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INVERSE PROBLEM OF THE STURM-LIOUVILLE OPERATOR
WITH UNSEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. In the paper we prove the uniqueness theorem on a single spectrum for the Sturm-Liouville operator
with unseparated boundary value conditions and real continuous symmetric potential. The research method is
different from all known methods, and is based on the internal symmetry of the operator generated by invariant
subspaces.
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1. Introduction. By inverse problems of spectral analysis, we understand the problems about
restoration of a linear operator according to one or another of its spectral characteristics.

The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He
proved the following theorem.

By 15 < 4; < 4, < -+ we denote eigenvalues of the following Sturm-Liouville problem

—y" +q(x)y = 1y, (1.1)
y'(0) =0, y'(m) = 0; (1.2)

where q(x) is a real continuous function. If
A, =n?(n=0,1,2,..) thenq(x) = 0.

The first mathematician who drew attention to importance of the V.A.Ambartsumian’s result was the
Swedish mathematician Borg. He also performed the first systematic study of one of the important inverse
problems, namely, inverse problem for the classical Sturm-Liouville operator of the form (1.1) by spectra
[2]. Borg showed that, in general case, one spectrum of the Sturm-Liouville operator does not define it, so
Ambartsumian’s result is an exception from the general rule. In the same paper [2], Borg shows that two
spectra of the Sturm — Liouville operator (with different boundary conditions) uniquely determine it. More
precisely, Borg proved the following theorem.

Borg Theorem.

Suppose that the following equations

—y" +qx)y =2y, (1.1)
—z"+p(x)z = Az, (1.3)
— 30 ——
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have the same spectrum under the boundary value conditions

(@@ +67® =0 a
yy(m) + &y’ (m) = 0; '
and under the boundary value conditions

y'y(m) + 68"y (m) = 0. '
Then q(x) = p(x) almost everywhere on the segment [0, 7], if
66" =0, |5] + 18| > 0.

Shortly after Borg’s work, important studies on the theory of inverse problems were performed by
Levinson [3], in particular, he proved that if g(m — x) = g(x), then the Sturm-Liouville operator

—y" +q(x)y = 2y, (1.1)
y'(0) — hy(0) =0,
, (1.5)
y'(m) + hy(m) =0
is reconstructed by one spectrum.
A number of works by B.M. Levitan [4], [5] are devoted to reconstructing the Sturm-Liouville
operator by one and two spectra. These studies have found continuations in [6] - [20]. Sources [21] - [28]
are introductory.

This paper is devoted to generalization of Ambartsumian [1] and Levinson [3] theorems, in particular,
our results contain the results of these authors.

2. Research Methods.
Idea of this work is very simple. Analysis of contents of [1, 3] showed that both of these operators
have an invariant subspace. If for a linear operator L the following formulas hold
LP = PL", QL =1"Q,
where P, Q are orthogonal projections, satisfying the condition P + Q = I, then the operators L and L
have invariant subspaces, sometimes restriction of these operators to these invariant subspaces, under
certain conditions, form a Borg pair.

3. Research Results.
In the Hilbert space H = L?(0, ) we consider the Sturm-Liouville operator
Ly =—-y" +q@)y; (3.1)
{‘111)’(0) +a2y'(0) + ay3y(m) + a4y’ (m) =0,
a21Y(0) + az,y'(0) + a3y () + azy’(m) =0
where q(x) is a continuous complex function, a;; (i =1,2; j=1,2,3,4) are arbitrary complex
coefficients, and by A; j (i=1,2; j=1,2,3,4) we denote the minors of the boundary matrix:

:(all a;; 13 a14)
Ayq Qyy Q23 A4/

(3.2)

Assume that a,, # 0, then the Sturm-Liouville operator (3.1) — (3.2) takes the following form
Ly =-y" +q(x)y, x € (0,m); (3.1)

A14y(0) + A24y'(0) + Aguy(m) =0,
, (3.3)
A12y(0) + Agoy(m) — Apyy'(m) =0
and its adjoint operator L* takes the form
Ltz=—-z"+q(x)z, x € (0,m); (3.1)"
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{A_Hz(O) + 842 (0) + Aypz(m) = 0, (3.3)
A342(0) + Agp2(m) — Dgaz' (m) = 0. '
Let P and @ be orthogonal projections, defined by the formulas

