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ABOUT STABILITY OF DIFFERENCE DYNAMIC SYSTEMS (DDS)
ON THE FIRST APPROACH

Abstract. This article discusses difference dynamic systems (DDS). We want to get information
about the existence and stability of solutions to difference dynamical systems. The effective method for such
researching is the method of evaluating functions that depend on the known parameters included in the right
side of the DDS. Moreover, it is possible to investigate DDS, in which the right-hand sides are not
necessarily analytical. In this article, we explore a new analogue of Gronwall's result for DDS. In this paper,
we investigate the problem of stability in the first approximation based on discrete inequalities.

Key words: difference dynamical systems, discrete inequalities, estimates, Gronwall inequality.

1 Introduction. In this article are given the applications of discrete inequalities of the Bellman or
Bihari type to the learning of the stability of linear and nonlinear differential equations [1]. In [2] can be
found numerous applications to the theory of existence and uniqueness of differential equations, as well as
[3], [4]; in [5] is indicated applications to priori estimates for the classes of solutions of partial differential
equations. Over the past few years, several authors have established some Gronwall-type integral
inequalities with one or two independent real variables [6] - [16].
Residual and summarized residual difference inequalities are widely used as a research tool in the qualitative
theory of discrete systems [17], [18]. These inequalities were used to study some general properties of
difference dynamical systems, in particular, Lyapunov stability [19].
In a qualitative study of DDS, in many cases, the DDS solution is estimated by functions that depend on the
known parameters included in the right-hand sides of the DDS. For this, it is necessary to use a ready-made
discrete inequality of the Bellman, Bihari or Gronwall type. But not for all DDS one can find the
corresponding ready discrete inequality.
The following discrete analogue of Bellman's inequality is closely related to the above DDSs.

Let @(n) - monotonically non-decreasing, and also x(n), f(n) - non-negative functions for

vn/ne N, ={n,,n, +1...}.
If the inequality works [19]
n-1
x(N) <w(n)+ > f(s)-x(s), vn/neN,,

s=0
The inequality will be

n-1
x(n) <w(n)- [T+ f(s)], vn/neN,.
s=0
In this paper, we investigate the problem of stability in the first approximation based on discrete
inequalities. In this article, we explore a new analogue of Gronwall's result for DDS. The article investigates
the property of DDS stability.
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2 New discrete analogue inequality Gronwall.
Theorem 1. Let functions U, g, are continuous and functions a,, b, are summarized, assume that b

n?'

g, are nonnegativeon N, = {no,n0 +1,...,n, + k} and satisfy the inequality

n-1

U,<a,+b, > gU, vn/neN, 1)
then the inequaﬁi::;
Unsan+bnniakgkﬁ[l+bsgs],Vn/neNnO. (2)
is true. - -

Proof: Indicate
V, = :Z:,gkUk ) (3)

itis obvious that v, =0, Av, =g,U,.
Note that multiplying both parts of the inequality (1) on g, obtain:
gnUn S a'ngn +bngnvn’

Av, <a,9,+b,g,v,, v, =0. 4)
Let us define the function w,, by the equality
n-1
Vn :WnH[1+bkgk]' (5)
k=n,
therefore
Vn
Wo =7 —
[TR+b.g,]
k=ngy
considering (4) have
AW, = : Vi —— Vi — Vn+1n_ Vi [1+ bngn] —
H[1+bkgk] H[1+bkgk] H[1+bkgk]
k=ng k=ng k=ng
:Avn_bngnvn <angn+bngnvn_bngnvn _ a,9,
n - n n ,
H[1+bkgk] H[1+bkgk] H[1+bkgk]
k=n, k=n, k=ng

that is

n

a1
AW, Sna”—g” or Aw, Sangn(H[lerkgk]J .

[TR+bg.] o
k=n,
From here
-1
Wi — W, < angn(H[l-l_ bkgk]J .
k=ng
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We sum by n from n, to n—1, we get

k=ng k=ng k=ng s=n, k=ng
Hence
n-1 n-1
Vn < Zakgk H[1+bsgs]

k=n, s=k+1
The value v, substitute in (1), we get (2). The theorem is proved.
3 Application. Now consider the dynamic difference system
Xou = AMN)X, + F (N, %), X, =X, (7)
A(n) - nonsingular (M xm) matrix,
f N, xR™ >R"™ N, ={ng,n,+1...,n, +k,...f.
Let us present a solution x(n, X, ) DDS (7) in the following form
X, = X (00 o + 3 X (g K)f (K, %,) @

k=n,
where X (n,n,) is the fundamental matrix of the linear DDS:
Xnia = AN)X, .
From the ratio |f(k,Xk)| < 7/(k)|xk|m, vk >0,

where m - some positive number, m>1 yk)<e,

& - is an arbitrarily small positive number, we obtain the following inequality
n-1

