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NUMERICAL SOLUTION OF THE INVERSE PROBLEM
FOR THE ACOUSTIC EQUATION

Abstract. This article presents the continuation problem for one-dimensional equations of acoustics.
Currently, one of the most difficult areas of research in applied mathematics is the reverse calculation of
wave propagation, which has an important area of application in geophysics and medicine. The propagation
of an acoustic wave in an inhomogeneous medium and the measurement of the return of some part of the
sound by special devices leads to the calculation of the initial-boundary for the partial derivative equation.
Most of these problems are ill-posed. One such ill-posed problem is the continuation problem. The
continuation problem is based on finding the value of the desired function in the rest of the boundary using
additional data in a certain part of the boundary. In this regard, we present the continuation problems to the
inverse boundary value problem. There are many methods for solving general boundary value inverse
problems, for example, the gradient method. In this paper, we construct a finite-difference scheme for this
inverse problem and find an unknown function on the characteristic from this difference equation by
inverting the difference scheme. The effectiveness of this method lies in a simple and accurate fast
calculation algorithm. To test the correctness of any method or algorithm, we first solve a direct problem by
specifying a exact function. Then we find additional information and solve the inverse problem. Let us
compare the inverse problem with solving a problem with an exact function. However, in practice it often
happens that additional information is provided with certain errors. Therefore, the correctness of the
algorithm was verified by adding different error levels to the additional information. Quantitative data and
graphs of these quantitative results are compared.

Key words: Acoustics equation, continuation problem, method inverse transformation difference
schemes, algorithm for solving the inverse problem.

Introduction. Currently, one of the most difficult areas of research in applied mathematics is the
inverse problem for wave propagation with an important field of application in geophysics and medicine [1-
6]. Of course, solving the inverse problem requires a very efficient and very accurate tool for solving the
corresponding forward problem, which means, in our case, numerical simulation of the propagation of
acoustic and elastic waves in inhomogeneous media [7-12]. At this time, one of the simplest, but the most
popular approaches to solving the direct problem is the finite difference method. And for solving the inverse
problem, the most famous methods are gradient methods, methods of inverse difference schemes, etc.

Statement of the continuation problem for the acoustics equation.
Consider the continuation problem in the domain A(L) = {(x,t):x € (0,L),t € (x,2L — x)}:

— 2§ ——
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Upe = Uyy — T(XU (x,t) € A(L) D
u,(0,8) = g(t) t € (0,2L) (2)
u(0,t) = f(t) t € (0,2L) (3)

Direct and inverse problem

Consider the ill-posed problem (4) - (6) as the inverse to the next direct (well-posed) problem. In
the domain A(L) = {(x,t):x € (0,L),t € (x,2L — x)} need to define u(x,t) for given q(x) and g(t)
from relations:

Upe = Upy — T(X)U (x,t) € A(L) 4)
u, (0,t) = g(t) t €(0,2L) (5)
u(x,x) = q(x) te(0,L) (6)

In the direct problem (4) - (6), it is required to determine u(x, t) for given q(x) and g(t).
The inverse problem is to determine the function q(x) from relation (4) - (6) using additional
information about the solution of the direct problem (4) - (6)

u(0,t) = f(t) t € (0,2L) @)

Finite difference scheme for solving the problem

For the numerical solution of the inverse problem, we use the method of inverse difference schemes.
Consider a finite-difference scheme for this problem.

Let us construct a grid wy, in the domain A(L) with astep h = L/N, where N — positive integer.

Then, in the grid wy, ={x; =i-h, ty=k-h;i=0,N, k =1,2N — 1}, we write down the
corresponding difference direct problem for the acoustics equation. Thus, equation (4) has the following
form:

ket k4o k=1 ok koo ok Kk k
wi T = 2uf Uppg = 2U7 F U Mg HTiog Uy H Uy

h? h? 2 2

hence, simplifying, we obtain
ukt T = (uf g el ) (A = R (g +1i20) /%)
We approximate the boundary condition (5), for this we use the Taylor formula in the variable x:
u(h,t) =u(0,t) + h-u, (0,t) + h? - uy, (0,t) + O(h3)

further
u(h, t) =u(0,t) + h-u(0,) + (h2/2) - (1 (0,8) + 7(0) - u(0,8)) + 0(h%)

from here we get
u(h, t) ; u(0,t) _g(utt(o' t) + 7(0) - u(0, t)) + 0(h?)