Pu(x) _ u(x)+u(mr—x) ’ QU(X) _ v(x)-v(mT—x) (3'4)

2 2

The main result of the paper is the following theorem.
Theorem 3.1. If A,,# 0, and

1) PL=L"P;
2) LQ = QLY;
3) Ap= —Agy;

then the Sturm-Liouville operator (3.1) — (3.3) reconstructed by one spectrum.
4. Discussion.
In this section we prove the theorem and discuss the obtained results. Following Lemmas 4.1, 4.2
may have independent meanings.
Lemma 4.1. If for a linear and discrete operator L the following equalities hold
1) PL =L*P;
2) LQ =QL%;
3)) P+Q =1
where P, Q are orthogonal projections, and I is identity operator, then all its eigenvalues are real.
Proof.
Let PL = L*P,LQ = QL™; then
(PL)* =L"P* =L'P = PL;
(LQ)" = Q"L = QL = LQ;
i.e. operators PL and LQ are self-adjoint, therefore, their eigenvalues are real.
Further, if Ly = Ay, y # 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, consequently, if
Py # 0, then A is a real quantity; if Py = 0, then y = Qy, and LQy = AQy, LQ(Qy) = AQy, Qy =y #
0. Thus, 4 is again a real quantity.
The following lemma shows that the spectrum (L) of the operator L consists of two parts; therefore,
the operator L, apparently, splits into two parts. Later we will see that this is exactly what happens, and

moreover, these parts form a Borg pair under a certain condition.
Lemma 4.2. If L is a linear discrete operator, satisfying the conditions:

1) PL = L*P;
2) LQ =QL%;
3) P+Q=1;

where P, Q are orthogonal projections, and I is identity operator, then
o(L) =a(Ly) Ua(L,).

where a(L) is a spectrum of the operator L, L; = PL, L, = LQ.

Proof.

If Ly =1y, y # 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, L,(Py) = APy. If Py # 0,
then A€ 0(L;). If Py=0, then y=Qy #0 and LQy = AQy, LQ(Qy) = AQy, L,Qy = AQy.
Consequently, A € a(L,).

Thus a(L) € (L) U 0(L,), where a(A) means spectrum of the operator A.

Assume that A € g(L;) Uo(L,) and A # 0. Then

a)If 1 € o(L,), then PLy = 1y, y # 0 - P?Ly = APy, PLy = APy, if Py = 0, then PLy = 0,=>
Ay = 0,— y = 0, it is impossible, therefore Py # 0 and L*Py = APy. Consequently, A € a(L*) = o(L).

b) If 1€0(Ly), then LQy =21y, y #0, QL*y =y, Q*L*'y = AQy, QL*y = AQy,- Qy # 0,
otherwise QL*'y = 0,=> LQy = 0,-» Ay = 0,— y = 0. Consequently, AQy = QL*y = LQy,— L(Qy) =
AQy, thus A € a(L).

¢)0 € a(Ly)Va(ly).

— 3 ——
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If0 € (L), then Lyu = 0, PLu = 0, u # 0; Operator L; maps the subspace H; = PH into H;, thus
u=Pu+0,then PLu=LPu=Lu=0=>0€0d(L) =0c(l).

If 0 € 6(L,), then L,v =0, v # 0; Operator L, maps the subspace H, = QH into H,, therefore
v=QvandL,y =LQv=Lv =0, =>0 € a(L).

Lemma 4.3. If
b) PL = L*P; (4.2)

w, Qu(x) = M, then for the Sturm - Liouville operator (3.1) — (3.2)

the following equalities hold
D q(m—x) = q(x);
2) q(x) = q(x);
3) A1z + A= Azp + Azy;

4) (A12+A14) — Ajp+Aqy — Azp+Azy
Azy

where Pu(x) =

A24— A24— ’
Moreover, operators L and L take the following forms:
Ly = =y" +q(x)y, x € (0,m);

{% y(0) + y(m] +y'(0) —y'(m) =0,

A1,y(0) + Azpy(m) — Ayyy'(m) = 0.

