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SPECTRAL DECOMPOSITION OF A FIRST ORDER 
FUNCTIONAL DIFFERENTIAL OPERATOR 

 
Abstract. In this paper we study spectral properties of a boundary value problem of a first-order differential 

equation with constant coefficients and a deviating argument. By spectral properties we mean completeness and basis 
property of the system of eigenfunctions and associated functions of the boundary value problem, as well as the 
Volterra property. 

Keywords: equation with deviating argument, completeness, basis property, Volterra property, Sturm-Liouville 
operator, Riesz basis. 

 
1. Introduction 
In applications the following eigenvalue problem is often occurred in a more general form [1, p. 520]: 

SuAu  . 

If the operator S is determined by the equality     xfxSf  , let us say, for all 2Lf  , then the 
following generalized spectral problem occurs: 

)( xuAu   . 

In the case when А is a differential operator, we get a differential equation with deviating argument. 
Theory of differential equations with deviating argument is the subject of a huge number of works, 

among which we note only monographs by A.D. Myshkis [2], L.E. Elsgolts and S.B. Norkin [3], which 
provides an extensive bibliography. Study of the Sturm - Liouville type boundary value problems for an 
equation with deviating argument is the subject of a monograph by S.B. Norkin [4]. In this and other 
works, the spectral questions of differential equations with deviations in higher terms, where there is no 
spectral parameter, are investigated. Only a few works are devoted to the case when the deviating 
argument is contained in a term with a spectral parameter. In this regard, we note the works of T.Sh. 
Kalmenov, S.T. Akhmetova and A.Sh. Shaldanbaev [5], A.M. Ibraimkulov [6], S.T. Akhmetova [7]. 

Apparently, main theorems of the theory of solvability of differential equations with deviating 
(delayed) arguments were formulated in the monograph by A.D. Myshkis [2]. 

T.Sh. Kalmenov [5] laid the foundation to a systematic study of spectral questions for a first-order 
differential equation with a deviating argument of the indicated form. These ideas were developed in [7]. 

Apparently, generalized spectral problems of the type 

)( xuAu   , 

where А is some differential operator of the first order, were first investigated, at the initiative of T.Sh. 
Kalmenova, in [5]. In [7], various spectral properties of the generalized spectral problem were studied: 
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10),1()(  xxyxy  , 

0)1()0(  yy  , 

including conditions of self-adjointness, Volterra property and basis property. 
Theorem 1.7.7 of the above paper [7] states the Riesz basis property of the system of root functions of 

the considered generalized spectral problem for 

   044   . 

Results of this work were transferred to the interval [-1 1], by using another method, in [8], where the 
final solution to basis property questions of root functions of the generalized spectral problem is given 

11),()(  xxuxu  , 

)1()1( uu  . 

From results of this work it follows that any such correct boundary-value problem is either Volterra or 
the system of its root functions forms a Riesz basis. 

The method of [5] was generalized in [9], in particular, in this paper two abstract theorems on 

eigenvalues and root vectors of the operators А  and 2А , which may be of independent interest, are 
proved. We give their statement. 

Consider a linear operator А in the Hilbert space Н. We suppose that domain D(А) of the operator А is 
dense in Н. Then there exists an operator А*, which is conjugate to the operator А. Let spectrum of the 
operator А be discrete. The following proposition holds. 

Theorem 1.1. Let number 2
0  be an eigenvalue of the operator А2. If the number λ0 is not eigenvalue 

of the operator А, then λ0 is an eigenvalue of the operator А. 
In the next theorem we consider the case of root vectors. 

Theorem 1.2.  Let 2
0  be an eigenvalue of the operator А2. If 0  is not eigenvalue of the operator А, 

then any root vector 1u  of the operator А2 (if, ofcourse, it exists), corresponding to the eigenvalue 2
0 , is 

an associated element of the operator А, corresponding to the eigenvalue 0 . 

In the work of A.M. Ibraimkulov [6] completeness of the root vectors of a second-order equation was 
studied. The studies of this author were continued in [10] - [14]. 

Among recent studies we can note works of W.Watkins [15–16], in which questions on solvability of 
one-dimensional differential equations with involution were considered, A.P. Khromov and his followers 
[17-18], which considered solvability of integral and differential equations in partial derivatives with 
involution. 

The variable separation method for solving partial differential equations is based on the spectral 
theory of one-dimensional differential operators. Spectral theory of self-adjoint and non-self-adjoint 
ordinary differential operators, which originated in the bowels of mathematical physics equations and 
began with the classical works of Sturm, Liouville, Steklov and others, has received quite complete 
development over the past century. The spectral theory of self-adjoint ordinary differential operators is 
almost complete. In the field of the spectral theory of non-self-adjoint ordinary differential operators, 
significant results on completeness and basis property of eigenfunctions and associated functions were 
obtained in the works of M.V. Keldysh [19], V.A. Ilyin [20-25], M. Otelbaev [26], A.A. Shkalikov [27], 
Radzievsky [28] and many other mathematicians. 

Theory of basis property of systems of eigenfunctions and associated functions of non-self-adjoint 
ordinary differential operators, proposed by V.A. Ilyin, got rapid development. A fairly complete idea 
about development of the theory of basis property by V.A. Ilyin was given in review articles [29-30]. 

Compared with the spectral theory of ordinary differential operators, the spectral theory of one-
dimensional differential operators with involution is in its infancy. Apparently, the first works on the 
spectral theory of one-dimensional differential operators with involution were carried out by initiative of 
T.Sh. Kalmenov [31-35] in the last decade of the present century. These studies were continued in the 
cycle of works by M.A. Sadybekov and A.M. Sarsenby [36-41]. Over the past decade, researchers' interest 
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in differential equations with deviating arguments has grown markedly, as evidenced by publications [42–
58]. Theory of bases is described in detail in [60–63]. 

