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NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical journal 
has been accepted for indexing in the Emerging Sources Citation Index, a new edition of Web of 
Science. Content in this index is under consideration by Clarivate Analytics to be accepted in the 
Science Citation Index Expanded, the Social Sciences Citation Index, and the Arts & Humanities 
Citation Index. The quality and depth of content Web of Science offers to researchers, authors, 
publishers, and institutions sets it apart from other research databases. The inclusion of News of 
NAS RK. Series of chemistry and technologies in the Emerging Sources Citation Index demonstrates 
our dedication to providing the most relevant and influential content of chemical sciences to our 
community.

Қазақстан Республикасы ¥лттық ғылым академиясы «ҚР ¥ҒА Хабарлары. Физикалық-
математикалық сериясы» ғылыми журналының Web of Science-тің жаңаланған нусқасы 
Emerging Sources Citation Index-me индекстелуге қабылданганын хабарлайды. Бұл 
индекстелу барысында Clarivate Analytics компаниясы журналды одан әрі the Science Citation 
Index Expanded, the Social Sciences Citation Index және the Arts & Humanities Citation lndex-ке 
қабылдау мәселесін қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар 
мен мекемелерге контент тереңдігі мен сапасын усынады. ҚР ¥ҒА Хабарлары. Химия 
жэне технология сериясы Emerging Sources Citation lndex-ке енуі біздің қоғамдастық үшін ең 
өзекті және беделді химиялық ғылымдар бойынша контентке адалдыгымызды білдіреді.

HAH PK сообщает, что научный журнал «Известия HAH PK. Серия физико-математичес-
кая» был принят для индексирования в Emerging Sources Citation Index, обновленной версии 
Web of Science. Содержание в этом индексировании находится в стадии рассмотрения 
компанией Clarivate Analytics для дальнейшего принятия журнала в the Science Citation 
Index Expanded, the Social Sciences Citation Index и the Arts & Humanities Citation Index. Web 
of Science предлагает качество и глубину контента для исследователей, авторов, 
издателей и учреждений. Вклю-чение Известия HAH PK в Emerging Sources Citation Index 
демонстрирует нашу приверженность к наиболее актуальному и влиятельному контенту 
по химическим наукам для нашего сообщества.
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ABOUT STABILITY OF DIFFERENCE DYNAMIC SYSTEMS (DDS) 
ON THE FIRST APPROACH  

Abstract. This article discusses difference dynamic systems (DDS). We want to get information 
about the existence and stability of solutions to difference dynamical systems. The effective method for such 
researching is the method of evaluating functions that depend on the known parameters included in the right 
side of the DDS. Moreover, it is possible to investigate DDS, in which the right-hand sides are not 
necessarily analytical. In this article, we explore a new analogue of Gronwall's result for DDS. In this paper, 
we investigate the problem of stability in the first approximation based on discrete inequalities. 

Key words: difference dynamical systems, discrete inequalities, estimates, Gronwall inequality. 

1 Introduction. In this article are given the applications of discrete inequalities of the Bellman or 
Bihari type to the learning of the stability of linear and nonlinear differential equations [1]. In [2] can be 
found numerous applications to the theory of existence and uniqueness of differential equations, as well as 
[3], [4]; in [5] is indicated applications to priori estimates for the classes of solutions of partial differential 
equations. Over the past few years, several authors have established some Gronwall-type integral 
inequalities with one or two independent real variables [6] - [16]. 
Residual and summarized residual difference inequalities are widely used as a research tool in the qualitative 
theory of discrete systems [17], [18]. These inequalities were used to study some general properties of 
difference dynamical systems, in particular, Lyapunov stability [19]. 
In a qualitative study of DDS, in many cases, the DDS solution is estimated by functions that depend on the 
known parameters included in the right-hand sides of the DDS. For this, it is necessary to use a ready-made 
discrete inequality of the Bellman, Bihari or Gronwall type. But not for all DDS one can find the 
corresponding ready discrete inequality. 
The following discrete analogue of Bellman's inequality is closely related to the above DDSs. 

Let ( )nω  - monotonically non-decreasing, and also ( )nx , ( )nf  - non-negative functions for
{ },1,/ 000 +=∈∀ nnNnn .