Ltz=—-z"+q(x)z x € (0,);

{AA%A_ [2(0) + z(m)] + 2'(0) + 2'(m) = 0,
24
8142(0) + Az’ (0) + Appz(m) = 0.
Proof.
If PL = L*P, then z(x) = Py(x) € D(L"), where y(x) € D(L), thus

—y(0) + y(m) N A—y’(O) —y'(m) N A—y(n) +y(0) _

Agy > 24 > 12 > 0,
— yO0) +ym) _—y@+y©O0) __y' (@ —-y'(0)
Az — 5 + A3, > — Ay, > =0;

{(A_lz + A1) [y(0) + y(@)] + Azy[y'(0) — y'(m)] = 0,
A3z + A3)[y(0) + y(@)] + Ayuly’'(0) — y'(m)] = 0.

For unknown quantities y(0), y'(0), y(1),y'(1) we obtained the system of equations, therefore

A1s Az Az, O
A1, 0 Azz —Azs _ 02>
A +A1s Ay DAp+ A —Ay, '
A_32 + A_34 Ayy A_32 + A_34 —Ay4
Agy Dpy  Das Dy Agy Dpy  Dzs Dy
Aqp 0 A3z —Ag4 Ay + 014 Dpy Aszp+ A3y

Azp + A3y Dyy Az + Az, Ol MAzp + Az, Ay Azp+Az O
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Aiz iy fag Agp g4
= (Fha) Bz Hhig By Aip - Agy) =
Azz + A3y Azy Azp + Az

& + E Doy Azp+ Az — A1y — Ay
= (—A24) E + E Ay 0 =
Azy + Az Ayy 0

= (—02) (A3 + Azq — Ayp — Ay)Ay(Ayp + Ay — Azy — Azy) =

= 824171835 + Azy — Ag, — Agy|* = 0.
Since A247‘: O, then AlZ + A14= A32 + A34.

Summing up the boundary conditions (3.3), we have

(D12 +A10)y(0) + (Azz + A3)y(m) + Azuly’(0) — y' ()] = 0,

(D12 + A1) [y(0) + y(m)] + Az4[y'(0) — y'(m)] = 0.
Combining this equation with the first boundary condition (4.3), we receive

{(Alz +81)[y(0) + y(@] + Az [y'(0) — y' (m)] = 0,
(A12 +81)[y(0) + y(m)] + Az4[y'(0) — y'(m)] = 0.

This system of equations (4.5) has a non-trivial solution, therefore

A2+ A1s Agy

N e el
Ay + A1, Ay

Ayg(Dqz +A1y) — Dy (Byp +D14) =0,

Ay + D, _ Ay + Ay
Ay Az

Hence, the operator L has the following form

Ly = —y" + q(x)y, x € (0,m);

Ba2 ¥ 8aa )0y 4y ()] +9/(0) = y' () = 0,
B

A1,y(0) + A3y () — Apyy'(m) = 0.

(4.5)

We specify the boundary conditions of the operator L*, subtracting the second boundary condition

from the first boundary condition (3.3)", we get

(A14 = B34)2(0) + (A1 — B35)z(10) + Agy[2'(0) + 2’ ()] = 0.

From the formula 4.4 it follows that Ay, — Az, = A3, — A5, thus

(A14 — B34)[2(0) — z(m)] + Bz, [2' (0) + 2’ (m)] = 0,

— 34 ——
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A_A%A_ [2(0) — z(m)] + 2’ (0) + 2 (1) = O.

Consequently, the adjoint operator Lt has the following form
_ L'z==7"+q)z
A1q — A3y , reoN
— 20 —z(m]+2'(0) +2'(m) = 0,
24
8142(0) + Bp42' (0) + Aypz(m) = 0;
Further, the formula PL = L* P implies

PLy = P°[-y" + q(x)y] = =P[y" ()] + P[q(x)y(x)] =

_ V'@ +y'(m—x)  q0)y() +q(m —0)y(m—x)
T 2 * 2 ’

L+Py=L+[Y(x)+32'(”_x) -
__ Y@y m=x) q(x)y(x) tym=—x).

2 2
q()y(x) + q(m — x)y(m —x) = g(x)y(x) + g(x)y(m — x),
[q(x) —q()]y(x) + [q(m — x) — q()]y(mr —x) = 0,=> (4.6)
[qimr —x) — q(m —0)]y(mr — x) + [q(x) — g(mr — x)]y(x) = 0.