In this work, we continue the studies begun in [5]. 
Problem Formulation. Find a spectral decomposition of the operator 

ݑܣ ൌ ሺ1′ݑ െ ,ሻݔ ݔ ∈ ሺ0,1ሻ,                                                         (1) 

ሻܣሺܦ   ൌ ሼݑሺݔሻ ∈ ଵሺ0,1ሻܥ ∩ :ሾ0,1ሿܥ ሺ0ሻݑߙ ൅ ሺ1ሻݑߚ ൌ 0ሽ,                                 (2) 

where ߙ,  :are arbitrary complex numbers, satisfying the condition ߚ

|ߙ|     ൅ |ߚ| ് 0.                                                                   (3) 
 
2. Research Method. 
The method is based on the following theorem of N.K. Bari [58]. 
Theorem. If the sequence ൛߰௝ൟ is complete in a Hilbert space H, it corresponds to the complete 

biorthogonal sequence ൛߮௝ൟ  for any ݂ ∈  ܪ

  ∑ ห൫݂, ߰௝൯ห
ଶ∞

௝ୀଵ ൏ ∞,			 ∑ ห൫݂, ߮௝൯ห
ଶ∞

௝ୀଵ ൏ ∞,                                           (4) 

then the system ൛߰௝ൟ forms a Riesz basis of the Hilbert space ܪ. 
Therefore, we first show completeness of the system of eigenfunctions of the operator (1) - (2); then 

we find complete biorthogonal systems of functions and prove inequalities (4).  
2.1. On spectrum of the operator. 
Consider the following boundary value problem: 

ሺ1′ݕ    െ ሻݔ ൌ ;ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,                                                       (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0                                                              (6) 

where ߙ,  .is a spectral parameter ߣ are arbitrary complex numbers, satisfying the condition (3), and ߚ
It is easy to note that a general solution of the equation (5) has the form 

,ݔሺݕ    ሻߣ ൌ ܣ ቂcos ߣ ቀ
ଵ

ଶ
െ ቁݔ െ sin ߣ ቀ

ଵ

ଶ
െ                        ቁቃ,                                            (7)ݔ

where ܣ ് 0 is an arbitrary nonzero constant. 

 Putting (7) into the boundary condition (2), we have 

ሺ0ሻݑߙ ൅ ሺ1ሻݑߚ ൌ ܣߙ ൬cos
ߣ
2
െ sin

ߣ
2
൰ ൅ ܣߚ ൬cos

ߣ
2
൅ sin

ߣ
2
൰ ൌ 

ൌ ܣ ൤ሺߙ ൅ ሻߚ cos
ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
൨ ൌ ሻߣሺ∆°ܣ ൌ 0, 

since ܣ ് 0, therefore  

∆ሺߣሻ ൌ ሺߙ ൅ ሻߚ cos
ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
ൌ 0. 

Assuming, that ߙଶ െ ଶߚ ് 0, we get 

ߙ െ ߚ ് 0, ߙ ൅ ߚ ് 0,ൌ൐ 

݃ݐ
ߣ
2
ൌ
ߙ ൅ ߚ
ߙ െ ߚ

,
௡ߣ
2
ൌ ߨ݊ ൅ ݃ݐܿݎܽ

ߙ ൅ ߚ
ߙ െ ߚ

,ൌ൐ 

௡ߣ ൌ ߨ2݊ ൅ ݃ݐܿݎ2ܽ
ߙ ൅ ߚ
ߙ െ ߚ

. 

Lemma 2.1. If   

ସߙ                                        െ ସߚ ് 0,                                                                      (8) 
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then the boundary value problem 

ሺ1′ݕ    െ ሻݔ ൌ ;ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,                                                       (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0                                                                 (6) 

has infinite set of eigenvalues 

௡ߣ   ൌ ߨ2݊ ൅ ݃ݐܿݎ2ܽ
ఈାఉ

ఈିఉ
, ݊ ൌ 0,േ1,േ2,…                                         (9) 

and the eigenfunctions corresponding to them 

ሻݔ௡ሺݕ     ൌ ௡ܣ ቂcos ௡ߣ ቀ
ଵ

ଶ
െ ቁݔ െ sin ௡ߣ ቀ

ଵ

ଶ
െ ቁቃݔ , ݊ ൌ 0,േ1,േ2,…                      (10)                       

where ܣ௡ are arbitrary constants. 
All eigenvalues are simple, i.е. if ߣ௡ is an eigenvalue, then ∆ሺߣ௡ሻ ൌ 0 and ∆ሶ ሺߣ௡ሻ ് 0, where the icon 

ሺ0ሻሶ  means the derivative with respect to the spectral parameter ߣ. 
There are no associated functions.  
Proof. From the condition of Lemma it follows that ߙ ൅ ߚ ് 0, ߙ െ ߚ ് 0, then from the equation 

∆ሺߣሻ ൌ ሺߙ ൅ ሻߚ cos
ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
ൌ 0, 

we have 

݃ݐ
ߣ
2
ൌ
ߙ ൅ ߚ
ߙ െ ߚ

. 

This equation does not have any roots only in two cases: 

ߙ ൅ ߚ
ߙ െ ߚ

ൌ േ݅. 

This condition holds only when ߙ ൌ േ݅ߚ, i.е. ߙଶ ൅ ଶߚ ൌ 0, which is possible due to the condition of 
Lemma 3.1. 

In all other cases our equation has roots, which are given by the formulas  

௡ߣ ൌ ߨ2݊ ൅ ݃ݐܿݎ2ܽ
ߙ ൅ ߚ
ߙ െ ߚ

, ݊ ൌ 0,േ1,േ2,… 

By (7) we find the corresponding eigenfunctions: 

ሻݔ௡ሺݕ     ൌ ௡ܣ ቂcos ௡ߣ ቀ
ଵ

ଶ
െ ቁݔ െ sin ௡ߣ ቀ

ଵ

ଶ
െ                        ቁቃ,                                          (10)ݔ

where ܣ௡ are arbitrary constants. 
If ߣ is a multiple root of the equation ∆ሺߣሻ ൌ 0, then the system of equations  

൜
∆ሺߣሻ ൌ 0,
∆ሶ ሺߣሻ ് 0

 

implies that ߙଶ ൅ ଶߚ ൌ 0	, that is also impossible. 
 
Indeed, 

∆ሺߣሻ ൌ ሺߙ ൅ ሻߚ cos
ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
ൌ 0, 

∆ሶ ሺߣሻ ൌ
1
2
൤െሺߙ ൅ ሻߚ sin

ߣ
2
െ ሺߙ െ ሻߚ cos

ߣ
2
൨ ൌ 0,ൌ൐ 

൞
ሺߙ ൅ ሻߚ cos

ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
ൌ 0,

ሺߙ െ ሻߚ cos
ߣ
2
൅ ሺߙ ൅ ሻߚ sin

ߣ
2
ൌ 0.
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Since this system of equations has a nontrivial solution, then its determinant will vanish, i.е. 

