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INVERSE PROBLEM OF STURM-LIOUVILLE OPERATOR  
WITH NON-SEPARATED BOUNDARY VALUE CONDITIONS  

AND SYMMETRIC POTENTIAL 
 

Abstract: In this paper, we prove uniqueness theorem, by one spectrum, for a Sturm-Liouville operator with 
non-separated boundary value conditions and a real continuous and symmetric potential. The research method differs 
from all previously known methods and is based on internal symmetry of the operator generated by invariant 
subspaces. 
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1. Introduction 
We study the following inverse spectral problem for the Sturm-Liouville operator: 

                                              Ly := y′′ + q(x)y, x ∈ (0, 1), 

on a finite interval (0, 1) with non-separated boundary value conditions. Inverse problems consist in 
restoring the coefficients of differential operators by their spectral characteristics. Such problems often 
arise in mathematics and its applications. 

Inverse problems for differential operators with decaying boundary value conditions have been 
thoroughly studied (see monographs [1–5] and references). More difficult inverse problems for Sturm – 
Liouville operators with non-decaying boundary value conditions were studied in [6–17] and other works. 
In particular, periodic boundary-value problem was considered in [6, 7, 9, 14]. I. V. Stankevich [6] 
proposed formulation of the inverse problem and proved the corresponding uniqueness theorem. V. A. 
Marchenko and I. V. Ostrovsky [7] characterized spectrum of a periodic boundary-value problem in terms 
of a special conformal mapping. The conditions proposed in [7] are difficult to verify. Another method, 
used in [9], made it possible to obtain necessary and sufficient conditions for solvability of the inverse 
problem in the periodic case that are more convenient to verify. Similar results were obtained in [9], and 
for another type of boundary conditions, namely 

y′(0) − ܽy(0) + by(π) = y′(π) + dy(π) − by(0) = 0. 

Later similar results were obtained in [12, 13]. In the paper [18], the case when the potential q is 
symmetric with respect to the middle of interval, i.e., q (x) = q (π − x) a.e. on (0, π), was studied, and for 
this case a solution of the inverse spectral problem was constructed and a spectrum was given. The 
symmetric case requires nontrivial changes in the method and allows us to specify less spectral 
information than in the general case. Some results for the symmetric case were obtained in [10] and [17] - 
[24]. 
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The inverse problems of spectral analysis are understood as problems of reconstructing a linear 
operator from one or another of its spectral characteristics. The first significant result in this direction was 
obtained in 1929 by V.A. Ambardzumyan [25]. He proved the following theorem. 

By ߣ ൏ ଵߣ ൏ ଶߣ ൏ ⋯ we denote eigenvalues of the following Sturm-Liouville problem  

 െݕᇱᇱ  ݕሻݔሺݍ ൌ  (1.1)        ,ݕߣ

ᇱሺ0ሻݕ  ൌ 0, ሻߨᇱሺݕ ൌ 0;              (1.2) 

where ݍሺݔሻ is a real continuous function. If  

ߣ    ൌ ݊ଶ	ሺ݊ ൌ 0,1,2, … ሻ  то ݍሺݔሻ ≡ 0. 
The first mathematician who drew attention to importance of this Ambardzumyan result was the 

Swedish mathematician Borg. He performed the first systematic research of one of important inverse 
problems, namely, the inverse problem for the classical Sturm – Liouville operator of the form (1.1) by the 
spectra [26]. Borg showed that in the general case one spectrum of the Sturm - Liouville operator does not 
determine it, so the Ambartsumyan result is an exception to the general rule. In the same paper [26], Borg 
showed that two spectra of the Sturm – Liouville operator (under various boundary conditions) uniquely 
determine it. More precisely, Borg proved the following theorem. 

Borg Theorem.  
Let the equations 
 െݕᇱᇱ  ݕሻݔሺݍ ൌ  (1.1)               ,ݕߣ
 െݖᇱᇱ  ݖሻݔሺ ൌ  (1.3)                       ,ݖߣ

have the same spectrum under the boundary value conditions  

 ൜
ሺ0ሻݕߙ  ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕߛ  ሻߨᇱሺݕߜ ൌ 0;

                     (1.4) 

under the boundary value conditions 

 ൜
ሺ0ሻݕߙ  ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕᇱߛ  ሻߨᇱሺݕᇱߜ ൌ 0.

                     (1.4)/ 

Then ݍሺݔሻ ൌ ,ሻ almost everywhere on the segment ሾ0ݔሺ  ሿ, ifߨ

ߜ ∙ ᇱߜ ൌ 0, |ߜ|  |ᇱߜ|  0. 

Soon after the Borg work, important studies on the theory of inverse problems were carried out by 
Levinson [27], in particular, he proved that if ݍሺߨ െ ሻݔ ൌ   ሻ,  then the Sturm – Liouville operatorݔሺݍ

 െݕᇱᇱ  ݕሻݔሺݍ ൌ  (1.1)            ,ݕߣ

 ൜
ᇱሺ0ሻݕ െ ሺ0ሻݕ݄ ൌ 0,
ሻߨᇱሺݕ  ሻߨሺݕ݄ ൌ 0

            (1.5) 

is reconstructed by one spectrum. 
A number of B.M. Levitan works [28, 29] are devoted to reconstruction of the Sturm – Liouville 

operator by one and two spectra. 
This work is devoted to a generalization of the theorems of Ambartsumian [25] and Levinson [27], in 

particular, our results contain the results of these authors. Research method of this work appeared under 
influence of [30] - [32], and differs from all previously known methods. 

