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SOME QUESTIONS ON EXTERNAL DEFINABILITY

Abstract. The article discusses the various approaches to the concept of external definability developed in o-
minimal theories. An example of o-minimal theories shows how external constants help determine the existence of a
solution in a model of a formula with external constants. The basic concepts are formulated with the help of which
external definability is proved. A brief review of the results for dependent theories is given. In conclusion, sufficient
conditions are formulated so that the NSOP theory has the some property of external definability. A brief explanation
of the stated theorem is given.
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External definability. Let I be elementary substructure of N. Let @ € N\M and p: = tp(a|M). Then
for any formula ¥ (x,y) define the predicate Ry, ) (¥) on the set M, = Ry, ) (@) iff Y(x, a) € tp(a|M)
iff ¢ = (@, a). Denote by M* = (M; £¥), where *: = {Ry ) (¥)|p € S(M), Y € }. It follows from
definition that if a pair of models (M, N) is conservative pair (type of any tuple elements from N over M is
definable), then the structure I is the structure obtained from M scolemisation of M. We will consider
the simple cases when MM+ constructed from one 1-type for o-minimal theory from two approaches.

Let MM be a model of an arbitrary complete theory T of the signature X. We say that EIR; is expansion
of M by type p € S; (M), if MF: = (M; E}), where ZF: = {Ry,,) ) [Y € Z}.

We say that M5 admits uniformly representation of X;-formulas by X-formulas, if for any formula
¢(¥) of X there exists Z-formula Ky (¥,2), there exists @ € N\M such that for any @ € M the following
holds:

M E P(a) oF Ky(a,a).

Approach of Macpherson-Marker-Steinhorn. In the paper [1] (preprint 1994 Macpherson-Marker-
Steinhorn proved weak o-minimality of the expansion of an o-minimal structure by unary convex
predicate, such that the predicate is traversed by a uniquely realizable 1-type. Following D. Marker [5], an
uniquely realizable 1-type p € S;(M) over model is that prime model over model and one realization of
this 1-type p contains just this element from the set of realization of the type. An uniquely realizable 1-
type has the next property: there is no definable function acting on the set of realizations of this 1-type p.
Macpherson-Marker-Steinhorn considered at the same time two structures IM* = (M; X U {U'}) and
N = (N; X), where Jt is a model of an o-minimal theory of the signature X and a saturated elementary
extension of M. They defined a new unary convex predicate U by using an element « € N\M from the set
of realizations of an irrational 1 —type p € S;(M) such that for every a € M the following holds:

MtEeEU(@ ©NEFa<a.

By induction of construction of formulas ¢(¥) of the signature =+ = X U {U'} there is a formula
Ky (¥, @) of the signature ¥ such that for any @ € M the following holds:
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forany n, k,m < w,

%, (@, A1) oo i) < %, (Untk+1 Tnskt2s - Angksm)s

and consequently, all these sets have empty intersection. D. Marker proved that for any set A in o-minimal
theory, for any q,r € S;(A) if q and r are not weakly orthogonal than there is A —definable monotonic
bijection from q(9t) to r(N). Then for r € S;(M), p; non weakly orthogonal to r, QV,.(@)nN
QVr (@i, antiv1s s A2ng1) = 0.

M £ Pp(@) © N E Ky(@ a). (1)

The crucial point in this construction was the case ¢(¥) = Ixy(x, ¥). They proposed
Kaxpy) @ @)= 32132,3x(2y < @ < 2, AV2(z1 < 2 < 25 2 Ky 3 (X, ¥, 2)).

Since the 1-type p € S;(M) is uniquely realizable, two convex to right and to left from a« Ma — 1-
formulas have solutions out of p(J). Thus for any a € M, if | & K3,y (x5 (@, @), then for some by, b, €
M,

NEIx(by <a < by AVz(by <z <b; = Kyuy) (x4 2)).