It is obvious that the system of equations for y(x) and y (7 — x) has a non-trivial solution, thus

_| 4 —-qk) qir—x) —q(x) | _
qx) —q(m—x) qw—x)—gl@—-x "~

[q(x) —q()]lq(m — x) — g(m — 2] = [q(mw — x) — gC)][g(x) — g(m — x)],
q(x)q(mr —x) —q(x) g(mr — x) — q(x) q(w —x) + g g(m — x) =
=q(m—x)q(x) —q(@ —x)g(r — x) — g(x)q(x) — g(x)g(m — x),

q(0)q(m —x) +q(x) g(m — x) = q(m — 0)g(w — x) + q(x)q(x),
q()[q(m —x) —q()] + q(m —0)[g(x) —g(r —x)] = 0,
[qC0) — q(mr — 0)][q(m —x) —q(x)] =0,
lg(x) —q(r =) =0,=> q(x) —q(r—x) =0;  (4.7)
From the formulas (4.6) and (4.7), we have
[q(x) —q()]y () + [q(x) —q()]y(mr —x) = 0,=>

[q(x) = q)][y(x) + y(mr —x)] = 0,=> q(x) —gq(x) = 0.
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Lemma 4.4. If
a) Ayy# 0;
6) LQ = QL",
then
1) q(m—x) = q(x);

2) q(x) = q(x),
3) Ay + A= Agp + Agy;

Aqg—A Aqg—A Azp—A
4) ( 14 34-) — ( 14 34-) — 32 12'
N—— —

Apy Apy Apy

A3zp—A1p
Az

z(x)—z(m—x)

where Qz = .

Moreover, the operators L and L* take the following forms
Ly ==y" +q(x)y, x € (0,7);
{% () +y@] +y'(0) = y'(m) =0,
A12y(0) + Azoy(m) — Azey’(m) = 0;
Ltz=—-z"+q(x)z, x € (0,m);

A24—

{& [2(0) — z(m)] + 2 (0) + z' () = 0,
A142z(0) + A,,2' (0) + Aj,z(m) = 0.

Proof.

IfLQ = QL* and z € D(L"), then y = Qz € D(L), therefore

z(x) — z(mr — x) , z'(x)+z'(mr—x)
y@) =T,y =
z(0) — z(m) z'(m) + z'(0) z(m) — z(0)
My—— o +thu——-— =0,
z(0) — z(m) z(m) + z(0) z'(m) +2'(0)
A, T 32 2 — A4 2 =0;
(D14 — D3z4) Z—(O);Z(n) + Ay (O)ZZ G 0, 49
(A2 — A3y) M AY M =0; '

It is obvious that the system has a non-trivial solution, therefore

A, —A A
A= A14 — A34 —AZ4 = =024 (814 — D34 + Ayp — A3y) =0,
12 32 24




ISSN 1991-346X 4.2019

since A24¢ 0, then A12 + A14= A32 + A34. (49)
Subtracting the second boundary condition from the first boundary condition (3.3)", we get

(A4 — B34)2(0) + (A1 — A35)z(1) + Bpy[2'(0) + 2' ()] = 0
Due to the formula (4.9), this formula takes the form
(A14 = B34)2(0) = (Ay4 — B34)z(10) + Bgy[2'(0) + 2’ (m)] = 0,

A, —A
2 3%12(0) — z(m)] + 2'(0) + 2'(m) = 0.
Bor
Combining this boundary condition with the first boundary condition (4.8), we obtain
Ay — A
2234 2(0) — z(m)] + 2’ (0) + 2’ () = 0,
Ayy
A, — A5,
__312(0) — z(m)] + 2'(0) + ' (%) = 0.
k Ay
Ay —Agy 1
A= _A24_ —0 (A14 - A34) _ Ajy —Agy
A1y —Azy 1 ' Az Ayy
Az

Hence, the operator L* has the form
Ltz=—-z"+q(x)z x € (0,m);
Ay —A
% [2(0) — z(m)] + 2'(0) + z' (%) = O,
24
8142(0) + Bp42' (0) + Ayp2(m) = 0;

A14—Az4

where is a real quantity.

