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THE COORDINATED SOLUTION OF TWO DIFFERENTIAL
EQUATIONS IN PRIVATE DERIVATIVES OF THE THIRD ORDER

Abstract. In the study the possibility of constructing a solution near a variety of special features of the system
consisting of two differential equations in partial derivatives of the third order was investigated. There definitive
aspects of such systems in comparison with systems consisting of two differential equations in partial derivatives of
second order were established. The classification of regular and irregular singularities was carried out, the relevant
solutions are constructed. A specific example shows that the application of the Frobenius - Latysheva method to the
construction of a solution of a degenerate hypergeometric system consisting of two third-order partial differential
equations. A variety of properties of system solution were considered, which shows that these solutions have the
properties of generalized hypergeometric functions.

Key words: solution, constructed, system, features, regular, irregular, generalized, third order.

Introduction. The solutions of particular cases of systems of differential equations of second order
type
G-z +G"-Z_+G?®.-Z +GY-Z +GY-Z=0
Xx xy X y

Q ' ]r]r+Q : xy+Q ' x+Q ' y+Q ' 0

where G” =G (x,7),0" =0"(x,y),(i = @) analytic functions or polynomials of two
variables, Z = Z(x, y)— total unknown, are the generalized hypergeometric functions of two variables.

The general theory of systems type (1) was established by American mathematician E. Wilczynski [1] -
[2] using it to support special cases of projective differential geometry. He proved compatibility and
integrability conditions

G(l) Q(l)
GO ) 0©

#0 )

of system type (1) [1].

In carrying out these important conditions the following statement is fair.

Theorem 1. Suppose that the conditions of compatibility and integrability are fulfilled (2). Then,
system (1) has four linearly independent particular solutions of the form

Z,(x, )= D A, x"y", (Agy #0), (j=1234) 3)

m,n=0
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The overall solution of system (1) is represented as the sum

4
Z,(x,3)=>.G,-Z,(x,y), k=1234 (4)

k=1
where Gj- is arbitrary constant, that is, the general solution of a system of partial differential equations
depends on arbitrary constants, and not on an arbitrary constant.

Theorem 2. If the compatibility conditions are satisfied, and the integrability condition is not
satisfied, that is,

G(l) Q(l)
e 'Q(0> -
then system (1) has no more than three linearly independent solutions, or the number of them will be
countless.

Further development of the study was obtained in the works of J. Horn [3] - [4], P. Appell, J. Kampe
de Feriet [5], W. Sternberg [6], A. Erdelyi [7] - [8], P. Humbert [9], E. Ince [10], L. Borngesser [11] and
others, in connection with the study of the theory of generalized hypergeometric series of two variables
[12] - [13] - [14]. Using the concepts of rank p =1+ k (k —subrank) and antiranga m =—-1—-1 (A1 —
antipodrang). Zh.N. Tasmambetov developed [15] efficient algorithms for constructing normal,
subnormal series, and normal-regular and final solutions of systems of the form (1) consisting of two
second-order partial differential equations.

The aim of this work is to study a special system consisting of two differential equations in partial
derivatives of the third order; to establish the distinctive features of such systems; to classify regular and
irregular features and construct the corresponding solutions; to show the application of the Frobenius-
Latysheva method to constructing a solution of a degenerate hypergeometric system consisting of two
third-order partial differential equations by using a specific example.

)

THE COORDINATED SOLUTION OF TWO DIFFERENTIAL EQUATIONS IN PRIVATE
DERIVATIVES OF THE THIRD ORDER

Statement. Studying the possibility of coordinated solving a homogeneous system of third-order
partial differential equations consisting of two equations of the form

gV py+x7yg "V py +x°8 W pry +xvgV pyy + 38 Py + 18V Doy + 8 Py =0, (6)
Vg P+ 172"+ '8 po, + 10 pyy + 38V p1y +y2% Py + 8 poy =0,
where
P30 =Z s Pz =2 s P0i =Z s Po =Z s Poo =Z s Pn =2 ™
Puw=Z,:0w=2Z,Py=2Z,,Ppo = Z(x,y)
— total unknown, and the coefficients
(i) (7) (i) ()
g =g"(xy)=ay +ay x,
(8)

q" =q" (x,y) = by +by) - y,(i=0,6).

