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INVERSE PROBLEM OF THE STURM-LIOUVILLE OPERATOR  
WITH UNSEPARATED BOUNDARY VALUE CONDITIONS 

AND SYMMETRIC POTENTIAL 
          

Abstract. In the paper we prove the uniqueness theorem on a single spectrum for the Sturm-Liouville operator 
with unseparated boundary value conditions and real continuous symmetric potential. The research method is 
different from all known methods, and is based on the internal symmetry of the operator generated by invariant 
subspaces. 
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1. Introduction. By inverse problems of spectral analysis, we understand the problems about 

restoration of a linear operator according to one or another of its spectral characteristics. 
The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He 

proved the following theorem. 
By ߣ଴ ൏ ଵߣ ൏ ଶߣ ൏ ⋯ we denote eigenvalues of the following Sturm-Liouville problem 
 
 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)      ,ݕߣ
  
ᇱሺ0ሻݕ  ൌ 0, ሻߨᇱሺݕ ൌ 0;      (1.2) 

 
where ݍሺݔሻ is a real continuous function. If  

௡ߣ   ൌ ݊ଶ	ሺ݊ ൌ 0,1,2, … ሻ  then ݍሺݔሻ ≡ 0. 

The first mathematician who drew attention to importance of the V.A.Ambartsumian’s result was the 
Swedish mathematician Borg. He also performed the first systematic study of one of the important inverse 
problems, namely, inverse problem for the classical Sturm-Liouville operator of the form (1.1) by spectra 
[2]. Borg showed that, in general case, one spectrum of the Sturm-Liouville operator does not define it, so 
Ambartsumian’s result is an exception from the general rule. In the same paper [2], Borg shows that two 
spectra of the Sturm – Liouville operator (with different boundary conditions) uniquely determine it. More 
precisely, Borg proved the following theorem.  

Borg Theorem.  
Suppose that the following equations 

 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)           ,ݕߣ

 െݖᇱᇱ ൅ ݖሻݔሺ݌ ൌ  (1.3)      ,ݖߣ
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have the same spectrum under the boundary value conditions  

 ൜
ሺ0ሻݕߙ ൅ ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕߛ ൅ ሻߨᇱሺݕߜ ൌ 0;

                (1.4) 

and under the boundary value conditions  

 ൜
ሺ0ሻݕߙ ൅ ᇱሺ0ሻݕߚ ൌ 0,
ሻߨሺݕᇱߛ ൅ ሻߨᇱሺݕᇱߜ ൌ 0.

              (1.4)/ 

Then ݍሺݔሻ ൌ ,ሻ almost everywhere on the segment ሾ0ݔሺ݌  ሿ, ifߨ

ߜ ∙ ᇱߜ ൌ 0, |ߜ| ൅ |ᇱߜ| ൐ 0. 

Shortly after Borg’s work, important studies on the theory of inverse problems were performed by 
Levinson [3], in particular, he proved that if ݍሺߨ െ ሻݔ ൌ   ሻ, then the Sturm-Liouville operatorݔሺݍ

 െݕᇱᇱ ൅ ݕሻݔሺݍ ൌ  (1.1)            ,ݕߣ

 ൜
ᇱሺ0ሻݕ െ ሺ0ሻݕ݄ ൌ 0,
ሻߨᇱሺݕ ൅ ሻߨሺݕ݄ ൌ 0

              (1.5) 

is reconstructed by one spectrum. 
A number of works by B.M. Levitan [4], [5] are devoted to reconstructing the Sturm-Liouville 

operator by one and two spectra. These studies have found continuations in [6] - [20]. Sources [21] - [28] 
are introductory. 

This paper is devoted to generalization of Ambartsumian [1] and Levinson [3] theorems, in particular, 
our results contain the results of these authors. 

  
2. Research Methods. 
Idea of this work is very simple. Analysis of contents of [1, 3] showed that both of these operators 

have an invariant subspace. If for a linear operator ܮ the following formulas hold 
ܲܮ ൌ ,∗ܮܲ ܮܳ ൌ  ,ܳ∗ܮ

where ܲ, ܳ are orthogonal projections, satisfying the condition ܲ ൅ ܳ ൌ  ∗ܮ and ܮ then the operators ,ܫ
have invariant subspaces, sometimes restriction of these operators to these invariant subspaces, under 
certain conditions, form a Borg pair. 

 
3. Research Results. 
In the Hilbert space ܪ ൌ ,ଶሺ0ܮ   ሻ we consider the Sturm-Liouville operatorߨ

ݕܮ  ൌ െݕᇱᇱ ൅  (3.1)    ;ݕሻݔሺݍ

 ൜
ܽଵଵݕሺ0ሻ ൅ ܽଵଶݕᇱሺ0ሻ ൅ ܽଵଷݕሺߨሻ ൅ ܽଵସݕᇱሺߨሻ ൌ 0,
ܽଶଵݕሺ0ሻ ൅ ܽଶଶݕᇱሺ0ሻ ൅ ܽଶଷݕሺߨሻ ൅ ܽଶସݕᇱሺߨሻ ൌ 0

     (3.2) 

where ݍሺݔሻ is a continuous complex function, ܽ௜௝	ሺ݅ ൌ 1,2; 		݆ ൌ 1,2,3,4ሻ are arbitrary complex 
coefficients, and by ∆௜௝	ሺ݅ ൌ 1,2; 		݆ ൌ 1,2,3,4ሻ we denote the minors of the boundary matrix:  

ܣ ൌ ቀ
ܽଵଵ ܽଵଶ ܽଵଷ ܽଵସ
ܽଶଵ ܽଶଶ ܽଶଷ ܽଶସቁ. 