This means that in an elementary submodel of Jt the part of the last formula holds on Mt =
AxVz(by <z < by = Ky (x35)(x,a,z)). Then there is an element ¢ € M such that M E Vz(b; <z <
b; = Ky(x3)(¢, @, 2)). So, Ky, (x3)(c, @, z) € p.

Thus, any X*-M-1-formula ¢ (x, @) has the set of its realizations, ¢(M*, @) = Ky (N, a) N M, being a
finite union of convex sets because Ky (9, @) is a finite union of intervals and points. The elementary
theory of M™* is weakly o-minimal since the number of convex sets is bounded and consequently does not
depend on parameters.

Approach of B.S. Baizhanov. For the case when p € §{(M) is a non uniquely realizable type, B.S.
Baizhanov proposed [2] (1995), on the base of theory of (non)orthogonality of 1-types and its
classification made in [4], [5], [6], [8] (Pillay-Steinhorn, Marker, Mayer, Marker-Steinhorn, 1986—1994),
to take the constants for K3yy(xy) from an infinite indiscernible sequence I = (@ )n<, Over M and a,
from p(I). Taking into consideration that if Ky (x5 (M, @, @,) N M = @, then there is a finite number
irrational cuts (1-types over M) such that for any such 1-type r € §; (M), Ky (x5, (9, @, @y,) is a subset of

QV.(ap):={B € r(I) | there exists an M a,-1-formula O(x, ,,), such that
B EOM a, cr(M)}.

The idea to use an indiscernible sequence consists from two parts.

B1. On the one hand, if for some ¢ € M, N & Ky 5)(¢, @, &y), then for any y = (a;, ..., a;,) (n <
o <+ <lip), N E Kyxy)(c av), because @, and y have the same type over over M.

B2. On the other hand, to find a sequence I such that for any r € S;(M), for any ¥ = (@, ..., @;,)
(n <ip < <iy), Q- (@) NQV(¥) = 0.

For find the indiscernible sequence I define the properties A1-A3 that follow from the classification
of 1-types and theory non orthogonality of 1-types over sets in o-minimal theories.

Al. [S5] (Marker 1986). Let q,v € S;(A), and let type q(x) U r(y) be non complete (q is non weakly
orthogonal to r, Shelah, 1978). Then there is an A-definable monotonic bijection g:q(Jt) = r(N) and
consequently, q is irrational if and only if v is irrational;

q is uniquely realizable if and only if r is uniquely realizable.

Recall that if g € S;(A4) is irrational then g(Jt) is a convex non-definable set without maximal and
minimal elements.

A2. If q € §1(A) is irrational, then for any v, QVy(¥) = Vi (v), here

Va@):={B € q(N) | 361,68, € q(N), there exists an Ay-1-formula S(x,7), §; < SN, ¥) < &,
B eSOV}
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Indeed, the quasi-neighborhood of v in q (QV4 (7)) is the union of Ay-definable sets, and any such
definable set is a subset of gq(91), a convex non-definable set without minimal and maximal elements. The
last means that such a definable set is a subset of V, (¥) ( neighborhood of y[n q). This explains equality of
two convex sets.

A3. If q € $1(A) is irrational and non uniquely realizable, then for any y € N, if QV,(y) = @ then
the I-types q(x) U {x < QV,(¥)} and q(x) U {QV, (V) < x} are irrational and non uniquely realizable.

By A2 and theorem of compactness there exist 81,5, € q() such that §; <V, (¥) < &, and because
q is non uniquely realizable i.e. there is A-definable monotonic bijection f: q(9t) = q(I1), V() can not
have minimal and maximal element. Taking in consideration that for irrational g, () is a convex non-
definable set without maximal and minimal elements, ry: = tp(§;]|AY) and 1, = tp(5,|Ay) are irrational
and since f(V;(¥)) = Vz(¥), f acts on r;(N) and r,(N). The last means r; and 7, are non uniquely
realizable.