u,(0,t) =

then

uf —uf  h fuftt - 2uk +ukt N uk  +ul
= —_— o
=TT T2 n? 0T

Find uf:
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uf = he g+ (ufy +ufsy) (1 +10)/2

We also approximate the conditions on characteristic (6) and additional condition (7):
u; = q;
ug = fi

When discretizing problem (4) - (7), we used the pattern of the "rhombus" scheme. Now we first write an
algorithm for solving the direct problem (4) - (6).

(i1 + 7i-1) -1 i=1LN-1,
wl = (ufy + ) (1 )T e O
2 -
utt = (= ko) Gy W k=T2V-1 O
uj = q; =0, (10)

For a convenient numerical solution from the pattern of the "rhombus" scheme, we turn to the pattern of
the "square" pattern, Figure 1.

r
-
s

|
|
|
|
. 1 |
I
|
|
L

N
Figure 1. Mesh area wy,

_ (o1 (41 +15-1) . j=2ZN,
ul = (ur 1)(1— 2 h)—u}’_l n=1,-1 (11)
2 ,
J Jj- j-1 TN
] ( J —h- g]) (1 + ro) u’j—l ] = 1, N; (12)
u) = gq; j=0N (13)

Algorithm for solving the direct problem
1) We calculate by the formula (13) ud = g, and u? = ql,

2) We calculate by the formula (12) ul = (u — h - go) - S

—Uu
(1+r y o
3) And so on along the cycle j = 2, N we calculate by the formula (13) u}’ =q;;
4) By the formula (11) u?;
5) along the characteristic by formula (12) ujj we go to step 3.

Next, we numerically solve the inverse problem (4) - (7) with the method inverse transformation difference
schemes:

—— 28 ——
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k+1 k-1 -
uk = (uf +uf) _uk, i=1,N—1,
t (1 _ (ri+1:ri—1) . h2 ! k=12N—1
uk = h-gk+(u§‘+1+u£‘_1)-(1+r0)/2 k=12N -1,
ug = fi i=0,2N

For convenience, from the "rhombus" pattern template, we turn to the "square™ pattern.

n n-—1
(W] +uly

ut~1l = —ulx J=2ZN,

J (1_Wh2) 71 n:]—]_,O
[ B A € (Y TN
u = (uj +uj_1) 5 +h-g; j=1N,
u]]= | ]:0’_]\[

Algorithm for solving the inverse problem

1) We calculate by the formula (19) u]J =fj, j=0,N;

2) We calculate by the formula (18) uj‘l, j=1N;

3) We calculate by the formula (17) ' j =2,N, n=;— 1,0;
4) Calculate q; = u).

Computational experiment
Let's carry out a computational experiment for N = 100, L =1, r(x) =2 — (x — 0.5)?,

(14)

(15)
(16)

(17)

(18)
(19)

g(®) =0, h=L/N, To check the algorithm, we set the exact solution g, (x) = (1 — cos(6mx))/10 by
solving the direct problem, we determine the additional information f(t). And then we solve the inverse
problem by the method of inverse difference schemes (MIDS) and compare with the exact solution.

Computational experiments were carried out with different noise levels. Below are their results.