24
Summing up the boundary conditions (3.3), we get

(A2 +814)y(0) + (Az3 + A3y () + Agzy[y’'(0) — y'(m)] = 0,

Baz ¥ Bia 1)) 4y ()] +/(0) — ' () = 0.
Az

Consequently, the operator L has the form
Ly=-y"+qx)y, x€(0,m);

A%f“ [Y(0) + y(m)] + y'(0) — y'() = 0,
A1,y(0) + Az y(m) — Apyy'(m) = 0.

Further, from the formula LQ = QL*, we have

LQZ — LoZ(x) - ;(T[ —X) — _Z”(.X) _;”(T[ —X) + q(X)Z(x) —;(Tl_’ —X);
012 = Q-2 + qs] = - LD =2 =)
q(x)z(x) — q(m — x)z(m — x)
+ 5 ;
q(x)z(x) — q(x)z(m —x) = q(x)z(x) — q(m — x)z(w — x),
[ 80~ G0I) + a0 =)~ 4Wlatr =) =0, o)
[q(x) — q(m —0)]z(x0) + [q(r — %) — G(m — ) ]z(mw — %) = 0; '
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_| a0 —-gq) q(mr —x) —q(x) — 0
qx) —qm—x) q(r—x)—q(r—x) ’

[qC) —g()] - [q(m —x) — q(m — )] = [q(m — x) — q(x)] - [(x) — q(m — x)]
q(x)q(m —x) —q()g(m — x) — q(x)q(m —x) + gC)g(m — x) =
=q(m—x)q(x) — g(m — x)q(m — x) + q(x)g(x) + g(x)q(m — x);

q(0)q(m —x) + q(x)g(m — x) = q(m — x)q(m — x) + q(x)q(x),
q@)[g(m —x) —q()] + q(m — 0)[g(x) — q(mr —x)] =0,
[q(x) —q(m — )] [q(m —x) —q(x)] =0,
la(x) — q(m —0)* =0, => q(x) = q(w — ).
From (4.10) it follows that
[q(x) — q(0)]z(x) + [g(x) — q()]z(w — x) = 0,=>
[q(x) — g()][z(x) — z(m — x)] = 0,=> q(x) = g(x).

The proved Lemmas 4.3 and 4.4 yields the following theorem.

Theorem 4.1. If A,,# 0 and the following formulas hold
a) PL = L*P,

b) LQ = QLY;

then the operators L and L* take the following forms:

Ly =—=y" +q(x)y, x € (0,m);
{i [y(0) + y(m] +y'(0) — y'(m) = 0,

Azy
A1,y(0) + A3y () — Apyy'(m) = 0;

Ltz=—-z"+q(x)z, x € (0,m);

{% [2(0) — z(m)] +2'(0) +2'(m) = 0,
B142(0) + B342'(0) + Byzz(m) = 0;

where

1) q(mr —x) = q(x);
2) g(x) = q(x),
3) (A12+A14) — Ajp+A14 _ Azp+Azg

)

Apq Azq Azq
4) Big—A3zq _ (A14—A34) _ D32—417
Azq Az4 Azq

Further, from the formula PL = L*P we note that the operator L, = PL acts in the subspace H; =
PH, where H = L?(0, ). Supposing,
y() +y(m —x)
2 )

u(x) = Py(x) =

we receive
y'(x)—y'(r—x)

u'(x) = 5

— 38 ——
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Then Theorem 4.1 implies

A, + A
w(0) + =2—"24,(0) = 0,
Az

v(G)-o

Liu=—-u"+qx)u, X € (Og)

Ay, + A
u'(0) + 2—224(0) =0,
A24

u (g) =0.

z(x) — z(mr — x)
> )