It is required to classify regular and irregular singularities and establish the type of solution near each
singularity; to determine the number of linearly independent solutions near these features; to examine the
relationship of the original system with systems solutions that are generalized hypergeometric functionsr
of two variables and properties of such functions.

Solution of a system of differential equations.

To construct solutions of the system of equations (6), it is required to carry out a number of
conditions, let us discuss the major of them

1. It must be carried out the compatibility conditions. However, the general compatibility condition,
as for system (1), is difficult to control. Usually, such checking is carried out for specific systems
solutions which are generalized hypergeometric functions of two variables. The Kampe de Feriet method
can be applied [5, p.155], [16, p.21] - [17].

2. Integrability condition

— 84 ——
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oM
- g<0> % #0. )
g q

3. Unknown function p,, = Z(x,y) depends on two variables, therefore, as before, depending on

the regularity and irregularity of the singular curves, solutions should be sought in the form of
generalized, normal and normal-regular series of two variables [15, p.159].

4. If in (6) the coefficients at higher derivatives p,, andp,: x° -g”(x,y)=1 and

y3 . g(o) (x,y) =1 then solution can be sought as a simple series of two variables (3) since there are no

singularities. Then, in order to formulate Theorems 1 and 2 for this case, it is necessary to establish the
number of linearly independent particular solutions of system (6), which we will do next.
5. The special curves of the system (6) are established by equating to zero the coefficients of the

highest derivatives. py, =Z 1 py =2, :

(0)

a
3 0 0 00
X -(ag' +ayy’ - x) =0, x =0, x, =——5,
10
3 (0, 7(0) by
Yy ’(bOO +b01 -y):O, ylzoa y2:_b(o)'
01
(0) (0) a(O) (0)
. 00 00 00 00
Composed from them pairs (0,0),(0,—W),(—W, ), (—W,—b(—o) - represent the final features,
01 01 01 01

(0) (0)
(0,00),(oo,O),(oo,—b(z—g)),(—%,oo) and (o,0) - features at infinity. Normally, when building
01 o1
solutions two pairs of features identified (0,0) and (o0,) . Classification for regularity and irregularity
will be carried out using simple rules [15].
Rule L. If in (6) coefficient a(()g) * O,bég) # 0, then the feature (0,0) is special regular. When

aég) = O,bo(g) =0, then (0,0) is a special irregular.

Rule II. If in (6) coefficient a1((())) # 0 and bé?) # 0, then the feature (o0,0) — special regular, and
when aly) =0,b) =0 — special irregular.

Features of constructing a solution by the Frobenius-Latyshev method.

The Frobenius-Latyshev method allows determining directly the structure and construct solutions of
the system near particular curves. So, when the feature (0,0) is regular, the desired solution is represented
as a generalized power series of two variables

Z(x,y)=x"-y" - Y A, -x"y", (10)

m,n=0
where p,o and 4, , (m,n=0,1,2,3,..) — unknown constants to be determined. If the feature (0,0) is
irregular, then the desired solution is represented as

Z(x,y) =expQ(x,y)-x” -y Y A, -x"-y", Ay, #0 (11)

m,n=0

O(x, y)—polynomial of two variables

P P,
Ox,y)= 2ot 7
p p

with uncertain parameters Ay, s pseees Ay Oy, Oy

fota, X y+a,-x+ta, -y, (12)
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Similarly, near the regular singularity (00,o0) the solution is constructed in the form

Z(XaJ’)=xp'ya' ZBm,n'x_m'y_nz BO,OgtO (13)

m,n=0

and near irregular features in the form

Z(x,y) =exp(x,y)-x” ZB s Byy#0 (14)

m,n=0

where p,o and B, , (m,n=0,1,2,3,...) —unknown constant.