 Assume that  ܽଶସ ് 0, then the Sturm-Liouville operator (3.1) – (3.2) takes the following form 

ݕܮ  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ሻ;    (3.1)ߨ

 ൜
∆ଵସݕሺ0ሻ ൅ ∆ଶସݕᇱሺ0ሻ ൅ ∆ଷସݕሺߨሻ ൌ 0,
∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0

     (3.3) 

and its adjoint operator ܮା takes the form 

ݖାܮ  ൌ െݖᇱᇱ ൅ ,ݖሻതതതതതതݔሺݍ ݔ ∈ ሺ0,  +ሻ;         (3.1)ߨ



News of the National Academy of sciences of the Republic of Kazakhstan 
  

   
32  

 ൜
∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0,
∆ଷସതതതതതݖሺ0ሻ ൅ ∆ଷଶതതതതതݖሺߨሻ െ ∆ଶସതതതതതݖᇱሺߨሻ ൌ 0.

  (3.3)+ 

Let ܲ and ܳ be orthogonal projections, defined by the formulas 

ሻݔሺݑܲ      ൌ
௨ሺ௫ሻା௨ሺగି௫ሻ

ଶ
, ሻݔሺݒܳ ൌ

௩ሺ௫ሻି௩ሺగି௫ሻ

ଶ
       (3.4) 

The main result of the paper is the following theorem. 
Theorem 3.1. If ∆ଶସ് 0, and 
ܮܲ (1 ൌ  ;ାܲܮ
ܳܮ (2 ൌ  ;ାܮܳ
3) ∆ଵଶൌ െ∆ଷସ; 
then the Sturm-Liouville operator (3.1) – (3.3) reconstructed by one spectrum. 
4. Discussion. 
In this section we prove the theorem and discuss the obtained results. Following Lemmas 4.1, 4.2 

may have independent meanings. 
Lemma 4.1. If for a linear and discrete operator ܮ  the following equalities hold 
ܮܲ (1 ൌ  ;ାܲܮ
ܳܮ (2 ൌ  ;ାܮܳ
3) ܲ ൅ ܳ ൌ  ;ܫ
where ܲ, ܳ are orthogonal projections, and ܫ is identity operator, then all its eigenvalues are real. 
Proof.  
Let ܲܮ ൌ ܳܮ ,ାܲܮ ൌ    ା; thenܮܳ

ሺܲܮሻ∗ ൌ ∗ܲ∗ܮ ൌ ܲ∗ܮ ൌ  ;ܮܲ

ሺܳܮሻ∗ ൌ ∗ܮ∗ܳ ൌ ∗ܮܳ ൌ  ;ܳܮ

i.е. operators ܲܮ and ܳܮ are self-adjoint, therefore, their eigenvalues are real. 
Further, if ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܲݕܮ ൌ ݕାܲܮ ,ݕܲߣ ൌ ሻݕାܲሺܲܮ ,ݕܲߣ ൌ  consequently, if  ,ݕܲߣ

ݕܲ ് 0, then ߣ is a real quantity; if ܲݕ ൌ 0, then ݕ ൌ ݕܳܮ and ,ݕܳ ൌ ,ݕܳߣ ሻݕሺܳܳܮ ൌ ݕܳ ,ݕܳߣ ൌ ݕ ്
0. Thus, ߣ is again a real quantity.  

The following lemma shows that the spectrum ߪሺܮሻ of the operator ܮ consists of two parts; therefore, 
the operator ܮ, apparently, splits into two parts. Later we will see that this is exactly what happens, and 
moreover, these parts form a Borg pair under a certain condition.  

Lemma 4.2. If  ܮ is a linear discrete operator, satisfying the conditions:  
ܮܲ (1 ൌ  ;ାܲܮ
ܳܮ (2 ൌ  ;ାܮܳ
3) ܲ ൅ ܳ ൌ  ;ܫ

where ܲ, ܳ are orthogonal projections, and ܫ is identity operator, then 

ሻܮሺߪ ൌ ଵሻܮሺߪ ∪  .ଶሻܮሺߪ

where ߪሺܮሻ is a spectrum of the operator ܮ ,ܮଵ ൌ ,ܮܲ ଶܮ ൌ  .ܳܮ
Proof.  
If ݕܮ ൌ ,ݕߣ ݕ ് 0, then ܲݕܮ ൌ ,ݕܲߣ ݕାܲܮ ൌ ሻݕାܲሺܲܮ ,ݕܲߣ ൌ ሻݕଵሺܲܮ ,ݕܲߣ ൌ ݕܲ If .ݕܲߣ ് 0, 

then ߣ ∈ ݕܲ ଵሻ. Ifܮሺߪ ൌ 0, then ݕ ൌ ݕܳ ് 0 and ݕܳܮ ൌ ሻݕሺܳܳܮ ,ݕܳߣ ൌ ,ݕܳߣ ݕଶܳܮ ൌ  .ݕܳߣ
Consequently, ߣ ∈  .ଶሻܮሺߪ