If the inequality works [19] 
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In this paper, we investigate the problem of stability in the first approximation based on discrete 
inequalities. In this article, we explore a new analogue of Gronwall's result for DDS. The article investigates 
the property of DDS stability. 
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2 New discrete analogue inequality Gronwall.  
Theorem 1. Let functions nU , ng , are continuous and functions na , nb  are summarized, assume that nb , 

ng  are nonnegative on { } ,,,1, 0000
knnnNn ++=  and satisfy the inequality 

 ∑
−

=

+≤
1

0

n

nk
kknnn UgbaU , 

0
/ nn n N∀ ∈  ,       ( )1  

then the inequality 

[ ]∑ ∏
−

=

−

+=

++≤
1 1

10

1
n

nk

n

ks
sskknnn gbgabaU , 

0
/ nn n N∀ ∈ .      ( )2  

is true. 
  Proof: Indicate 

∑
−

=

=
1

0

n

nk
kkn Ugv  ,         (3)  

it is obvious that 0
0
=nv , nnn Ugv =∆ . 

  Note that multiplying both parts of the inequality (1) on ng  obtain:  

nnnnnnn vgbgaUg +≤ ,  

nnnnnn vgbgav +≤∆ , 0
0
=nv .       (4)  

  Let us define the function nw  by the equality   

[ ]∏
−

=

+=
1

0

1
n

nk
kknn gbwv ,         (5)  

therefore 

[ ]∏
−

=

+
= 1

0

1
n
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kk

n
n
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v
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considering (4) have  
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that is 

[ ]∏
=

+
≤∆ n
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kk

nn
n

gb
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w

0

1
 or [ ]

1

0

1
−

=










+≤∆ ∏

n
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kknnn gbgaw .  

  From here 

[ ]
1

1
0

1
−

=
+ 










+≤− ∏

n

nk
kknnnn gbgaww . 
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  We sum by n  from 0n  to 1−n , we get 

[ ]
0 0

1
1

1
kn

n k k s s
k n s n

w a g b g
−

−

= =

 
≤ +  

 
∑ ∏ .      (6)  

From ( )6  it follows 

 [ ] [ ] [ ]
0 00 0 0

1
1 11 1

1 1 1
n k nn n

n k k n k k k k s s k k
k n k nk n s n k n

v g U w b g a g b g b g
−

− −− −

= == = =

 
= = + ≤ + ⋅ +  

 
∑ ∑∏ ∏ ∏ . 

  Hence 

[ ]∑ ∏
−

=

−

+=

+≤
1 1

10

1
n

nk

n

ks
sskkn gbgav .  

   The value nv  substitute in (1), we get (2). The theorem is proved. 
3 Application. Now consider the dynamic difference system  
 ),()(1 nnn xnfxnAx +=+ , 00

xxn = ,       (7)  

 )(nA - nonsingular )( mm×  matrix, 
 mm

n RRNf →×
0

: ; { } ,,,1, 0000
knnnNn ++= . 

  Let us present a solution ( )0, xnx  DDS (7) in the following form 

 ( ) ( ) ( )k

n

nk
n xkfknXxnnXx ,,,

1

0
1

00
0

∑
−

=

−+= ,      (8)  

where ( )0,nnX  is the fundamental matrix of the linear DDS: 
 nn xnAx )(1 =+ . 

From the ratio ( ) m
kk xkxkf γ<),( , 0≥∀k , 

where m  - some positive number, ( ) εγ <≥ km ,1 , 
ε  - is an arbitrarily small positive number, we obtain the following inequality    

( ) ( ) ( ) m
k

n

nk
n xkknXxnnXx γ⋅+≤ ∑

−

=

−
1

0
1

00
0

,, , 0≥∀k . 

  Let us introduce the notation, let ( ) ( )nxnnX ω=00,   
and 

( ) ( ) ( )nkknX ψγ =⋅− ,0
1 . 

  Then we get 

( ) ( ) m
k

n

nk
n xnnx ∑

−

=

+≤
1

0

ψω . 

 Theorem 2. Let the function ( )nψ  - be continuous and the function ( )nω  - be summable. Suppose that 
( )nψ - is non-negative on N  and satisfies the inequality 

( ) ( ) m
k

n

nk
n xnnx ∑

−

=

+≤
1

0

ψω , 

  then for 1=m  the inequality holds 
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( ) ( ) ( ) ( )[ ]∏∑
−

+=

−

=

++≤
1

1

1

1
0

n

ks

n

nk
n skknx ψψωω . 

