ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

KA3AKCTAH PECITYBJIMKACDI
YJITTBIK F'bIJIBIM AKAJJEMUACBIHBIH

On-Dapabu arbiHaarel Kazak yJITThIK YHUBEPCUTETIHIH

XABAPJJAPDI

HAILIMOHAJIbHON AKAJIEMHU HAVK OF THE ACADEMY OF SCIENCES

PECITYBJIMKU KA3AXCTAH OF THE REPUBLIC OF KAZAKHSTAN

Kazaxckuii HallnOHaIbHBIA YHUBEPCUTET Al-Farabi Kazakh

umeHn Anb-Papadu National University
SERIES

PHYSICO-MATHEMATICAL

3 (337)

MAY - JUNE 2021
PUBLISHED SINCE JANUARY 1963

PUBLISHED 6 TIMES A YEAR

ALMATY, NAS RK



2 Clarivate
Analytics

NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical journal
has been accepted for indexing in the Emerging Sources Citation Index, a new edition of Web of
Science. Content in this index is under consideration by Clarivate Analytics to be accepted in the
Science Citation Index Expanded, the Social Sciences Citation Index, and the Arts & Humanities
Citation Index. The quality and depth of content Web of Science offers to researchers, authors,
publishers, and institutions sets it apart from other research databases. The inclusion of News of
NAS RK. Series of chemistry and technologies in the Emerging Sources Citation Index demonstrates
our dedication to providing the most relevant and influential content of chemical sciences to our
community.

Kasakcmar Pecriybniukacbkl ¥nmmbiK fbliibiM akademusicbl «KP ¥FA Xabapnapbl. @u3ukasibik-
MamemMamukarsblK Cepusicbl» fbifibiMU XypHanbiHelH Web of Science-miH xaHanaHraH Hyckachl
Emerging Sources Citation Index-me uHOekcmeryee KabbindaHaaHbiH xabapnaldel. by
uHOekcmery 6apbicbiHOa Clarivate Analytics komnaHusicsl XXypHasndbl o0aH api the Science Citation
Index Expanded, the Social Sciences Citation Index xoaHe the Arts & Humanities Citation Index-ke
Kabbinday meacerneciH Kapacmbipyda. Webof Science sepmmeywinep, asmoprap, bacnawsinap
MeH MeKkemeriepee KoHmeHm mepeHOiai MeH canacbiH ycbiHadbl. KP ¥FA Xabapnapbl. Xumus
JK9HEe mexHonoaus cepusicbl Emerging Sources Citation Index-ke eHyi 6i30iH KoramOacmabIK YWiH eH
e3eKkmi xxeHe bedendi xumusinbIK fbibiMOap bolibiHwa KOoHmeHmke adandbiabiMbi30bi 6indipedi.

HAH PK coobwaem, ymo Hay4HblIlt XypHan «M3eecmusi HAH PK. Cepusi gpusuko-mamemamuyec-
Kasi» 6bii npuHsam dns uHOekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHoU eepcuu
Web of Science. CodepxaHue 8 amom uHOeKkcupogaHuu Haxodumcs 8 cmaduu paccMoOmpeHUs
komnaHuel Clarivate Analytics dnsa danbHelwez0 npuHaImMus xypHana e the Science Citation
Index Expanded, the Social Sciences Citation Index u the Arts & Humanities Citation Index. Web
of Science npednazaem kadecmeo u anybuHy KoHmeHma Ons uccriedoeamersnel, asmopos,
u3damened u y4ypexoeHul. Bkro-yeHue Ussecmuss HAH PK e Emerging Sources Citation Index
deMoHCmpupyem Hawly rnpueepxeHHOCMb K Haubornee akmyasnbHOMY U 811USSIMeibHOMY KOHMeHmy
10 XumMu4yeckum Haykam 05 Haule2o coobujecmea.




bac peapakrop:
MYTAHOB Faabivkaiiblp MyTaHy/1bl, TeXHUKa FBUIBIMAAPBIHBIH JOKTOPBI, Tipodeccop, KP ¥FA
akagemuri, KP BFM FK «AxmaparThik jkoHE ecenTey TeXHOJOTHsUIaphl HHCTHTYTHD) 0ac AUPEKTOPBIHBIH
M.a. (AmMatsl, Kasakcran) H=5

Pepakuus ankacer:

KAJIMMOJIZAEB Maxkcar Hypoainyabl (6ac penakTopablH opblHOAcapsl), (H3MKa-MaTeMaTHKa
FBUIBIMAAPBIHBIH JOKTOPHI, Tipodeccop, KP ¥HA axamemuri, KP BFM FK «AknaparTeik jkoHe ecenrtey
TEXHOJIOTHsIIaphl MHCTUTYTHD) 0ac TUPEKTOPBIHBIH KeHECIIIIC1, 3epTXana MeHrepyrici (Anmarsl, Kazakcran)
H=7

BAUTYHYEKOB Kymanin XKana6aiiyas1 (6ac peqakTopIbiH OpsIHOACAPEI), TEXHUKA FHUIBIMIAPHI-
HBIH TOKTOPHI, podeccop, KP YT A akanemuri, KubepHeTunka skoHe aKIapaTThIK TEXHOIOTHSIIAp HHCTHTYTHI,
CarnaeB ynuBepcuteTiHiH KonganOanel MexaHHWKa KoHE HWHXKEHEpHiK rpaduka kadenpackl, (Ammarsl,
Kazakcran) H=3

BOMYUK Baabaemap, TeXHHMKa FHUTBIMIAPBIHBIH JOKTOPBI ((hm3uka), JIFOONHH TEXHOIOTHSIIBIK
yHUBepcuTeTiHIH podeccops! (JIrobmuH, [lonpma) H=23

BOUIKAEB KyanTaii ABra3piyibl, Ph.D. TeopusuibiK sxoHe SAPOIBIK Qr3uKa KadeIpachlHbIH JOIEHTI,
on-®apabu arerHaarel Kazak yirTeik yHUBepeuTeTi (AnmMarsl, Kazakcran) H-10

QUEVEDO Hemando, npodeccop, Saponbik FeuisiMaap nHCTUTyThl (Mexuko, Mekcuka) H=28