Polynomial Q(x, y) is common to the type (11) and (14). Its degree is determined by the rank value

p=1+k, k:max—ﬂs_ﬂo

(1<s<n) Ky

(15)

introduced by A. Poincare to study ordinary differential equations, and S, 5, - the greatest degrees of
the coefficients of the equation [18].

MAIN RESULTS

We will start the application of the Frobenius-Latysheva method with drawing up a system of
Frobenius characteristic functions [15].

Definition 1. The system of characteristic functions of Frobenius is called the system

Llx -y l=xry - [10 (o) + £ (0,0 - x) »
Ly -y ]E |2 (p.0)+ £ (p.0) v
where
(6)
' (p.0)=al p(p—D(p—2)+ay p(p—Do +ag) p(p—1)+ag po+ay p+ag) o+ aoo 16.1)

D (p,0)=b\Vc(c—-1)(c-2)+by) po(c—1)+b (o —1)+bS) po+bi p+bl) o+ boo (16.2)
(6)

0 (p.0)=al) p(p=1)(p-2)+af) p(p—Do+a p(p - 1)+a53)p0+af3)p+af§)0+am (163)

2 (p,0)=bc(c—1)(c—-2)+b) po(c— 1)er(z)O'(G—l)+b(3),00'+b(4),0+b(§f)a+b01 (16.4)

obtained by substituting into system (6) with coefficients of the form (8) instead of Z = x” - y? . Define
the system of determining equations for features (0,0) and (o0,) from (16).
Definition 2. The system of defining equations for the feature (0,0) is called the system

fa(p,o)=0 (j=12) (17)

from which the indicators of series (10) and (11) are determined in the form of pairs (p,,0,).

Definition 3. A system of defining equations for a feature (c0,0) is called a system

f‘lo(paa) =Oa
Jo(p,0)=0

from which the indicators of series (13) and (14) are determined in the form of pairs (p,,0,).

(18)

In this pairs (p,,0,) it is important to determine the index ¢, since the number of such pairs allows

determining the number of linearly independent solutions of the original system (6) near the specified
features.
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Theorem 3. For the existence the solutions of the form (10) in the system (6) with coefficients (8)
near the singularity (0.0) requires the equality (17). Theorem 4. For the existence of solutions of the form
(13) in the system (6) with coefficients (8) near the singularity (c0,0) equality is necessary (18).

Let’s determine how many roots have the systems of constitutive equations (17) and (18). In view of
this, the system (17) can be written in expanded form, using (16.1) and (16.2). From £ O(p,0)=0 we

will find out

_ay p(p-D(p-2)+ag p(p—1) +agp +aly

M (3) (%)
ag P(P=1) +ag p+ay

(2)

and substituting in the second equation (p,0) =0 of the system (17), after exclusion p, we obtain

the ninth degree equation for o . If there are only simple roots, then from here we define nine roots o,
(t= 1,_9) Similarly, you can define nine simple roots p, (¢ = 1,_9) Of these, make nine pairs of roots

(p,,o,) (¢ :1,_9) of system (17), which allows us to construct nine linearly independent particular
solutions of system (17) near the singularity (0,0).
Theorem 5. Suppose the system (6) with coefficients of the form (8), where a(()g) #* O,bég) #0

conditions of compatibility and integrability are satisfied (9). Then system (6) has nine linearly
independent regular particular solutions of the form

Z,(x,y)=x" - y° ZA“)- "y, Al %0, (t=19), (19)

m,n=0

near feature (0,0), where p,,o, (f = 1,_9), AW (m,n=0,12,...).