Let pp(x): = p(x) U (QV,(@n—1) < x). Then by A2, A3 pj, is irrational, non uniquely realizable and
finitely satisfiable in M since right sides of p and p,, coincide

Foranyn, k,m < w,

QVpn(anr Apg1s s Angi) < QVpn(an+k+1' Antks2r o Ansktm)) 2

and consequently, all these sets have empty intersection.

The proof of (2) is done by induction on m. Assume (2) for m. Denote by r(x) =p, U (x <
QVp, () (@ntk+1s ) Anti+m)) and 12 (¥) = pr (V) U (QVp,, (ntk+1s ) Antk+m) < ¥), Suppose that

QW (@n, g1y ooos Angic) N QVy (Apgia1s o Anakrms Ansksm1) = @. Since the first set does not
change, there exists M@, Qpiki1 - Tnaksmer-formula L(x, @pikame1) such LM, apykime1) ©
QW (@, Ay, ooy Angr) © (). Let B be end point of one of interval of formula L, then because p,, is
non uniquely realizable then g € QV, (@n, @pi1, ) Anyx) € T(I). Since B = 1y and dpipyme1 F 72 by
Al there exists M@,piki1 - » Antk+m-definable monotonic function f:7,(Jt) - 14 (Jt) such that
f(@nsk+m+1) = B. On other hand B € QV,, (@n, Apy1, -, Ansx) and consequently, there is May, 4 — 1-
formula H(x) such that g € H(M) < QV, (@n, Aps1s o) Angx) € 11(9). Then apypimsq1 belongs to
M@y, .y +m-definable set f~1(H(N)) € 1, (). This means ;g 4me1 € QV, (@p4k+m)- Contradiction.

It follow from (2) and Al that for any r € S;(M), if for any i <n, p; L™ r and p, £" r then
QV(@) N OV (@, ntivrs o0 A2n1) = .

QV-(@) N QVi (@, Anyigry oo Aongr) = 0 (3)

Suppose for the formula ¥(x,y) of signature T* corresponding formula of signature I is
Kyx3)(x, Y, @y). Thus for any formula Ky, (x, @, &) to have the solution in M it is sufficient to write the
formula

KEle/J(x,)?) O, Ang1): = Elx(Kll)(xv Y, an) A
Nisn Ky, Y, Gy Qn—iy+n+1 An-iy+n+2 -+ Xant1))-

B.S. Baizhanov in 1996 obtained a classification of 1-types over a subset of a model of weakly o-
minimal theory and solved the problem of expanding a model of weakly-o-minimal theory by a unary
convex predicate in the preprint "Classifications of 1-types in weakly o-minimal theories and its
applications" and submitted in the JSL, that revised version published in [9](2001). Ye.Baisalov and B.
Poizat [10] (preprint 1996) in the paper on "beautiful" pairs of models of o-minimal theories proved the
elimination of quantify 3x € M. It is difficult to say that the approach in [10] is alternative to approach
elaborated in [2], because they used the same principles B1-B2 from [2].

We say that It the expansion by all externally definable subsets admits quantifier elimination, if for
any formula ¢(y) of X there exists Z-formula K (¥, Z), there exists @ € N\M such that for any @ € M

the following holds:
M £ p(a) oF Ky(a,a).
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Approach of Shelah. In his paper, S. Shelah [11] (2004) considered a model of NIP theory and
proved that the expansion by all externally definable subsets admits quantifier elimination and thereby is
NIP. The key problem here is eliminating quantifier "there exists in the submodel". In his proof in the way
of contradiction Shelah used an indiscernible sequence (b,;:n < w) in order to show that if eliminating
quantifier "there exists x in the submodel" ¢(x, @) fails, then ¢(a, b,,) holds iff n is even, for some a,
which implies the independence property, for a contradiction.

V.V. Verbovskiy [12] (preprint 2005) found a somewhat simplified account of Shelah's proof, namely
by using noting of a finitely realizable type. A. Pillay [13] (preprint 2006) gave two re-proofs of Shelah's
theorem, the first going through quantifier-free heirs of quantifier-free types and the second through
quantifier-free coheirs of quantifier-free types.