Table 1. Results of solution by the method of inversion of difference schemes for different noise

levels
Noise level [lg — goxll Time consumption
No noise 5.1-10715 0.14s
Noise 10% 0.08 0.15s
Noise 50% 0.34 0.16 s
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Figure 3. Comparison of the exact solution (M) Figure 4. Comparison of the exact solution(m) and
and the MODS solution( A) with 10% noise the MODS solution ( A) with 50% noise

Conclusion. An algorithm for solving the direct problem in the difference equation is constructed.
And also a numerical algorithm for the method of inversion of difference schemes. Computational
experiments show this method is numerically stable for different noise levels.
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Annortauus. by makananga Oip enmemMi akyCcTHKa TEHICYiH KaJFacThIpy ecedi KapacThIPBUIFaH.
Kazipri yakpeiTTa KoNmaHOanbl MaTeMaTHKaHBIH 3ePTTeY )KYMBICTAPBIHBIH €H KYp/elli OarbITTapbIHBIH Oipi -
reou3uKa MEH MEIUIMHAAA KOJIIaHAThIH MaHBI3bl canackl 0ap TOJIKbIHAAPABIH TapalyblHa Kepi OOJIbII
TaObUIaIbl. AKYCTHUKAIIBIK TOJIKBIHHBIH OIpTEKCi3 OpTaaa Tapaitybl )KoHE IBIOBICTBIH KeHOip 0eiri KaluThI
KeJyiH apHaiibl KYpbUIFBUIApMEH oliieyi aepOec TYBIHIBUIbI TeHeYTre KOUBUIFaH OacTamnKbl IEKTIK ecenKe
okeneni. by ecenrepiH KeIIIIiTi KUCBIHCHI3 00BN TaObuTa bl OChIHIAN KUCHIHCHI3 ecenTepAiH Oipi —
xanracTeIpy ece0i. XKanracTeipy eceOi Heri3i IeKapaHbIH OeNriii 0ip OeiriHaer KOChIMIIIAa MATIMETTEPIIH
KOMETIMEH IIeKapaHblH KajlFaH Oeliringeri GyHKUUSHBIH MoHIH TalOy Oonbin TaObutagpl. Ockiran opaii,
JKaFacTeIpy ece0iH 0i3 Kepi mekapalbK ecenke Kentipemis. JKammbl mekapablK Kepi ecenTepai KenTereH
Tociaepi 6ap, MBICABI TpamueHTTEp omici. by Makamama oChl Kepi €CenTiH aKbIPJIbI albIPBIMIBIK
CyII0AChIH YKacall, COJ albIPBIMABIK TEHAEYACH CUlIaTTaMaarbl 0emrici3 GyHKIHUIHbBI albIPBIMABIK CYJI0aHbI
Kepiney ojiciMeH TabaMbI3. by oficTiH THIMIUIIT ecenTey alropuTMiHIH KaparnaibiM JXKoHe 97 )KbUIIaM
Oomei TaOBIIaABl. Ke3 kenreH omic HeMece allrOPUTMHIH AYPBICTHIFBIH TEKCEpy YIIH alJAbIMEH HAKTHI
(GYHKIUSHBI KOWBIN Typa ecenTi mremrin anambi3. COChIH KOCHIMIIIA aKIapaTThl TAYBII ajibIl, Kepi ecemnTi
mememi3. Kepi ecen menrimid HakThl QYHKIUSMEH caibicThipambl3. COHBIMEH KaTap KONTEreH JKaraaiaa
KOCBIMIIIa aKmaparrap Oenriii Oip KaTenmikTepMeH OepiieTiHi mpakThkana ken kesneceni. Conm cebenTi
ITOPUTM JYPBICTHIFBI KOCHIMINIA aKIapaTKa opTYPJIi JICHIeH eri KaTeliKTep KOChITY apKbUIbl TEKCEPLIII.
Ocbl caHABIK HOTHKENEPIiH CaHIBIK MATIMETTEepl MeH rpaUKTepi CalnbICTHIPBUIBIT KEATIPIITeH.

Tyiiin ce3mep: aKycTuKa TEHJEYI, JKaIFACTBIPY ece0di, Kepi albIphIMIBIK CYII0a 9/1ici, Kepi ecemnTi
MIETTy aJITOPUTMI.
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YUCJEHHOE PEIIEHUE OGPATHOM 3AJIAYM /151 AKYCTUUYECKOI'O YPABHEHMUSI