Thus ߪሺܮሻ ⊂ ଵሻܮሺߪ ∪  .ܣ ሻ means spectrum of the operatorܣሺߪ ଶሻ, whereܮሺߪ
Assume that ߣ ∈ ଵሻܮሺߪ ∪ ߣ  ଶሻ  andܮሺߪ ് 0. Then  
а) If ߣ ∈ ݕܮܲ ଵሻ, thenܮሺߪ ൌ ,ݕߣ ݕ ് 0	 → 	ܲଶݕܮ ൌ ,ݕܲߣ ݕܮܲ ൌ ݕܲ if ,ݕܲߣ ൌ 0, then ܲݕܮ ൌ 0,ൌ൐

ݕߣ	 ൌ 0,→ ݕ ൌ 0, it is impossible, therefore ܲݕ ് 0 and ݕܲ∗ܮ ൌ ߣ ,Consequently  .ݕܲߣ ∈ ሻ∗ܮሺߪ ൌ  .ሻܮሺߪ
b) If ߣ ∈ ݕܳܮ ଶሻ, thenܮሺߪ ൌ ,ݕߣ ݕ ് 0, ݕ∗ܮܳ ൌ ݕ∗ܮଶܳ ,ݕߣ ൌ ݕ∗ܮܳ ,ݕܳߣ ൌ →,ݕܳߣ ݕܳ ് 0, 

otherwise ܳݕ∗ܮ ൌ 0,ൌ൐ ݕܳܮ ൌ 0,→ ݕߣ ൌ 0,→ ݕ ൌ 0.	 Consequently, ݕܳߣ ൌ ݕ∗ܮܳ ൌ →,ݕܳܮ ሻݕሺܳܮ ൌ
ߣ thus ,ݕܳߣ ∈  .ሻܮሺߪ

c) 0 ∈ ଵሻܮሺߪ ∪  .ଶሻܮሺߪ
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If 0 ∈ ݑଵܮ ଵሻ, thenܮሺߪ ൌ 0, ݑܮܲ ൌ 0, ݑ ് 0; Operator ܮଵ maps the subspace ܪଵ ൌ  ଵ, thusܪ into ܪܲ
ݑ ൌ ݑܲ ് 0, then ܲݑܮ ൌ ݑܲ∗ܮ ൌ ݑ∗ܮ ൌ 0, ൌ൐ 0 ∈ ሻ∗ܮሺߪ ൌ  .ሻܮሺߪ

If 0 ∈ ݒଶܮ ଶሻ, thenܮሺߪ ൌ ݒ ,0 ് 0; Operator ܮଶ maps the subspace ܪଶ ൌ  ଶ, thereforeܪ into ܪܳ
ݒ ൌ ݒଶܮ and ݒܳ ൌ ݒܳܮ ൌ ݒܮ ൌ 0, 	ൌ൐ 0 ∈  .ሻܮሺߪ

Lemma 4.3. If 

а) ∆ଶସ് 0;     (4.1) 

b) ܲܮ ൌ  ାܲ;        (4.2)ܮ

where ܲݑሺݔሻ ൌ
௨ሺ௫ሻା௨ሺగି௫ሻ

ଶ
, ሻݔሺݒܳ ൌ

௩ሺ௫ሻି௩ሺగି௫ሻ

ଶ
, then for the Sturm - Liouville operator (3.1) – (3.2) 

the following equalities hold 

ߨሺݍ	(1 െ ሻݔ ൌ  ;ሻݔሺݍ

ሻതതതതതതݔሺݍ (2 ൌ  ;ሻݔሺݍ

3) ∆ଵଶ ൅ ∆ଵସൌ ∆ଷଶ ൅ ∆ଷସ; 

4)  ቀ
∆భమା∆భర
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆భర
∆మర

ൌ
∆యమା∆యర
∆మర

; 

Moreover, operators ܮ and ܮା take the following forms: 

ݕܮ ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,                                           ;ሻߨ

൝
∆భమା∆భర
∆మర

ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
                                 

 

ݖାܮ ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,                                        ;ሻߨ

൝
∆భరതതതതതି∆యరതതതതത

∆మరതതതതത ሾݖሺ0ሻ ൅ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0.
                                 

Proof.  

 If ܲܮ ൌ ሻݔሺݖ ାܲ, thenܮ ൌ ሻݔሺݕܲ ∈ ሻݔሺݕ ାሻ, whereܮሺܦ ∈  ሻ, thusܮሺܦ

൞
∆ଵସതതതതത ݕ

ሺ0ሻ ൅ ሻߨሺݕ

2
൅ ∆ଶସതതതതത ݕ

ᇱሺ0ሻ െ ሻߨᇱሺݕ

2
൅ ∆ଵଶതതതതത ݕ

ሺߨሻ ൅ ሺ0ሻݕ

2
ൌ 0,

∆ଷସതതതതത ݕ
ሺ0ሻ ൅ ሻߨሺݕ

2
൅ ∆ଷଶതതതതത ݕ

ሺߨሻ ൅ ሺ0ሻݕ

2
െ ∆ଶସതതതതത ݕ

ᇱሺߨሻ െ ᇱሺ0ሻݕ

2
ൌ 0;

 

ቊ
ሺ∆ଵଶതതതതത ൅ ∆ଵସതതതതതሻሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ∆ଶସതതതതതሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0,
ሺ∆ଷଶതതതതത ൅ ∆ଷସതതതതതሻሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ∆ଶସሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0.

