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CORRECTION OF THE THEORY OF RESEARCHING THE PROPERTIES OF CHARGED
PARTICLES SOURCES

Abstract: this work is devoted to the adjustment of the existing methods of research and design of charged
particle sources, which are the most important components of most analytical electron-optical devices and ion-
beam technological installations, widely used in various scientific and technical complexes and systems.
Therefore, many scientific papers are devoted to the problems of the theory of cathode lenses. In these works,
it is indicated that the development of the theory of cathode lenses is associated with noticeable difficulties of
a mathematical nature, due to the specificity of the initial conditions of the differential equations to be solved.
One of the most promising ways to overcome these difficulties was proposed in the works that used the method
of analyzing arbitrary motion relative to the motion of the central particle. However, in these works there are
inaccuracies associated with the inconsistent use of initial conditions in solving the equations of motion of
charged particles. These inaccuracies did not allow in these works to achieve sufficient adequacy of the
mathematical model to the physical process under study. In this paper, the inaccuracies of the existing theories
of cathode lenses are eliminated and a theory for the study and design of cathode lenses with constant
axisymmetric electric and magnetic fields is developed. The method proposed in this paper can be used to
construct theories of charged particle sources with other types of focusing field symmetry.

Key words: cathode lens, ion source, charged particle, focusing, trajectory, aberration.

Introduction. Sources of charged particles are the most important components of most electron-
optical devices and ion-beam technological installations [1-9], which are widely used in various high-tech
complexes and systems. In general, sources of charged particles are divided, as is known, into cathode lenses
and ion sources. The main technical characteristics and quality parameters of electronic and ion-beam devices
in general depend on the method and conditions for extracting charged particles and the parameters of their
focusing. In practice, when designing charged particle sources, the most commonly used theories are those
that are tied to the emission of electrons from the cathode. Therefore, many scientific papers are devoted to the
problems of the theory of cathode lenses [10-16]. In addition, two-dimensional planar-symmetric and
axisymmetric cathode lenses are currently most widely used in practice, and most works are devoted to the
study of their properties, for example, [17, 18]. In these works, it is pointed out that, in contrast to single and
immersion lenses, the development of the theory of cathode lenses is associated with noticeable mathematical
difficulties due to the specificity of the initial conditions of the differential equations to be solved. In addition,
one of the most promising ways to overcome these difficulties was proposed in [17, 18]. However, in these
works there are technical inaccuracies associated with the inconsistent use of initial conditions in solving the
equations of motion of charged particles. These inaccuracies did not allow us to achieve sufficient adequacy
of the mathematical model to the physical process under study in these works. The works [19-21] were also
devoted to the construction of the updated theory of cathode lenses, but they retain the shortcomings of the
above-mentioned works. This work is devoted to eliminating the inaccuracies of the method proposed in [17-
21] and to constructing an improved theory of cathode lenses with constant axisymmetric electric and magnetic
fields.

Materials and methods. We introduce a cylindrical coordinate system r,y,z whose axis z is aligned with

the main optical axis of the lens. For a cathode lens, the central point of the cathode surface is located at the
origin and we assume that a zero potential is applied to the cathode. The motion control process starts from

47


mailto:pok_rk@mail.ru

the cathode surface. For an ion source, where the charged particle starts a controlled motion at the output of
the ionization chamber, and not from a given cathode surface, the zero potential and the center point are related
to the spatial distribution functions of the focusing field. Further, the cathode lens and the ion source, in general,
will be called an emission lens.

The distribution of the electrostatic potential gp(r, z) near the main optical axis of the lens under study, as
is known, can be represented as
D"(z DY (2
p(r,z)=0(z)- LE )r2+ 645, )r“—... : (1)
where d)(z) - the distribution function of the electrostatic potential along the main optical axis, the dashes
denote differentiation along the coordinate z .
The magnetic field of an axisymmetric emission lens is characterized by a vector potential with

components A=A =0 u A, = A(r,z). The distribution of function A(r,z) near the axis z can be
represented as follows

A(r,z)_l L oy
. _2H(z) 16H (Z)r*+.. | (2)

where H (z) - distribution function of the magnetic belt strength along the axis z .

