ISSN 2518-1726 (Online),
ISSN 1991-346X (Print)

KA3AKCTAH PECITIYBJIMKACHI
YJITTBIK FbIUILIM AKAJIEMUACHI

on-®dapabdbu arbiHAarel Ka3ak yITTHIK YHUBEPCUTETIHIH

XABAPJJAPDI

NU3BECTUA NEWS

HAILIMOHAJIbHOM AKAJIEMUU HAYK OF THE ACADEMY OF SCIENCES
PECITYBJIMKUN KA3BAXCTAH OF THE REPUBLIC OF KAZAKHSTAN
Kazaxckuit HaMOHATBHBIA YHUBEPCUTET al-Farabi Kazakh National University

uMeHU anb-Dapadbu

SERIES
PHYSICO-MATHEMATICAL

4 (338)
JULY —AUGUST 2021
PUBLISHED SINCE JANUARY 1963

PUBLISHED 6 TIMES A YEAR

ALMATY, NAS RK



2 Clarivate
Analytics

NAS RK is pleased to announce that News of NAS RK. Series physico-mathematical journal
has been accepted for indexing in the Emerging Sources Citation Index, a new edition of Web of
Science. Content in this index is under consideration by Clarivate Analytics to be accepted in the
Science Citation Index Expanded, the Social Sciences Citation Index, and the Arts & Humanities
Citation Index. The quality and depth of content Web of Science offers to researchers,
authors, publishers, and institutions sets it apart from other research databases. The inclusion of
News of NAS RK. Series of chemistry and technologies in the Emerging Sources Citation Index
demonstrates our dedication to providing the most relevant and influential content of chemical
sciences to our community.

KasakcmaH Pecriybnukacbl ¥nmmbiK fbiibiM akademusicbl «KP YFA Xabapnapbl. ®u3uka-
TibIK-MamemamukariblK CepusiCbl» fblfibIMU XXypHaribiHbiH Web of Science-miH xaHanaHfFaH
Hyckacbl Emerging Sources Citation Index-me uHOekcmeryze KabblniOaHfaHbIH Xxabap-
natdsl.  byn uHdekcmeny 6apbicbiHda Clarivate Analytics komnaHusicbl XypHarnldbl o0aH api the
Science Citation Index Expanded, the Social Sciences Citation Index xoeHe the Arts & Humanities
Citation Index-ke Kabbinday moeceneciH kKapacmbipyda. Webof Science 3epmmeywinep, as-
mopsap, 6acnawbiiap MEH MeKemeriepae KOHmeHm mepeHdiei MeH canacbiH ycbiHalbl. KP
¥FA Xabapnapbl. Xumus xeHe mexHonoaus cepusicbl Emerging Sources Citation Index-ke eHyi
6i30iH KoramdacmbIK YWiH eH 63ekmi xoHe 6e0endi XuMusirblK FblfibiMOap 60UbIHWAa KOHMEHMKe
a0arnObifbiMbI30bi 6indipedi.

HAH PK coobwaem, 4ymo Hay4Hbil XypHan «Wzeecmuss HAH PK. Cepusi ¢busuko-ma-
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Sources Citation Index OemoHcmpupyem Hawy npueepXxeHHoCmb K Haubosiee akmyarsb-
HOMY U 811usimesibHOMY KOHMeHmMy Mo XUMUYeCKUM Haykam Ot Haweao coobuecmea.
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ON A TOPOLOGICAL METHOD FOR CALCULATING
THE INDEX OF QUASI-SINGULAR INTEGRAL EQUATION