 

For unknown quantities ݕሺ0ሻ, ,ᇱሺ0ሻݕ ,ሺ1ሻݕ   ᇱሺ1ሻ we obtained the system of equations, thereforeݕ

ተተ

∆ଵସ ∆ଶସ ∆ଷସ 0
∆ଵଶ 0 ∆ଷଶ െ∆ଶସ

∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
∆ଶସതതതതത
∆ଶସ

∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
െ∆ଶସ
െ∆ଶସ

ተተ ൌ 0,ൌ൐ 

ተተ

∆ଵସ ∆ଶସ ∆ଷସ ∆ଶସ
∆ଵଶ 0 ∆ଷଶ െ∆ଶସ

∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
∆ଶସതതതതത

∆ଶସതതതതത
∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
0
0

ተተ ~ ተተ

∆ଵସ ∆ଶସ ∆ଷସ ∆ଶସ
∆ଵଶ ൅ ∆ଵସ ∆ଶସ ∆ଷଶ ൅ ∆ଷସ 0
∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
∆ଶସതതതതത

∆ଶସതതതതത
∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത
0
0

ተተ ൌ 
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ൌ ሺെ∆ଶସሻ ቮ
∆ଵଶ ൅ ∆ଵସ ∆ଶସ ∆ଷଶ ൅ ∆ଷସ
∆ଵଶതതതതത ൅ ∆ଵସതതതതത ∆ଶସതതതതത ∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଷଶതതതതത ൅ ∆ଷସതതതതത ∆ଶସതതതതത ∆ଷଶതതതതത ൅ ∆ଷସതതതതത
ቮ ൌ 

ൌ ሺെ∆ଶସሻ ቮ
∆ଵଶ ൅ ∆ଵସ ∆ଶସ ∆ଷଶ ൅ ∆ଷସ െ ∆ଵଶ െ ∆ଵସ
∆ଵଶതതതതത ൅ ∆ଵସതതതതത ∆ଶସതതതതത 0
∆ଷଶതതതതത ൅ ∆ଷସതതതതത ∆ଶସതതതതത 0

ቮ ൌ 

ൌ ሺെ∆ଶସሻሺ∆ଷଶ ൅ ∆ଷସ െ ∆ଵଶ െ ∆ଵସሻ∆ଶସതതതതതሺ∆ଵଶതതതതത ൅ ∆ଵସതതതതത െ ∆ଷଶതതതതത െ ∆ଷସതതതതതሻ ൌ 

ൌ |∆ଶସ|ଶ|∆ଷଶ ൅ ∆ଷସ െ ∆ଵଶ െ ∆ଵସ|ଶ ൌ 0. 

Since ∆ଶସ് 0, then ∆ଵଶ ൅ ∆ଵସൌ ∆ଷଶ ൅ ∆ଷସ. 

Summing up the boundary conditions (3.3), we have 

ሺ∆ଵଶ ൅ ∆ଵସሻݕሺ0ሻ ൅ ሺ∆ଷଶ ൅ ∆ଷସሻݕሺߨሻ ൅ ∆ଶସሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0, 

ሺ∆ଵଶ ൅ ∆ଵସሻሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ∆ଶସሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0. 

Combining this equation with the first boundary condition (4.3), we receive 

  ൜
ሺ∆ଵଶ ൅ ∆ଵସሻሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ∆ଶସሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0,
ሺ∆ଵଶതതതതത ൅ ∆ଵସതതതതതሻሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ∆ଶସതതതതതሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0.

    (4.5) 

This system of equations (4.5) has a non-trivial solution, therefore 

∆ൌ ฬ
∆ଵଶ ൅ ∆ଵସ ∆ଶସ
∆ଵଶതതതതത ൅ ∆ଵସതതതതത ∆ଶସതതതതതฬ ൌ 0, 

∆ଶସതതതതതሺ∆ଵଶ ൅ ∆ଵସሻ െ ∆ଶସሺ∆ଵଶതതതതത ൅ ∆ଵସതതതതതሻ ൌ 0, 

∆ଵଶതതതതത ൅ ∆ଵସതതതതത

∆ଶସതതതതത ൌ
∆ଵଶ ൅ ∆ଵସ

∆ଶସ
. 

Hence, the operator ܮ has the following form 

ݕܮ ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ;ሻߨ

ቐ
∆ଵଶ ൅ ∆ଵସ

∆ଶସ
ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
 

We specify the boundary conditions of the operator ܮା, subtracting the second boundary condition 
from the first boundary condition (3.3)+, we get  

ሺ∆ଵସതതതതത െ ∆ଷସതതതതതሻݖሺ0ሻ ൅ ሺ∆ଵଶതതതതത െ ∆ଷଶതതതതതሻݖሺߨሻ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ ൅ ሻሿߨᇱሺݖ ൌ 0. 