The motion of a charged particle with charge eand mass min the field of the lens under study is
described by the following equations

eog e  o(rA)

F—ry?=- , 3

Vo T mar m"” or ®)
2e

2Z24ri4riyt =—={g(r,2)+¢ | , 4

vt =——[#(r.2)+¢] @)

mr’y +erA=—eD , (5)

whereD is a constant value, —e¢ is the initial energy of a charged particle leaving or crossing the
equipotential surface with zero potential, the dot denotes time differentiation t.
The initial conditions for the system of equations (3) (5) have the form

r(t]t:(): ., Z(t)‘t =0~ ’ (6)

=W
2e .
=0 ——gsmacosﬂ ,/——g (7a)
‘f——SCOSa— ——8 (70)
2e . . 2e
,ozﬂf——gsmasmﬂ: /——% . (78)
m m

Here the subscript "k" denotes the values of the quantities at the moment of the escape of a charged particle
from the cathode or surface with zero potential; « - the angle between the main optical axis of the lens and
the projection of the vector of the initial velocity of the particle on the plane passing through the axis Z and
the point of departure of the particle; £ - the angle between the planes, one of which passes through the axis
z and the point of departure of the particle, and the other through the vector of the initial velocity and a line
parallel to the axis z and starting at the point of departure of the charged particle.

We introduce a complex variable

p=re”, 8)
where

K=l//+£jédt . 9
mJr
Using (8) and (9) from equations (3) - (5) we obtain
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/'j=_§ { o¢ sz—z}pZKZ(D+Ar)p 0 (?j : (10)

m a(rz) 8(r2)
z‘2+p5=—§[¢(r,z) -k* (ZD AjApﬁ} , (11)
m r r)r
where
e
D—2 (pp—pP). k= o (12)

a dash above a letter denotes a complex conjugate value.
Let us choose as the main (basic) motion of a particle with zero initial energy and moving along the main
optical axis of the lens. For this particle, it is true
, 2e
2, = ——CD( o) - (13)

Index "0" here denotes the coordinate of the main particle.
We investigate the motion of an arbitrary particle in the field of the lens under consideration relative to the
motion of the main particle, which we will call the "main motion". The movements of the arbitrary and main

particles along the main optical axis for the same time differ by the amount of longitudinal aberration ¢ (ZO)
. Therefore, the following relation is true

2=2,+¢(z,) - (14)
Substituting (1), (2), (13) and (14) into equations (10) and (11) we obtain

CDp"+%(D'p'+%Q2p= f, . (15)

205'-0' g =1, , (16)

where

U=J%Q>Q27>%pp]ﬁwﬂaﬂﬁwﬁm, (17)
f¢=4mfﬁ>®§a+%;éz(%pp+—+%f7pﬁ>;w)+6, (18)
Q,=®"+k*H? | (19)

Q, =@ +4k*HH " . (20)

Hereinafter, the dashes denote differentiation with respect to the coordinate z,. In [17-21], the function

¢'(z,) is assumed to be of the second order of smallness; therefore, some terms in the right-hand sides of (17)

and (18) are omitted.
Equations (15) and (16) are solved by the method of successive approximations. We seek the general
solution of equation (15) in the form

pP=p+B, (21)
where B is the transverse component of the total aberration, p, is the general solution of the paraxial
equation, i.e. equations (15), provided fp =0.
The solution of a homogeneous second-order differential equation, as is known, has the form

po=au+bv . (22)
Here a and b are arbitrary constants, u andv are particular linearly independent solutions of the paraxial
equation.
Since the paraxial equation has a singular point, the solution v can be represented as
V=W /D 23)

where w satisfies the equation
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@w%%ﬂfw#%@@ﬂﬂ&Hﬁw:o : (24)

The initial conditions for the solution of paraxial equations are given in the form

u(0)=w(0)=1 ; (25)
1 k°H?