Proof: Applying Theorem 1, we obtain the estimate 

( ) ( ) ( ) ( )[ ]∏∑
−

+=

−

=

++≤
1

1

1

1
0

n

ks

n

nk
n skknx ψψωω . 

  The statement of the theorem follows from this inequality. 

Theorem 3. Let the solution of the DDS 
  ( )nnnn xnqxnfAxx ,),(1 ++=+        (9)  

exists on N , where is A a constant matrix, and f  и g are continuous and limited on { }0∪N , i.e. ... 

∞<nx . 
        Let's consider that 

a) the matrix A  has all roots with ( )
____
,1,1 miAi =<< δλ  

b) uniformly in nx  for a sufficiently small value nx , the relation ( ), 0nq n x → at n →∞  

c) for any 0>ε  there are positive numbers ( )εδδ =  и ( ) Nll ∈= ε  such that nn xxnf ε≤),(  

lnxn ≥≤ ,δ . 

Then there 00 >n  exists such that for a sufficiently small
0nx  solution is 0nx →  at  n →∞ . 

Proof:  Linear transformation  
( ) nn ynnXx 0,= ,          (10)  

where 00
xyn =  reduces DDS (9) to the form 

( )( ) ( )( )nnnn ynnXnqnnXynnXnfnnXyy 0
1

00
1

1 ,,),1(,,),1( ++++= −−
+ . 

We sum by n  from 0 to 1−n , we obtain 

( )( ) ( )( )( ) 0

1

000
1

0

,,,,),1( xynnXnqynnXnfnnXy
n

nk
nnn +++= ∑

−

=

− . 

Substituting ny  in  (10), we obtain 

( ) ( ) ( )( ) ( )( )( )∑
−

=

− +++=
1

000
1

000
0

,,,,),1(,,
n

nk
kkn ykkXkqykkXkfkkXkkXxnnXx  

or 

( ) ( ) ( )∑ ∑
−

=

−

=

−− ++=
1 1

0
1

0
1

00
0 0

,),(,),(,
n

nk

n

nk
kkn xkqkkXxkfkkXxnnXx  .                 (11)  

     Because of ( ) nn xxnf ε≤,         (12)  
and 

( ) 0, →nxnq  at  ∞→n ,        (13)  
 then applying (12) and (13) to (11) we get 

∑
−

=

+≤
1

0
0

n

nk
nn xMxMx ε . 

   Applying a discrete analogue of the Gronwall's inequality [17] to the latter inequality we obtain: 
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≤ ∑

−

=

1

0
0

exp
n

nk
kn MxMx ϕ , where εϕ ≤k . 

Given that ( ) ε<00, xnnX , we come to the inequality: 









≤ ∑

−

=

1

0

exp
n

nk
kn Mx ϕε . 

Hence follows the proof of existence 00 >n , that for a sufficiently small ,0x solution 0→nx  at 
∞→n . 

4 Stability property.  Consider the DDS:   
),()(1 nnn xnfxnAx +=+ , 00

xxn = ,       (14)  

where )(nA - non-singular )( mm×  matrix,   
 mm

n RRNf →×
0

: ; { } ,,,1, 0000
knnnNn ++= . 

  Theorem 4. Solution ( )00 ,, xnnx  DDS (14) satisfies the equation:

 ( ) ( ) ( )k

n

nk
n xkfknXxnnXx ,,,

1

0
1

00
0

∑
−

=

−+= ,      (15)  

where ( )0,nnX  fundamental matrix of linear DDS 
 nn xnAx )(1 =+                               (16)  
Proof:  Let  
  ( ) ( ) nynnXxnnx 000 ,,, = , 00

xyn = .         (17)  
  Then, substituting into equation (14), we obtain 
 ( ) ( ) ( )nnn xnfynnXnAynnX ,,)(,1 010 +=+ + . 
  From whence 
 ( ) ( )nn xnfnnXy ,,1 0

1 +=∆ −  
or summing by n  from 0n  to 1−n   

 ( ) ( )
0

0

1

0
1 ,1, n

n

nk
kn xxkfknXy ++= ∑

−

=

−  

  and substituting in (17)  we get 

 ( ) ( ) ( ) ( ) ( )∑
−

=

− ++=
1

0
1

00000
0

,1,,,,,
n

nk
kxkfknXnnXxnnXxnnx  

 or   

 ( ) ( ) ( ) ( )∑
−

=

−+=
1

0
1

0000
0

,,,,,
n

nk
kxkfknXxnnXxnnx .     (18)  