AnHoTanus. B 370l cTaThe paccMaTpuBaeTcs 3a1a4a MpoJOHKEHUS ISl OIHOMEPHOTO YpaBHEHHUS
aKyCcTUKHU. B Hacrosiee BpeMsi 0qHUM U3 HauOoJiee CIIOKHBIX HalPaBICHUH MCCIeI0BATENLCKON PabOoThI
MPUKIIATHON MaTeMaTHKH SBISIETCS OOpaTHAs 3ajada pacrpoCTpaHEeHHs BOJH, UMEIOIIAs Ba)KHEHIIYIO
00acTh NpUMeHEHHsI B reo(pU3UKe U MeAnuIIuHe. PactipocTpaHeHne akyCTHIeCKOM BOJTHBI B HEOTHOPOHOM
cpeJie ¥ U3MEepEeHHe YacTH 3ByKa ClelIMaIbHBIMU yCTPOWCTBAMU MTPUBOJAT K HAUAIbHO-KPaeBoil 3ajaue Uit
YpaBHEHUS YaCTHBIX MPOU3BOIHBIX. BONBIIMHCTBO U3 ATUX 3aJa4 SBISIIOTCS HEKOPPEKTHBIMU. OIHUM U3
TaKUX HEKOPPEKTHBIX 3a/ad SBISETCS 3amada mpomospkeHus. OCHOBOHM 3aJadyl MPOJOIDKEHUS SIBIIAETCS
HaXOK/IeHUE 3HAYCHHsT UCKOMOM (DYHKIMH B OCTAJbHOM YaCTH T'PAaHMIBI C MOMOIIBIO JOTIOTHUTEIHHBIX
JTAHHBIX B ONPEJICIEHHON YaCTH TPaHMIIBL. B CBsI3U ¢ 3TUM 3a/1a4y MPOJI0KEHUS MBI TPUBOAMM K 0OpaTHON
rpaHUYHOM 3amaye. CyIecTByeT MHOXKECTBO CITOCOOOB IS pEIICHUs] TPaHUIHBIX 00paTHBIX 3a/1a4, TAKUX
KaK METOJI TPa/INE€HTOB.

B 3T0ii cTaTbe MBI TIOCTPOMM KOHEUYHYIO Pa3HOCTHYIO CXEMY 3TOHW OOpaTHOM 3a/lauu W HaieM U3
3TOr0 PA3HOCTHOTO YpaBHEHHMS HEHW3BECTHYIO (YHKIMIO B XapaKTEPUCTHKE METOAOM OOpalleHus
pa3HOCTHOH cxeMbl. D(PPEKTHBHOCTH ITOTO METO/[a 3aKIIOYAETCS B TOM, YTO BBIYMCIUTENHBIA aJTOPUTM
ABJISIETCS. IPOCTBIM U OBICTPBIM. UTOOBI MPOBEPUTH MPAaBHIBHOCTH JFOOOTO METOAA WM alrOPUTMA, MEI
CHavaja pemaeM 3a/aqyy IIOCTaBUB KOHKPETHYI0 (YHKIMIO, 3aTeM HaxOJUM JOTOJHUTEIbHYIO
nH(OpMAITHIO U peracM o0paTHyIo 3amady. OO0paTHYIO 3aauy CpaBHUBAEM C PEIICHUEM 3a1a9id UMEHHO C
peanpHOU ¢yHKIMEH. Kpome TOro, Ha mpakTHKE YacTO BCTPEYACTCA, YTO BO MHOTHX CIIydasx
JOTIONIHKTENbHAsT WH(pOpManus TepenaeTcs ¢ onpefeeHHBIMUA omuOkamMu. [1o3ToMy yCTOHYMBOCTD
aNropuTMa TIPOBEpsIIach IyTEM BKIIOYCHHS B JOTOJHHUTEIHHYIO HH()OPMALUIO OMMOOK pPa3sTUIHOTO
ypoBHs. [IpuBeeHbI YHCIIeHHBIE pacdeThl U IpadUKH ATHX YHUCIOBBIX PE3yIbTaTOB.
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KiroueBble cj10Ba: ypaBHEHHE aKyCTHKH, 33[a4a MPOIOJDKEHHS, METO/ O0paIeHns pa3HOCTHBIX
CXEM, alTOPUTM pelIeHust 00paTHOHN 3a/1auH.
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