News of the National Academy of sciences of the Republic of Kazakhstan

NEWS

OF THE NATIONAL ACADEMY OF SCIENCES OF THE REPUBLIC OF KAZAKHSTAN
PHYSICO-MATHEMATICAL SERIES

ISSN 1991-346X https://doi.org/10.32014/2019.2518-1726.46

Volume 4, Number 326 (2019), 76 — 82

UDK 517.958
B. Bekbolat', B. Kanguzhin®, N. Tokmagambetov’

123 Al-Farabi Kazakh National University, Almaty, Kazakhstan;
*Ghent University, Ghent, Belgium;
3 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

bekbolat@math.kz, kanbalta@mail.ru, niyaz.tokmagambetov@gmail.com

TO THE QUESTION OF A MULTIPOINT MIXED
BOUNDARY VALUE PROBLEM FOR A WAVE EQUATION

Abstract.It is well known that some problems in mechanics and physics lead to partial differential equations of
the hyperbolic type. A classical example of the hyperbolic type is wave equation. When posed, the task sometimes
lacks the classical boundary condition and the need arises to have a nonlocal boundary condition. Aim our work is
get D’Alembert formula for mixed boundary value problem generated by a wave equation. In the classical case,
given D’Alembert formula for boundary value problem generated by a wave equation. In our case, we must give
D’Alembert formula for mixed boundary value problem. For this, we consider ordinary differential operator L
withnon—local boundary conditions. We search the solution of the wave equation like a sum with eigenfunction of
the operator L. There are we use that fact, that eigenfunction of the operator £ is Riesz basis in L2(0, l). Through
this method and calculation we get D’ Alembert formula.

Key words: D’Alembert formula, wave equation, mixed boundary value problem, nonlocal boundary
condition.

1 Introduction

It is well known that some problems in mechanics and physics lead to partial differential equations of
the hyperbolic type. When posed, the task sometimes lacks the classical boundary condition and the need
arises to have a nonlocal boundary condition (see, [2, 3, 4, 5]). A simple example of such nonlocal
conditions are multipoint conditions relating the value of the solution at the boundary points with the
values at some interior points. For example, we refer the reader to [6, 7, 8, 9, 10].

2 Main result
Let us consider mixed boundary value problem generated by the homogeneous wave equation

L (1)
with inhomogeneous initial data
U(x,0) = f(x),Us(x,0) = F(x),x € [0,1], 2)
and with non—local conditions
U@,t) = 0,X}_, Uy (x,t) = 0, (3)

where S = {(x,t):0 <x < [, t > 0},
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0=xy<x; <...<xy =La ¢0,0(N¢0,Z?’:0 aj=1,1<o,

Xi . .
L_ is a rational number

the system of point {xj}?;o on the segment [0, [] is chosen such that the relation

Xj+1
forall j = 0.
Also consider an ordinary differential operator £ with the expression
L(y)=-y"(x),0<x<b, 4)
with non—local boundary conditions
y(0) = 0,2, ajy'(x;) = 0. (5

By {4}, denote eigenvalues of L, which are zeros of the characteristic function
D) = Xy ajcosVax;.
Theorem 1 A solution of the boundary value problem (1)—(3) has the form

rad rd _ x+t
Uty = L&Y erf(x 2 +%f F(r)dr.
x—t

Proof- The system of eigen- and associated functions has the form

Va w
Xin(x) = k,alk(s”}"nu =0,1,...,my = 1}y, (6)

which is the Riesz basis in L2(0, 1) (see [1]). Here m,, is a multiplicity of the corresponding eigenvalue A,,
foralln € N.

Using this fact, let us prove solvability of the problem (1)-(3). The solution of the problem (1)-(3) we
will seek in the view

n—1
U t) = Znet Tty din(O)Xjen (%), (7
where dj, is a coefficient of the Fourier decomposition of U, depends on second argument.

By differentiating twice respect to x (7), we get
L =3 T dien ()~ 2nXin () = X1 ()] =

Yoy Tt [~ Anin () — dicr 1.0 (O] Xien (), (8)

where dp, 5, = 0.
By differentiating twice respect to t (7), we have

62 n_ 124
= Tt Zhto i (©)Xpen (%), ©)

By using the condition U(0, t) = 0, from (8)-(9) we take

Q' (£) = =2 yen (£) — di1.2(£), k < m, wheredy, , = 0. (10)
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Use initial conditions (2):
U(x,0) =32 Trm ™ dien (0) Xin () = (),
Up(x,0) = 321 Tp ™t din’ (0)Xpen (%) = F ().

We calculate Fourier coefficients using the biorthogonal system of {X}, (x)} by formulas
b —
din(0) = diy, = [y (O hin (),

, R (11)
din'(0) = dfy = J) FQOhin ().