Abstract: a reduced spectral problem is considered for an elliptic type operator, in particular, for the
Cauchy - Riemann operator with regular boundary value conditions to a quasi-singular integral equation with
continuous kernel. Structure of the kernel of the quasi-singular integral equation is studied in explicit form.
Index is calculated and condition for Noetherity of the investigated quasi-singular integral equation is
established by the topological method on the complex plane. In this case, the spectral parameters are described
under which the nonhomogeneous boundary value problem with shift for the Cauchy-Riemann equations is
solvable everywhere in the class of continuous functions on the unit circle. The given problem is a nonlocal
nature, and similar problems for the Cauchy-Riemann operation are described by M. Otelbaev in 1982. The
solution of some singular integral equations with kernels depending on the difference and the sum of the
arguments were studied in the works of I.I.Kalmushevsky. This interest is explained both by the theoretical
significance of the results obtained and by the possibilities of important applications. Similar boundary value
problems arise in the mathematical modeling of gas dynamics problems, soil moisture prediction, radiation
transfer, population genetics, etc. The simplest examples of these boundary conditions were formulated by
V.A. Steklov 1922. In this paper, the fundamental difference from the above work is the topological approach
to calculating the index and establishing the Noether condition on the complexs plane.

Key words: quasi-singular integral equation, noetherity, index, continuous kernel, affix, arc interval,
argument increment.

Introduction. Boundary value conditions, which are relations between the values of sought-for functions
calculated at various (variable) points lying on the boundary or inside the considered region, arising in thermal
conductivity, were formulated by V.A. Steklov [1] and in gas dynamics by F.I. Frankl [2]. A.M.Nakhushev [3,
5] posed and studied several problems of this type at once, and for their name, the term "with shift" was
proposed. In the work of A.V. Bitsadze and A.A. Samarskiy [4], the problem "with shift within the region”
was first studied.Content of recent publications has led to realization of qualitative novelty of boundary value
problems with shift for the theory of partial differential equations. In [5] state of boundary value problems with
shiftwas investigated for main types of partial differential equations.General publications, where more and
more general situations are studied, sometimes make an impression that the theory of boundary value problems
“with shift” is completed. However, there are a number of less studied, but important questions, in particular,
the problem of eigenvalues or their analytical description by using, for example, asymptotic expansions. The
applied methods of functional analysis and reduction to model equations with help of integral transformations
are insufficient to obtain facts in particular. However, it is not always possible to obtain a solution, for example,
for spectral problems for partial differential equations in explicit form, as it was done in the analytical situation
for ordinary differential equations [6-9]. Generality of the above questions for partial differential equations
forces us to impose a number of very strict restrictions on thestudied operators. To clarify the correct statements
of problems and study the specific properties of solutions for "non-classical equations it is convenient to begin
by considering idealized models, for example, by considering equations with constant coefficients. For higher-
order partial differential equations in two or three variables, the Dirichlet problem in rectangular domains is
studied. Small denominators hampering the convergence of series appear in the process of constructing the
solution of the problem by the spectral decomposition method [10]. In connection with the foregoing, we note
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description of general regular boundary value problems for the Cauchy-Riemann differential expression,
developed by M. Otelbaev and A.N. Shynybekov in 1982 [11]. The most profound results on studying the
spectrum of elliptic operators are available in [12]. In the general case, the spectrum of an elliptic operator is
essentially determined by the spectral properties of boundary operator. However, identification of dependence
of the spectrum of the Cauchy-Riemann operator in initial terms of the boundary conditions represents an
actual (unsolved) problem [13]. Note one of the last works [14], where we established conditions quarantining
the possibility of reduction of a natural analog of the typical boundary value problem of the Cauchy - Riemann
system. The Riemann - Hilbert problem for a holomorphic vector in multidimensional domain is reduced to
the integral Fredholm equation. In the papers [15, 16], the index is calculated and condition for the Noether
property of a singular integral equation with a continuous kernel is established. Eigenvalue problems of the
Cauchy-Riemann differential operator with regular boundary value conditions, in particular with nonlocal
boundary value conditions [11], as well as with Dirichlet type homogeneous boundary value conditions [17,
18], where the initial operator is proved to be Volterre, are reduced to the similar problem. The theory of
singular integral equations is deeply studied in [19-22].

Materials and methods. Methods of reduction of boundary value problems to singular integral equations
and a topological method to calculating the index are used, as well as establishing the condition for the
Noetherity of a singular integral equation on the complex plane.