(@‘--2® ; (26)
1 k*H?

myf——6®, ; (27)
k

R=—2®V (28)

k
The Helmholtz-Lagrange invariant connecting the particular solutions u and v, taking into account
expressions (25) and (28), takes the form

q) 1
\/5(uv'—u'v)=7k : (29)
We seek the solution of equation (16) in the form
§=611¢ (30)
where ¢, is the longitudinal aberration of the first order and the solution to the equation
207,'-d'¢, =0 , (31)

¢, s the longitudinal second-order aberration.
Taking into account the initial condition (7b), we find that the function £, has the form

Q=£;JZ%5. (32)
k

In [17-21], it was incorrectly assumed that £, =0, as a result, further calculations contain related
errors. As we see from (32), the function ¢’ (z,) is a quantity of the first order of smallness.
Solving (21) taking into account (22), (23) and initial conditions (6) and (7), we find
a=re" (33)

b:i,\/ze‘ﬂsinozﬂrk kH‘,‘ —ir? ka, . (34)
D, D, 8D,
In [18], due to the above-mentioned error, in contrast to (33) and (34), cumbersome expressions were
obtained for determining the values of the constants a and b .
Note that the third term on the right-hand side of (34) is a quantity of the third order of smallness and will
be further taken into account when deriving the formula for calculating the distortion.
Substituting (22) and (32) into expressions (18), we obtain

f, ——aa[cbu +Q2 ) ab(cbu v+%uv—£cb'k Hj—
4 4

12 n 12
—ab(CDu v+a2 uv+4CD 'H]—bb((l)v +QZ 2 %}hﬁ‘{“m—_@) (35)

12
k

Results. We represent the function ¢&,(z,) asasum

§, =aagy +ab(S,, +igy,) + aB(4122 —iy)+ bBé/zs +6,80 - (36)
Solving equation (16) taking into account (30), (31), (35) and (36), we determine the values of the
functions &,, — ¢,

é’leiR—£+\/6j.£dzo, (37)



\ﬁ

"v—u'v')dz, |

1 (u
Sl
‘/2_! \1/_{ (2@@"—@'2)}@0 ,

k 1| 2®,H-®'H,
é/zs =——I'H kKA QJJ‘ d .
4 2 5 O D
We seek the component B of the total transverse aberration in the form of the sum

B=B,+B, ,
where B, - total second order aberration, and B, - total third order aberration.

24_

B, and B,, in turn, represent in the form of the following sums
B, =as, ?B,, +be, 2B,, |
B, =a’aB,, +a’bB,, +aabB,, +ab’B,, +
+abbB,, +b*0 B, +ag,B,, +be,B,, .

Substituting (43) and (44) into equation (15), we obtain a series of equations

Y A |
(I)an +E(D an +ZQ2an :Snj ’

where n takes values equal to 2 and 3, and j - values from 1 to 8.

Jo Jo Q,

SzlzﬁQzlu' Szzzzq) . 'V, Ssl_gu __u§21'
k k
Q Q' ik
S32 33 V-2 (gzz |§25) Z(D ‘Hu
Q Q H ik 1 n
S33 1éuv j [(4/22+|§25)U+V§21:|_§q)k H"u
Q Q M I 1 n
S34 33 2_ 2 (gzz |§25)__q)k H" |
Q Q I M ik 1 n
835:ﬁuvz_Tz[u§23+v(§22—|§25)]+§®k H"
Q Q' Q Q,"®du Q Q,"dv
836:3_;V3_TZ§23V1 837_ —2 4/24 22q>k 2 ! Sss ~2 §24 qu)k 2 "

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

Equation (45) is solved by the method of variation of arbitrary constants and the values B can be

calculated by the formula

2 Zy S] Zy S
—— | u|—-Zvdz, -v| —=udz, | .
@, (I Jo ° I Jo OJ

Discussion. As noted above, when calculating the distortion coefficient, along with B,

(46)

the third term

on the right-hand side of (34) should be taken into account. In the presence of a magnetic f|eld, it is necessary

to analyze expression (9), which, taking into account (2), (13), and (14), takes the form

H H'. H"_, H'. H"',| dz
K=y + + — P —C,——r | ——
v mcj(z PR T j 2
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In the absence of a magnetic field, you can accept x =0.