∆ൌ ฬ
ߙ ൅ ߚ െሺߙ െ ሻߚ
ߙ െ ߚ ߙ ൅ ߚ

ฬ ൌ ሺߙ ൅ ሻଶߚ ൅ ሺߙ െ ሻଶߚ ൌ 2ሺߙଶ ൅ ଶሻߚ ൌ 0. 

Definition 2.1. If ݑሺݔሻ is an eigenfunction of the boundary value problem  

ݑܣ ൌ ሺ1′ݑ െ ሻݔ ൌ ;ሻݔሺݑߣ ݔ ∈ ሺ0,1ሻ, 

ሺ0ሻݑߙ ൅ ሺ1ሻݑߚ ൌ 0, 

then solution of the boundary value problem 

ݒܤ ൌ ݒ ′ሺ1 െ ሻݔ െ ሻݔሺݒߣ ൌ  ,ሻݔሺݑ

ሺ0ሻݒߙ ൅ ሺ1ሻݒߚ ൌ 0 

is called associated function of this boundary value problem. 
Now we show that if the condition ߙସ െ ସߚ ് 0 holds, our boundary value problem (5) - (6) does not 

have associated functions. 
Let ݑሺݔሻ be an eigenfunction of the boundary value problem (5) - (6), and ݒሺݔሻ is its corresponding 

associated function. Then differentiating (5) - (6) by the spectral parameter ߣ, we have 

ሶݑ ′ሺ1 െ ሻݔ ൌ ሶݑߣ ൅ ,ሻݔሺݑ ሶݑߙ ሺ0ሻ ൅ ሶݑߚ ሺ1ሻ ൌ 0, ൌ൐ 

ሶݑ ′ሺ1 െ ሻݔ െ ሶݑߣ ൌ ,ሻݔሺݑ ሶݑߙ ሺ0ሻ ൅ ሶݑߚ ሺ1ሻ ൌ 0. 

Consequently, the difference ݖሺݔሻ ൌ ሶݑ ሺݔሻ െ  ሻ is an eigenfunction of our boundary value problemݔሺݒ
(5) - (6). Then, obviously, the function 

ሶݑ ሺݔሻ ൌ ሻݔሺݒ ൅  ሻݔሺݖ
is an associated function of our boundary value problem. We prove that it is not possible. Indeed, 

ሺ0ሻݑߙ ൅ ሺ1ሻݑߚ ൌ 0 ൌ ฬݑሺݔሻ ൌ ܣ ൤cos ߣ ൬
1
2
െ ൰ݔ െ sin ߣ ൬

1
2
െ ൰൨ฬݔ ൌ 

ൌ ܣߙ ൬cos
ߣ
2
െ sin

ߣ
2
൰ ൅ ܣߚ ൬cos

ߣ
2
െ sin

ߣ
2
൰ ൌ 

ൌ ܣ ൤ሺߙ ൅ ሻߚ cos
ߣ
2
െ ሺߙ െ ሻߚ sin

ߣ
2
൨ ൌ ܣ ∙ ∆ሺߣሻ. 

Differentiating this formula by the spectral parameter ߣ, we get 
݀
ߣ݀

ሾݑߙሺ0ሻ ൅ ሺ1ሻሿݑߚ ൌ ܣ ∙ ∆ሶ ሺߣሻ, 

ሶݑߙ ሺ0ሻ ൅ ሶݑߚ ሺ1ሻ ൌ ܣ ∙ ∆ሶ ሺߣሻ ് 0, 
where ߣ is an eigenvalue of the boundary value problem (5) - (6). 

2.2. On completeness. 
Lemma 2.2. If 

ସߙ                                        െ ସߚ ് 0,                                                                      (8) 

then eigenfunctions of the boundary value problem 

ሻݔሺ′ݕ    ൌ ሺ1ݕߣ െ ;ሻݔ ݔ ∈ ሺ0,1ሻ,                                                        (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0                                                                 (6) 

form a complete system in the space ܮଶሺ0,1ሻ. 
Proof. Let ሼݕ௡ሽ, ݊ ൌ 0,േ1,േ2, … be a system of eigenfunctions of the boundary value problem (5) - 

(6). We assume that  

න݂ሺݔሻതതതതതതݕ௡ሺݔሻ݀ݔ ൌ 0

ଵ

଴

, න ݂ሺݔሻതതതതതതିݕ ௡ሺݔሻ݀ݔ ൌ 0

ଵ

଴

, ݊ ൌ 0,േ1,േ2,… 

then 

න݂ሺݔሻതതതതതത ൤cosሺ2݊ߨ ൅ 2߮ሻ ൬
1
2
െ ൰ݔ െ sinሺ2݊ߨ ൅ 2߮ሻ ൬

1
2
െ ൰൨ݔ ݔ݀ ൌ 0,

ଵ

଴
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න݂ሺݔሻതതതതതത ൤cosሺ2݊ߨ െ 2߮ሻ ൬
1
2
െ ൰ݔ ൅ sinሺ2݊ߨ െ 2߮ሻ ൬

1
2
െ ൰൨ݔ ݔ݀ ൌ 0,

ଵ

଴

 

where  

߮ ൌ ݃ݐܿݎܽ
ߙ ൅ ߚ
ߙ െ ߚ

. 

Supposing ݐ ൌ
ଵ

ଶ
െ  from the first formula we have ,ݔ

ݔ ൌ
1
2
െ ,ݐ ݔ݀ ൌ െ݀ݐ, ൌ൐ 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾcosሺ2݊ߨ ൅ 2߮ሻݐ െ sinሺ2݊ߨ ൅ 2߮ሻ ሻݐሿሺെ݀ݐ ൌ 

ൌ න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾcosሺ2݊ߨ ൅ 2߮ሻݐ െ sinሺ2݊ߨ ൅ 2߮ሻ ݐሿ݀ݐ ൌ 0;																														ሺ12ሻ	

Similarly, we obtain 

ൌ න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾcosሺ2݊ߨ െ 2߮ሻݐ ൅ sinሺ2݊ߨ െ 2߮ሻ ݐሿ݀ݐ ൌ 0.																															ሺ13ሻ	

Summing up equalities (12) and (13), we get 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾ2 cos ݐߨ2݊ cos ݐ2߮ െ 2 cos ݐߨ2݊ sin ݐሿ݀ݐ2߮ ൌ 0, 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሺcos ݐ2߮ െ sin ሻݐ2߮ cos ݐߨ2݊ ݐ݀ ൌ 0, ݊ ൌ 0,1,2, … 

