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AN INVERSE PROBLEM FOR THE PSEUDO-PARABOLIC
EQUATION FOR A STURM-LIOUVILLE OPERATOR

Abstract. A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation for
Sturm-Liouville operator is considered. The inverse problem is to be well-posed in the sense of Hadamard whenever
an overdetermination condition of the final temperature is given. Mathematical statements involve inverse problems
for the pseudo-parabolic equation in which, solving the equation, we have to find the unknown right-hand side
depending only on the space variable. We prove the existence and uniqueness of classical solutions to the problem.
The proof of the existence and uniqueness results of the solutions is carried out by using L-Fourier analysis. The
mentioned results are presented as well as for the fractional time pseudo—parabolic equation.Inverse problem of
identifying the right hand side function of pseudo-parabolic equation from the local overdetermination condition,
which has important applications in various areas of applied science and engineering, alsosuch problems are
modeled using common homogeneous left-invariant hypoelliptic operators on common graded Lie groups.

Key words:Pscudo-parabolic equation, Sturm-Liouville operator, fractional Caputo derivative, inverse
problem, well-posedness.

1 Introduction

The study of inverse problems for pseudo-parabolic equations goes back to 1980s. The first result [3]
refers to the inverse problems of determining a source function f in the pseudo-parabolic equation

(u+Liw), + Lyu = f, ©))

with linear operators £, and £; of the second order, £L; = L,. Such equations arise in the models of the
heat transfer, filtration in the fissured media, quasi-stationary processes in the crystalline semiconductor.

In this paper we consider pseudo—parabolic equation generated by Sturm-Liouville operator with
Caputo time-fractional derivative. We study the following equation

DE[u(t,x) + Lu(t, x)] + Lu(t, x) = f(x), 2)

for (t,x) EQ={(t,x)|0 <t <T <w,a<x<b}, where Df is the Caputo derivative and L is the
Sturm—Liouville operator which are defined in the next section.

This paper is devoted to the inverse problems of determining a source function in the pseudo-
parabolic equation (2) by using the L-Fourier method.

In a series of articles [7, 8, 9, 10, 11, 13, 14, 15, 16, 17, 18, 19] some recent work has been done on
inverse problems and spectral problems for the diffusion and anomalous diffusion equations.
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2 Preliminaries
2.1 Sturm-Liouville problem

We first describe the setting of the Sturm-Liouville operator. Let £ be an ordinary second order
differential operator in L2(a, b) generated by the differential expression

L(u) = —uy(x),a<x<bh, 3)
and boundary conditions
Au'(b) + Byu(b) = 0,4,u'(a) + Byu(a) =0, @)
where A 4+ A5 > 0,B{ + B3 > 0, and A}, B;,j = 1,2, are some real numbers.

It is known [2] that the Sturm-Liouville problem for(3) with boundary conditions (4) is self-adjoint in
L?(a, b). It is known that the self-adjoint problem has real eigenvalues and their eigenfunctions form a
complete orthonormal basis in L?(a,b). So we can denote eigenvalues of the operator £ and their
eigenfunctions accordingly by A¢ and eg(x). That say us for ez (x) € L?(a, b) following identity is hold:

Les;(x) = )lfef(x),)lf € R. ®))

Where J is a countable set and V& € J.

2.2 Definitions of the Caputo fractional derivative

Definition 2.1 /6] The Riemann-Liouville fractional integral I% of order a > 0 for an integrable
function is defined by

1 t -1
1O = s f (t - ) f (s)ds, t € [c,d],

where I' denotes the Euler gamma function.

Definition 2.2 /6] The Riemann-Liouville fractional derivative D* of order a € (0,1) of a continuous
function is defined by

d
DEFI®) = L I°[f1(0), ¢ € [, d].

Definition 2.3 /6] The Caputo fractional derivative of order 0 < a < 1 of a differentiable function is
defined by

DIfI(t) = DU[f' (D). t € [c, d].
3 Formulation of the problem

Problem 3.1 We aim to find a couple of functions (u(t, x), f(x)) satisfying the equation (2), under
the conditions

u(0,x) = ¢(x),x € [a, b] (6)
u(T,x) =yY(x),x € [a, b]. @)

and the homogeneous boundary conditions(4).
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By using L—Fourier analysis we obtain existence and uniqueness results for this problem.
We say a solution of Problem 3.1 is a pair of functions (u(t, x), f(x)) such that they satisfy equation
(2) and conditions (6), (7) and (4) where u(t, x) € C1([0,T]; C?([a, b])) and f (x) € C([a, b]).