From the formula 4.4 it follows that ∆ଵସതതതതത െ ∆ଷସതതതതതൌ ∆ଷଶതതതതത െ ∆ଵଶതതതതത, thus 

ሺ∆ଵସതതതതത െ ∆ଷସതതതതതሻሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ ൅ ሻሿߨᇱሺݖ ൌ 0, 
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∆భరതതതതതି∆యరതതതതത

∆మరതതതതത ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0. 

Consequently, the adjoint operator ܮା has the following form 

ݖାܮ ൌ െݖᇱᇱ ൅  	,ݖሻݔሺݍ

ቐ
∆ଵସതതതതത െ ∆ଷସതതതതത

∆ଶସതതതതത ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0;
 

Further, the formula ܲܮ ൌ   ାܲ impliesܮ

ݕܮܲ ൌ ܲ°ሾെݕᇱᇱ ൅ ሿݕሻݔሺݍ ൌ െܲሾݕᇱᇱሺݔሻሿ ൅ ܲሾݍሺݔሻݕሺݔሻሿ ൌ 

ൌ െ
ሻݔᇱᇱሺݕ ൅ ߨᇱᇱሺݕ െ ሻݔ

2
൅
ሻݔሺݕሻݔሺݍ ൅ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ

2
; 

ݕାܲܮ ൌ ାܮ ቈ
ሻݔሺݕ ൅ ߨሺݕ െ ሻݔ

2
቉ ൌ 

ൌ െ
ሻݔᇱᇱሺݕ ൅ ߨᇱᇱሺݕ െ ሻݔ

2
൅ ሻݔതሺݍ

ሻݔሺݕ ൅ ߨሺݕ െ ሻݔ

2
; 

ሻݔሺݕሻݔሺݍ ൅ ߨሺݍ െ ߨሺݕሻݔ െ ሻݔ ൌ ሻݔሺݕሻݔതሺݍ ൅ ߨሺݕሻݔതሺݍ െ  ,ሻݔ

                ሾݍሺݔሻ െ ሻݔሺݕሻሿݔതሺݍ ൅ ሾݍሺߨ െ ሻݔ െ ߨሺݕሻሿݔതሺݍ െ ሻݔ ൌ 0,ൌ൐          (4.6) 

ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݕሻሿݔ െ ሻݔ ൅ ሾݍሺݔሻ െ ߨതሺݍ െ ሻݔሺݕሻሿݔ ൌ 0. 

It is obvious that the system of equations for ݕሺݔሻ and ݕሺߨ െ  ሻ has a non-trivial solution, thusݔ

∆ൌ ฬ
ሻݔሺݍ െ ሻݔതሺݍ ߨሺݍ െ ሻݔ െ ሻݔതሺݍ

ሻݔሺݍ െ ߨതሺݍ െ ሻݔ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0; 

ሾݍሺݔሻ െ ߨሺݍሻሿሾݔതሺݍ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ ൌ ሾݍሺߨ െ ሻݔ െ ሻݔሺݍሻሿሾݔതሺݍ െ ߨതሺݍ െ  ,ሻሿݔ

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍ	ሻݔሺݍ െ ሻݔ െ ߨሺݍ	ሻݔതሺݍ െ ሻݔ ൅ ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨሺݍ െ ሻݔሺݍሻݔ െ ߨሺݍ െ ߨതሺݍሻݔ െ ሻݔ െ ሻݔതሺݍሻݔሺݍ െ ߨതሺݍሻݔതሺݍ െ  ,ሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ ൅ ߨሺݍ	ሻݔതሺݍ െ ሻݔ ൌ ߨሺݍ െ ߨതሺݍሻݔ െ ሻݔ ൅  ,ሻݔതሺݍሻݔሺݍ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ ൅ ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ߨሺݍሻሿሾݔ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ሻݔሺݍ|                               െ ߨሺݍ െ ሻ|ଶݔ ൌ 0,ൌ൐ ሻݔሺݍ	 െ ߨሺݍ െ ሻݔ ൌ 0;       (4.7) 

From the formulas (4.6) and (4.7), we have 

   ሾݍሺݔሻ െ ሻݔሺݕሻሿݔതሺݍ ൅ ሾݍሺݔሻ െ ߨሺݕሻሿݔതሺݍ െ ሻݔ ൌ 0, ൌ൐           

ሾݍሺݔሻ െ ሻݔሺݕሻሿሾݔതሺݍ ൅ ߨሺݕ െ ሻሿݔ ൌ 0,ൌ൐ ሻݔሺݍ	 െ ሻݔതሺݍ ൌ 0. 
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Lemma 4.4. If  

а) ∆ଶସ് 0; 

б) ܳܮ ൌ  ,ାܮܳ

then 

ߨሺݍ  (1 െ ሻݔ ൌ  ;ሻݔሺݍ
ሻݔതሺݍ (2 ൌ  ,ሻݔሺݍ
3) ∆ଵଶ ൅ ∆ଵସൌ ∆ଷଶ ൅ ∆ଷସ; 

4) ቀ∆భరି∆యర
∆మర

ቁ
തതതതതതതതതതത
ᇣᇧᇧᇤᇧᇧᇥ
∆యమష∆భమ

∆మర

തതതതതതതതതതത

ൌ ቀ∆భరି∆యర
∆మర

ቁ ൌ ∆యమି∆భమ
∆మర

, 

where  ܳݖ ൌ ௭ሺ௫ሻି௭ሺగି௫ሻ

ଶ
. 