X, <X (n, g x|+ Z‘X ‘1(n0,kj-y(k)|xk|m,VK >0.
k=ng

Let us introduce the notation, let |X (n, n )X,| = a(n)

and
X (ng, k) - 7(k) =w(n).
Then we get
n-1
X[ < @(n)+ > w(n)x|".
k=n,

Theorem 2. Let the function (n) - be continuous and the function w(n) - be summable. Suppose that
w(n)- is non-negative on N and satisfies the inequality

X, < w(n)+ nz_ll://(n)|XK|m,

k=n,

then for m =1 the inequality holds

— §) ——
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%, <)+ S ok )[R+ )]

k=ng s=k+1

Proof: Applying Theorem 1, we obtain the estimate

x| <o)+ S oy KT+ v (6).

k=ng s=k+1
The statement of the theorem follows from this inequality.

Theorem 3. Let the solution of the DDS
X, = Ax, + f(n,x,)+q(nx,) (9)

exists on N, where is Aa constant matrix, and f u gare continuous and limited on N U {0}, i.e. ...
X, <00
Let's consider that

a) the matrix A has all roots with ”ii (A)” <5<l i=1m

b) uniformly in X, for a sufficiently small value ”Xn” , the relation ||q(n,xn)
c) for any &> 0 there are positive numbers &=d(¢) u 1=1(g)e N such that|f(n,x,)| < &x,|
X, |<8, n=1.

Then theren, at n—o0.

Proof: Linear transformation
X, = X(n,No )Y, (10)

where y, =X, reduces DDS (9) to the form

Yo = Yo + X0 +10) £ (0, X (0,0 )y, )+ X *(n+1,n)q(n, X (n, ng )y, ).
We sum by n from 0to n—1, we obtain

= SXH L) (£ (0, X (00, )y, )+ aln, X (n,, )y, )+ X

k=ngy

Substituting y, in (10), we obtain

X, = X(000 kg + 5 X (K ko )X HK+1 ko )(F (K, X (kKo )y )+ alk, X (k.o )y, )

k=ngy
or
x, = X(n,n, xO+ZX‘1(k k) f(k,x, ) Zx (k. K)a(k, x, ) . (11)
k=n, k=n,
Because of || (n, x, )| < &]x,| (12)
and
Jla(n,x,}| =0 at n— oo, (13)

then applying (12) and (13) to (11) we get
n-1
[%a < Mo+ M 2 e, |

k=ngy

Applying a discrete analogue of the Gronwall's inequality [17] to the latter inequality we obtain:
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n-1
[, < M ||x0||exp(M Z(pk],where o <.

k=n,

Given that ||X (n, ny )X, | < &, we come to the inequality:

n-1
X, < gexp{M Z%J-

k=n,

Hence follows the proof of existence n, >0, that for a sufficiently small |x,|, solution x, —0 at
n— oo,
4 Stability property. Consider the DDS:

Xou = AMN)X, + F (N, %), X, =X, (14)
where A(n) - non-singular (M xm) matrix,

f:N, xR" >R"; N, = {ng,ny +1,...,n, +k,...}.

Theorem 4. Solution x(n,n,, X, ) DDS (14) satisfies the equation:

n-1
X, = X (0,0 )%, + > X (g, k)F (K, %, ), (15)
k=ng
where X (n,n,) fundamental matrix of linear DDS
Xn+1 = A(n)xn (16)
Proof: Let
X(n!no’xo): X(n!no)yna Yno = Xp- (17)

Then, substituting into equation (14), we obtain
X(n+1,n,)y,., = A)X(n,n, )y, + f(n,x,).
From whence
Ay, =X (n+1,n,)f(n,x,)
or summing by n from n, to n-1

n-1
Yo = 2. X (g, k+1)F (K, X, )+ X,

and substitutikrT;O in (17) we get
(0,19, %) = X (1, g + 5 X (,16)X (g, k +2)f (k. x,)
or -
(0,19, % ) = X (11 o + 5 X (15, K)F (K, %, ). (18)
Which proves the theorem. -
Theorem 5. Let X (n, no) fundamental matrix of linear DDS (16), let it go

f:N, xR™ ->R" f(n,0)=0;

HX *(n+1,n,)f(n, X(n, no)yn)‘ <o(n,|v.|), (19)
where function go(n,||yn||) does not decrease in n. Suppose solutions z, the equation:
Zn-*—l = Zn +¢(n'zn) (20)

—— 54 ——
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limited at n > n,.