Discussion. Consider the following quasi-singular integral equation for the function u(z) on |z| = 1 of the
complex plane:
b(2) u(t

a(u(z) - 224 g4 G100 Tz UL = 0, )

mi JltI=1t-z = d
wherea(z) = %(/’le’lz_ + 2e??),b(z) = e?? — e??,
1t+z
Et—z

117 .. = - 1 = - =
T(zt) =5~ [e’lz —eM -3 -1+ t_—Z(/lte’“ — Aze*?) —

Az _ 3,z
— (2e e )]+

; iz 2t dz A oaz il Xog.ae _ a8 5
— |- —et? —— A—Al-—(1et =2 A—4
+47r(1—Re/1)[e +ettoe e+ t(e et + )
is a continuous kernel, bar means complex conjugation, i = +/—1 is an imaginary unit, which is directly
related to spectral questions of the Cauchy -Riemann differential operator. The main goal of this paper is to
calculate the index and establish the Noetheric condition for the quasi—_singular integral equation (1).
In the quasi-singular integral equation (1): a(z, 1) = %(Ae” + 1e?%),
b(z, 1) = e* — ez,
The Noetherian property of an equation is determined [20, 21] by the inequalities a(z, 1) # 0 or b(z, 1) #
0 forall |z] = 1.
Consequently, the noetherityis violated when
AZ | JoAz — _
Ae’” + Ae™ = }=>/1+,1=0.
ez _ oAz =0
Therefore, the noetherity is guaranteed at 1 # —A, then Red # 0. The following theorem gives the index
value determined by the formula [19-21]:
1

a(z) + b(z)
i )

"a@ @),
where [-]j;j=; means increment of the function enclosed in the square brackets when traversing the unit
circle in the positive direction.

Results. Theorem. The quasi-singular integral equation (1) for u(t) is Noetherian when Red # 0.
Moreover, Noetherian index

=

1
H=o— [In (a(2) + b(2))]|z1=1
is zero at ReA # 0.
Proof. Since expressionsa(z)+b(z) anda(z)—b(z) are complex conjugate, the indexN\ is
expressed in the following form

N = 1 A, Arg(a(z) +b(z)),
T
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where AAArg f is the increment of Arg f around A running in the positive direction. It is known

[23], Arg(a(z)+b(z))=arctg %(mod 7r).Here it is taken into account that D(Z) is a pure
1a(z

imaginary function, and a(z) is a real one. Let the circle Az {Z :|Z| =1} be bypassed against-clockwise.
Let's find zeros of the function

b(z):e” —e** = 0= e " =1,
A7 —Az=2kri, ke Z=ImAZ =kx
at |Z| =1.
So, zeros of the function b(Z) are defined by the solution of the equation
ImAZ =kz at|z|]=1 keZ )

Here A plays the role of the parameter. Consider a topological method, i.e. q geometric wayof solving the
equation (2). Note by K on the complex plane the point with the affix A .Draw the unit circle‘z‘ =1. Take
arbitrary Z, ‘Z‘ =1 .Drop the perpendicular DO to the direct OK : DO L OK . AABO = ACOD,
DO=BO=ImAzZ.

Mm z
K

NY

Figure 1: (to the geometric interpretation)

- A
Thus, to define IMAZ , it is sufficient to find DO. Take Z, = 7| as a first solution of (2). It is evident,

IMAZ =0, ie. (2) is satisfied at k = 0. To find other solutions of (2), drop the perpendicular to the ray

through hﬂ . Draw straight lines parallel to the ray A , distant from each other on the distance 7 , moreover one
of the straight lines passes through the origin of coordinates. Find the intersection points of constructed straight
lines with the circle of the radius W , Which are defined by the amount of integer k satisfying to the inequality

|A] o |41 Al
| K |< = Hence, amount of the straight lines is equal to 2| — [+1 where | — | is the integer part of
T V4 T
|41 |41, . o 4
the number —— . When —— s not natural, the number of such intersection points will be S=4]"—1|+2
/s V1 T
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, 1.e. each straight line intersects the circle in two points. Denote by Cl one of these points that corresponds to

the first solution Z, of (2). In particular, it coincides with A . Renumber other intersection points such that
increasing of their numbers correspond to their location on the circle in the direction against-clockwise. So,
we haveC, C,, C;, C,, C5, C. Denote by Z;the point of the complex plane that is equal to the unit by

OC.
the module and coincides with the pointC , i.e. Z; = L (Fig.2).

|OC, |

AI}/z

C
7, Clzﬂ
1
Re z
C; 23 > Z6 Cs
Z4 5
T 5
Cs D
L
T Cs

Figure 2: (to the solution of (2))

| A

Thus, the unit circle ‘Z‘ =1is divided by zeros of the functionb(z) on S = 4‘:—'} + 2 parts with points
T

Al 4] ol 4]
Z,,12,, L, .., Zg when — isnot integer. In the case of —— is integer, the amount of points S = 4| —
T T T

. Now passto determination of zeros of the functiona(z).
Ae” + 76" =0, |z|=1.