A similar argument can be sure that the system (6) also has nine linear - independent particular
solutions near the singularity (oo, 00).
Theorem 6. Suppose the system (6) with coefficients of the form (8), where alo) =0, b(o) =0

conditions of compatibility and integrability are satisfied (9). Then the system (6) has nine linearly
independent regular particular solutions of the form

m,n

Z (p,o)=x"-y° ZB(’)- " B 0, (t=19), (20)

m,n=0

near feature (o0,00), where p,,o,,(t = 1,_9),3,(,1”)” (m,n =0,1,2,...) - unknown constant.

In the theorem 5 and 6, conditions al) # 0,b) # 0 and a) # 0,b{) # 0 essential since, ninth
degree equations are relatively p and o it turns out only when they are non-zero. Therefore, near regular
singular curves (0,0) and (o0,) there are nine regular linearly independent particular solutions. Then,
the overall solution is represented as the following sum

9 —
Z(x,y)=Y.C,-Z,(x,y), (t=19). 1)
=1

Unknown row coefficients (19) A(’) (m,n=0,1,2,...) are determined from systems of recurrent

sequences

,umvn mn
m,n=0

(u,v=0,12,..,;j=12;t= l,_9)( obtained by substituting series (19) into system (6) with
coefficients (8).
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Application to the construction of a specific system solutions.
All hypergeometric functions of two variables satisfy a system consisting of two partial differential
equations of second order. The coefficient of such systems are polynomials x and y . These coefficients

can be calculated if in the hypergeometric functions defined by double series
F(x,y)=2a,, x" y", (23)
the coefficients satisfy the following relations

am+l,n _ P(mo n) am,n+1 — Q(m’ n)

a _R(m,n)’ amn  S(m,n)’

m,n

(24)

where P, R, Q, S are known polynomials.

The use of such an approach enabled the intensification of the study of relations between systems
consisting of two second-order equations and generalized hypergeometric series of two variables.

However, the relationship between systems consisting of two equations of the third and fourth orders
and generalized hypergeometric series has not been studied at the proper level. Here, it should be noted
the work of Kampe de Feriet [5], [16] - [17], which provides a method for constructing a series of third
and fourth order systems, while ensuring the compatibility of such systems. In this paper we will also
proceed from the studies of J. Kampe de Feriet [5, p.155-169].

Theorem 7. The system of partial differential equations consisting of two equations of third order

x? *P3o +(0, + 0, +1)-x-p20 +(0, - 0, _x)‘plo =YV Py A Py =0,

\ . (25)

Ry +(0 +0, 1)y Py, +(8, -8, = y): Poy =X Py = Poy =0,
where  pyy =7, Py =2,y P20 =L Do =ZysPro = L5 Pyt =2y Do = Z(X,y)  — common
unknown, has nine linearly independent regular particular solutions, and the general solution is
represented as the sum (21).

Argument. We will carry out the proof by the Frobenius-Latyshev method, while revealing the
additional properties of system (25) can be obtained from the original system (6) with coefficients of the
form (8) using the Kampe de Feriet method [5, p.155-164]. As we noted above, this ensures the
compatibility of the two equations of the system (25). The integrability condition (9) is also satisfied,
since g =¢"" =0.

Coefficients a\y #0u bl #0, so the feature (0,0) is regular based on the Rule I, a
al(g) = O,bé?) =0, therefore, on the basis of the Rule II feature (c0,0) — irregular. Let us build regular

solutions in the form (10) near feature (0,0).
To this end, we compose a system of Frobenius characteristic functions (15) - (16) and define
systems of defining equations (17) with respect to the singularity (0,0), in a transformed expanded form

o(o“(p,cr)=p-(p—1+51)-(p—1+52)=0,} 6

0(02)(,0,0'):0-(0'—1+§1)-(0'—1+§2):0.

It has nine pairs of roots  (p,,0,,t =1,9):

1.(p, =0,0,=0), 2.(p, =1-6,,0,=0), 3.(p, =0,0, =1-6)), 4.(p; =1-6,,0, =0),
5.(p,=0,0,=1-5,),6.(p, =1-5,,6, =1-5,),7.(p, =1-6,,0, =1-6,),
8.(ps=1-6,,0,=1-6)), 9. (p; =1-6,,0, =1-5,).