Moreover, the operators ܮ and ܮା take the following forms 

ݕܮ    ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,     ;ሻߨ

 ൝
∆భమା∆భర
∆మర

ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0;
 

ݖାܮ        ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,               ;ሻߨ

            ൝
∆భరି∆యర
∆మర

ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0.
 

Proof.  

 If ܳܮ ൌ ݖ ା andܮܳ ∈ ݕ ାሻ, thenܮሺܦ ൌ ݖܳ ∈  ሻ, thereforeܮሺܦ

ሻݔሺݕ ൌ
ሻݔሺݖ െ ߨሺݖ െ ሻݔ

2
, ሻݔᇱሺݕ ൌ

ሻݔᇱሺݖ ൅ ߨᇱሺݖ െ ሻݔ

2
; 

൞
∆ଵସ

ሺ0ሻݖ െ ሻߨሺݖ

2
൅ ∆ଶସ

ሻߨᇱሺݖ ൅ ᇱሺ0ሻݖ

2
൅ ∆ଷସ

ሻߨሺݖ െ ሺ0ሻݖ

2
ൌ 0,

∆ଵଶ
ሺ0ሻݖ െ ሻߨሺݖ

2
൅ ∆ଷଶ

ሻߨሺݖ ൅ ሺ0ሻݖ

2
െ ∆ଶସ

ሻߨᇱሺݖ ൅ ᇱሺ0ሻݖ

2
ൌ 0;

 

                            ቐ
ሺ∆ଵସ െ ∆ଷସሻ

௭ሺ଴ሻି௭ሺగሻ

ଶ
൅ ∆ଶସ

௭ᇲሺ଴ሻା௭ᇲሺగሻ

ଶ
ൌ 0,

ሺ∆ଵଶ െ ∆ଷଶሻ
௭ሺ଴ሻି௭ሺగሻ

ଶ
െ ∆ଶସ

௭ᇲሺ଴ሻା௭ᇲሺగሻ

ଶ
ൌ 0;

                       (4.8) 

It is obvious that the system has a non-trivial solution, therefore 

∆ൌ ฬ
∆ଵସ െ ∆ଷସ ∆ଶସ
∆ଵଶ െ ∆ଷଶ െ∆ଶସ

ฬ ൌ െ∆ଶସሺ∆ଵସ െ ∆ଷସ ൅ ∆ଵଶ െ ∆ଷଶሻ ൌ 0, 
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since ∆ଶସ് 0, then ∆ଵଶ ൅ ∆ଵସൌ ∆ଷଶ ൅ ∆ଷସ.                                                       (4.9) 

Subtracting the second boundary condition from the first boundary condition (3.3)+, we get 

ሺ∆ଵସതതതതത െ ∆ଷସതതതതതሻݖሺ0ሻ ൅ ሺ∆ଵଶതതതതത െ ∆ଷଶതതതതതሻݖሺߨሻ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ ൅ ሻሿߨᇱሺݖ ൌ 0 

Due to the formula (4.9), this formula takes the form 

ሺ∆ଵସതതതതത െ ∆ଷସതതതതതሻݖሺ0ሻ െ ሺ∆ଵସതതതതത െ ∆ଷସതതതതതሻݖሺߨሻ ൅ ∆ଶସതതതതതሾݖᇱሺ0ሻ ൅ ሻሿߨᇱሺݖ ൌ 0, 

∆ଵସതതതതത െ ∆ଷସതതതതത

∆ଶସതതതതത ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0. 

Combining this boundary condition with the first boundary condition (4.8), we obtain 

ە
ۖ
۔

ۖ
ଵସ∆ۓ െ ∆ଷସ

∆ଶସ
ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതത െ ∆ଷସതതതതത

∆ଶସതതതതത ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0.
 

∆ൌ ተተ

∆ଵସ െ ∆ଷସ
∆ଶସ

1

∆ଵସതതതതത െ ∆ଷସതതതതത

∆ଶସതതതതത 1
ተተ ൌ 0, ൬

∆ଵସ െ ∆ଷସ
∆ଶସ

൰
തതതതതതതതതതതതതതതത

ൌ
∆ଵସ െ ∆ଷସ

∆ଶସ
. 

Hence, the operator ܮା has the form 

ݖାܮ ൌ െݖᇱᇱ ൅ ,ݖሻݔതሺݍ ݔ ∈ ሺ0,  ;ሻߨ

ቐ
∆ଵସ െ ∆ଷସ

∆ଶସ
ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0;
 

where  
∆భరି∆యర
∆మర

 is a real quantity. 

 Summing up the boundary conditions (3.3), we get 

        ሺ∆ଵଶ ൅ ∆ଵସሻݕሺ0ሻ ൅ ሺ∆ଷଶ ൅ ∆ଷସሻݕሺߨሻ ൅ ∆ଶସሾݕᇱሺ0ሻ െ ሻሿߨᇱሺݕ ൌ 0, 
∆ଵଶ ൅ ∆ଵସ

∆ଶସ
ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0. 