Note that equations (36), (43), and (44) comprehensively describe both transverse and longitudinal
aberrations. To consider only transverse aberrations at a fixed coordinate of the main optical axis, additional
analysis should be performed using equation (14). The time-of-flight properties of the lens under study can be
determined by analyzing equations (13) and (14).

In conclusion, we note that in this work the inaccuracies of the existing theories of cathode lenses have
been eliminated and an improved theory has been developed for studying the properties of cathode lenses with
constant axisymmetric electric and magnetic fields. The method proposed in this work can be used to construct
theories of sources of charged particles with other types of focusing field symmetry.

Hopaes A.T.

On-®apabu aterHnare! Kazak yuTTeIK yHUBEpcuTeTi, AnMatel, Kazakcras.
E-mail: pok_rk@mail.ru

3APAATAJIFAH BOJILIEKTEP KO31EPIHIH KACUETTEPIH 3EPTTEY TEOPUSCBIH
KETUILAIPY

AHHOTamus. Oy S>KYMBIC OpTYpJi FHUIBIMHU-TEXHUKAJIBIK KEUNICHJAEp MEH JKyHenepae KeHiHeH
KOJIJaHBUIATBIH aHAINTHKAJIBIK 3IEKTPOHIBI-ONTUKANIBIK KYPBUIFBUIAD MEH HOHBI-COYJIETIK TEXHOIOTUSIIBIK
KOHIBIPFBIIAP IBIH MaHBI3/IbI TYHIHACP! O0JIBIN TAOBUIATHIH 3apsATaIFaH O6JIICKTeP/IiH KO3IEPiH 3epPTTEy MCH
o0anayablH KOJJIAHBICTAFbl TACUIIACPIH JKETUAIpPYre apHaiFaH. OJCKTPOHABI JKOHE HOHIBI-COYJICIIK
KYPBUIFBIIAPIBIH HETI3Tr1 TEXHUKAIBIK CHUIIATTaMalapbl MEH calla ImapaMeTpliepi 3apsiaTairaH OemmeKTepi
aiy 9JTici MEH JKarnaiiapbiHa JKoHe onapabiH (GoKycTay mapaMmerpiepine OainanpicTbl. COHABIKTaH KONTereH
FBUIBIMH €HOEKTEp KaTOATHI JIMH3AJap TEOPHICHIHBIH MpobOiiemManapblHa apHainFaH. JKaimbel >karaijga