KYCIIIOB Mapar AéxaHyibl, (QU3NKa-MaTeMaTHKa FhUIBIMAAPBIHBIH JTOKTOPBI, TEOPUSUIBIK >KOHE
AaponblK Gu3uka KadenapacsiHbiH npodeccopsl, on-Papadu  arbiHmarel Kazak YJITTBIK YHHBEPCHUTETI
(Ammarsl, Kazakcran) H=7

KOBAJIEB Anekcanap MuxaiijioBu4, Gu3iKa-MaTeMaTHKa FhUTBIMAAPBIHBIH JOKTOPBI, YkpanHa ¥YFA
akagemuri, KonmanOanel MareMaTrKa )KoHe MeXxaHnka MHCTUTYTHI (loHernk, Ykpanna) H=5

MUXAJIEBUY Ajekcanap AJieKCaHAPOBHY, TEXHHUKA FBHUIBIMAAPBIHBIH JOKTOPHI, Tpodeccop,
benapycp YFA akanemuri (Munck, benapycs) H=2

PAMA3AHOB Tinekkaobr1 Co0uTyibl, PU3MKa-MaTeMaTHKa FHUIBIMAAPBIHBIH TOKTOPHI, podeccop,
KP ¥YFA akanmemuri, on-®apabu arbiHmarsl Kazak yJITTBIK YHUBEPCHUTETiIHIH FBHUIBIMU-HHHOBAIIHSIIBIK
KBI3MET JKOHIHJIET1 TPOopeKTophl, (AnMarsl, Kazakcran) H=26

TAKUBAEB Hypramun KabGarayabl, (usnka-MaTreMaTHKa FHUIBIMIAPBIHBIH JTOKTOPHI, mpodeccop,
KP ¥FA akanemuri, on-®apabu areiHgarsl Kazak ynTTeik yauBepcuteti (Anmarsl, Kazakcran) H=5

TUT'UHSHY Uon MuxaiinoBu4, pr3nKa-MaTeMaTHKa FBUTBIMIAPBIHBIH JTIOKTOPHI, akaieMuK, MoloBa
FrutbiM AkaieMusiICBIHBIH TTPE3UIeHTI, MomioBa TeXHUKaIbIK YHUBepcuTeTi (Kumunaes, Momnmosa) H=42

XAPUH Cranucnas HukonaeBuu, ¢u3MKa-mMareMaTHKa FBUIBIMIAPBIHBIH JOKTODBI, Hpodeccop,
KP ¥FA akanemuri, Kazakcran-bpuran Texaukanbik yauBepcurteTi (Anmarsl, Kazakcran) H=10

JABJIIETOB Ackap EpOynanoBu4, ¢u3nka-mMareMaTHKa FbUIBIMAAPBIHBIH JOKTOPHI, Hpodeccop,
on-®apadbu arerHmarsl Kazak yitTeik yHUBepcuTeTi (AnMatsl, Kazakcran) H=12

KAJIAHJIPA IIserpo, Ph.D (pusuka), HaHOKYpBUIBIMIIEI MaTepHasaapabl 3epTTey HWHCTUTYTHIHBIH
npoeccopsl (Pum, Uramus) H=26

«KP ¥T'A Xaoapaapbl. ®U3HKa-MATEeMATUKAJIBIK CEPUSICHI».
ISSN 2518-1726 (Online),
ISSN 2224-346X (Print)

Menmikrenymri: «Kazakcran PecrryOnukachiHbiH Y ITTHIK FRUTBIM akasieMusicby PKb (Anmmarsr k. ).
Kazakcran PecryOnukacbiHbIH AKnapar XoHe KOFaMJbIK JaMy MHUHHUCTPJITiIHIH AKIapaT KOMHUTETiHIE
14.02.2018 x. 6epinren Ne 16906-2K mep3iMik OacbUIbIM TipKeyiHe KOHBLTY Typalibl KyoJliK.

TaKbIPBINTHIK OAFBITHL: QUIUKA-MAMEMAMUKA bLILIMOAPLL JHCIHE AKNAPAMMBIK MEXHUKAAD CANACHIHOASb
bacvim evibiMu 3epmmeynepoi Hcapusnay.

Mep3imMaiiiri: KbIIbIHA 6 PET.

Tupaxsr: 300

Penaxuustapig MekeH-xkaiwl: 050010, Aimamet k., Lllesuenko xowt., 28, 219 6on., men.: 272-13-19, 272-13-18
http.://www.physico-mathematical.kz/index.php/en/

© Kazakcran PecrryOnukachiHBIH ¥ ITTHIK FBUIBIM akaneMusicol, 2021

Tunorpadusubig MekeH-xalbl: «Apynay» XK, Anmarsl k., Mypar6aesa kemr., 75.

3




I'naBHbIl pegakToOp:
MYTAHOB TI'aiumkaup MyTanoBH4, JOKTOp TEXHHUECKUX Hayk, mpodeccop, akagemuk HAH PK,
1.0. TeHepaIbHOro aupekTopa « MHcTHTyTa MHQOPMALMOHHBIX U BRIYHCIUTENBHBIX TexHoiorui» KH MOH
PK (Anmatsi, Kazaxctan) H=5

PepakunonHasi KoJIerus:

KAJIMMOJIJAEB Makcar HypaguioBu4, (3aMeCTHTENb IJIABHOTO PEAAKTOpa), JOKTOP (U3UKO-
MaTreMaTHuecKux Hayk, npodeccop, akageMuk HAH PK, coBeTHuK renepanbpHOro aupekropa «MHcTuTyTa
MH(GOPMAIIMOHHBIX Y BBIYUCIUTENBbHBIX TexHonorui» KH MOH PK, 3aBenyromumii naboparopueit
(Anmarsl, Kazaxcran) H=7

BAUT'YHYEKOB Kymaaui 2Kana6aeBu, (3aMeCTHTENb IIABHOTO PENAKTOPA), HOKTOP TEXHHUECKHX
HayK, mpodeccop, akagemuk HAH PK, MacTuTyT kuGepHeTHky 1 HHPOPMAIIMOHHBIX TEXHOJIOTHIA, Kadeapa
MPUKIaJHON MEXaHUKHU U MH)KCHEPHOU rpaduku, yHuBepcuteT Carnaesa (Anmarsl, Kazaxcran) H=3