1. Research Method. 
Idea of this work is very simple. Having studied in detail contents of [1, 3], we realized that both of 

these operators have an invariant subspace. If for the linear operator ܮ, we have the formulas 

ܲܮ ൌ ,∗ܮܲ ܮܳ ൌ  ,ܳ∗ܮ

where ܲ, ܳ are orthogonal projectors, satisfying the condition ܲ  ܳ ൌ  have ∗ܮ and ܮ then the operators ,ܫ
invariant subspaces, sometimes restriction of these operators to these invariant subspaces, under certain 
conditions, form a Borg pair. 
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2. Research Results. 
In the Hilbert space ܪ ൌ ,ଶሺ0ܮ   .ሻ we consider the Sturm – Liouville operatorߨ

ݕܮ  ൌ െݕᇱᇱ  ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;       (3.1)ߨ

 ൜
ܽଵଵݕሺ0ሻ  ܽଵଶݕᇱሺ0ሻ  ܽଵଷݕሺߨሻ  ܽଵସݕᇱሺߨሻ ൌ 0,
ܽଶଵݕሺ0ሻ  ܽଶଶݕᇱሺ0ሻ  ܽଶଷݕሺߨሻ  ܽଶସݕᇱሺߨሻ ൌ 0

       (3.2) 

where ݍሺݔሻ is a continuous complex function, ܽ	ሺ݅ ൌ 1,2; 		݆ ൌ 1,2,3,4ሻ are arbitrary complex 
coefficients, and by ∆	ሺ݅ ൌ 1,2; 		݆ ൌ 1,2,3,4ሻ	we denote minors of the boundary matrix:  

ܣ ൌ ቀ
ܽଵଵ ܽଵଶ ܽଵଷ ܽଵସ
ܽଶଵ ܽଶଶ ܽଶଷ ܽଶସቁ. 

 Suppose that  ∆ଵଷ് 0, then the Sturm – Liouville operator (3.1) – (3.2) has the following form 

ݕܮ  ൌ െݕᇱᇱ  ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;          (3.1)ߨ

 ൜
∆ଵଷݕሺ0ሻ െ ∆ଷଶݕᇱሺ0ሻ െ ∆ଷସݕᇱሺߨሻ ൌ 0,
∆ଵଶݕᇱሺ0ሻ  ∆ଵଷݕሺߨሻ  ∆ଵସݕᇱሺߨሻ ൌ 0,

                 (3.3) 

and its conjugate operator ܮା has the form 

ݖାܮ  ൌ െݖᇱᇱ  ,ݖሻതതതതതതݔሺݍ ݔ ∈ ሺ0,  +ሻ;                   (3.1)ߨ

 ൜
∆ଵଷതതതതതݖሺ0ሻ െ ∆ଷଶതതതതതݖᇱሺ0ሻ െ ∆ଵଶതതതതതݖᇱሺߨሻ ൌ 0,
∆ଷସതതതതതݖᇱሺ0ሻ  ∆ଵଷതതതതതݖሺߨሻ  ∆ଵସതതതതതݖᇱሺߨሻ ൌ 0.

               (3.3)+ 

Let ܲ and ܳ be orthogonal projectors, defined by the formulas 

ሻݔሺݑܲ                               ൌ
௨ሺ௫ሻା௨ሺగି௫ሻ

ଶ
, ሻݔሺݒܳ ൌ

௩ሺ௫ሻି௩ሺగି௫ሻ

ଶ
             (3.4) 

The main result of this paper is the following theorem. 
Theorem 3.1. If ∆ଵଷ് 0, and 
ܲܮ (1 ൌ  ା;                        (3.5)ܮܲ
ܮܳ (2 ൌ  ାܳ;             (3.6)ܮ
3) ∆ଵଶൌ െ∆ଷସ;                                                (3.7) 

then the Sturm – Liouville operator (3.1) – (3.3) is reconstructed by one spectrum. 
 
3. Discussion. 
In this section we prove the theorem and discuss the obtained results. The following Lemmas 4.1 and 

4.2 can have independent values. 
Lemma 4.1. If for a linear and discrete operator ܮ, the following equalities hold: 
ܲܮ (1 ൌ  ା;                                                                                               (3.5)ܮܲ
ܮܳ (2 ൌ  ାܳ;                                                                                               (3.6)ܮ
3) ܲ  ܳ ൌ  (3.8)                                                                                               ;ܫ

where ܲ, ܳ are orthogonal projectors, and ܫ is unit operator, then all its eigenvalues are real. 
Proof.  
Let ܲܮ ൌ ܮܳ ,∗ܮܲ ൌ    then ;ܳ∗ܮ

ሺܲܮሻ∗ ൌ ∗ܮ∗ܲ ൌ ∗ܮܲ ൌ  ;ܲܮ

ሺܳܮሻ∗ ൌ ∗ܳ∗ܮ ൌ ܳ∗ܮ ൌ  ;ܮܳ

i.е. operators ܲܮ and ܳܮ are selfadjoint, therefore their eigenvalues are real. 

If ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܳݕܮ ൌ ݕାܳܮ ,ݕܳߣ ൌ ሻݕାܳሺܳܮ ,ݕܳߣ ൌ ሻݕሺܳܮܳ ,ݕܳߣ ൌ ݕܳ if ݕܳߣ ് 0, 
then ߣ is a real quantity; if ܳݕ ൌ 0, then ݕ ൌ ݕܲ ് 0, and ݕܲܮ ൌ ,ݕܲߣ ሻݕሺܲܲܮ ൌ  ߣ ,Consequently .ݕܲߣ
is again real quantity.  
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The following lemma shows that the spectrum ߪሺܮሻ  of the operator ܮ splits into two parts; therefore, 
the operator ܮ, apparently, also splits into two parts. Furthermore, we will see that this is exactly what 
happens, and more precisely, these parts form a Borg pair under a certain condition.  

Lemma 4.2. If  ܮ is a linear discrete operator, satisfying the conditions:  

ܲܮ (1 ൌ  ା;                                                                                               (3.5)ܮܲ
ܮܳ (2 ൌ  ାܳ;                                                                                               (3.6)ܮ
3) ܲ  ܳ ൌ  (3.8)                                                                                               ;ܫ

where ܲ, ܳ are orthogonal projectors, and ܫ is identity operator, then we have 

ሻܮሺߪ  ൌ ଵሻܮሺߪ ∪  ଶሻ.        (3.9)ܮሺߪ

where ܮଵ ൌ ,ܲܮ ଶܮ ൌ ,ܮܳ  .ܮ ሻ is a spectrum of the operatorܮሺߪ
Proof.  
If ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܳݕܮ ൌ ,ݕܳߣ ݕାܳܮ ൌ ሻݕାܳሺܳܮ ,ݕܳߣ ൌ ݕଶܳܮ ,ݕܳߣ ൌ ݕܳ If .ݕܳߣ ് 0, then 

ߣ ∈ ݕܳ ଶሻ. Ifܮሺߪ ൌ 0, then ݕ ൌ ݕܲ ് 0 and ݕܲܮ ൌ ሻݕሺܲܲܮ ,ݕܲߣ ൌ ,ݕܲߣ ݕଵܲܮ ൌ  ,Consequently .ݕܲߣ
ߣ ∈  .ଵሻܮሺߪ

Hence, ߪሺܮሻ ⊂ ଵሻܮሺߪ ∪  .ଶሻܮሺߪ
If ߣ ് 0, and ߣ ∈ ଵሻܮሺߪ ∪  ଶሻ, thenܮሺߪ
а) If ߣ ∈ ݑ∃ ଵሻ, thenܮሺߪ ് 0, such that ݑ ∈ ݑଵܮ			,ଵܪ ൌ ,ݑߣ ݑܲܮ ൌ →,ݑߣ ݑܮ ൌ  ,Consequently .ݑߣ

ߣ ∈  .ሻܮሺߪ
b) If ߣ ∈ ݒ∃ ଶሻ, thenܮሺߪ ∈ ݒ ,ଶܪ ് 0 such that ܮଶݒ ൌ ݒܮܳ ,ݒߣ ൌ ݒାܳܮ ,ݒߣ ൌ ,ݒߣ ݒାܮ ൌ  ,Thus .ݒߣ

ߣ ∈ ାሻܮሺߪ ൌ  .ሻܮሺߪ
c) If 0 ∈ ଵሻܮሺߪ ∪ ଶሻ, then if 0ܮሺߪ ∈ ݑଵܮ ଵሻ, thenܮሺߪ ൌ 0, ݑ ∈ ݑܲܮ ,ଵܪ ൌ 0,ൌ ݑܮ ൌ 0,ൌ 0 ∈

ሻ. If 0ܮሺߪ ∈ ݒଶܮ ଶሻ, thenܮሺߪ ൌ ݒ ,0 ∈ ݒܮܳ ,ଶܪ ൌ 0,ൌ ݒାܳܮ	 ൌ 0, ݒାܮ ൌ 0,ൌ 0 ∈ ାሻܮሺߪ ൌ  .ሻܮሺߪ
The following two Lemmas 4.3 and 4.4 refine boundary conditions of the Sturm - Liouville operators 

with invariant subspaces.  