In this formula supposing 2ݐߨ ൌ  we have ,ݔ

ݐ ൌ
ݔ
ߨ2

, ݐ݀ ൌ
ݔ݀
ߨ2
, 

׬                  ݂̅ ቀ
ଵ

ଶ
െ

௫

ଶగ
ቁ ቀcos

ఝ௫

గ
െ sin

ఝ௫

గ
ቁ cos ݔ݀ݔ݊ ൌ 0, ݊ ൌ 0,1,2, …

ାగ
ିగ                            (14) 

 

Further, subtracting the formula (13) from (12), we get 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾെ2 sin ߨ2݊ ∙ sin ݐ2߮ െ 2 sin ݐߨ2݊ ∙ cos ݐሿ݀ݐ2߮ ൌ 0, ൌ൐ 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
െ ൰ݐ ሾcos ݐ2߮ ൅ sin ሿݐ2߮ sin ݐߨ2݊ ݐ݀ ൌ 0, ݊ ൌ 1,2, …																							ሺ15ሻ 

Now from (14) we have 

න ݂̅ ൬
1
2
െ

ݔ
ߨ2
൰ ቀcos

ݔ߮
ߨ
െ sin

ݔ߮
ߨ
ቁ cos ݔ݀ݔ݊ ൌ 0.ൌ൐		

ାగ

ିగ
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In this formula assuming   , we obtain 

െݔ ൌ ,ߦ ݔ݀ ൌ െ݀ߦ,ൌ൐ 

െ න ݂̅ ൬
1
2
൅

ߦ
ߨ2
൰ ൬cos

ߦ߮
ߨ
൅ sin

ߦ߮
ߨ
൰ cos ߦ݀ߦ݊ ൌ 0,ൌ൐

ାగ

ିగ

 

න ݂̅ ൬
1
2
൅

ߦ
ߨ2
൰ ൬cos

ߦ߮
ߨ
൅ sin

ߦ߮
ߨ
൰ cos ߦ݀ߦ݊ ൌ 0,

ାగ

ିగ

 

or denoting ߦ by ݔ, we get 

න ݂̅ ൬
1
2
൅
߮
ߨ2
൰ ቀcos

ݔ߮
ߨ
൅ sin

ݔ߮
ߨ
ቁ cos ݔ݀ݔ݊ ൌ 0,

ାగ

ିగ

	݊ ൌ 0,1,2, …																													ሺ16ሻ 

Adding (14) to (16), we receive 

න ቎
݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ

2
cos

ݔ߮
ߨ

ାగ

ିగ

൅
݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
sin

ݔ߮
ߨ
቏ ∙ 

∙ cos ݔ݀ݔ݊ ൌ 0.                                                                (17) 

 

The function in the integral in (17) is even, therefore 

න ቀ݂ܲ̅ cos
ݔ߮
ߨ
൅ ݂ܳ̅ sin

ݔ߮
ߨ
ቁ cos ݔ݀ݔ݊ ൌ 0, ݊ ൌ 0,1,2, … ,

గ

଴

 

where  

݂ܲሺ̅ݔሻ ൌ
݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ

2
, ݂ܳሺ̅ݔሻ ൌ

݂̅ ቀ
ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
.					 

Due to completeness of the system of functions ሼcos ,ሽݔ݊ ݊ ൌ 0,1,2, … in the space ܮଶሺ0,  ሻ, we haveߨ

݂ܲ̅ cos
ݔ߮
ߨ
൅ ݂ܳ̅ sin

ݔ߮
ߨ
ൌ 0 

Now we transform the formula (15). Assuming ݐ ൌ െݔ, we get 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
൅ ൰ݔ ሺcos ݔ2߮ െ sin ሻݔሻሺെ݀ݔ2߮ ൌ 

න ݂̅

ଵ/ଶ

ିଵ/ଶ

൬
1
2
൅ ൰ݔ ሺcos ݔ2߮ െ sin ݔሻ݀ݔ2߮ ൌ 0. 

Consequently, we have a pair of the formulas 

׬                               ݂̅
ଵ/ଶ
ିଵ/ଶ ቀଵ

ଶ
െ ቁݔ ሺcos ݔ2߮ ൅ sin ሻݔ2߮ sin ݔ݀ݔߨ2݊ ൌ 0,                                (18) 

׬ ݂̅
భ
మ

ି
భ
మ

ቀଵ
ଶ
൅ ቁݔ ሺcos ݔ2߮ െ sin ሻݔ2߮ sin ݔ݀ݔߨ2݊ ൌ 0.                                  (19) 
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Subtracting the formula (18) from the formula (19), then dividing the result by 2, we obtain 

න ቎
݂̅ ቀ

ଵ

ଶ
൅ ቁݔ െ ݂̅ ቀ

ଵ

ଶ
െ ቁݔ

2
cos ݔ2߮

ଵ/ଶ

ିଵ/ଶ

െ
݂̅ ቀ

ଵ

ଶ
൅ ቁݔ ൅ ݂̅ ቀ

ଵ

ଶ
െ ቁݔ

2
sin ቏ݔ2߮ ∙ 

∙ sin ݔ݀ݔߨ2݊ ൌ 0, ݊ ൌ 1,2, ….                                                    (20) 

The function in the integral in (20) is even, thus 

׬                   ൫݂ܳ̅ cos ݔ2߮ െ ݂ܲ̅ sin ൯ݔ2߮ sin ݔ݀ݔߨ2݊ ൌ 0,
ଵ/ଶ
଴                                       (21) 

where  

݂ܳሺ̅ݔሻ ൌ
݂̅ ቀ

ଵ

ଶ
൅ ቁݔ െ ݂̅ ቀ

ଵ

ଶ
െ ቁݔ

2
, ݂ܲሺ̅ݔሻ ൌ

݂̅ ቀ
ଵ

ଶ
൅ ቁݔ ൅ ݂̅ ቀ

ଵ

ଶ
െ ቁݔ

2
.	 

Assuming ݐ ൌ  we change the variable in the formula (21), then ,ݔߨ2

ݔ ൌ
ݐ
ߨ2

, ݔ݀ ൌ
ݐ݀
ߨ2
, 

න ቎
݂̅ ቀ

ଵ

ଶ
൅

௧

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௧

ଶగ
ቁ

2
cos

ݐ߮
ߨ

గ

଴

െ
݂̅ ቀ

ଵ

ଶ
൅

௧

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
െ

௧

ଶగ
ቁ

2
sin

ݐ߮
ߨ
቏ ∙ 

∙ sin ݐ݀ݐ݊ ൌ 0, ݊ ൌ 1,2, …. 