BOMYUK Baibaemap, [OKTOp TeXHHUeCKMX HayK (u3.-Mar), mpodeccop JIr06IHHCKOTO
TexHojornyeckoro yuusepcureta (JIroomun, [Tonsmra) H=23

BOUNIKAEB KyanTaii ABra3sieBud, jjokrop Ph.D, npenonasarens, JOIEHT Kadeapbl TEOPETUICCKOM
u sinepHoii ¢pu3uky, Kazaxckuil HalMoHanbHbIH yHUBEpCUTET UM. anb-Dapadu (Anmarsl, Kazaxcran) H=10

QUEVEDO Hemando, npodeccop, Hanmonanbueiii aBroHoMHbIH yHUBepcuteT Mekcuku (UNAM),
WnctutyT anepusix Hayk (Mexuko, Mekcuka) H=28

KYCYIIOB Mapar A0:kaHOBHY, JOKTOp (DU3MKO-MaTeMaTHYECKHX HayK, mpodeccop Kadeapsl
TEOpEeTUYeCKOr U siiepHOl Gu3uky, Kasaxckuii HallMOHAJIBHBIA YHUBEPCUTET MM. anb-Dapadu (AnMarsl,
Kazaxcran) H=7

KOBAJIEB Aunexkcannp MuxaiiyioBu4, JOKTOp (QH3MKO-MareMaTHUECKMX Hayk, akageMuk HAH
VYkpaunsl, UHCTUTYT NpUKIaJHONW MaTeMaTuku U MexaHuku (Jlonenk, Ykpanna) H=5

MUXAJIEBUY Auiexkcanap AJieKcaHJIpPOBHY, JOKTOp TEXHUYECKHX HayK, Mpodeccop, aKaIeMuK
HAH benapycu (Munck, benapycs) H=2

PAMA3AHOB Taekkadyn CadbutoBud, JOKTOP PU3UKO-MaTEMaTHYCCKUX HAYK, TPOdeccop, aKaIeMUK
HAH PK, npopekrop 1o HayuyHO-WHHOBAaLlMOHHOH AedTeabHOCTH, Kazaxckuil HallMOHAIBHBIA YHUBEPCUTET
um. anb-Dapabu (Anmarsl, Kazaxcran) H=26

TAKHUBAEB Hypraau JKadaraeBud4, T0KTOp (U3MKO-MaTeMaTHUECKUX HaykK, Mpodeccop, akaaeMuK
HAH PK, Ka3zaxckuii HalMoHaJ bHBINM YHUBEPCUTET M. alib-DPapadu (Anmarsl, Kazaxcran) H=5

TUTUHSAHY Hon MuxaiijoBu4, TOKTOp (U3UKO-MaTeMaTHYeCKHX HAyK, aKaJeMHK, MPE3HIICHT
Axkanemuu HayK MonnoBbl, Texunueckuii ynusepcuteT Mongossl (Kumnnes, Mongosa) H=42

XAPUH CranuciaaB HukosaeBud, JJ0KTOp GU3HKO-MaTEeMaTHYECKUX HayK, Mpodeccop, akaJeMruK
HAH PK, Kazaxcrancko-bputanckuit rexunueckuii yausepcuteT (Anmarsl, Kazaxcran) H=10

JABJIETOB Ackap EpOyianoBuy, 10KTOp PU3NKO-MaTeMaTHYECKUX HayK, podeccop, Kazaxckuit
HAIlMOHAJILHBINA YHUBEPCUTET UM. anb-Dapadu (Anmarsl, Kazaxcran) H=12

KAJIAHZIPA IIsetpo, noktop ¢unocodpun (Ph.D, dpusuka), npodeccop MucTuTyTa 1o u3yyeHuro
HAHOCTPYKTYpHUPOBaHHBIX MarepuanoB (Pum, Utanus) H=26

«H3Bectust HAH PK. Cepus puznka-mareMaTudeckas».

ISSN 2518-1726 (Online),

ISSN 2224-346X (Print)

CoOcTBennuk: Pecriyonukanckoe odiecTBeHHoe 00beanHenne «HanponansHas akagemust Hayk PecryOnuku
Kazaxcrany» (1. Anmarst).

CBUAETENBCTBO O MOCTAHOBKE Ha Y4YET MEPHOJUYECKOro MedaTHoro u3aanus B Komutere mHpopmannu
MunucTepcTBa nHbOpMaK 1 00mecTBeHHOTo pa3putus Pecyonuku Kazaxcran Ne 16906-2K BriganHoe
14.02.2018 r.

Temartudeckasi HAIIPaBIEHHOCTD: NYOIUKAYUS NPUOPUMEMHBIX HAYYHBIX UCCIe008aHU 8 001ACMU PU3UKO-
mMamema-muiecKux Hayk u UHGOpMayuoHHbIX MeXHONOUIL.

[lepuonnunocTs: 6 pa3 B roA.

Tupax: 300

Anpec penakuuu: 050010, e. Armamet, ya. lllesuenxo, 28, ogh. 219, men.: 272-13-19, 272-13-18
http://www.physico-mathematical.kz/index.php/en/

© HauwmonanbHas akagemus Hayk Pecnyonuku Kazaxcran, 2021

Anpec tunorpadun: UI1 «Apyna», r. Anmarsl, yin. Mypar6aesa, 75.
4




Editor in chief

MUTANOYV Galimkair Mutanovich, doctor of technical Sciences, Professor, Academician of
NAS RK, acting director of the Institute of Information and Computing Technologies of SC MES RK
(Almaty, Kazakhstan) H=5

Editorial board:

KALIMOLDAYEV Maksat Nuradilovich (Deputy Editor-in-Chief), doctor in Physics and
Mathematics, Professor, Academician of NAS RK, Advisor to the General Director of the Institute of
Information and Computing Technologies of SC MES RK, Head of the Laboratory (Almaty, Kazakhstan)
H=7