Lemma 4.3. If 

а) ∆ଵଷ് 0; 

b) ܲܮ ൌ  ;ାܮܲ

then the following formulas hold 

1) ∆ଵଶ  ∆ଷଶൌ ∆ଵସ  ∆ଷସ; 

2) 
∆భమି∆భర
∆భయ

ൌ ቀ∆భమି∆భర
∆భయ

ቁ
തതതതതതതതതതതത

ൌ
∆యరି∆యమ
∆భయ

; 

ሻതതതതതതݔሺݍ (3 ൌ ߨሺݍ 	,ሻݔሺݍ െ ሻݔ ൌ  ;ሻݔሺݍ

and the operators ܮ and ܮା have the following forms: 

а) ݕܮ ൌ െݕᇱᇱ  ,ݕሻݔሺݍ ݔ ∈ ሺ0,                                           ;ሻߨ

ቐ
ሺ0ሻݕ െ ሻߨሺݕ െ

∆ଵଶ  ∆ଷଶ
∆ଵଷ

ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0,

∆ଵଶݕᇱሺ0ሻ  ∆ଵଷݕሺߨሻ  ∆ଵସݕᇱሺߨሻ ൌ 0.
 

b) ܮାݖ ൌ െݖᇱᇱ  ,ݖሻݔሺݍ ݔ ∈ ሺ0,     ;ሻߨ

ቐ
ሺ0ሻݖ  ሻߨሺݖ 

∆ଵଶതതതതത െ ∆ଵସതതതതത

∆ଵଷതതതതത ሾݖᇱሺ0ሻ  ሻሿߨᇱሺݖ ൌ 0,

∆ଵଷതതതതതݖሺ0ሻ െ ∆ଷଶതതതതതݖᇱሺ0ሻ െ ∆ଵଶതതതതതݖᇱሺߨሻ ൌ 0.
 

Proof.  
Assume that 
ܲܮ                                    ൌ  ା;                            (3.5)ܮܲ
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From the condition ݖ ∈ ݕ ାሻ it follows thatܮሺܦ ൌ ݖܲ ∈  ሻ, therefore we have the followingܮሺܦ
equalities: 

൞
∆ଵଷ

ሺ0ሻݖ  ሻߨሺݖ

2
െ ∆ଷଶ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
െ ∆ଷସ

ሻߨᇱሺݖ െ ᇱሺ0ሻݖ

2
ൌ 0,

∆ଵଶ
ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
 ∆ଵଷ

ሻߨሺݖ  ሺ0ሻݖ

2
 ∆ଵସ

ሻߨᇱሺݖ െ ᇱሺ0ሻݖ

2
ൌ 0.

 

൞
∆ଵଷ

ሺ0ሻݖ  ሻߨሺݖ

2
 ሺ∆ଷସ െ ∆ଷଶሻ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
ൌ 0,

∆ଵଷ
ሺ0ሻݖ  ሻߨሺݖ

2
 ሺ∆ଵଶ െ ∆ଵସሻ

ᇱሺ0ሻݖ െ ሻߨᇱሺݖ

2
ൌ 0.

 

From (3.5) it follows that  ∆ଵଶ  ∆ଷଶൌ ∆ଵସ  ∆ଷସ, then ∆ଷସ െ ∆ଷଶൌ ∆ଵଶ െ ∆ଵସ, and two boundary 
conditions merge into one boundary condition. Hence, 

 ∆ଵଷ
௭ሺሻା௭ሺగሻ

ଶ
 ሺ∆ଵଶ െ ∆ଵସሻ

௭ᇲሺሻି௭ᇲሺగሻ

ଶ
ൌ 0.    (4.1) 

Summing up the boundary conditions (3.3)+, we get 

∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଷସതതതതത െ ∆ଷଶതതതതതሻݖᇱሺ0ሻ  ሺ∆ଵସതതതതത െ ∆ଵଶതതതതതሻݖᇱሺߨሻ ൌ 0, 

∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻݖᇱሺ0ሻ െ ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻݖᇱሺߨሻ ൌ 0, 

 ∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0.     (4.2) 

From (4.1) and (4.2) we write the system of equations: 

∆ଵଷ
ሾݖሺ0ሻ  ሻሿߨሺݖ

2
 ሺ∆ଵଶ െ ∆ଵସሻ

ሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ

2
ൌ 0, 

∆ଵଷതതതതത
ሾݖሺ0ሻ  ሻሿߨሺݖ

2
 ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻ

ሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ

2
ൌ 0; 

This system has a nontrivial solution, therefore, 

ฬ
∆ଵଷ ∆ଵଶ െ ∆ଵସ
∆ଵଷതതതതത ∆ଵଶതതതതത െ ∆ଵସതതതതതฬ ൌ 0 или 

∆భమି∆భర
∆భయ

ൌ ቀ∆భమି∆భర
∆భయ

ቁ
തതതതതതതതതതതത

. 

Further, subtracting the second boundary condition from the first condition (see 3.3), we obtain 

∆ଵଷሾݕሺ0ሻ െ ሻሿߨሺݕ െ ሺ∆ଵଶ  ∆ଷଶሻݕᇱሺ0ሻ െ ሺ∆ଷସ  ∆ଵସሻݕᇱሺߨሻ ൌ 0, 

∆ଵଷሾݕሺ0ሻ െ ሻሿߨሺݕ െ ሺ∆ଵଶ  ∆ଷଶሻሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0, 

ሺ0ሻݕ െ ሻߨሺݕ െ
∆ଵଶ  ∆ଷଶ

∆ଵଷ
ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0  

Now we study properties of the differential expression ܮ. From the formula ܲܮ ൌ  ା, we getܮܲ

ݖܲܮ ൌ °ܮ
ሻݔሺݖ  ߨሺݖ െ ሻݔ

2
ൌ െ

ሻݔᇱᇱሺݖ  ߨᇱᇱሺݖ െ ሻݔ

2
 ሻݔሺݍ

ሻݔሺݖ  ߨሺݖ െ ሻݔ

2
; 