  Which proves the theorem. 
Theorem 5. Let ( )0, nnX  fundamental matrix of linear DDS (16), let it go 

  mm
n RRNf →×

0
:  0)0,( =nf ;   

 ( ) ( )( ) ( )nn ynynnXnfnnX ,,,,1 00
1 ϕ≤+− ,      (19)  

where function ( )nyn,ϕ  does not decrease in n . Suppose solutions nz  the equation: 

 ( )nnn znzz ,1 ϕ+=+           (20)  
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limited at 0nn ≥ . 
  Then the stability of linear DDS (16) implies the corresponding stability property of the zero solution of 
DDS (14). 
Proof: Linear transformation ( ) nn ynnXx 0,=   leading DDS (14) to the form: 

 ( ) ( )( )nnn ynnXnfnnXyy 00
1

1 ,,,1++= −
+  

hence we have  ( )nnn ynyy ,1 ϕ+≤+ . 

If  00 zy ≤  we get: 

 nn zy ≤ ,  

where nz - solution of equation (20), so 

 ( ) ( ) nnn znnXynnXx 00 ,, ≤≤ . 
  Hence, if the solution to the linear DDS (16) asymptotically stable then: 
 ( ) 0

0, nnMnnX −⋅≤ λ   
for some appropriate 0>M  и 10 << λ . 
 Then 
 n

nn
n zMx 0−⋅≤ λ  

and this shows that the zero solution 0=nx  asymptotically stable. 
 

Conclusion. In this researching was obtained a new discrete inequality, which is used to estimate the 
solution of nonlinear DDS using the fundamental solutions of the linear approximation; moreover, the 
property of DDS stability is investigated too. In conclusion, we note that the summarized residual inequality 
will allow us to investigate the stability and boundedness, the asymptotic behavior of solutions of difference 
dynamical systems. The results of the researching have practical importance for the verification of scenarios 
for computer modeling and control of physical processes. 
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СЫЗЫҚТЫ ЕМЕС АЙЫРЫМДЫҚ ДИНАМИКАЛЫҚ ЖҮЙЕЛЕРІНІҢ (АДЖ) 
 БІРІНШІ ЖУЫҚШАСЫНЫҢ ТҰРАҚТЫЛЫҒЫ 

 
Аннотация. Осы мақалада айырымдық динамикалық жүйелер қарастырылған. Біз айырымдық 

динамикалық жүйелердің шешулері бар екендігі және сол шешулердің тұрақтылығы туралы ақпарат 
алғымыз келеді. Мұндай зерттеудің тиімді әдісі белгілі параметрлерге тәуелді, айырымдық 
динамикалық жүйелердің оң жағына кіретін функциялармен бағалау әдісі болып табылады. 
Сонымен қатар, оң жақ бөліктері аналитикалық емес болған  жағдайда да айырымдық динамикалық 
жүйелерді зерттей беруге мүмкіндік бар. Бұл мақалада біз Гронуолланың айырымдық динамикалық 
жүйелерге арналған нәтижесінің жаңа аналогын зерттейміз. Ұсынылып отырған жұмыста дискретті 
теңсіздіктер негізінде, алғашқы жуықтау кезіндегі тұрақтылық мәселесі зерттеледі 

Түйін сөздер: айырымдық динамикалық жүйелер, дискретті теңсіздіктер, бағалау, Гронуолл  
теңсіздігі. 
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ОБ УСТОЙЧИВОСТИ РАЗНОСТНО-ДИНАМИЧЕСКИХ СИСТЕМ (РДС)  
ПО ПЕРВОМУ ПРИБЛИЖЕНИЮ  

 
Аннотация. В данной статье рассматриваются разностные динамические системы (РДС). 

Мы хотим получить информацию о существовании и устойчивости решения разностных 
динамических систем. Эффективным методом такого исследования является метод оценки 
функциями, зависящими от известных параметров, входящих в правые части РДС. Причем 
исследовать можно РДС, у которых правые части не обязательно аналитические. В этой статье мы 
исследуем новый аналог результата Гронуолла для РДС. В предлагаемой работе исследуется 
проблема устойчивости по первому приближению на основе дискретных неравенств. 
 Ключевые слова: разностные динамические системы, дискретные неравенства, оценки, 
неравенство Гронуолла. 
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