BAYGUNCHEKOV Zhumadil Zhanabayevich, (Deputy Editor-in-Chief), doctor of Technical
Sciences, Professor, Academician of NAS RK, Institute of Cybernetics and Information Technologies,
Department of Applied Mechanics and Engineering Graphics, Satbayev University (Almaty, Kazakhstan)
H=3

WOICIK Waldemar, Doctor of Phys.-Math. Sciences, Professor, Lublin University of Technology
(Lublin, Poland) H=23

BOSHKAYEV Kuantai Avgazievich, PhD, Lecturer, Associate Professor of the Department of
Theoretical and Nuclear Physics, Al-Farabi Kazakh National University (Almaty, Kazakhstan) H=10

QUEVEDO Hemando, Professor, National Autonomous University of Mexico (UNAM), Institute of
Nuclear Sciences (Mexico City, Mexico) H=28

ZHUSSUPOV Marat Abzhanovich, Doctor in Physics and Mathematics, Professor of the Department
of Theoretical and Nuclear Physics, al-Farabi Kazakh National University (Almaty, Kazakhstan) H=7

KOVALEV Alexander Mikhailovich, Doctor in Physics and Mathematics, Academician of NAS
of Ukraine, Director of the State Institution «Institute of Applied Mathematics and Mechanics» DPR
(Donetsk, Ukraine) H=5

MIKHALEVICH Alexander Alexandrovich, Doctor of Technical Sciences, Professor, Academician
of NAS of Belarus (Minsk, Belarus) H=2

RAMAZANOYV Tlekkabul Sabitovich, Doctor in Physics and Mathematics, Professor, Academician
of NAS RK, Vice-Rector for Scientific and Innovative Activity, al-Farabi Kazakh National University
(Almaty, Kazakhstan) H=26

TAKIBAYEYV Nurgali Zhabagaevich, Doctor in Physics and Mathematics, Professor, Academician of
NAS RK, al-Farabi Kazakh National University (Almaty, Kazakhstan) H=5

TIGHINEANU Ion Mikhailovich, Doctor in Physics and Mathematics, Academician, Full Member
of the Academy of Sciences of Moldova, President of the AS of Moldova, Technical University of
Moldova (Chisinau, Moldova) H=42

KHARIN Stanislav Nikolayevich, Doctor in Physics and Mathematics, Professor, Academician
of NAS RK, Kazakh-British Technical University (Almaty, Kazakhstan) H=10

DAVLETOYV Askar Erbulanovich, Doctor in Physics and Mathematics, Professor, al-Farabi Kazakh
National University (Almaty, Kazakhstan) H=12

CALANDRA Pietro, PhD in Physics, Professor at the Institute of Nanostructured Materials
(Monterotondo Station Rome, Italy) H=26

News of the National Academy of Sciences of the Republic of Kazakhstan.

Physical-mathematical series.

ISSN 2518-1726 (Online),

ISSN 2224-346X (Print)

Owner: RPA «National Academy of Sciences of the Republic of Kazakhstan» (Almaty). The certificate of
registration of a periodical printed publication in the Committee of information of the Ministry of Information
and Social Development of the Republic of Kazakhstan No. 16906-2K, issued 14.02.2018

Thematic scope: publication of priority research in the field of physical and mathematical sciences and
information technology.

Periodicity: 6 times a year.

Circulation: 300

Editorial address: 28, Shevchenko str., of. 219, Almaty, 050010, tel. 272-13-19, 272-13-18,
http://www.physico-mathematical.kz/index.php/en/

© National Academy of Sciences of the Republic of Kazakhstan, 2021

Address of printing house: ST «Arunay, 75, Muratbayev str, Almaty.
5




ISSN 1991-346X Series physico-mathematical. 3. 2021

NEWS

OF THENATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X

Volume 3, Number 337 (2021), 65 — 74 https://doi.org/10.32014/2021.2518-1726.48

UDK 521.1
MRNTI 41.03.02
A.T. Ibraimova
Fesenkov Astrophysical Institute, Almaty, Kazakhstan
E-mail: ibraimova@aphi.kz

EVOLUTION EQUATIONS OF THE RESTRICTED THREE-BODY
PROBLEM WITH VARIABLE MASSES

Abstract. In classical celestial mechanics, the theory of perturbation based on Keplerian motion is
well developed. Various kinds of perturbed motion equations are described by canonical equations,
Lagrange equations and Newton's equations. The masses of bodies are assumed constant and the bodies are
point or spherical. Classical perturbation theory is a basic tool in the study of many astronomical problems.
Observational astronomy shows that the masses of real cosmic bodies change over time. Real celestial
bodies are neither spherical nor solid. Celestial bodies are non-stationary and their masses, sizes, shapes and
structures change over time as they evolve. There are now a number of studies with a community
bibliography of papers on the celestial mechanics of bodies of variable mass. However, the perturbation
theory for unsteady space systems is not sufficiently developed. Therefore, we considered a gravitational
system consisting of three spherical celestial bodies, with spherical density distributions, with variable
masses in the restricted formulation. We have considered the general case where the masses of the bodies
change non-isotropically at different rates, in the presence of reactive forces. We will assume that a body
with infinitesimal mass has no effect on the motions of the two main bodies. The problem was investigated
by methods of perturbation theory based on aperiodic motion along the quasi-conic section developed for
nonstationary gravitating systems. Evolution motion equations of a less massive body and a small body in
oscillating elements, in the relative coordinate system, have been obtained.

Key words: restricted three-body problem, non-isotropic mass change, reactive forces, aperiodic
motion along a quasi-conic section, perturbed motion equations in the form of Newton's equation.

1. Introduction. Modern celestial mechanics mainly applies the perturbation theory based on
Keplerian motion. Classical perturbation theory is the basic tool in the study of many astronomical problems.
Various kinds of perturbed motion equations are described by the canonical equations, the Lagrange and
Newton equations. In this case, the masses of bodies are assumed constant, the bodies are point or spherical.
However, observational astronomy shows that real celestial bodies are neither spherical nor solid. Their
masses, sizes, shapes and structures change over time.