ݖାܮܲ ൌ ܲ°ൣെݖᇱᇱ  ൧ݖሻതതതതതതݔሺݍ ൌ െ
ሻݔᇱᇱሺݖ  ߨᇱᇱሺݖ െ ሻݔ

2
 


ሻݔሺݖሻݔതሺݍ  ߨതሺݍ െ ߨሺݖሻݔ െ ሻݔ

2
; 

ሻݔሺݖሻݔሺݍ െ ߨሺݖሻݔሺݍ െ ሻݔ ൌ ሻݔሺݖሻݔതሺݍ  ߨതሺݍ െ ߨሺݖሻݔ െ  ,ሻݔ
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       ൜
ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ  ሾݍሺݔሻ െ ߨതሺݍ െ ߨሺݖሻሿݔ െ ሻݔ ൌ 0,

ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݖሻሿݔ െ ሻݔ  ሾݍሺߨ െ ሻݔ െ ሻݔሺݖሻሿݔതሺݍ ൌ 0;
      (4.3) 

∆ൌ ฬ
ሻݔሺݍ െ ሻݔതሺݍ ሻݔሺݍ െ ߨതሺݍ െ ሻݔ

ߨሺݍ െ ሻݔ െ ሻݔതሺݍ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0; 

ሾݍሺݔሻ െ ߨሺݍሻሿሾݔതሺݍ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ െ 

ሾݍሺݔሻ െ ߨതሺݍ െ ߨሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔതሺݍ ൌ 0; 

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍሻݔሺݍ െ ሻݔ െ ߨሺݍሻݔതሺݍ െ ሻݔ  ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨሺݍሻݔሺݍ െ ሻݔ െ ሻݔതሺݍሻݔሺݍ െ ߨതሺݍ െ ߨሺݍሻݔ െ ሻݔ  ߨതሺݍ െ  ;ሻݔതሺݍሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ  ߨሺݍሻݔതሺݍ െ ሻݔ ൌ ሻݔതሺݍሻݔሺݍ  ߨതሺݍ െ ߨሺݍሻݔ െ  ,ሻݔ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ  ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ሻሿݔ ∙ ሾݍሺߨ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ሻݔሺݍ|                     െ ߨሺݍ െ ሻ|ଶݔ ൌ 0, ൌ ሻݔሺݍ		 ൌ ߨሺݍ െ       .ሻݔ

Further, from (4.3) we get 

ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ  ሾݍሺݔሻ െ ߨሺݖሻሿݔതሺݍ െ ሻݔ ൌ 0, 

ሾݍሺݔሻ െ ሻݔሺݖሻሿሾݔതሺݍ  ߨሺݖ െ ሻሿݔ ൌ 0, ൌ ሻݔሺݍ െ ሻݔതሺݍ ൌ 0. 

       Lemma 4.4. If  

а) ∆ଵଷ് 0; 
b) ܳܮ ൌ  ,ାܳܮ

then 

1) ∆ଵଶ  ∆ଷଶൌ ∆ଵସ  ∆ଷସ; 

2) ቀ
∆భమା∆యమ
∆భయ

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆యమ
∆భయ

ൌ
∆భరା∆యర
∆భయ

; 

ߨሺݍ (3 െ ሻݔ ൌ ሻݔതሺݍ ,ሻݔሺݍ ൌ  ,ሻݔሺݍ
and the operators ܮ and ܮା have the form 

ݕܮ (4 ൌ െݕᇱᇱ  ,ݕሻݔሺݍ ݔ ∈ ሺ0,                                            ;ሻߨ

 ൝
ሺ0ሻݕ െ ሻߨሺݕ െ

∆భమା∆యమ
∆భయ

ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0,

∆ଵଶݕᇱሺ0ሻ  ∆ଵଷݕሺߨሻ  ∆ଵସݕᇱሺߨሻ ൌ 0.
 

 

ݖାܮ   (5 ൌ െݖᇱᇱ  ,ݖሻݔതሺݍ ݔ ∈ ሺ0,               ;ሻߨ

 ൝
ሺ0ሻݖ  ሻߨሺݖ 

∆భమതതതതതି∆భరതതതതത

∆భయതതതതത ሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0,

∆ଵଷതതതതതݖሺ0ሻ െ ∆ଷଶതതതതതݖᇱሺ0ሻ െ ∆ଵଶതതതതതݖᇱሺߨሻ ൌ 0.
              