Due to completeness of the system of functions in the space ܮଶሺ0,  ሻ, we haveߨ

݂̅ ቀ
ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
cos

ݔ߮
ߨ
െ
݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
sin

ݔ߮
ߨ
ൌ 0. 

Consequently,  

ە
ۖ
۔

ۖ
݂̅ۓ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ

2
cos

ݔ߮
ߨ
൅
݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
sin

ݔ߮
ߨ
ൌ 0,

݂̅ ቀ
ଵ

ଶ
൅

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
sin

ݔ߮
ߨ
െ
݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
cos

ݔ߮
ߨ
ൌ 0.

 

Since the determinant of this system 

∆ൌ ተ
cos

ݔ߮
ߨ

sin
ݔ߮
ߨ

sin
ݔ߮
ߨ

െcos
ݔ߮
ߨ

ተ ൌ െ cosଶ
ݔ߮
ߨ
െ sinଶ

ݔ߮
ߨ
ൌ െ1 ് 0, 

then 

݂̅ ቀ
ଵ

ଶ
െ

௫

ଶగ
ቁ ൅ ݂̅ ቀ

ଵ

ଶ
൅

௫

ଶగ
ቁ

2
ൌ 0,

݂̅ ቀ
ଵ

ଶ
൅

௫

ଶగ
ቁ െ ݂̅ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ

2
ൌ 0. 

Summing up these formulas, we get ݂̅ ቀ
ଵ

ଶ
൅

௫

ଶగ
ቁ ൌ 0 almost for all ݔ ∈ ሾ0,  ሿ, consequently, almost forߨ

all ݔ ∈ ሾ0,1ሿ we have the equality ݂̅ ൌ 0, that is required to prove. 
2.3. On the conjugate boundary value problem. 
We find conjugate boundary value problem to our boundary value problem 

ݕܣ    ൌ ሺ1′ݕ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ;                                                     (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0.                                                                 (6) 

Let ݖሺݔሻ ∈  ାሻ, i.е. belong to the domain of the conjugate problem, then we have the formulaܮሺܦ
ሺݕܣ, ሻݖ ൌ ሺݕ, ,ሻݖାܣ ݕ∀ ∈ ,ሻܣሺܦ ݖ ∈  .ାሻܣሺܦ
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Expanding this formula and integrating by parts, we find	ܦሺܣାሻ. 

ሺݕܣ, ሻݖ ൌ නܵݕ′ሺݔሻݖሺݔሻതതതതതത
ଵ

଴

ݔ݀ ൌ ൫ܵݕ′, ൯ݖ ൌ ൫ݕ′, ൯ݖܵ ൌ ሻݔሺݖܵ| ൌ ሺ1ݖ െ |ሻݔ ൌ 

ൌ නܵݖതതത
ଵ

଴

ݕ݀ ൌ ݖܵ ∙ ଴|ݕ
ଵ െ නሺܵݖതതതሻ′ݕሺݔሻ݀ݔ

ଵ

଴

ൌ ሺ1ݖ െ ሻതതതതതതതതതതതݔ ∙ ሻหݔሺݕ
଴

ଵ
െ නሺܵݖതതതሻ′ݕሺݔሻ݀ݔ

ଵ

଴

ൌ 

ൌ ሺ1ሻݕሺ0ሻതതതതതതݖ െ ሺ0ሻݕሺ1ሻതതതതതതݖ ൅ නݖ′ሺ1 െ .ݔሻ݀ݔሺݕሻതതതതതതതതതതതതݔ

ଵ

଴

 

Equating to zero, outside the integral term, we compose a system of equations:   

൜
ሺ0ሻݕߙ ൅ ሺ1ሻݕߚ ൌ 0

ሺ0ሻݕሺ1ሻതതതതതതݖ െ ሺ1ሻݕሺ0ሻതതതതതതݖ ൌ 0.
 

Since the system of equations has a non-trivial solution, then the determinant vanishes, i.е. 

െ̅ݖߙሺ0ሻ െ ሺ1ሻ̅ݖߚ ൌ 0,⇒ ሺ0ሻ̅ݖ ൅ ሺ1ሻ̅ݖߚ ൌ 0,⇒ ሺ0ሻݖതߙ ൅ ሺ1ሻݖߚ̅ ൌ 0. 
From the equality  

ሺݕ, ሻݖାܣ ൌ න ሻݔሺݕ
ଵ

଴
ሺ1′ݖ െ  ݔതതതതതതതതതത݀ݔ

we have 
ݖାܣ ൌ ሺ1′ݖ െ  ሻݔ

consequently, conjugate boundary value problem has the following form: 

ݖାܣ    ൌ ሺ1′ݖ െ ሻݔ ൌ ,ሻݔሺݖߤ ݔ ∈ ሺ0,1ሻ;		                                               (5)+ 

ሺ0ሻݖതߙ   ൅ ሺ1ሻݖߚ̅ ൌ 0.                         (6)+ 

It is easy to note that this problem similar to the boundary value problem (5) - (6). Since ሺߙതሻସ െ

൫̅ߚ൯
ସ
ൌ 0 ⟺ ସߙ െ ସߚ ൌ 0, then the conditions on its solvability are also similar. In particularly, Lemma 

2.1 yields the following Lemma 2.3. 
 
Lemma 2.3. If 

                                          ሺߙതሻସ െ ሺߚሻସ ് 0                                                (8)+ 

then the boundary value problem (5)+ - (6)+ has infinite set of eigenvalues: 

௠ߤ                             ൌ ߨ2݉ ൅ ݃ݐܿݎ2ܽ
ఈഥାఉഥ

ఈഥିఉഥ
, ݉ ൌ 0,േ1,േ2,…                                        (9)+ 

and their corresponding eigenfunctions: 

ሻݔ௠ሺݖ ൌ ௠ܤ ቂcos ௠ߤ ቀଵ
ଶ
െ ቁݔ െ sin ௠ߤ ቀଵ

ଶ
െ ቁቃݔ 		݉ ൌ 0,േ1,േ2, …                     (10)+ 

where ܤ௠ are arbitrary constants.  