4 Main results
For Problem 3.1, the following theorem holds.
Theorem 4.1 Assume that o(x),P(x) € C?[a,b]. Then the solution

u(t,x) € C1([0,T],C%([a, b)), f(x) € C([a, b]) of the Problem 3.1 exists, is unique, and can be written
in the form

A
(Ilféz) - ¢§2)) <1 —Eq1 (— ?6/15 f“)) ez (x)
£ de(1-E (—A—fT“>
¢ “l\" 1+

() = —9"(x) +; -

where <p§2) = (¢",ee) 20, lpgz) = (Y", eg) 2o,y and Eq p(At) is Mittag-Leffler type function (see [5]):

u(x,t) =)+

s ® = ), Ty

Proof: First of all, we start by proving an existence result. Let us look for functions u(t, x) and f(x)
in the forms:

u(t, x) = Xeeg ug(Heg(x), (®)
and
fl) = deﬂ ffef(x)' ©

where ug(t) and f¢ are unknown. Substituting (8) and (9) into Problem 3.1 and using(5) we obtain the
following problem for the functions u(t) and for the constants f¢, & € J:

D (t) + %ug(t) = %5
u;(T) =g,

where @¢, ¢ are L-Fourier coefficients of ¢ (x) and 1 (x):
(pf = ((p’ ef)Lz(a,b)'

I'bf = ('ll), eE)LZ(a,b)'

General solution of this problem:
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f 2
ue(®) = 15+ Celiaa (~ 15t (1)

where the constants Cg, fz are unknown. By using initial and additional conditions we can find they. We
first find C:

f
ug(0) = i +Ce = 95,

ue (M) = 2t By [~ 1) =y
¢ /15 §rat 1+/1§ &

A
I
(pf_CE+CEE,1<_ T)—l/)f
@ 1+/1§
Then
Y — Pe

1—E,, (2 _7a)
al 1+/1§

Cf =
f¢ is represented as

fe = Aepe — 2:Cs.

Substituting f¢, ug (t) into formulas (8) and (9), we find

A
u(x,t) =)+ 2 Ce (Ea,l (— 1 _:/15 t“) - 1) eg(x).

&eJ

Using self-adjoint property of operator £
(_(p”' ef)Lz(a,b) = ((p’ _efn)Lz(a,b)
and in respect that(5) we obtain

(¢.e¢) —_(_(p”'ef)Lz(a.b)
Pree)zap) = PP

and for 1(x) we can write analogously. Substituting these equality into formula of Cz we can get that

2 2
o = o

As '
/15 1-— Ea,l (—mTa>

A
(w?)—<P§2))(1—Ea,1(—Hig“))ee(x)

Ag| 1-E - As T ’
$ @I\ 1+ag
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@_ o,y
() = L) + Bpey L0 )eE® (13)
T

The following Mittag-Leffler function’s estimate is known by [12]:
|Eap(2)| = 75 arg(2) = m,|z] - . (14)
Now, we show that u(t,x) € C*([0,T]; C?([a, b])), f(x) € C([a, b]), that is
Il u llegory;c2((a,p])) = tg%(z)i‘% I u(t) lezgapt trgEg‘)T(] I Dt ) Nz app< %
and

I f "C([a,b])< 0.

By using(14), we get the following estimates

@], |,@
g |*|Ye
[u(t, )| = o] + Xees ilu 2
Ae| 1-Egq (5T
5<1 g '1< e )) (15)
@], |,@
||
S @) + Xees %
@], |,@
g | Y
FOIl = leo"()| + Zee %
1_E“1<_1+/1§ a) (16)
S 10"001 + Zees | 0] + [w)].

Where, L < Q $L denotes L < CQ for some positive constant C independent of L and Q.
By supposition of the theorem we know ¢ and 1) are continuous on [a, b]. Then by the Bessel
inequality for the trigonometric series (see [1]) and by the Weierstrass M-test (see [4]), series (15) and

(16) converge absolutely and uniformly in the region Q. Now we show

2 ()
&0 S 0"+ ) [og”] + ||

Ag
= 1—Ea,1( 1+/1€T“>

19"+ ) [0+ [0 <,

ge

o] + ¢
&1 (1 +/1§)< al( %T“))
5 bl

1+/1§

[ DEu(t,x)| <

< oo,
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e (Jof”] + )

A
€7 (14 2¢) (1 —Eys (—ﬁr«x))

o+ 42
<3 ol o]+, e <

N

1D e (£, %)

Finally, we obtain

Il ulleior,c?apy< € < o, C = const,
and

I f e qann <

Existence of the solution is proved.

Now, we start proving uniqueness of the solution

Let us suppose that {uy(t,x), f1(x)} and {u,(t, x), f(x)}are solution of the Problem 3.1. Then
u(t,x) = uq.(t,x) —uy(t,x) and f(x) = f1(x) — fo(x) are solution of following problem:

D [u(t, x) — uxx (£, 2)] — urx (£, x) = f (%), (17)
u(0,x) =0, (18)
u(T,0) = 0. (19)

By using (12) and (13) for (17) - (19) we easily see u(x,t) = 0, f(x) = 0. Uniqgness of the solution
of the Problem 3.1.
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HTYPM-JITYUBHUJLJI OHEPATOPJIBI ICEBAO-ITAPABOJIAJIBIK TEHAEY YIIIH KEPI ECEII