The novelty of our work is that we considered a model problem proposed as an initial approximation
for the problems of celestial mechanics of bodies of variable mass in the form of Newton's equations. On
the basis of this model problem, methods of perturbation theory are developed and new forms of perturbed
motion equations of the restricted three-body problem with variable masses in the presence of reactive forces
are obtained.

2. Problem statement and motion equations in the relative coordinate system. Consider a
gravitational system consisting of three spherical celestial bodies, with spherical (or point) density
distributions, with variable masses. Let, To be the more massive body, T: the less massive body, then the
main bodies. Let us denote by T, the body with a very small mass, then the body with a small mass.
Accordingly, we denote the masses, which are functions of time and are considered known
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m, =m, (t), m =m(t), m, =m, (t). (2.1)
Let's assume that the masses of bodies decrease due to separating particles and increase due to
joining particles. In this case, in general, the relative velocity of the separating particles from the body differs
from the relative velocity of the joining particles to the body. Let us consider the general case when the
masses of bodies change non-isotropically at different rates, in the presence of reactive forces [1]
My, M Mo , M LIS (2.2)
mO ml mO m2 ml m2
Let's assume that the body with a small mass m,, does not affect to the motion of the two main
bodies with masses mg and m1, and this is the statement restricted of the considered problem of three bodies
with variable masses

m, <<m,, m, <<m,. (2.3)
The motion equations of the two main bodies in the relative coordinate system, with the origin in
the center of the body Ty (the central body) will be written in the form

T+ (m, +m)rr =F, (2.4)
1

F=F(t), L=yx+y +7 (2.5)

Accordingly, the motion equations of a infinitesimal mass body in the Newtonian field of attraction
of two main bodies in the relative system of coordinates looks like
r .

é+fmor—23:H2+lfz, (2.6)
2
I, =grad U, U= fml(i— X%+ ylgz +le2}, =X +Y," +2,°, (2.7)
I, n
I _ 2 2 2
Fz = Fz(t)v h, _\/(X1_Xz) +(y1_Y2) "'(Zl_zz) =0y (2-8)

In equations (2.4) and (2.6) f is the gravitational constant, If1 If2 is the net reactive force.
In the orbital coordinate system the perturbing forces (2.5), (2.7), (2.8) can be written in the form

F=F(t)=F,(t)-& +F, ()& +F,(t)&, (2.9)
|f=ﬁ(t)=F2r()e+F2,()e+F2n() €, (2.10)
M, =11, (t, X, ¥1,2,, %, ¥,,2,) =I1,, & +1I1, -6 +I1,, -&,, (2.11)

where Ifir the radial (directed along the radius vector), FiT transversal (perpendicular to the radius vector,

lying on the plane of the instantaneous orbit and directed toward the motion side) and Ifin normal

(perpendicular to the plane of the instantaneous orbit) components of the reactive forces, similarly for
I1,,,I1, ,II,, . The moving orthogonal trihedron of unit vectors €,, € , € =€, x€_ form the right triplet
[2]-[6].

The obtained motion equations of the restricted three-body problem with variable masses in the
presence of reactive forces (2.4), (2.6) are in general very difficult. Therefore we investigate the problem by
the methods of the perturbation theory based on the aperiodic motion along the quasi-conic section
developed for such nonstationary gravitating systems [7].

3. Perturbation theory based on aperiodic motion along a quasi-conic section. A number of
problems in celestial mechanics of bodies with variable masses can be described by equations of the form
as the two-body problem [8] with variable masses in the presence of perturbing forces
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P _

r+fv——ar-br=W, (3.1)

-

where T =T (X,Y,2)- radius vector, F =V - velocity, v =", (t)+v,(t)=v(t), a=4(t), b= 5(t)
given functions of their arguments. W =W (t, r, ?) =W (Wr W W, ) - perturbing function.
When

a=XY,7) 5L LV, 7|7 W =0, (3.2)
2\Vv vy y 2\v y)y
where y = }/(t) is an arbitrary dimensionless time function, the concrete form of it we determine depending

on the concrete form of the equation (3.1) of the considered problem, we have a perturbed motion.

For our goals, the following system of oscillating elements is preferable [9]

a,ei,7,Q, 4, (3.3)

which are analogues of the semi-major axis, eccentricity, inclination, longitude of the pericenter, longitude
of the ascending node, and mean longitude in the orbit of the corresponding Keplerian elements, in the case
of quasi-elliptical motion (e(t) < 1).

To investigate our restricted three-body problem with variable masses varying non-isotropically at
different rates, in the presence of reactive forces in the relative coordinate system (2.6), we further use
perturbed motion equations in Newton form

2 H 2
4o 28 e5|n0.|fr+2a E, pza(l—ez) (3.4)
p r
é=sing-F, +(cos€+—e+cose j-lf,, (3.5)
1+e-coséd
ar__cosu g (3.6)
dt 1+e-cosé
;'rz_cose.lfr+sm6(1+L)-lfr+Lsinu-tgl-lfn, (3.7)
e e 7p 7P 2
_ Sinu Ifn, (3.8)

(1+ecos€)sini‘

2 .

A= n[&j 2" i E v LsinutgloE +;{—cose- F +[1+Ljsin9- Ifr}, (3.9)
Myo 7P 7P 2 1++1-¢€° 7P

where

£ -, %{ﬂjﬂ CE-w %{ﬂf £ -w, %{ﬂf , 3.10)
Ho XM Hy X M Ho \ M

which were obtained earlier in the work [10].

4. The restricted three-body problem with variable masses changing at different rates in the
presence of reactive forces in the osculating elements. Proceeding from motion equations of the problem
under consideration in the relative coordinate system (2.4)-(2.6), let us rewrite them as perturbed motion
equations on the basis of aperiodic motion along quasi-conic section. To simplify the perturbed motion

equations, let us choose an arbitrary function y = )/(t) in formulas (3.1)-(3.10) in the following concrete
form
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V.7 v(t)
—+=1|=0, y= =y(t). (4.1)
(7 7] v(t) ®
Introducing the notation mg + m;=V, , we rewrite equations (2.4) in the form
ﬁ"'fvlLla_ﬁFl:Wl' le_ﬁfi"' 2: al(erthan)a (4.2)
r n v
W, = A n+F, (t) ) W, =F, (t)v W, =F, (t) ) (4.3)
1
v, (ty)
=——>=y,(t), 4.4
7/1 Vl (t) 7/1( ) ( )

where W, (W,,,W, ,W,,) - perturbing force.