Consequently, the operator ܮ has the form 

ݕܮ ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,  ;ሻߨ

ቐ
∆ଵଶ ൅ ∆ଵସ

∆ଶସ
ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0.
 

Further, from the formula ܳܮ ൌ  ା, we haveܮܳ

ݖܳܮ ൌ °ܮ
ሻݔሺݖ െ ߨሺݖ െ ሻݔ

2
ൌ െ

ሻݔᇱᇱሺݖ െ ߨᇱᇱሺݖ െ ሻݔ

2
൅ ሻݔሺݍ

ሻݔሺݖ െ ߨሺݖ െ ሻݔ

2
; 

ݖାܮܳ ൌ ܳ°ൣെݖᇱᇱ ൅ ൧ݖሻതതതതതതݔሺݍ ൌ െ
ሻݔᇱᇱሺݖ െ ߨᇱᇱሺݖ െ ሻݔ

2
൅ 

൅
ሻݔሺݖሻݔതሺݍ െ ߨതሺݍ െ ߨሺݖሻݔ െ ሻݔ

2
; 

ሻݔሺݖሻݔሺݍ െ ߨሺݖሻݔሺݍ െ ሻݔ ൌ ሻݔሺݖሻݔതሺݍ െ ߨതሺݍ െ ߨሺݖሻݔ െ  ,ሻݔ

   ൜
ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ ൅ ሾݍതሺߨ െ ሻݔ െ ߨሺݖሻሿݔሺݍ െ ሻݔ ൌ 0,

ሾݍതሺݔሻ െ ߨሺݍ െ ሻݔሺݖሻሿݔ ൅ ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ߨሺݖሻሿݔ െ ሻݔ ൌ 0;
 (4.10) 
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∆ൌ ฬ
ሻݔሺݍ െ ሻݔതሺݍ ߨതሺݍ െ ሻݔ െ ሻݔሺݍ

ሻݔതሺݍ െ ߨሺݍ െ ሻݔ ߨሺݍ െ ሻݔ െ ߨതሺݍ െ ሻݔ
ฬ ൌ 0; 

ሾݍሺݔሻ െ ሻሿݔതሺݍ ∙ ሾݍሺߨ െ ሻݔ െ ߨതሺݍ െ ሻሿݔ ൌ ሾݍതሺߨ െ ሻݔ െ ሻሿݔሺݍ ∙ ሾݍതሺݔሻ െ ߨሺݍ െ  ሻሿݔ

ߨሺݍሻݔሺݍ െ ሻݔ െ ߨതሺݍሻݔሺݍ െ ሻݔ െ ߨሺݍሻݔതሺݍ െ ሻݔ ൅ ߨതሺݍሻݔതሺݍ െ ሻݔ ൌ 

ൌ ߨതሺݍ െ ሻݔതሺݍሻݔ െ ߨതሺݍ െ ߨሺݍሻݔ െ ሻݔ ൅ ሻݔതሺݍሻݔሺݍ ൅ ߨሺݍሻݔሺݍ െ  ;ሻݔ

ߨതሺݍሻݔሺݍ െ ሻݔ ൅ ߨሺݍሻݔതሺݍ െ ሻݔ ൌ ߨതሺݍ െ ߨሺݍሻݔ െ ሻݔ ൅  ,ሻݔതሺݍሻݔሺݍ

ߨതሺݍሻሾݔሺݍ െ ሻݔ െ ሻሿݔതሺݍ ൅ ߨሺݍ െ ሻݔതሺݍሻሾݔ െ ߨതሺݍ െ ሻሿݔ ൌ 0, 

ሾݍതሺݔሻ െ ߨതሺݍ െ ሻሿݔ ∙ ሾݍሺߨ െ ሻݔ െ ሻሿݔሺݍ ൌ 0, 

ሻݔሺݍ|    െ ߨሺݍ െ ሻ|ଶݔ ൌ 0, ൌ൐ ሻݔሺݍ		 ൌ ߨሺݍ െ                 .ሻݔ

From (4.10) it follows that 

ሾݍሺݔሻ െ ሻݔሺݖሻሿݔതሺݍ ൅ ሾݍതሺݔሻ െ ߨሺݖሻሿݔሺݍ െ ሻݔ ൌ 0,ൌ൐ 

ሾݍሺݔሻ െ ሻݔሺݖሻሿሾݔതሺݍ െ ߨሺݖ െ ሻሿݔ ൌ 0,ൌ൐ ሻݔሺݍ	 ൌ  .ሻݔതሺݍ

The proved Lemmas 4.3 and 4.4 yields the following theorem. 