We obtain after not complicated transformations e = —z , What implies immediately

- T
Im/lz:k7r+E—Arg/1,keZ. (3)
The equation (3) is solving analogously to the equation (2). Renumber the solutions of (3) w,, @, , Wy,

@, , @, @, disposing them on the unit circle ‘Z‘ =1 against-clockwise. The numbers {a)J} will coincide

with the set{ Zj } , {a)j } will be different and almost all of them will alternate on the unit circle. Now we cite
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a few words concerning the number of solutions of (3). It coincides with the doubled amount of integer k

satisfying to the inequality| k7z+%— ArgA|<| 4], ie.
—|/1|£k7z+%—Argﬂ,£|/1|,
Arg/l—%—|ﬂ,|sk7z§|/1|+Arg/1—%.

k will be found from here in the form of the inequalities

Arg -2 —| ] |A|+Arg A"
2 <k< 2
T T
Argi-Z-|A|  |A|+Argi-Z
In the case when 2 and are not integer, we denote by o the
T T

doubled number of integers falling into the interval between these non integer values. It should be noted, when

. . T T
the module of A is constant, for the changing argument ArgA from —E toE , P can changed from the

A T A T
corresponding S on 2. For A — [u}r > 5 inequalities S+2> p>Shold. If A —| — |7 < > then
T T

S-2< pP= S . Now we describe more detailed about disposition order of solutions of equations (2) and

(3). When —% <ArgAi< % that alternation of{a)j}and {Zj} is happened as it is shown on the figure 3.

Figure3: (disposition of numbers {z;} and {®,})

On the figure 3, the point Cj corresponds to the number{Zj}, the point Dj corresponds to w;, and all

{z,} and {®,} also alternate, except of the one pair 2;, Z;,,and @;, @, , following immediately one after
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another. Violation of alternating solutions of equations (5) and (6) arises on those arcs of the circle with the
o _ +id
radiusi, that contain the numbers —.
Al
+id

Thus, numbers 7 are contained in an arc interval, the ends of which are either solutions of the equation

. i . . . . /4 3
(3), or solutions of (2). Analogous violation of alternating solutions of solutions arises atE <ArgiA<—.

Taking into account, that all zeros of equations (2) and (3) are prime, for non integer — , we can calculate
T

exact values of the index N . So, passing through the solution eithera(z) , or (—ib(Z)) changes the sign on

the opposite one. Begin registration of signs from the arc interval with the ends Z, and @, . Suppose, the

expression (—ib(Z)) has here the sign "+", and the function a(z) has the sign " —". Then the following
pair-wise alternation of signs
++——++...
(4)
—++——+...

I4
is kept until another arc interval with the point —7 shall be occurred. Suppose that we enter in this

+
interval with the pair of signs , then we obtain the same pare of signs which was at the entrance. In this
+

connection, alternation of points {;} and {; } will be changed. If, at the entrance, a solution of (3) was the

left end of the arc interval, then now, at the exit, a solution of (2) will be the left end. That's why the further

alternation of signs will arise according to (4) only from the right to the left, i.e. by virtue of symmetry of

disposition of zeros, under full passage of an one-half of the unit circle, argument increment will not arise.
Similarly arguments take place on the second part of the circle. It is obvious, initial choice of the pair of

signs does not play the role. The case of % <Argi< 377[ can be considered by the same way. Thus, the

index X of the quasi-singular integral equation (1) is equal to zero.
Conclusion. In conclusion, we note that it has been proved that the quasi-singular integral equation (1) is
Noetherian for which its index is to zero.
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