Similarly, supposing

v(x) =

we get
zZ'(x)+z'(mr—x)
5 :

v'(x) =
Then from Theorem 4.1 it follows that

A,—A
v'(0) + —=—3%45(0) = 0,
A24-

o()-o

L,v =—-v" + q(x)v, x € (0, g),

A, —A
v'(0) + =2 3% 5(0) = 0,
A24-

T
v(3)=0
From the condition 3) of the proved Theorem 4.1 it follows the following equality
Ay + A= A1y — A3y
Supposing a = A,,, B = Ay, + A4, we rewrite the operators L, and L, in the form
n n
Liu=—-u"+qx)u, X € (OE)
{au’(O) + Bu(0) =0,
14 n — .
u (E) = 0,
T
L,y =—v" +q(x)v, X € (O, —),

av'(0) + Br(0) =0,
e

If spectrum of the operator L is known, then by Lemma 4.2 spectra of the operators L; and L, are
known. It is obvious that they form the Borg pair in the interval [0, %] By the Borg theorem spectra of

these two operators uniquely determine the Sturm-Liouville operator on the segment [0, %], and due to the

formula q(x) = q(m — x), on all the segment [0, r]. Theorem 4.1 is proved.
39
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1XaJILIKapaJILIK Silkway yauBepcureTi, [lIpiMkeHT K., KasakcraHn;
zAfIMaKTLIK QJIeyMETTIK-UHHOBAIMSIIBIK YHUBepcuTeTi, IIIsiMkeHT K., Ka3zakcran;
*M.0.Aye30B aTbinars OHTyCTiK Kasakcran MemiekeTTik yrusepcuteTi, ILIsivkenT K., Kasakcran

MOTEHIUAJIbI CUMMETPHUSLIbI, AJI HHEKAPAJIBIK INAPTTAPBI AJKbIPAMAWTBIH
HTYPM-JINYBNJIJI OIIEPATOPBIHBIH KEPI ECEBI TYPAJIBI

AHHoTauusi. Byn eHOekTe MOTEHIMAIbl CHMMETPHSUIBI, HAKTBI Opi Y3IKCI3, aja IIeKapaiblK IapTTaphl
axbipamaiiteia LTypm-JInyBusun onepatopsiH Oip ClIEKTp apKbLIbl aHBIKTayFa OOJIATBIHBI KOPCETUIL. 3epTTey dici
OYpPBIHFBI OiCTep/IiH enidipiHe YKcaMaiabl XoHE OJ1 OMepaTop/blH IIIKI CHMMETPHUSACHIHA HETi3/IereH, al O 63
Ke3eriHjie MHBapUaHTThI KEHICTIKTEPIH CaJllaphbl.

Tyiiin ce3nep: Ilrypm-JInmyBwminig oneparopsl, cnekrp, Ltypm-JlnyBwuigin kepi ece6i, Boprrbeix
TeopeMachl, AMOapIyMSHHBIH TeopeMachl, JICBUHCOHHBIH TEOpEMachl, aXKBIPaMAWTHIH IIEKAPaNBIK [IapTTap,
CUMMETPHSUTBI TOTEHIINAT, UHBAPUAHTTHI KEHICTIKTEP.
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OBPATHAS 3AJAYA OIIEPATOPA IITYPMA-JINYBUJLJISA
C HE PA3JEJIEHHBIMU KPAEBBIMH YCJIOBUSIMHA U CUMMETPUYHBIM IIOTEHHHUAJIOM

AnHotauusi. B nmanHO# paboTe noka3aHa Teopema €IWHCTBEHHOCTH IO OJHOMY CHEKTPY, IUIS oIleparopa
[typma-JInyBUILIS ¢ HE pa3IeIecHHBIMU KPaeBBIMH YCIOBHAMHU U BEIIECTBEHHBIM HEIPEPHIBHBIM 1 CHMMETPHUIHBIM
MOTEHIMAIOM. MeToa WcclIeJOBaHUSI OTIMYACTCS OT BCEX HM3BECTHBIX METOIOB, W OCHOBAaH Ha BHYTPEHHIOIO
CHMMETPHIO OTIEPaTopa, MOPOKIACHHOTO HHBAPUAHTHBIMA TOANPOCTPAHCTBAMH.

KiroueBsbie ciaoBa: Omeparop IlItypma-JImyBums, criektp, obpatHas 3amada llItypma-JIlnyBuis, Teopema
bopra, Teopema AmbapiiymsiHa, Teopema JIeBUHCOHA, Hepa3/elieHHbIE KPaeBbIe YCIIOBUS, CUMMETPHYHBIA MMOTEH-
nyajl, ”THBapUaHTHBIC MMOAIIPOCTPAHCTBA.
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