Then, on the basis of Theorem 5, the system (25) near the singularity (0,0) has nine linearly -
independent regular partial solutions, corresponding to these indicators.:
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Z = d)(a,él’él',é'z,é;;x,y),

Z, =x" -<I)(05+1—51,;2—51',51',§2 +1—61,§;;x,y),

Z,=y -(D(a+1—5:7,51;2—51',52,§; +1—5:;x,y),

Z,=x"" - ®(a+1-6,;0,+1-5 ,6,,2—5,;x,),

Z. =y D(a+1-5,,6,;6 +1-5,2-6.:x,y), 7)
Z =x"" Y (@ +2-6,,62-5,2-5.,5.,5, +1-65,,0, +1-5.;3x,9),

Z YD +2-68,-8,2-5,2-5,-5.,6 +1-5,,8,+1-5,2-5.;x,),

Zo=x"" "% D@ +2-6,-5,5,+1-5,2-52-5,,6, +1-5.;x, ),

Z Y D@ +2-68,-6,,8,+1-5,,8, +1=6,8, +1-5,,2-5,2 -5, x, ).

All the solutions obtained coincide exactly with the solutions in the monograph. [5, p.166].
Conclusions: We note some properties of the studied system and its solution.
Properties 1. The monograph [5] does not classify the regular and irregular features of the system

(25). In system (25) a!)’ =0 and b\ =0. Therefore, on the basis of Rule II, we conclude that the
peculiarity (o0,00) irregular and system (25) must have a solution in the form of a normal Tome series
(14). However, in this case, the system of defining equations will be written as
Jiw(p,o)==(p+0+2)=0,
Ju(p,o)==(p+0+2)=0
that is, it boils down to one equation and defines an infinite number of solutions. Then, due to the
uncertainty of the indicators (p,,0,) there is no solution in the form of a normal Tome series (14)

Properties 2. It is also not difficult to make sure that the solutions of system (25) presented in the
form of (27) possess many properties of generalized hypergeometric series [5],[14]. Thus, the first
derivatives (27) are represented as

% _ 0020000000000 V) & gl 11 541,81+ 6,.8,:x, ]

ox ox 5 -0,

0Z, _ o®|a,0,,0,,0,,0,;X, _ 'a | 'q)[a+1,51a5f w +1;x,y] 28)
oy oy )

1
2

0z, 00|a.5,.5,.6,.0x.y]  ala+1)
Ox0y Ox0y 0,0, ~5; -5;
Properties 3. The first solution Z,(x,y) represents a double row depending on five parameters

a,d,,8,,6,,8, [14]:

-CD[a+2,51 +1,6, +1,6, +1,5, +1;x,y]

o0

a (o) x" x
Z,(x,y)=® { . ,};x,y: e X
‘ ' '6,.6,.6,.6, m;owl)m,(él)n(&z)m(éz)n ml nl

n

(29)

In the same way, it can be verified that the remaining solutions (27) have similar properties, that is,
all the functions listed in (27) are generalized hypergeometric functions [14], [19]. The question of the
computational application of special functions of several variables, as in monographs, remains topical
[20]. The development [21] of a numerical method for calculating the values of the degenerate
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hypergeometric Humbert functions is also required ¥, (e, y,y X, y) through the products of Laguerre
polynomials [22].