All eigenvalues ߤ௠ are simple. 

There are no associated functions. 
 
Lemma 2.4. If 

    ሺߙതሻସ െ ൫̅ߚ൯
ସ
് 0          (8)+ 

then eigenfunctions ሼݖ௡ሽ of the boundary value problem  

ݖାܣ                             ൌ ሺ1′ݖ െ ሻݔ ൌ ,ሻݔሺݖߤ ݔ ∈ ሺ0,1ሻ;                           (5)+ 

ሺ0ሻݖതߙ     ൅ ሺ1ሻݖߚ̅ ൌ 0            (6)+ 

form a complete system in the space ܮଶሺ0,1ሻ. 
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2.4. On the biorthogonal system  
Lemma 2.5. If the functions 

ሻݔ௡ሺݕ ൌ ௡ܣ ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ ൰൨ݔ , ݊ ൌ 0,േ1, േ2,… 

are eigenfunctions of the boundary value problem 

ݕܣ    ൌ ሺ1′ݕ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ;                        (5) 

ሺ0ሻݕߙ     ൅ ሺ1ሻݕߚ ൌ 0,             (6) 

then the functions  

ሻݔ௡ሺݖ ൌ
1
௡ܣ̅

൤cos ௡ߣ̅ ൬
1
2
െ ൰ݔ െ sin ௡ߣ̅ ൬

1
2
െ  ൰൨ݔ

are eigenfunctions of the conjugate boundary value problem 

ݖାܣ                               ൌ ሺ1′ݖ െ ሻݔ ൌ ,ሻݔሺݖߤ ݔ ∈ ሺ0,1ሻ;                                               (5)+ 

ሺ0ሻݖതߙ      ൅ ሺ1ሻݖߚ̅ ൌ 0;               (6)+ 

moreover, we have the formula 

ሺݕ௡, ௠ሻݖ ൌ  ,௡௠ߜ
where ߜ௡௠ is the Kronecker symbol.  

 
Proof.  

ሺݕ௡, ௠ሻݖ ൌ 

ൌ න ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ ൰൨ݔ

ଵ

଴
∙ ൤cos ௠ߣ̅ ൬

1
2
െ ൰ݔ െ sın ௠ߣ̅ ൬

1
2
െ ൰൨ݔ

തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത
 ݔ݀

ൌ න ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ ൰൨ݔ ൤cos ௠ߣ ൬

1
2
െ ൰ݔ െ sin ௠ߣ ൬

1
2
െ ൰൨ݔ ݔ݀ ൌ

ଵ

଴
 

ൌ න ൜൤cos ௡ߣ ൬
1
2
െ ൰ݔ cos ௠ߣ ൬

1
2
െ ൰ݔ ൅ sin ௡ߣ ൬

1
2
െ ൰ݔ sin ௠ߣ ൬

1
2
െ ൰൨ݔ

ଵ

଴
െ 

െ൤cos ௡ߣ ൬
1
2
െ ൰ݔ sin ௠ߣ ൬

1
2
െ ൰൨ݔ െ ൤cos ௡ߣ ൬

1
2
െ ൰ݔ sin ௠ߣ ൬

1
2
െ ൰ݔ ൅ 

൅sin ௡ߣ ൬
1
2
െ ൰ݔ cos ௠ߣ ൬

1
2
െ ൰൨ൠݔ ݔ݀ ൌ 

ൌ න ൤cosሺߣ௡ െ ௠ሻߣ ൬
1
2
െ ൰ݔ െ sinሺߣ௡ ൅ ௠ሻߣ ൬

1
2
െ ൰൨ݔ

ଵ

଴
ݔ݀ ൌ 

ൌ ൦െ
sinሺߣ௡ െ ௠ሻߣ ቀ

ଵ

ଶ
െ ቁݔ

௡ߣ െ ௠ߣ
ቮ

଴

ଵ

െ
cosሺߣ௡ ൅ ௠ሻߣ ቀ

ଵ

ଶ
െ ቁݔ

௡ߣ ൅ ௠ߣ
ቮ

଴

ଵ

൪ ൌ 

ൌ
2 sin

ఒ೙ିఒ೘
ଶ

௡ߣ െ ௠ߣ
ൌ
sin

ఒ೙ିఒ೘
ଶ

ఒ೙ିఒ೘
ଶ

ൌ ተተ

௡ߣ
2
ൌ ߨ݊ ൅ ݃ݐܿݎܽ

ߙ ൅ ߚ
ߙ െ ߚ

௡ߣ െ ௠ߣ
2

ൌ ሺ݊ െ ݉ሻߨ
ተተ ൌ 

ൌ
sinሺ݊ െ ሻߨ݉
ሺ݊ െ݉ሻߨ

ൌ 0, 

when  ݊ ് ݉. 
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If ݊ ൌ ݉, then  

ሺݕ௡, ௠ሻݕ ൌ න ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ ൰൨ݔ

ଶଵ

଴
ݔ݀ ൌ 

ൌ න ൤1 െ 2 sin ௡ߣ ൬
1
2
െ ൰ݔ cos ௡ߣ ൬

1
2
െ ൰൨ݔ

ଵ

଴
ݔ݀ ൌ 

ൌ න ሾ1 െ sin ௡ߣ ሺ1 െ ݔሻሿ݀ݔ2 ൌ ቈݔ െ
cos ௡ߣ ሺ1 െ ሻݔ2

௡ߣ2
቉

ଵ

଴
ቤ
଴

ଵ

ൌ 1 

2.5. On basis property 
Definition 2.1. Sequence ൛߮௝ൟ of vectors of the Banach space ܤ is called basis of this space, if each 

vector ݔ ∈   is expended uniquely in a series ܤ

ݔ ൌ෍ ௝ܿ ൈ ߰௝

∞

௝ୀଵ

 

converging by the norm of the space ܤ. 
Any bounded invertible operator transforms any orthonormal basis into some other basis of the space 

 obtained from the orthonormal basis by using such ,ܪ The basis ൛߰௝ൟ of the Hilbert space .ܪ
transformation, is called basis equivalent to orthonormal or the Riesz basis.  