Then, the perturbed motion equations of the less massive main body, as a general two-body problem
with variable masses in the presence of reactive forces, on the basis of aperiodic motion along the quasi-
conic section (4.2) in the osculating elements (3.3), have the form

2 H 2
8, = 228Gy 2y (45)
P, h
6 =sing,-W, +| cosg, + 2% |y (4.6)
1+e,cos6,
di cosu «
L BT 4.7)

dt 1+ e, Cos6,

7, =050 e SING (1+ h J-W{i +-siny, - tg oW, (4.8)
& & 7P 1P 2
sinu, .
_ W, 4.9
(1+e,cosd, )sini, (49)
2 .
jlznl( My + M, j N 1-¢’ -W1j+Lsinu1-tg|El~Wl:+
My +M
o T Moy 7Py 7Py (4.10)

1 . r, . "
+————| —cosg, -W,, +| 1+—L |sing, -W,. |,
1+41-¢ { s ( 71p1j S }
) 12 12
Wlt :er[ \/E [ylvmj J: le :er[ \/E (}/1‘/10] ]' Wl: :Wln[ \/E (71‘/10_} ] (4.11)

frp\ v Ve U frp\ v

Now consider the perturbed motion equations of a massless body in the attraction field of two main

bodies
Befm2-l2p oW, W, =-L2p 0T, 4 F =W, (W W, W), (4.12)
L7 72
W2r z_%rZ +H2r +F‘2r (t)’ WZT :HZT +F‘21 ([) ' W2n :HZn +F’2n (t)’ (413)
2
m, (t
V.= O(O)zyz(t)’ (4.14)

where VV2 (WZr’WZr’WZn) - perturbing force.
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Accordingly, the motion equations of a infinitesimal mass body (4.12) in the osculating elements
(3.3) have the form

2a e,sing, 2a

a"z 22T T2 W WZZ" (415)
P, I
6, =sing, W, +| cosg, + 2% | - (4.16)
1+e,cos0,
di cosu .
di, _ : W (4.17)
dt 1+e,cos6,
7_[2__0059 W S'n02[1+ r ].Wz*r+r—zsinu2-tgl—2-W2*n, (4.18)
€, €, V2P, V2P, 2
sinu, .
O, - W (4.19)
(1+e,cos6, )sm|2
— My 1—e2 W,
=n,| —> —e, ‘W, +——sinu, tg W, +
m
00 ?/2 p2 }/2 p2 (420)
1 « r
+————| —c0s6, ‘W,, +| 1+—2—|sing, -W,, |,
1+,/1—e§{ L [ 7’2p2] i }
12 12
T R A | P [7am
W, =W,, : W, =Wo, | == '
fmg L Mo T Mo (4.21)

JP, (7 )
W* :W 2 2°°°00 .
2n 2n [fmoo ( mo ] J

5. Averaging and obtaining evolution equations. The evolution equations of a less massive body

has the form
12
a:eczzai-ﬁf(t)[ o [—%] J 6.

f Vig Vi

y
o _g i[5+efj Jn [Jﬁvloj 2 F. (1) (5.2)
' ' P 2 ViU m ’

. Y2
dllsec 3a,| P [ 7V
-1 —_eCcoS@m —| L—| 110 F.(t), 5.3
€ il 2 { [—f Vi [ v, 1n ( ) ( )

_ V2
O — _el?’;aism 6_01 Fln (t)[ﬂ(mJ J , (54)

. i ) V2
ﬁf“{—&(?ﬁel S";“’l-tg'éﬁn (t)j—(u%JiFk(th Ry (t)}[ o LMJ J (55)
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2

2
j’isec:nl( m, +m, J _|:(2+3e12) e1 a1 _

mOO + mOl l pl

(2 2\ & /1_ 2 _ & F — .
[( +e1)71|01 g 14 J1—e? (1) (56)

.. . . 2
_3ag " n sin @, ‘tgl_lF (t) \ P [7/1‘/10}
In :
2 71 1+w[1_912 Py 2 \ fvlo Vi

Now let us consider the evolution equations of a infinitesimal mass body. It is known that to
calculate the secular perturbations of the first order, the perturbations generated by each force can be
calculated separately, then they should be summed up.

Therefore, the secular perturbations generated by the Newtonian gravitational force

= graerU ' U= fm, (i_ XX, + ylzlz + 2122] , [, = /XZZ Ty2iz,r, (57)

I h

can be calculated separately. In our problem, as in the classical restricted three-body problem, the secular
perturbations are generated only by the main part of the perturbative function of Newtonian gravity (5.7)

U=fm (ij =U prim. — fm, (ij. Ap =T, (5.8)
ho A

Averaging the expressions (5.8) by 4, we get

sec T ﬂl
U = i § 59
hy ! AL (5.9)
Then we can write
ﬁZr :a_U ﬁZT :a_U ﬁZH 26_U’ (5.10)
oe, oe, oe,
in the right side of it is necessary to calculate the derivatives along the directions of €,, €_, €, from the

scalar quantity (5.9).
In the adopted notations (5.9), (5.10), the equations of evolution equations for the analog of the
semi-major axis looks like

gl o T}
nafen]
Sl

The expression (5.9) can be interpreted, according to the Gaussian interpretation, as the potential of
a quasi-elliptic spiral with parameters (al, e, i, Q, ﬂl) and with mass m, per outer point T, .

Let us show that in equation (5.11) the expression in the curly bracket in the second summand is

zero.
It is true that in deriving the Lagrange perturbed motion equations from Newton's equation, for
secular perturbations generated by the Newtonian gravitational force, the well-known relation takes place

— 70 ——
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n In n,
6U= aesHH aH' (5.12)
04, 1-¢? r,
In the left part of equation (5.12), after averaging over 4,, it is clear that
Qz . (5.13)
04,

Therefore, at calculating the first-order secular perturbations, in the perturbed motion equations in
the form of Newton's equations (5.11), it takes place

3
B ﬂffiﬂflzy % .11, \ar, =0. (5.14)
27 0 1-¢? A

Therefore, the second component in equation (5.11) is zero

2 3
(] ]n;{;,,g [(rlaze%) e, (1) nr—fz[””]}‘z}‘”‘

Thus, equation (5.11) has the form

csec 1°2 2ae \/p72 7,Mgo v
4= { o sme( 72r JrFZr()}[—_fmo0 (—mo ] }r
Za \/p72 V2Mgo ”

= ()[—WOO 2 J}dﬂ?.