Indeed, (10) — (11) is a Cauchy problem, and it’s solution has the form

n inyAn (t—
din(t) = df._cos\[Z, t+d,€ns”y__t— N Sw;—ff D e 1.ndE. (12)

Taking into account dy,,  , = 0, for k = m;, — 1 we have

sin /At
dmn—l,n(t) = d,{n COS—\[ t + dmn—ln \/—nn

And for k = m,, — 2 we have
Ao (t) = ), 1c0Sy2nt +

. t . _
dfnn_z,nLﬁ— fo M#dmn_w)dz

EsinVa(t -
-2, ncos\/—t —j ( 9 dfnn_l’ncos\//l_ntd(

sm,/ nt j sm\/_(t—C) JF sin,/)lntd(
mp—1n ~—
n 4 An

+dfy _on

We denote
S in\//l_n t
N

t o _
Cin(®) = — fo M#cosﬁ(da

Sin(t) = — fo sm‘/zﬁ — )S”\l/‘/__g

Con () = cosy/Ant, Son(t) =

and

1 3
1 6
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Therefore
Az (®) = Ay, cosTnt +df, _,, Smlnt
Vn
A 1nCin(©) = A1 nS1a (D).
Analogically for another k the function dj, (t) can be written as
n—1
dien(t) = X702 [d] Ciogen(®) + dSjgen (B)]: (14)

By substituting found d,, (t) in (7), we get

o Mp—1 my—1

U= > > 1dhGen(® + dhS)en(®©Win ()
n=1 k=0 j=k
0 Mp—1
»

n=1 j=0

J J
Z Groten(OXien () +dfy > Sy ien(OXin ()}
k=0 k=0

By virtue of (6) and (13), we have a new presentation

o j
3 f 1 1 9% sm\/—t
U(x,t)—nZl 2, {djn; e k(cos\/— O )

dF : 1 a9ik sm\/—t)l ok (sm\/—x}
M G-RloaT J, Tkt [,

Syne 2= A"t f cos\[,tdt, then
o m j
1 sm\/_x
— f -
U t) = Z Un i Zk'(] 0 a2 k(cos‘/—t) /1""( T

[ole) mn_l ] .
t 1 j! alk sin /A x
+f drz Z dfn_—'z ' ' (cosyTr) 2 (
] -k k
o =L Jlea kG —K)a 0y ,/;ln

0

n—1

And using Zi:o C,{U(k) (X)VU=B(x) = (UV)D, we take

R ) mp—1 f16 (—sm/lx
U(xl t) - Z‘I‘L:l Zj:no ]n 'alj (COS t n

+f dTZn 1 Zmn_l ]n , (COS\/ Sm Anx
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_ 1y mu—1 fla_f sinm(xﬂt)
- Zn—l Zj 0 df"j!a/lfl( m )

1 v -1 1 9/ An(x—t)
+2 T Xt df, <S””_“ Il Dy

Jj=0 Jn la,11

1 ot © n—1 1 9 _sin (x+71)
43y dr i, Tyt df o (il

Jj=0 ]‘)’l Ia/‘{]

mn—1 1 9/ smm(x —-T)
+ f dt Zn 1 Z ]Ff'l '6/1]( \//1_11 )

So,

UCxt) = =%y ZTot df X+ 0) + 5 8y B0 df X (x — ©)

X - o (15)
+- f”znl T A X (DdT 4 [, Y T df X (D dx

When 0 < x —t < x + t < b, then sums of series are coincides with the initial data

Yooy Tt dl X (x + 1) = f(x +0),
Yooy Xt dl X (x — 1) = f(x — 8),

-1
Zn 1 Zmn dF ]n(T) - F(T)
For0 < x —t < x + t < b the solution is well-known D’Alembert formula

fx+)+f(x—-t) 1
> +EL_t F(7)dr.

Thus, the formula (15) can be interpreted as a generalization of the D’ Alembert formula for arbitrary
0<x<bht=0.
As a result, we conclude

U(x,t) =

[+ +fx-0) 1

U(x,t) = >

N

x+t
f F(r)dr,
x—t

where f(x) and F(x) extended from the segment [0,] to the whole real axis by the analytical
continuation of the basis system
1 9% siny/2 x

Xien(X) = 5257

Kor Jx

Since {Xp, (%)} is defined on (—oo, +00), then we can always to continue functions f(x) and F(x)
outside of the segment [0, []. From [1] follows that the system {X},, (x)} is Riesz basis in L, (—o0, +o0).
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TOJIKBIH TEHAEYI YIIIH KOITI HYKTEJII
APAJIAC HIEKAPAJIBIK ECEII