The analysis of approaches shows that the using the theory of orthogonality we can control the set of
realizations of one-types. If we consider the complete theory satisfies A2, it gives the possibility to
construct the indiscenible sequence satisfied the condition B2. Notice that the of indiscernible sequence
constructed by mathematical induction satisfies the condition of finite realizability of an one-type of new
element over model and beginning of sequence. The generalization of the approach for o-minimal model
in case of non uniquely realizable one-type by introduction of generalization of the notions of (quasi)-
neighborhood and almost (non)-orthogonality of two types gives the possibility to formulate the next

Theorem 1 Let T be a complete NSOP theory such that for any set A the following holds:

1) For any p € S;(A), forany v, QV,(7) = V,,(¥)

2) For any p, q € S;(A) the following holds. If p £% q, then q £% p.

Then for model of the theory T the expansion of this model by one-type admits uniformly
representation of X -formulas by 2-formulas.
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HEKOTOPBIE BOITPOCHI O BHEIITHEM ONPEJEJIMMOCTH

AHHoTanusi. B crartee paccMaTpuBarOTCA pa3iIMYHBIE MOAXOMBl K KOHIICHIMHM BHEIIHEH OIpeIeTUMOCTH,
pa3paboTaHHbIE B O-MHUHHMAIbHBIX TEOpHsX. [IpuMep O-MHUHMMAIbHBIX TEOPHH IIOKa3bIBAaeT, KaK BHEIIHHE
KOHCTAaHTBl TOMOTAIOT OIPEACINUTh CYIIECTBOBAHUE PEUICHHs B MOJeNd (DOPMyNbl C BHEIIHMMH KOHCTaHTaMH.
CchopMynupoBaHbl OCHOBHBIE ITOHSTHS, C MOMOLIBIO KOTOPBIX JOKA3bIBAETCS BHELIHSS ONpelnesMMOcThb. JlaeTcs
KpaTKuii 0030p pe3ysIbTaToB AJIsl 3aBUCUMBIX Teopuil. B 3axmouenue copMympoBaHbl JOCTaTOYHBIE YCIOBUS, TaK
4TO Teopus o0agaeT CBONCTBOM BHEIIHEH onpenesuMocTu. [laHo KpaTtkoe 0ObsICHEHHE H3JI0KEHHOH TEOpPEMBI.

KioueBble cjI0Ba: BHEILIHE ONpeneiseMasi, OKPECTHOCTh KOPTEXa MHOXKECTBA B THUIIE, HEOPTOTOHAJIBHOCTh
JIBYX TUIIOB
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CBIPTKbBI EPEXKEJIEPTE KATBICTbBI CAYAJIJIAP

AnHOTanusi. Makanaza o-MHHHMMAaJAbl Teopusulapla >KacajiFaH CBIPTKBI aHBIKTaMa TYKbIPhIMAaMachlHa
OpTYpJi Ke3KapacTap KapacThlpbUFaH. O-MHHUMAaIIbl TEOPUSUIAPIBIH MBICATBI CBHIPTKBI TypakTbuiap (opmyia
MOJICNiHE epITIHAIHIH OOJYBIH aHBIKTayFa KOMEKTECETiHiH Kepceremi. Herisri yYFeIMIap CHIPTKBI aHBIKTAIybI
TONIENNICHTeH, TYKBIpBIMAAIFaH. Toyemni TeopusulapaslH HOTHXKEJepiHe KBICKAallla IOy  KeNTipilreH.
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KopuIThIHIBIIAM Kee, Teophs CHIPTKHl aHBIKTAy KACHETiHe He OONaTBIHIAW >KEeTKUTIKTI JKaraiiap jKacallFaH.
Kepcerinren TeopeMara KbIcKamia TyCiHiKTeMe Oepineni.
Tyiiin ce3aep: CEIPTKHI aHBIKTAIFAaH, THIITET1 YKUBIHHBIH KOPIIILJIEC, €Ki TYPre KaTIai THIHABIFEL.
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