Then the stability of linear DDS (16) implies the corresponding stability property of the zero solution of
DDS (14).
Proof: Linear transformation X, = X(n, n, )y, leading DDS (14) to the form:

Yo = Yo + X Hn+100) (0, X (0,0, )y, )
hence we have [y, .| <|y.|+ go(n, Iy, ||)
If [y, < z, we get:

lyal <2,
where z_ - solution of equation (20), so

[l <X (o Y o < X (0,16 )z,
Hence, if the solution to the linear DDS (16) asymptotically stable then:

IX(n,ngJj <M - A"

for some appropriate M >0 u 0 < A <1.
Then

||xn || <M A"z,

and this shows that the zero solution X, = 0 asymptotically stable.

Conclusion. In this researching was obtained a new discrete inequality, which is used to estimate the
solution of nonlinear DDS using the fundamental solutions of the linear approximation; moreover, the
property of DDS stability is investigated too. In conclusion, we note that the summarized residual inequality
will allow us to investigate the stability and boundedness, the asymptotic behavior of solutions of difference
dynamical systems. The results of the researching have practical importance for the verification of scenarios
for computer modeling and control of physical processes.
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Email: helen_nesina@mail.ru

CBI3BIKTHI EMEC AMBIPBIMABIK JUHAMUKAJBIK )KYWEJEPIHIH (AK)
BIPIHIII KYBIKIIACBIHBIH TYPAKTBLIBIFBI

AnHoTaums. OCsl MaKajIaaa albIPBIMIIBIK THHAMUKAIBIK KYHeTIep KapacThIphUTFaH. bi3 albIpIMIBIK
JIMHAMMKAIIBIK KYHEIepAiH HIeuryepi 0ap eKeHIIr )KOHE COJI MISITYJISPiH TYPAKTUIBIFBI TYPaJIbl aKIapat
NFBIMBI3  Kenefl. MyHpmail 3epTTey[iH THIMAI oici Oenrimi mapaMmerpiiepre Toyemai, aWbIPhIMIIBIK
MUHAMUKAIBIK JKYHeNepaiH OH jKarblHa KipeTiH (QyHKIMsUTapMeH Oaramay ofici 0o TaOBLTaIbI.
CoHbIMEH KaTap, OH KaK 06JIiKTepi aHAIMTHKANIBIK eMeC OOJIFaH JKaFaaiiia aa albIpbIMIBIK JHHAMUKAIIBIK
KyHenepai 3epTreit Oepyre myMKiHzik 6ap. byn makanana 613 I'poHyosutaHbIH alBIPBIMABIK JUHAMHKAIIBIK
JKylernepre apHaJIFaH HOTIDKECIHIH JKaHa aHaJIOTBIH 3epTTeiMi3. ¥ CHIHBUIBI OTHIPFAaH KYMBICTA AUCKPETTI
TEHCI3MIKTEP HETI31H/Ie, aTFANIKbI )KYBIKTAy KE31H/ET1 TYPaKThUIBIK MOCEIeci 3epTTene i

Tyiiin ce3nep: allbIPEIMIBIK IMHAMUKAIBIK KYHenep, TUCKPETTi TeHCI3AikTep, Oaranay, ['poHyoIt
TEHCI3IITI.
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OB YCTOMYHUBOCTHU PASHOCTHO-JTAHAMMYECKUX CUCTEM (PJIC)
IO NEPBOMY NINIPUBJIN/KEHHUIO

AHHoTanmsa. B naHHO#N cTaThe paccMaTpuBaloTCs pazHocTHBIe nuHammuueckue cuctemsl (PIC).
MBI XOTHM TONYyYUTh HH()OPMAIMIO O CYIIECTBOBAHUM W YCTOMYMBOCTH pEIICHHS] Pa3HOCTHBIX
JUHAMUYECKUX cHucTeM. O(QEeKTUBHBIM METOJOM TAaKOTO MCCIEJOBAHMUS SBISETCA METOX OLEHKH
(GYHKIUSAMH, 3aBUCSIIMMU OT HM3BECTHBIX IapamMeTpoB, Bxomsmux B mpaBbie vactu PIC. Ipuyem
uccnenosats MokHO PJIC, y KOTOpPBIX MpaBble YacTH He 00s3aTeIbHO aHAJIUTHIeCKue. B 3Toil craThe MBI
uccienryeM HOBbIM aHanor pesynsrata I'ponyosuia ans PJIC. B mpeanaraemoii pabore ucciemyercs
npo0iemMa yCTOHUYMBOCTH 110 IEPBOMY NPHOIMKEHUIO HA OCHOBE IUCKPETHBIX HEPABEHCTB.

KuroueBble cjI0Ba: pa3HOCTHBIE AWHAMUYECKHE CHCTEMBI, JUCKPETHBIE HEPABEHCTBA, OICHKH,
HEpaBeHCTBO I'poHyoiLna.
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