AHHoTanusi.MexaHnka MeH (H3HMKaHbIH KeHOip ecenTepi JepOec TYbIHABUIB AU PEepeHIHATIIBIK TeHACYIep-
JIH THIepOOoablK TypiHe aliblll KeJieTiHi oenrini. ['unepOonansik TeHIeyAiH KIaCCHKAbIK OKITiHE TOJIKbIH TeHACY1
xaranel. Keiige ecen mibiFapy OapbIChIHIA TEK IIEKApaJbIK MIAPT JKETKUIIKCI3 OO0Na/ibl, COHIBIKTAH KOCBIMIIA
JIOKaJIJIbl €MeC HIeKapalbIK MIapTTa KOJIAAHbUIAAbl. Bi3iH KYMBICTBIH MaKcaThl TOJKBIH TEHIEY1 apKbUIbI TYbIHIAFaH
apanac mekapanblk ecentiH HamamOep ¢opmynacein TaOy. Kitaccukana TOJMKbIH TEHJACYl apKbUIbI TYBIHIAFaH
niekapaisik ecen yiris Jamambep Gopmynacer Oepinre. bi3 apanac mekapanbik ecen yiid Jlamambep Gpopmynaceia
taby Kepekmi3. On yimin 6i3 koceiMma LanpdepeHupnanisik onepatopsiH KapacTeipambi. Ce6e6i 6i3 memrimuai L
OIepPaTOPBIHBIH MEHIINKTI (DYHKIMSIAPBl apKbUTBl KYPBUIFAH Karap apKpuiel i3meiimis. biz Oyin sxepme L
OIEpPaTOPBIHbIH MeHIIKTI Qpynkiusiapsl L2 (0, DkericTirinne Pucc 6a3uchl GonaThiHbIH Naiinananams. Bis ockl otic
JKOHE ecenTeysiep apKbuibl JlanamMOep hopMyItachiH ajlaMbI3.

Tyiiin ce3mep:/lanambep Gpopmyacel, TONKBIH TEHACY1, apajiac IIeKapablK eCell, JOKAIIbl eMEC HIeKapaIbiK
IapT.
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O MHOT'OTOYEYHOM 3AJIAYE CMEIIAHHOM I'PAHUILBI
JJIS1 BOJIHOBOI'O YPABHEHUA

AHHOTanus1.X0poILIO U3BECTHO, YTO HEKOTOpPbIE NMPOOJIEMbl MEXaHUKH U (DM3UKH NPUBOJAT K YPAaBHEHHSM B
YaCTHBIX ITPOU3BOAHBIX rymep60nnquKoro tuna. Kiaccuueckum IMpuMEpoM FHH€p6OHI/l‘ieCKOFO TUIIA ABJIACTCA
BOJIHOBOE ypaBHeHHe. [Ipy mocTaHOBKe 3ajaud HMHOTJ@ HE XBaTaeT KJIACCHYECKOrO TPAHUYHOTO YCJIOBHS, H
BO3HHMKaeT HEOOXOJMMOCTh UMETh HEJIOKaJIbHOE rpaHUYHOE ycioBue. Llesnp Hamieid padoThl - MOIYyYUTh (HOPMYITY
JanamOepa 11t cMeIIaHHOW KpaeBoH 3a/1auu, OPOXKICHHON BOJIHOBEIM ypaBHEHHEM. B kitaccudyeckoM citydae naHa
topmyna Jlanambepa U1 KpaeBoH 3a1a4u, MOPOXKICHHAS BOJHOBBIM ypaBHEHHEM. B HamieMm ciryyae Mbl JOJDKHBI
matb ¢opmyny Jamambepa IUis CMEIIaHHOW KpaeBoW 3amaud. JIJis 3TOrO0 paccMOTPUM  OOBIKHOBEHHBIH
nubdepenimanbHpiii onepatop L ¢ HENOKaNbHBIME I'PAHHYHBIMU YCIOBUSMH. MBI HILEM peUICHHE BOJIHOBOTO
ypaBHEHMS KaK CyMMy C COOCTBEHHOM (yHKmuel omeparopa L. MBI BCIons3yeM TOT (akT, 9T0 COOCTBEHHAS
¢yukuus oneparopa L sBisiercs 6asucom Pucca B L?(0,1). C MOMONIBIO 5TOr0 METOA M pacyeTa Mbl MOJTydaeM
bopmymny Harambepa.

Karouesbie cinoa:®opmyna [lanambepa, BOIHOBOE ypaBHEHHE, CMEIIaHHAs KpacBas 3a/1ada, HEJIOKAJIbHBIC
KpaeBbI€ YCIIOBUSI.
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