Proof.  
Suppose that the following equality holds: 

ܮܳ ൌ  ାܳܮ

then the condition ݕሺݔሻ ∈ ݖ  ሻ implies thatܮሺܦ ൌ ݕܳ ∈  ାሻ, therefore the following equalitiesܮሺܦ
hold:  

ሻݔሺݖ ൌ
ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
, ሻݔᇱሺݖ ൌ

ሻݔᇱሺݕ  ߨᇱሺݕ െ ሻݔ

2
; 

൞
∆ଵଷതതതതത ݕ

ሺ0ሻ െ ሻߨሺݕ

2
െ ∆ଷଶതതതതത ݕ

ᇱሺ0ሻ  ሻߨᇱሺݕ

2
െ ∆ଵଶതതതതത ݕ

ᇱሺߨሻ  ᇱሺ0ሻݕ

2
ൌ 0,

∆ଷସതതതതത ݕ
ᇱሺ0ሻ  ሻߨᇱሺݕ

2
 ∆ଵଷതതതതത ݕ

ሺߨሻ െ ሺ0ሻݕ

2
 ∆ଵସതതതതത ݕ

ᇱሺߨሻ  ᇱሺ0ሻݕ

2
ൌ 0;
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൞
∆ଵଷതതതതത ݕ

ሺ0ሻ െ ሻߨሺݕ

2
െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0,

െ∆ଵଷതതതതത ݕ
ሺ0ሻ െ ሻߨሺݕ

2
 ሺ∆ଵସതതതതത  ∆ଷସതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0;

 

൞
∆ଵଷതതതതത ݕ

ሺ0ሻ െ ሻߨሺݕ

2
െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0,

∆ଵଷതതതതത ݕ
ሺ0ሻ െ ሻߨሺݕ

2
െ ሺ∆ଵସതതതതത  ∆ଷସതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0.

 

From ܳܮ ൌ ାܳ it follows that ∆ଵଶܮ  ∆ଷଶൌ ∆ଵସ  ∆ଷସ, therefore there is only one boundary 
condition   

 ∆ଵଷതതതതത ௬ሺሻି௬ሺగሻ
ଶ

െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ ௬
ᇲሺሻା௬ᇲሺగሻ

ଶ
ൌ 0.      (4.4) 

Subtracting the second boundary condition from the first boundary condition in (3.3), we obtain 

∆ଵଷሾݕሺ0ሻ െ ሻሿߨሺݕ െ ሺ∆ଵଶ  ∆ଷଶሻݕᇱሺ0ሻ െ ሺ∆ଵସ  ∆ଷସሻݕᇱሺߨሻ ൌ 0, 

                      ∆ଵଷ
ሾ௬ሺሻି௬ሺగሻሿ

ଶ
െ ሺ∆ଵଶ  ∆ଷଶሻ

ൣ௬ᇲሺሻା௬ᇲሺగሻ൧

ଶ
ൌ 0.   (4.5) 

 Combining the boundary conditions (4.4) - (4.5), we have 

൞
∆ଵଷതതതതത ݕ

ሺ0ሻ െ ሻߨሺݕ

2
െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0,

	∆ଵଷ
ሾݕሺ0ሻ െ ሻሿߨሺݕ

2
െ ሺ∆ଵଶ  ∆ଷଶሻ

ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ

2
ൌ 0.

 

This system of equations has a nontrivial solution, therefore 

∆ൌ ฬ
∆ଵଷതതതതത െሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ
∆ଵଷ െሺ∆ଵଶ  ∆ଷଶሻ

ฬ ൌ 0,ൌ 	 ൬
∆ଵଶ  ∆ଷଶ

∆ଵଷ
൰

തതതതതതതതതതതതതതതത
ൌ
∆ଵଶ  ∆ଷଶ

∆ଵଷ
. 

Сложив граничных условий (3.3)+, имеем 

∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଷସതതതതത െ ∆ଷଶതതതതതሻݖᇱሺ0ሻ  ሺ∆ଵସതതതതത െ ∆ଵଶതതതതതሻݖᇱሺߨሻ ൌ 0, 

∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻݖᇱሺ0ሻ െ ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻݖᇱሺߨሻ ൌ 0, 

∆ଵଷതതതതതሾݖሺ0ሻ  ሻሿߨሺݖ  ሺ∆ଵଶതതതതത െ ∆ଵସതതതതതሻሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0. 

Consequently, boundary conditions of the operators ܮ and ܮା have the following forms: 

:ܮ    ൝
ሺ0ሻݕ െ ሻߨሺݕ െ

∆భమା∆యమ
∆భయ

ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0,

∆ଵଶݕᇱሺ0ሻ  ∆ଵଷݕሺߨሻ  ∆ଵସݕᇱሺߨሻ ൌ 0;
 

:ାܮ                        ൝
ሺ0ሻݖ  ሻߨሺݖ 

∆భమതതതതതି∆భరതതതതത

∆భయതതതതത ሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0,

∆ଵଷതതതതതݖሺ0ሻ െ ∆ଷଶതതതതതݖᇱሺ0ሻ െ ∆ଵଶതതതതതݖᇱሺߨሻ ൌ 0.
 