Theorem (N.К. Bari). If the sequence ൛߰௝ൟ is complete in the Hilbert space ܪ, it corresponds to a 
complete biorthogonal sequence ൛߰௝ൟ and for all ݂ ∈  ܪ

  ∑ ห൫݂, ߰௝൯ห
ଶ∞

௝ୀଵ ൏ ∞, ∑ ห൫݂, ߮௝൯ห
ଶ∞

௝ୀଵ ൏ ∞              (4) 

then the system ൛߰௝ൟ forms Riesz basis in the space ܪ. 
Using this theorem, we prove basis property of the system of eigenfunctions of our boundary value 

problem 
ݕܣ   ൌ ሺ1′ݕ െ ሻݔ ൌ ,ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ;           (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0,            (6) 

where ߙ,  are arbitrary constants, satisfying the condition ߚ
ସߙ  െ ସߚ ് 0.            (8) 

and ߣ is a spectral parameter. 
Our sequence is complete (see Lemma 2.2) in the space ܪ ൌ  ଶሺ0,1ሻ, and it corresponds to aܮ

biorthogonal sequence ሼݖ௡ሽ (see Lemma 2.5), which is also complete in ܪ (see Lemma 2.4), therefore, it 
only remains for us to prove inequalities (4): 

Let 

        ܽ௡ ൌ ሺ݂, ௡ሻݕ ൌ ׬ ݂ ∙ ,ݔሻ݀ݔത௡ሺݕ
ଵ
଴ 	ܾ௡ ൌ ሺ݂, ௡ሻݖ ൌ ׬ ݂ሺݔሻݖ௡̅ሺݔሻ݀ݔ.

ଵ
଴                        (22) 

In our case 

ሻݔ௡ሺݕ ൌ ሺെ1ሻ௡ ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ  ,൰൨ݔ

ሻݔ௡ሺݖ ൌ ሺെ1ሻ௡ ൤cos ௡ߣ̅ ൬
1
2
െ ൰ݔ െ sin ௡ߣ̅ ൬

1
2
െ  .൰൨ݔ

First we transform the integrals (6). 

ܽ௡ ൌ ሺെ1ሻ௡ න ݂ሺݔሻ ൤cos ௡ߣ̅ ൬
1
2
െ ൰ݔ െ sin ௡ߣ̅ ൬

1
2
െ ൰൨ݔ

ଵ

଴
ݔ݀ ൌ 

ൌ ሺെ1ሻ௡ ∙ න ݂ሺݔሻ cos ௡ߣ̅ ൬
1
2
െ ൰ݔ ݔ݀ െ ሺെ1ሻ௡ න ݂ሺݔሻ

ଵ

଴
sin ௡ߣ̅ ൬

1
2
െ ൰ݔ

ଵ

଴
 ;ݔ݀

න ݂ሺݔሻ
ଵ

଴
cos ௡ߣ̅ ൬

1
2
െ ݔ൰݀ݔ ൌ อݐ ൌ

1
2
െ ݔ

ݐ݀ ൌ െ݀ݔ
อ ൌ න ݂ ൬

1
2
െ ൰ݐ

భ
మ

ି
భ
మ

cos ௡ߣ̅ ሻݐሺെ݀ݐ ൌ 
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ൌ න ݂ ൬
1
2
െ ൰ݐ

భ
మ

ି
భ
మ

ሾcos 	ݐߨ2݊ cos ݐ2߮ െ sin ݐߨ2݊ sin ݐሿ݀ݐ2߮ ൌ 

ൌ ฬݔ ൌ ,ݐߨ2 ݐ ൌ
2
ߨ2

, ݐ݀ ൌ
ݔ݀
ߨ2
ฬ ൌ 

ൌ න ݂ ൬
1
2
െ

ݔ
ߨ2
൰

ାగ

ିగ
ቂcos ݔ݊ ∙ cos

ݔ߮
ߨ
െ sin ݔ݊ ∙ sin

ݔ߮
ߨ
ቃ
ݔ݀
ߨ2

ൌ 

ൌ
1
ߨ2

න ݂ ൬
1
2
െ

ݔ
ߨ2
൰

ାగ

ିగ
cos

ݔ߮
ߨ
cos ݔ݊ ݔ݀ െ 

െ
1
ߨ2

න ݂ ൬
1
2
െ

ݔ
ߨ2
൰

గ

ିగ
sin

ݔ߮
ߨ
∙ sin ݔ݊  ;ݔ݀

 
 The system  

1

ߨ2√
,

1

ߨ√
sin ݔ , … ,

cos ݔ݊

ߨ√
,

sin ݔ݊

ߨ√
,… 

 

forms orthonormal basis of the space ܪ ൌ  ଶሺ0,1ሻ. Based on this fact, we estimate the coefficients ܽ௡andܮ
ܾ௡(see (22)). 

ܽ௡ ൌ
1

ߨ√2
න ݂ ൬

1
2
െ

ݔ
ߨ2
൰

ାగ

ିగ
cos

ݔ߮
ߨ
ൈ
cos ݔ݊

ߨ√
െ 

െ
1

ߨ√2
න ݂ ൬

1
2
െ

ݔ
ߨ2
൰

ାగ

ିగ
sin

ݔ߮
ߨ
ൈ
sin ݔ݊

ߨ√
 ,ݔ݀

ܴ݁ܽ௡ ൌ
1

ߨ√2
න ܴ݁
ାగ

ିగ
݂ ൬
1
2
െ

ݔ
ߨ2
൰ cos

ݔ߮
ߨ
ൈ
cos ݔ݊

ߨ√
ݔ݀ െ 

െ
1

ߨ√2
න ܴ݂݁
ାగ

ିగ
൬
1
2
െ

ݔ
ߨ2
൰ sin

ݔ߮
ߨ
ൈ
sin ݔ݊

ߨ√
,ݔ݀ ݊ ് 0 

Let 

ሻݔሺݑ ൌ
ܴ݂݁ ቀ

ଵ

ଶ
െ

௫

ଶగ
ቁ cos

ఝ௫

గ

ߨ√2
, ሻݔሺݒ ൌ

1

ߨ√2
ܴ݂݁ ൬

1
2
െ

ݔ
ߨ2
൰ sin

ݔ߮
ߨ
. 