K.H. Tacmaméeros', H. Paxka6os’, )K.K. Yoaena®
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YIITHIII PETTI JEPBEC TYBIHABLIBI EKI
IN®PEPEHIUAJJILIK TEHJIEYJIEPAIH BIPJECKEH HIEIIIMI

AHHoTanusi. Makanaja yuniHon perTi aepOec TybIHABUIb ekl auddepeHnnanabk TeHASyIepAeH TYpaThIH
apHaiibl )KYHEHIH epeKile HYKTelepiHiH MaHaWbIHAAFbl IIEIIMIEPiH TYPFbI3y MYMKIHIIKTEpi 3eprreimi. MyHunai
Kyitenepiy alpbIKiia epeKile HYKTelepi eKiHIi peTTi aepOec TybIHIbUIbI eKi An(depeHInaIbK TeHIeyIepaeH
TYpaThlH KYHEJIEPMEH CaJbICTBIPY apKbUIbl aJbIHIBL Peryispibl oHE HpPPEryJsipibl €peKLIETIKTEepiHe KIKTey
XKYPri3iin, oJap/blH coliKec meuriMIaepl TYPFbI3bULAbL. HaKThl MbIcal apKbUIbI YIIIHII PETTI IepOec TybIHIBUIbI €Ki
muddepeHIManIpIK  TEHACYJIEPJACH TYPaThlH TYBIHAAIFAH THIEPIeOMETPUSUIBIK JKYHEHIH ImeniMiH Talyna
®pobennyc-Jlarpiniesa oiciHiH Koananys! kenripinres. JKyite meriMaepiniy Oipkarap KacHeTTepi KenTipiin, oy
HICITIMACPIIH 631 KaJIIbUIaHFaH THIICPTeOMETPISUIBIK, (DYHKIMSITAPIBIH 1a KACHETTEpiHE Ue €KCHI KOPCETINITeH.

Tyiiin ce3mep: wienriM, TYPFbI3bUIFAH, JKYHE, epPEKIlIe HYKTEIEp, Peryisipibl, UPPEryISpIibl, JKAIMbUIAHFAH,
YIIiHII PeTTi.
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COBMECTHOE PEHIEHHUE JBYX IU®®EPEHIIHAJIBHBIX
YPABHEHHNU B YACTHBIX TPOU3BO/JIHBIX TPETBEI'O ITIOPAIKA

AHHOTanusi. B pabore m3yueHa BO3MOXKHOCTH ITOCTPOCHUS PEIICHMS BOJHM3HM Pa3IMYHBIX OCOOCHHOCTEH
CHELHUATBHON CUCTEMBI COCTOSIIIUM W3 ABYX AU((EepeHIHATbHBIX YPABHEHUH B YACTHBIX MPOM3BOAHBIX TPETHETO
HOpSIAKa. Y CTaHOBJIEHB! OTJIMYUTENbHBIE OCOOCHHOCTH TaKMX CHCTEM IO CPaBHEHHIO C CHCTEMaMH COCTOSIINX U3
IBYX Iu(QepeHIanbHbIX ypaBHEHHH B YAaCTHBIX HMPOU3BOJIHBIX BTOPOro mopsiaka. IIpoBeneHa kiaccuduxarus
PEryJIsSIpHBIX M HUPPETYJSPHBIX OCOOEHHOCTEH, IOCTPOEHBI COOTBETCTBYIOLIME MM pelleHHus. Ha KoHKpeTHoM
npuMepe IToKa3zaHo mpuMeHeHne Metona Ppobennyca-JlaTpiieBod K IMOCTPOSHHIO PEIISHHS BBIPOXKICHHON
THIIEPreOMETPHUYECKOI CHCTEMBI COCTOSINUX M3 JABYX AM(D(PEpeHIUATbHBIX YPAaBHEHUH B YaCTHBIX HMPOM3BOJIHBIX
TPEThEero mopsifika. PaccMOTpEHBI psii CBOWCTB pEIICHHS CHCTEMBI, KOTOPOE ITOKa3bIBaeT, YTO ATH PELICHUS
00J1a1a10T CBOWCTBaMH 00OOIIIEHHBIX THIIEPreOMETPHYECKUX (DYHKIIHH.

Ki1roueBble cjioBa: penieHue, NOCTPOEHBI, CUCTEMa, 0COOCHHOCTH, PETYJISIpHBIE, UPPETyIIsIpHbIe, 0000IIeHHas,
TPETHETO TOPAAKA.
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