Further, from the formula ܳܮ ൌ  ାܳ, we getܮ

ݕܮܳ ൌ ܳ°ሾെݕᇱᇱ  ሿݕሻݔሺݍ ൌ െ
ሻݔᇱᇱሺݕ െ ߨᇱᇱሺݕ െ ሻݔ

2
 


ሻݔሺݕሻݔሺݍ െ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ

2
; 

ݕାܳܮ ൌ ାܮ ቈ
ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
 ൌ 

ൌ െ
ሻݔᇱᇱሺݕ െ ߨᇱᇱሺݕ െ ሻݔ

2
 ሻݔതሺݍ

ሻݔሺݕ െ ߨሺݕ െ ሻݔ

2
; 
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ሻݔሺݕሻݔሺݍ െ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ ൌ ሻݔሺݕሻݔതሺݍ െ ߨሺݕሻݔതሺݍ െ  ,ሻݔ

                 ሾݍሺݔሻ െ ሻݔሺݕሻሿݔതሺݍ  ሾݍതሺݔሻ െ ߨሺݍ െ ߨሺݕሻሿݔ െ ሻݔ ൌ 0,    (4.6) 

ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݕሻሿݔ െ ሻݔ  ሾݍതሺߨ െ ሻݔ െ ሻݔሺݕሻሿݔሺݍ ൌ 0; 

∆ൌ ฬ
ሻݔሺݍ െ ሻݔതሺݍ ሻݔതሺݍ െ ߨሺݍ െ ሻݔ

ߨതሺݍ െ ሻݔ െ ሻݔሺݍ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0, 

ሾݍሺݔሻ െ ሻሿݔതሺݍ ∙ ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ െ 

െሾݍതሺݔሻ െ ߨሺݍ െ ߨതሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍሻݔሺݍ െ ሻݔ െ ߨሺݍሻݔതሺݍ െ ሻݔ  ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨതሺݍሻݔതሺݍ െ ሻݔ െ ሻݔሺݍሻݔതሺݍ െ ߨሺݍ െ ߨതሺݍሻݔ െ ሻݔ  ߨሺݍ െ  ,ሻݔሺݍሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ  ߨሺݍሻݔതሺݍ െ ሻݔ ൌ ሻݔሺݍሻݔതሺݍ  ߨሺݍ െ ߨതሺݍሻݔ െ  ,ሻݔ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ  ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ߨሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔሺݍ ൌ 

                           ൌ ሻݔሺݍ| െ ߨሺݍ െ ሻ|ଶݔ ൌ 0,ൌ ሻݔሺݍ	 ൌ ߨሺݍ െ          .ሻݔ

From (4.6) we have 

ሾݍሺݔሻ െ ሻݔሺݕሻሿሾݔതሺݍ െ ߨሺݕ െ ሻሿݔ ൌ 0,ൌ ሻݔሺݍ	 െ ሻݔതሺݍ ൌ 0. 

The previous Lemmas 4.3 and 4.4 yield the following theorem. 
Theorem 4.1. If  
а) ∆ଵଷ് 0; 
b) ܲܮ ൌ  ;ାܮܲ
c) ܳܮ ൌ  ,ାܳܮ

then 

1) ቀ
∆భమା∆యమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆యమ
∆మర

ൌ
∆భరା∆యర
∆మర

; 

2) ቀ
∆భరି∆భమ
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భరି∆భమ
∆మర

ൌ
∆యమି∆యర
∆మర

; 

ߨሺݍ (3 െ ሻݔ ൌ ,ሻݔሺݍ ሻݔതሺݍ ൌ  ;ሻݔሺݍ
and the operators	ܮ and ܮା have the forms 

ݕܮ  (4 ൌ െݕᇱᇱ  ,ݕሻݔሺݍ ݔ ∈ ሺ0,                                            ;ሻߨ

 ൝
ሺ0ሻݕ െ ሻߨሺݕ െ

∆భమା∆యమ
∆భయ

ሾݕᇱሺ0ሻ  ሻሿߨᇱሺݕ ൌ 0,

∆ଵଶݕᇱሺ0ሻ  ∆ଵଷݕሺߨሻ  ∆ଵସݕᇱሺߨሻ ൌ 0.
 

 
ݖାܮ            (5 ൌ െݖᇱᇱ  ,ݖሻݔതሺݍ ݔ ∈ ሺ0,               ;ሻߨ

        ൝
ሺ0ሻݖ  ሻߨሺݖ 

∆భమതതതതതି∆భరതതതതത

∆భయതതതതത ሾݖᇱሺ0ሻ െ ሻሿߨᇱሺݖ ൌ 0,

∆ଵଷതതതതതݖሺ0ሻ െ ∆ଷଶതതതതതݖᇱሺ0ሻ െ ∆ଵଶതതതതതݖᇱሺߨሻ ൌ 0.
 

Further from the formulas ܲܮ ൌ ଵܮ ା we note that the operatorܮܲ ൌ ଵܪ acts in the subspace ܲܮ ൌ
ܪ where ,ܪܲ ൌ ,ଶሺ0ܮ  ሻ. Assumingߨ

ሻݔሺݑ ൌ ሻݔሺݕܲ ൌ
ሻݔሺݕ  ߨሺݕ െ ሻݔ

2
, 

we have 

ሻݔᇱሺݑ ൌ
ሻݔᇱሺݕ െ ߨᇱሺݕ െ ሻݔ

2
. 