3apsiATanFaH OeIeKTepAiH Ke3epi KaTOAThl TMH3aIap MEH HOHBIK Ke3aepre Oeminexi. Kazipri yakpiTTa exi
OIMIeM/II Ka3bIKTHl CHMMETPHSUIIBI JKOHE OCHTICHMMETPHUSUIBIK KaToZ IJIMH3aIaphl ToXipuOene KeHiHEH
KOJIJAHBUIA/Ibl KOHE KOITereH »XYMBICTap OJNapIblH KaCHETTEpiH 3epTTeyre apHanraH. byin eHOekrepne
KaTOATHI JIMH3AJIAp TEOPUSCHIHBIH JaMy JeHredi merniyieTin nuddepeHInaniblK TeHASYIepaiH OacTamnKpl
KaFrgalnapblHblH ~epeKIIenirine OalyIaHBICTBI MaTEMaTHKAJIbIK CHUIATTaFrbl e€Jeyli KHUBIHIBIKTapMEH
0ailJIaHBICTBI EKEHITT KOPCETUIreH. ATalFaH KUBIHIBIKTAPIbI KEHY/IH CH KOPHEKTI JKOJIJIapbIHbIH Oipi Ke3
KEJITCH OOJIIICKTIH KO3FaJIbICBIHOPTAJIBIK OOJIIIEKTIH KO3FalbIChlHA YHIIECIMAI Tajigay 9JICIH KOJJIAaHYIbI
YCBHIHFAHFBUIBIMIDKYMbICTapAa KOpCceTiireH. Aaiiia, oj1 eHOeKTepae 3apsAATaiFaH OeJIIeKTepaiH KO3FaJbIC
TEHJCYJIEPiH menryae 6acTarkpl MapTTapabl ToHEKCi3 KOIIaHyMeH OalIaHbICThI ANCI3AIKTEp Oap. ATanraH
JIQJICI3MIKTEP OJ1 JKYMBICTApJia 3C€PTTEICTIH (PU3UKAIBIK TMPOLECTIH MaTeMAaTUKAIBIK MOJICTIHIH TOJBIK
JKETKUTIKTUIINHE KOJI JKETKI3yre MyMKIiHIIK Oepmesi. by skyMbicTa KaToJl JIMH3AIAPBIHBIH KOJIAaHBICTAFbI
TEOPUSUTAPBIHBIH JISJCI3IT TY3€TIITeHTYPAKThl OChTICHMETPHSIIBI DIIEKTP KOHE MarHuT epicTepi 6ap KaTtox
JMUH3aJapbIH 3ePTTEy JKOHE jKoOanayra apHaiFaH TeopHspKacasbl. AJBIHFAaH HOTIDKENEp 3apsiITalFaH
OeJIIeKTep/IiH OChbTICUMETPHSIIBIK KO3/IePiHiH (OKYCTHIK KaCHETTEPI MEH abeppalrsulblK CHIIATTaMallapbiH
erKel-TerKelnl 3epTTeyre MyMKiHIK Oepeni. bys ®yMbIcTa YCHIHBUTFaH TACiI(OKYCTHIK epicTepliH Oacka
TYPJIi CUMMETPUSUIAPhI YIIiH Ae3apsyiTanraH OellIeKTep Ko3AEpiHiH TeOpUsUIapbIH jKacay YIIiH KOJAaHyFa
TOJIBIKTAM JKapauibl.