Expanding the integrals into series according to the formulas of unperturbed motion up to the second
degree of eccentricity, and averaging by 4, from equation (5.15) we get

L) P (ramy )
_oF, ()( 2}[__%{ . ] | (5.16)

By averaging, we obtain evolutionary equations for the other osculating elements

2
& z{_azj;_z_eZ(ﬁ;C*'l’ﬂZr(t))*_ez D, (1+ 2 (775 + £, (1)) -

) 5.17
38, [ s \/p_z V2Moo ' ( :
—€, (Hzr —F, (t)) Tt | m '

2p, Jfmg, L my

. 12
dl;ec 3 a, r7sec V p2 72m001
=———=¢,c08w, (I,  +F, (1)) —| —— , (5.18)
dt  2p, ° 2T+ F, ())[meoo m,

3a, sinw VP, [ 7,m v
O =-=2""2¢ ([I3*+F, (t | Lo 5.19
i 2 p, sini, 62( o+l ))[V fmg, L Mo j J .

- sec 3 7/2 e2 F7sec
7, =|—-a,—| = +——t sinw, -F,, (t) |- 1L -
2 |: 22(?/2 ]/zpz gz 2 n() 2r

. 12
a.e L . 3 - NS
-F, (t)—-—22tg-tsinw, —IT;° Moo ,
Zr() 2P, 92 22 2n:|[ ,fmoo( mo ] }

(5.15)

(5.20)
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2 2.
ﬂ"zsec :nz(&] +|:2a_2}/22(1+ge§j l]__ezz —

My, P,7,
e? ) 2a a,e i, . 3.
- 1+—2j—2 J1-€2 (1+F, (t))-—22-tg-2-sinw, = I3 +
( 2 )y,p, 2( 2()) V2P, 2 227

a,

i 1
+ tg-=-F,, (t)cosw, + ———F,_(t) |- (5.22)
72p2£ 2 ¢ () ’ 1+\¢1—e§ ’ ()J

_%_%{m_%.tgg.pznw#}

2y, P, 2 1-‘:—«[1—65
2
€ = 4+ F \/p72 (7/2mooj
NP ,—1_65( o+ Zr(t))}[ il m ) |

1 T r7sec 1 T F7sec 1 T r7sec
E!thﬂz =11, gi[nmdﬂ“z =11, E!Hndﬂz =1 (5.22)

where

Conclusion. We obtained the evolution equations of motion of a less massive body in osculating
elements. Evolution equations of a infinitesimal mass body in osculating elements are obtained in principle,
in fact it is necessary, with the necessary exactitude, to give a expansion of the Newtonian force function.
Such expansion of the perturbative function of the Newtonian gravitational force will be obtained using the
Wolfram Mathematica package. The evolution equations are suitable for the general case, i.e. when the
masses of bodies change non-isotropically at different rates (both mass growth and mass decrease), in the
presence of reactive forces.

After the expansion of the perturbative function generated by the Newtonian gravitational force, we
further investigate it numerically, using Wolfram Mathematica mathematical package. The resulting
equations will be suitable not only for planetary systems, but also for binary stars.

This research has been funded by Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08052312).

A.T. UopanmoBa
B.I".®ecenkoB aTeiHAaFb! acTpodu3uKa HHCTUTYTHI, AnMathl, Kazakcran
E-mail: ibraimova@aphi.kz

MACCAJIAPBI AHHBIMAJIBI LIEKTEJITEH YII JEHE MOCEJECIHIH
IBOJIIONUSIBIK TEHJIEYJIEPI

AnHoTanus. KiaccukamibpIK acriaH MeXaHHKACBIH A KeTiIep KOFaIbICHI HeTi31H/Ie YHBITKY TEOPHUSICHI
JKAKCHI JaMbIFaH. ¥ MBITKBIFaH KO3FaJIbIC TEHICYIICPIHIH TYpiiepi KOHOHABIK TeHIeyIepMeH, Jlarpanxk skoHe
HeroToH TeHneynepimMen cunartanrad. COHbBIMEH KaTap Maccalapbl TYPaKThl JEHENepiH, HYKTE peTiHge
HeMece cdepalblK JeHE PeTiHIe KapacThpbliaipl. KemnTereH acTpOHOMHSIIBIK MACeNeNepai 3epTTeyae
KJIACCUKANIBIK YHWBITKY TEOPHsCHl 0acThl Kypasl OoJbIn TaObLIagbl. 3aMaHayd OaKbUIay acTPOHOMHUSICHI
HaKTHI FAPBILITHIK JCHENEPIiH Maccalapbl YaKbIT 6Te ©3repeTiHiH pactayna. LlIsHaibI FaApBIITHIK ACHENEP
cepablK eMec )KOHEe KaTThl JAeHe eMec. AclaH JeHenepi OelicTaoHap, YBOIIONUS KE3CHIH/IE OIap IbIH
Maccajapsl, eJmeMaepi, MIIHAepi )KoHe KYPBUIBIMBT e3repei. Kazipri Tanma aliHbIMaTbl Maccabl acliaH
MeXaHHMKachl Oipkarap OOWBIHIIA ayKBIMIBI 3epTTeyliep OHOMMOrpadUsIIBIK KYMbICTaphl Oap. Anaiina,
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OelicTalMOHAp FApPBIUTHIK JKYHeJlep YIIiH YHBITKY TEOPHSCHI KETKITIKTI AaMmbiMaraH. OcbiFaH opaii 6i3
IIEKTENTeH KOWBUIBIMIAFBl Maccallapbl aWHBIMAaNbl, THIFBI3ABIFEI cepa OOWBIHINA YIECTipiiareH
TpaBUTAIMSUTAHYIIIBI VI chepaltbl acliaH IeHeIePiHeH TYPaThIH JKYHeH1 KapacThIpasiK. COHBIMEH KaTap, 013
PEaKTUBTI Kyl Oap ACHENEpAiH Maccajapbl M30TPONTHI €MeC dp TYpPJi KapKbIHAAa ©3TCPETiH KaJIIbl
JKaFIaibl KapacThIpJBIK. Maccackl a3 JIieHe €Ki Heri3ri JeHeNep/iH KO3FalbIChlHA dcep eTHeWIi aemn
ecenTeriMi3. ATamFaH Mocene OeicTallMOHap TpaBHTANMSUIAHATBIH OKYHelep YINH JaspiaHfaH
KBa3MKOHYCTBHIK KHMa OOWBIHIIA anepHUOAThI KO3FAlbIC HETi3iHAET YUBITKBIFAH TEOPHS QIICTepiMEH
seprrenai. CalbICTBIpMaibl KOOPJIMHAT JKYMECIHJEriT MacCHUBTI JIeHE MEH Maccachl a3 JICHEHIH
OCKYJISIIHSIIAYIIBI AJIEMEHTTEPIHIH 3BOIOIHSITBIK TEHICYIIEP] allbIHIbL.