Then Theorem 4.1 implies that 

ݑଵܮ ൌ െݑᇱᇱ  ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 
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 ቊ
∆ଵଷݑሺ0ሻ  ሺ∆ଵଶ െ ∆ଵସሻݑᇱሺ0ሻ ൌ 0,

ᇱݑ ቀ
గ

ଶ
ቁ ൌ 0;

          (4.7) 

If ݕ ∈ ሻݔሺݒ ሻ, thenܮሺܦ ൌ ݕܳ ∈   ାሻ, andܮሺܦ

ݕܮܳ ൌ ݕାܳܮ ൌ ݕାܳܳܮ ൌ ݒଶܮ ൌ ݒାܮ ൌ െݒᇱᇱሺݔሻ  ݒሻݔതሺݍ ൌ െݒᇱᇱሺݔሻ   .ݒሻݔሺݍ

From ܳݕ ∈  ାሻ it follows thatܮሺܦ

∆ଵଷതതതതത ݕ
ሺ0ሻ െ ሻߨሺݕ

2
െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻ

ᇱሺ0ሻݕ  ሻߨᇱሺݕ

2
ൌ 0, 

∆ଵଷതതതതതݒሺ0ሻ െ ሺ∆ଵଶതതതതത  ∆ଷଶതതതതതሻݒᇱሺ0ሻ ൌ 0, 

ሺ0ሻݒ െ
∆ଵଶതതതതത  ∆ଷଶതതതതത

∆ଵଷതതതതത ᇱሺ0ሻݒ ൌ 0, 

ሺ0ሻݒ െ
∆ଵଶ  ∆ଷଶ

∆ଵଷ
ᇱሺ0ሻݒ ൌ 0, 

∆ଵଷݒሺ0ሻ െ ሺ∆ଵଶ  ∆ଷଶሻݒᇱሺ0ሻ ൌ 0. 

Thus, 

ݒଶܮ ൌ െݒᇱᇱ  ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

                               ቊ
∆ଵଷݒሺ0ሻ െ ሺ∆ଵଶ  ∆ଷଶሻݒᇱሺ0ሻ ൌ 0,

ݒ ቀ
గ

ଶ
ቁ ൌ 0.

                 (4.8) 

Equating coefficients of the boundary conditions (4.7) and (4.8), we have 

∆ଵଶ െ ∆ଵସൌ െሺ∆ଵଶ  ∆ଷଶሻ, ൌ 	∆ଵଶൌ ∆ଵସ െ ∆ଵଶ െ ∆ଷଶൌ 

ൌ െሺ∆ଵଶ  ∆ଷଶ െ ∆ଵସሻ ൌ െ∆ଷସ. 

Then the operators ܮଵ and ܮଶ have the following forms 

ݑଵܮ ൌ െݑᇱᇱ  ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൝
∆ଵଷݑሺ0ሻ െ ሺ∆ଵଶ  ∆ଷଶሻݑᇱሺ0ሻ ൌ 0,

ݑ ቀ
ߨ
2
ቁ ൌ 0.

 

ݒଶܮ ൌ െݒᇱᇱ  ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൝
∆ଵଷݒሺ0ሻ െ ሺ∆ଵଶ  ∆ଷଶሻݒᇱሺ0ሻ ൌ 0,

ݒ ቀ
ߨ
2
ቁ ൌ 0.

 

 
If spectrum of the operator ܮ is known, then, by Lemma 4.2, proved earlier, spectra of the operators 

,ଶ is uniquely defined on the interval ቂ0ܮ ଶ are known. Then, by Borg theorem, the operatorܮ ଵ andܮ
గ

ଶ
ቃ, 

and, due to parity  and periodicity of the function ݍሺݔሻ, on the whole interval  ሾ0,  .ሿߨ
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ПОТЕНЦИАЛЫ СИММЕТРИЯЛЫ, АЛ ШЕКАРАЛЫҚ ШАРТТАРЫ  
АЖЫРАМАЙТЫН ШТУРМ-ЛИУВИЛЛ ОПЕРАТОРЫНЫҢ КЕРІ ЕСЕБІ ТУРАЛЫ 

         
Аннотация.  Бұл еңбекте потенциалы симметриялы, нақты əрі үзіксіз, ал шекаралық шарттары 

ажырамайтын Штурм-Лиувилл операторын бір спектр арқылы анықтауға болатыны көрсетілді. Зерттеу əдісі 
бұрынғы əдістердің ешбіріне ұқсамайды, жəне ол оператордың ішкі симметриясына негізделген, ал ол өз 
кезегінде инвариантты кеңістіктердің салдары. 

Түйін сөздер: Штурм-Лиувиллдің операторы, спектр, Штурм-Лиувиллдің кері есебі, Боргтың 
теоремасы, Амбарцумянның теоремасы, Левинсонның теоремасы, ажырамайтын шекаралық шарттар, 
симметриялы потенциал, инвариантты кеңістіктер. 
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ОБРАТНАЯ ЗАДАЧА ОПЕРАТОРА ШТУРМА-ЛИУВИЛЛЯ  

С НЕ РАЗДЕЛЕННЫМИ КРАЕВЫМИ УСЛОВИЯМИ И СИММЕТРИЧНЫМ ПОТЕНЦИАЛОМ 
 
Аннотация. В данной работе доказана теорема единственности, по одному спектру, для оператора 

Штурма-Лиувилля с не разделенными краевыми условиями и вещественным непрерывным и симметричным 
потенциалом. Метод исследования отличается от всех известных методов, и основан на внутреннюю 
симметрию оператора, порожденного инвариантными подпространствами. 

Ключевые слова: Оператор Штурма-Лиувилля, спектр, обратная задача Штурма-Лиувилля, теорема  
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