Stokes
equations is carried out. Various graphical illustrations of the results of numerical simulation using the
fictitious domain method for the Navier-Stokes equations are presented.
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The isolines of the stream function reveal the current flowing around smooth bodies. The boundary
layer of the flow that is directly adjacent to the streamlined body is slowing down harder than the layers that
are distanced from the boundary. This leads to tangential friction reduction down to zero on the streamlined
surface, then separation of the flow from the surface and a return flow behind the separation line occurrence
(Figure 3-4).
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