TyiiiH ce3aep: IIEKTENTEH VI JCHE MOceJeci, MacCaHBIH HM30TPOITHI €MEC ©3Tepyi, PEaKTHUBTI
KYIITEpP, KBAa3UKOHYCTHIK KUMa OOMBIHIIIA alIepUOTHI KO3FalIbiC, HEIOTOH TeH ey Iepi TYPIHCTI YIUBITKbIFaH
KO3FaIlbIC TEHACYIEPi.

A.T. UopanmoBa
Actpodusnyeckuit uncTuTyT uM. B.I'.decenkoBa, Anmatsl, Kazaxcran
E-mail: ibraimova@aphi.kz

3BOJIIOIIMOHHBIE YPABHEHUS OTPAHUUYEHHOM 3AJAYY TPEX
TEJI C IEPEMEHHBIMHU MACCAMUA

AnHoTanms. B xmaccuueckoil HeOECHOM MEXaHUKE XOPOIIIO pa3BUTa TEOPHUS BO3MYIICHUS Ha Oa3e
KEIUIEPOBCKOTO  JABIKEHHWS. PasznuyHble BUABI ypaBHEHHS BO3MYILECHHOTO [BIDKCHHS OIMCAHBI
KaHOHWYECKUMH YPaBHEHUSMH, ypaBHeHHAMH Jlarpanxa u ypasaeHusamu Herotona. [Ipu aToM Maccer Ten
CUMTAETCS MOCTOSIHHBIMH, Tella TOYeUHbIMH Win chepuyeckumu. Kiaccuueckass Teopus BO3MYILCHHS
ABJISICTCS. OCHOBHBIM HMHCTPYMEHTOM B HM3YYCHHH MHOTHX acTpOHOMHYecKHX mpodOiem. CoBpeMeHHas
HaOJIfo1aTeIbHAsT ACTPOHOMHS CBHJCTENBCTBYET O TOM, YTO MAacChl PEATbHBIX KOCMHYECKUX Tel CO
BpeMeHeM MeHAoTcsa. PeanpHble HeOecHble Tenma He chepudHble W He TBepable. HebecHble Tema
HecTallMOHApHBIE, B TMPOLECCE HBOJIONWM MEHSAIOTCS MX MacChl, pa3Mepbl, OpMBI M CTPYKTYypbl. B
HACTOSIIEEe BpeMsl CYIIECTBYET psij HCCIeAOBaHUM ¢ oOmmpHON Oubmuorpaduelt paboT mo HeOGecHOMH
MEXaHUKe Tell TMepeMeHHOH Macchl. OHAKO TEOpHUs BOSMYIICHHUS Ul HECTAI[HOHAPHBIX KOCMHYECKHX
CHCTEM He JI0OCTaTOYHa pa3BUTa. B CBS3M C 3THM MBI paCMOTPEIH TPAaBUTHUPYIOLIYIO CUCTEMY COCTOSIIANCS
u3 Tpex chepuaeckux HeOEeCHBIX Tell, CO CHEPUIESCKUMH paclpeesIeHUsIMH IIOTHOCTEH, C IIepeMEHHBIMH
MaccaMu B OTPaHMYEHHOH IMOCTaHOBKE. MBI pacCMOTpeNU OOIIHMiA CiTydaid, KOT/1a MacChl TeJ U3MEHSFOTCS
HE HM30TPOIHO B Pa3IMYHBIX TEMIIaX, NPU HaJMYUM PEaKTUBHBIX CWI. byaeM cuuTarh, 4TO TENO C
0ECKOHEYHO MaJlol Maccoil He BIHUSICT Ha JBW)KEHHsI JBYX OCHOBHBIX Tenl. [IpoGmema wmcciemoBana
METOJJaMHU TEOPUH BO3MYIIICHUH Ha OCHOBE allepuoJMYECKOTO IBH)KSHHUS 110 KBA3UKOHHYECKOMY CEUCHUIO,
pa3pabOTaHHBIX JJISI HECTAIIMOHAPHBIX TPABUTHPYIOMMX cucTeM. [1oydeHsl SBOMIONMOHHbBIE YPaBHEHUS
JBIDKEHHST MEHEE MACCHBHOTO Tejla M MaJIoTO Tela B OCKYJHMPYIOUIMX JJIEMEHTaX, B OTHOCHUTEIHHOM
CHCTeMe KOOPJIUHAT.

KirodeBble c10Ba: orpaHW4eHHAs 3a71a4a TPEX TeJ, He N30TPOITHOE N3MEHEHHUS MaceC, PEaKTHBHBIC
CHIIBI, allepUOIMUECKOE TBUKEHHE 110 KBa3HKOHMUYECKOMY CEYCHHUIO, YPaBHEHUS BO3MYIICHHOTO JIBUKEHHUSI
B (popme ypaBHeHUsI HploTOHA.
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