Tyiiin ce3aep: kaToATHI TMH3A, HOHIBIK K63, 3apsATainFad Oenuiek, (oKycTay, TpaeKTopHsl, abeppauusl.

Hopaes A.T.

Kazaxckuii HaunoHanbHBIA YHUBEpCUTET NMeHH anb-Dapadu, Anmatel, Kazaxcran.
E-mail: pok_rk@mail.ru

KOPPEKTUPOBKA TEOPUM UCCJIEJJOBAHUSA CBOMCTB HCTOYHUKOB
SAPSKEHHBIX HACTHUIL

AHHOTAIUS: HacTosIIas paboTa MOCBsIIEHa KOPPEKTUPOBKE CYIIECTBYIOIIMX METOIOB HUCCIECIOBAHUS U
MPOEKTHUPOBAHUSI HMCTOYHHMKOB 3apsDKEHHBIX YAacTHI, KOTOpBIE SIBJISIIOTCS HauOojee BaXXHBIMH Y3JIaMHU
OOJIBIIMHCTBA AHATUTHYECKUX DIIEKTPOHHO-ONTUYECKUX MPHOOPOB M HMOHHO-TYYEBBIX TEXHOJIOTUYECKHX
YCTaHOBOK, IIMPOKO NCIIOIB3YyEMBIX B Pa3TMYHBIX HAYYHO-TEXHUIECKIX KOMIUIEKcax U cucreMax. Ot crocoda
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1 YCIIOBHH U3BJICUCHHUS 3apsHKEHHBIX YaCTHI] M ITAPAaMETPOB UX (POKYCHPOBKH 3aBUCAT OCHOBHBIE TEXHHYECKUE
XapaKTePUCTUKU U IapaMeTpbl KayecTBa 3JIEKTPOHHBIX M MOHHO-TYYEBBIX YCTPONCTB B IenoM. Iloatomy
npobjeMaM TEOPUH KAaTOAHBIX JIMH3 MOCBSIIECHBI HEMAJIO Hay4yHBIX padoT. B ol0mem ciydae MCTOUYHUKH
3apsDKEHHBIX YaCTHIl MOAPa3JesisioTCs Ha KaTOAHbIC JMH3bI M MOHHBIE UCTOYHHMKH. B HacTosimee Bpems
HauOojiee IIMPOKOE TMPUMEHEHHE Ha TNPaKTHUKE HMEIOT JBYMEpHbIE IUIOCKO-CHMMETPHYHBIE U
0CECUMMETPUYHBIE KATOAHBIE JINH3BI, U OOJIBIIMHCTBO pabOT MOCBSAIIEHO UCCIIEIOBAHUIO UX CBOMCTB. B aTHX
paboTax ykas3bIBaeTcs, 4YTO pa3paboTKa TEOPHM KAaTONHBIX JIMH3 CBS3aHa C 3aMETHBIMHU TPYIJHOCTSIMH
MaTEeMaTHYECKOI'0 XapakTepa, OOYCJIOBIEHHBIMH CHENM(UYHOCTBIO HAYAIBHBIX YCJIOBHH pELIaeMbIX
muddepeHInanbHbIX ypaBHeHUH. OnnH n3 Hawmbollee MEPCIEeKTUBHBIX IMyTeHd MPEOJOJeHUS OTMEYEHHBIX
TPYAHOCTEH OBUT MpeAsiokeH B paboTax, B KOTOPBIX HCHOJNB30BAJICS METOJ aHan3a MPOU3BOJILHOTO
JBIDKEHHUS. OTHOCUTENIFHO ABMKCHUS LIGHTPaIbHON YacTHIbl. OZHAKO B 3TUX padOTax MMEIOTCS HETOYHOCTH,
CBSI3aHHBIE C HEIOCIEN0BATEIbHBIM HCIIOJIb30BAaHMEM HA4YaJbHBIX YCJIOBUIl NpPHU PELICHUH YPaBHEHHUH
JBIDKEHHS 3apsDKEHHBIX YacTHIl. DTH HETOYHOCTH HE TIO3BOJIMIIM B 3THUX PabOTax JAOCTHYH AOCTATOYHON
a/ICKBaTHOCTH MaTeMaTH4YeCKOH MoJeNn HccieayeMoMy (Gu3MuecKkoMy mpoueccy. B manHoil pabote
YCTpaHEHbI HETOYHOCTH CYILECTBYIOIIMX TEOPUIl KATOAHBIX JIMH3 U pa3paboTaHa TeOpHs IS UCCIEI0BAHUS U
IIPOEKTUPOBAHMUS KAaTOJHBIX JINH3 C IOCTOSHHBIMH OCECUMMETPUYHBIMU 3JIEKTPUYECKHMMU M MarHUTHBIMU
nonsivu. [lomydeHHbIe pe3yabTaThl MO3BOJISIOT MPOBECTH OOJiee JeTalbHbIe HCCIEA0BAaHHUS (POKYCHPYIOIINX
CBOHCTB M a0CppallOHHBIX XapaKTEPUCTUK OCECHMMETPHYHBIX HMCTOYHHKOB 3apsDKEHHBIX YACTHLI.
[IpennoxeHHbIN B TaHHOW paboTe METOJ MOXKET OBITh HCIIONIB30BaH NPU MOCTPOSHUH TEOPUH HCTOYHUKOB
3apsDKEHHBIX YACTHIL C APYTUMH THIIAMH CUMMETPUN (POKYCHPYIOLINX MOJICH.

KiaoueBble cioBa: kaTofHas JMH32, WOHHBIM WMCTOYHHK, 3apsDKEHHAs 4YacTHla, (OKYCHPOBKA,
TpaeKTopwus, abepparusi.
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