AnHotanus.typm-JlnyBuimt onepaTopiisl ICEBIO-TIapad0IaIbIK TEHISYIIH OH JKaK OeiriH KaamblHa KeNTipy
Kepi ecebi Kapacthiiaael. COHFBI YaKbIT MOMEHTIHJIETI TEMIIepaTypa alblH aia OepiIreH >karaaima Kepi ecem op
yakpITTa AJlaMap MarblHACBIHIA KUCBHIHABI OOJYbI KepeK. MaTeMaTHUKaIbIK TYXXBIPhIMJApFa CYWEHCEK, IMCEBIO-
napaboIaablK TCHJASY YIIIH Kepi eCel KaTapblHa TCHJICY/I IIelry OaphIChIHIA TEK KCHICTIK alfHBIMAJbIIaH TOYesl
TEHJICYIH OH *aK (QyHKIUACHH Taby ecedi sxataabl. TeHICYAIH KIACCUKANBIK MISIIiMi Oap jKOHE JKaIFBI3 CKeHIIT1
nmonenneHeni, nanenney L-Dypbe Tammaysl apKbUIBI XYPri3iieni. ATanFaH HOTHXKEIEp YaKBIT OOWBIHINA OeJIeK
TYBIHABUTEL TICEBIO-TIApabOoNIabIK TEHAEY YINiH KepceTurmi. ANIsH ama OepiireH JOKAaNABIK MapT OOWBIHIIA
TICEBIO-TTapa0doNaNbIK TCHIACYHIH OH XaK (DYHKIHMACHIH aHBIKTay ecebi, op Typii KoigaHOAIbl FHEUIBIM JKOHE e
TEXHHWKA CallaChIHIA MaHBI3IBI KONIIaHbICH Oap. CoHBIMEH Karap, MyHAail mpobiemalnap >Kalmmbl OipTeKTi col-
MHBAapUAHTTHI TUTIOJUIAIITUKAIIBIK ONlepaTopiiap apKbuibl OipTekTi JIu TonTapsl O0OHBIHIIIA MOIETbICHET].

Tyiiin ce3aep: Ilcesnomapabonansik Teraey, LLtypm-JlnyBmt oneparopsr, Oenmek KamyTo TysIHABICH, Kepi
€Cell, eCeNTiH KUCHIH/BUIBIFBI.
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OBPATHAS 3AJAYA VIS ICEBAO-ITAPABOJIMYECKOI'O YPABHEHUSA
JJIS1 OIIEPATOPA HITYPMA-JINY BUJIA

AnHoTanust. PaccmarpuBaercst kiaacc oOpaTHBIX 3a7ad BOCCTAHOBJIEHHS IPAaBOM YacTH IICEBAONApabOIMyec-KOoro
ypaBHeHus Ui onepatopa Lltypma-JInyBusuis. OOparHas 3aaua J0JKHA ObITh KOPPEKTHOM B cMBbICiIe AJjaMapa BCSKHMA
pa3, Koraa aaeTcs yCIOBHE IepeonpeleieHuss KOHEYHOW TeMmeparypbl. MaTeMmaTHuecKne YTBEP)KACHHS BKIIOYAIOT
oOparHble 3aaydl JJIs ICEBIONapadOIMYECKOro ypaBHEHHUS, B KOTOpPOM, pellas ypaBHEHHE, Mbl JOJDKHBI HaWTH
HEW3BECTHYIO IPaBYI0 YacTb, 3aBHCAIIYI0O TOJBKO OT IPOCTPAHCTBEHHOW IepeMeHHOH. JloKa3aHO CyIIeCTBOBaHHE H
€MHCTBEHHOCTh KJIACCHMYECKUX pelIeHHnH 3amadu. JloKa3aTenbCTBO PE3yJbTaTOB CYLIECTBOBAHUS U €IMHCTBEHHOCTH
pemeHnii mpoBomuTcs ¢ momouipio L-amammza ®Dyppe. Ymoms-HyThle pe3ynbTaThl MPEACTABIEHBI TaKkKe s
MICEeBIONapadOIMYECcKOro ypaBHEHHs ¢ ApoOHbIM BpeMmeHeM. OOpartHas 3anava uneHTHuUKauy GyHKIMK IpaBol 4acTH
NICEBIONApa0OINUECKOTO0 ypPaBHEHHSI M3 YCIOBHUS JIOKAJIBHOTO MEPEeonpeneieHus, UMEIOTh BaKHBIE IPUIIOKEHUS B
Pa3NUYHBIX 00JacTAX NPUKIATHON HAyKH W TEXHUKH, a TaK )K€ 3TH MPOOJIEMbl MOJIEIUPYIOTCS Ha OJHOPOAHBIX IPYyIIIax
JIu ¢ mOMOIIBIO OAHOPOIHBIX JICBOMHBAPHUAHTHBIX THIIOUINITHYECKUX ONIEPaTOPOB.

KuaroueBbie cioBa: IlceBnonapabonuyeckoe ypaBHeHue, omnepatop lltypma-JlnyBwinis, npoOHast mpou3BoOAHAs
KamyTto, oOpatHas 3aga4a, KOpPEKTHOCTb.
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