Then  

ܴ݁ܽ௡ ൌ
1

ߨ√
න ሻݔሺݑ cos ݔ݊
ାగ

ିగ
ݔ݀ െ

1

ߨ√
න ሻݔሺݒ
ାగ

ିగ
sin ݔ݊ ݔ݀ ൌ ௡ߙ െ ,௡ߚ ݊ ് 0 

If ݊ ൌ 0, we have  

ܽ଴ ൌ
1
ߨ2

න ݂ ൬
1
2
െ

ݔ
ߨ2
൰

ାగ

ିగ
cos

ݔ߮
ߨ
 ,ݔ݀

ܴ݁ܽ଴ ൌ
1
ߨ2

න ܴ݂݁
ାగ

ିగ
൬
1
2
െ

ݔ
ߨ2
൰ cos

ݔ߮
ߨ
 ,ݔ݀

଴ߙ ൌ
1

ߨ2√
න ݔሻ݀ݔሺݑ
ାగ

ିగ
ൌ

1

ߨ2√
න

ܴ݂݁ ቀ
ଵ

ଶ
െ

௫

ଶగ
ቁ cos

ఝ௫

గ

ߨ√2

ାగ

ିగ
ݔ݀ ൌ 

ൌ
1

√2
ൈ
1
ߨ2

න ܴ݂݁
ାగ

ିగ
൬
1
2
െ

ݔ
ߨ2
൰ cos

ݔ߮
ߨ
ݔ݀ ൌ

ܴ݁ܽ଴
√2

,⇒ ܴ݁ܽ଴ ൌ  .଴√2ߙ
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Further, 
|ܴ݁ܽ௡| ൑ |௡ߙ| ൅  ⇒,|௡ߚ|

|ܴ݁ܽ௡|ଶ ൑ ሺ|ߙ௡| ൅ ௡|ሻଶߚ| ൑ ௡|ଶߙ| ൅ |௡ߙ|2 ൈ |௡ߚ| ൅ ௡|ଶߚ| ൑ 

൑ ௡|ଶߙ| ൅ ௡|ଶߚ| ൅ ௡|ଶߙ| ൅ ௡|ଶߚ| ൑ 2ሺ|ߙ௡|ଶ ൅  ,௡|ଶሻߚ|

|ܴ݁ܽ଴| ൑ ,|଴ߙ|	2√ |ܴ݁ܽ଴|ଶ ൑  .଴|ଶߙ|2
Consequently, 

෍|ܴ݁ܽ௡|ଶ
∞

௡ୀ଴

൑ 2൭෍|ߙ௡|ଶ
∞

௡ୀ଴

൅෍|ߚ௡|ଶ
∞

௡ୀଵ

൱ ൑ 2ሺ‖ݑ‖ଶ ൅ ଶሻ‖ݒ‖ ൏ ∞. 

Similarly, we have 

෍|ܽ݉ܫ௡|ଶ ൏ ∞.

∞

௡ୀ଴

 

Therefore, 

෍|ܽ௡|ଶ
∞

௡ୀ଴

ൌ ෍|ܽ݉ܫ௡|ଶ
∞

௡ୀ଴

൅ |ܴ݁ܽ௡|ଶ ൏ ∞. 

Estimation of the series ∑ |ܾ௡|ଶ
∞
௡ୀ଴  is carried out similarly. 

We have proved the main Theorem 3.1., and Theorem 3.2 is its corollary. 
3. Research Results. 
Theorem 3.1. Suppose that 

ସߙ   െ ସߚ ് 0,																																																																											    (8) 

then the system of eigenfunctions of the boundary value problem 

ሺ1′ݕ    െ ሻݔ ൌ ;ሻݔሺݕߣ ݔ ∈ ሺ0,1ሻ,                                                (5) 

ሺ0ሻݕߙ    ൅ ሺ1ሻݕߚ ൌ 0                                                                 (6) 

forms Riesz basis in the space ܮଶሺ0,1ሻ, i.е. we have 

݂ሺݔሻ ൌ ∑ ሺ݂, ∞௡ሻାݖ
ି∞  ,ሻݔ௡ሺݕ

Converging in the space ܮଶሺ0,1ሻ, where  

ሻݔ௡ሺݕ ൌ ሺെ1ሻ௡ ൤cos ௡ߣ ൬
1
2
െ ൰ݔ െ sin ௡ߣ ൬

1
2
െ  ,൰൨ݔ

ሻݔ௡ሺݖ ൌ ሺെ1ሻ௡ ൤cos ௡തതതߣ ൬
1
2
െ ൰ݔ െ sin ௡തതതߣ ൬

1
2
െ  ,൰൨ݔ

௡ߣ   ൌ ߨ2݊ ൅ ݃ݐܿݎ2ܽ
ఈାఉ

ఈିఉ
, ݊ ൌ 0,േ1,േ2,…                                            (9) 

and ݂ሺݔሻ is an arbitrary element in the space ܮଶሺ0,1ሻ. 

Theorem 3.2. If ߙସ െ ସߚ ് 0, then for any element ݑሺݔሻ ∈  ሻ we have the spectral expansionܣሺܦ

ݑܣ    ൌ ∑ ,ݑ௡ሺߣ ∞௡ሻାݖ
ି∞  ሻ                                                       (11)ݔ௡ሺݕ

converging in the space ܮଶሺ0,1ሻ, where 

௡ߣ   ൌ ߨ2݊ ൅ ݃ݐܿݎ2ܽ
ఈାఉ

ఈିఉ
, ݊ ൌ 0,േ1,േ2,…                                             (9) 

ሻݔ௡ሺݖ   ൌ ሺെ1ሻ௡ ቂcos ௡തതതߣ ቀ
ଵ

ଶ
െ ቁݔ െ sin ௡തതതߣ ቀ

ଵ

ଶ
െ   +ቁቃ,                                    (10)ݔ

ሻݔ௡ሺݕ   ൌ ሺെ1ሻ௡ ቂcos ௡ߣ ቀ
ଵ

ଶ
െ ቁݔ െ sin ௡ߣ ቀ

ଵ

ଶ
െ  ቁቃ.                                     (10)ݔ

Theorem 3.2. is the main result of this work. 
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4. Discussion.  
Formula (11) is not possible if there are associated vectors, the well-known Kesselman - Mikhailov 

theorem [61- [62] states that, not the system of eigenvectors, the system of root vectors is basic, and this is 
significance of the results of this work. Formula (11) can find application in electrical engineering, 
information theory, crystallography, and signal transmission theory. It can be useful in study various 
boundary value problems by the method of variables separation. 

 

5. Conclusion. 
1) Operator (1) - (2) is not semi-bounded; 
2) There is an alternative: either the boundary value problem (5) - (6) is Volterra i.e. has no 

eigenvalues, or the system of its eigenvectors forms a Riesz basis of the space ܮଶሺ0,1ሻ. 
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