 

Theorem 4.1. If ∆ଶସ് 0 and the following formulas hold  

а) ܲܮ ൌ  ,ାܲܮ

b)  ܳܮ ൌ  ;ାܮܳ

then the operators ܮ and ܮା take the following forms: 

ݕܮ                                  ൌ െݕᇱᇱ ൅ ,ݕሻݔሺݍ ݔ ∈ ሺ0,      ;ሻߨ

 ൝
∆భమା∆భర
∆మర

ሾݕሺ0ሻ ൅ ሻሿߨሺݕ ൅ ᇱሺ0ሻݕ െ ሻߨᇱሺݕ ൌ 0,

∆ଵଶݕሺ0ሻ ൅ ∆ଷଶݕሺߨሻ െ ∆ଶସݕᇱሺߨሻ ൌ 0;
 

ݖାܮ        ൌ െݖᇱᇱ ൅ ,ݖሻݔሺݍ ݔ ∈ ሺ0,               ;ሻߨ

   ൝
∆భరି∆యర
∆మర

ሾݖሺ0ሻ െ ሻሿߨሺݖ ൅ ᇱሺ0ሻݖ ൅ ሻߨᇱሺݖ ൌ 0,

∆ଵସതതതതതݖሺ0ሻ ൅ ∆ଶସതതതതതݖᇱሺ0ሻ ൅ ∆ଵଶതതതതതݖሺߨሻ ൌ 0;
 

where   

ߨሺݍ (1 െ ሻݔ ൌ  ;ሻݔሺݍ
ሻݔതሺݍ (2 ൌ  ,ሻݔሺݍ

3) ቀ
∆భమା∆భర
∆మర

ቁ
തതതതതതതതതതതത

ൌ
∆భమା∆భర
∆మర

ൌ
∆యమା∆యర
∆మర

; 

4) 
∆భరି∆యర
∆మర

തതതതതതതതത
ൌ ቀ∆భరି∆యర

∆మర
ቁ ൌ

∆యమି∆భమ
∆మర

. 

 

Further, from the formula ܲܮ ൌ ଵܮ ାܲ we note that the operatorܮ ൌ ଵܪ acts in the subspace ܮܲ ൌ
ܪ where ,ܪܲ ൌ ,ଶሺ0ܮ  ,ሻ. Supposingߨ

ሻݔሺݑ ൌ ሻݔሺݕܲ ൌ
ሻݔሺݕ ൅ ߨሺݕ െ ሻݔ

2
,		 

we receive 

ሻݔᇱሺݑ ൌ
ሻݔᇱሺݕ െ ߨᇱሺݕ െ ሻݔ

2
. 
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Then Theorem 4.1 implies 

൞
ᇱሺ0ሻݑ ൅

∆ଵଶ ൅ ∆ଵସ
∆ଶସ

ሺ0ሻݑ ൌ 0,

ᇱݑ ቀ
ߨ
2
ቁ ൌ 0;

 

ݑଵܮ ൌ െݑᇱᇱ ൅ ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൞
ᇱሺ0ሻݑ ൅

∆ଵଶ ൅ ∆ଵସ
∆ଶସ

ሺ0ሻݑ ൌ 0,

ᇱݑ ቀ
ߨ
2
ቁ ൌ 0.

 

Similarly, supposing 

ሻݔሺݒ ൌ
ሻݔሺݖ െ ߨሺݖ െ ሻݔ

2
,		 

we get 

ሻݔᇱሺݒ ൌ
ሻݔᇱሺݖ ൅ ߨᇱሺݖ െ ሻݔ

2
. 

Then from Theorem 4.1 it follows that 

൞
ᇱሺ0ሻݒ ൅

∆ଵସ െ ∆ଷସ
∆ଶସ

ሺ0ሻݒ ൌ 0,

ݒ ቀ
ߨ
2
ቁ ൌ 0;

 

ݒଶܮ ൌ െݒᇱᇱ ൅ ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൞
ᇱሺ0ሻݒ ൅

∆ଵସ െ ∆ଷସ
∆ଶସ

ሺ0ሻݒ ൌ 0,

ݒ ቀ
ߨ
2
ቁ ൌ 0;

 

From the condition 3) of the proved Theorem 4.1 it follows the following equality 

∆ଵଶ ൅ ∆ଵସൌ ∆ଵସ െ ∆ଷସ 

Supposing ߙ ൌ ∆ଶସ, ߚ ൌ ∆ଵଶ ൅ ∆ଵସ, we rewrite the operators ܮଵ and ܮଶ in the form 

ݑଵܮ ൌ െݑᇱᇱ ൅ ,ݑሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൝
ᇱሺ0ሻݑߙ ൅ βݑሺ0ሻ ൌ 0,

ᇱݑ ቀ
ߨ
2
ቁ ൌ 0;

 

ݒଶܮ ൌ െݒᇱᇱ ൅ ,ݒሻݔሺݍ ݔ ∈ ቀ0,
ߨ
2
ቁ, 

൝
ᇱሺ0ሻݒߙ ൅ βݒሺ0ሻ ൌ 0,

ݒ ቀ
ߨ
2
ቁ ൌ 0.

 

 
If spectrum of the operator ܮ is known, then by Lemma 4.2 spectra of the operators ܮଵ and ܮଶ	are 

known. It is obvious that they form the Borg pair in the interval ቂ0,
గ

ଶ
ቃ. By the Borg theorem spectra of 

these two operators uniquely determine the Sturm-Liouville operator on the segment ቂ0,
గ

ଶ
ቃ, and due to the 

formula ݍሺݔሻ ൌ ߨሺݍ െ ,ሻ, on all the segment ሾ0ݔ  .ሿ. Theorem 4.1 is provedߨ
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Аннотация. Бұл еңбекте потенциалы симметриялы, нақты əрі үзіксіз, ал шекаралық шарттары 
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кезегінде инвариантты кеңістіктердің салдары. 
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